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Abstract 
Gene Expression Programming (GEP), a branch of 
machine learning, is based on the idea to iteratively 
improve a population of candidate solutions using an 
evolutionary process built on the survival-of-the-fit-
test concept. 
The GEP approach was initially applied with encour-
aging results to the modelling of the unclosed tensors 
in the context of RANS (Reynolds Averaged Navier-
Stokes) turbulence modelling. In a subsequent study 
it was demonstrated that the GEP concept can also be 
successfully used for modelling the unknown Sub-
Grid Stress (SGS) tensor in the context of Large 
Eddy Simulations (LES). This was done in an a-pri-
ori analysis, where an existing Direct Numerical 
Simulation (DNS) database was explicitly filtered to 
evaluate the unknown stresses and to assess the per-
formance of model candidates suggested by GEP.  
This work presents the next logical step, i.e. the ap-
plication of GEP to a-posteriori LES model develop-
ment. Because a-posteriori analysis, using in-the-
loop optimization, is considered the ultimate way to 
test SGS models, this can be considered an important 
milestone for the application of machine learning to 
LES based turbulence modelling. 
GEP is used here to train LES models for simulating 
a Taylor Green Vortex (TGV) and results are com-
pared with existing standard models. It is shown that 
GEP finds a model that outperforms known models 
from literature as well as the no-model LES. Alt-
hough the performance of this best model is main-
tained for resolutions and Reynolds numbers differ-
ent from the training data, this is not automatically 
guaranteed for all other models suggested by the al-
gorithm. 
 
1 Introduction 
Data from experiments and DNS have historically 
been used to calibrate turbulence models. The increas-
ing size and quality of the datasets, together with al-
gorithmic innovations and advances in computer hard-
ware have allowed the use of more complex algo-
rithms that infer not just closure constants but also 
functional forms. As a result machine-learning algo-
rithms have become a popular tool for improving tur-
bulence models.  

Machine learning includes a wide range of techniques, 
essentially sophisticated curve-fitting algorithms, 
within the broader field of artificial intelligence (Du-
raisamy et al. 2019). Typically, the algorithms have 
been applied to closing the RANS equations but hy-
brid RANS/LES approaches have also been tackled. 
For a brief literature review the reader is referred to 
Reissmann et al. (2021). 
 
The aforementioned approaches can be split into two 
categories: those that are transparent and those that are 
not. Essentially, this dictates whether the non-linearity 
of the machine-learnt model exists on a level of de-
scription interpretable by a human or not. For method-
ologies such as random forests and neural networks, 
the non-linearity is built over hundreds, if not thou-
sands of interactions. The existence of complexity at 
the lowest level forces the user to treat the model as a 
non-transparent black box. 
Diagnosing problems and sharing models with the 
community are thus not straightforward. For symbolic 
regression, such as in GEP, the model inferred is a 
mathematical expression (Weatheritt and Sandberg 
2016, 2017). Therefore, using GEP for turbulence 
modelling is an emerging field of research. This 
method has the advantage, relative to other machine 
learning models such as artificial neural networks, that 
it produces a turbulence model as a function of key 
physical parameters. The obtained function can be 
readily implemented, and is also repeatable and pro-
vides insight into the phenomenon of interest. For 
these reasons the GEP approach is adopted in this 
study. 
Schöpplein et al. (2018) extended the work by Weath-
eritt and Sandberg  (2016, 2017) to LES modelling  
based on a-priori analysis, i.e. filtering of DNS data.  
Such analysis, however, has limitations and it cannot 
be guaranteed that findings based on a-priori analysis 
necessarily result in improved performance in an ac-
tual LES simulation. The ultimate test of an LES must 
therefore consist of comparing actual simulation re-
sults to measurements or DNS; this is known as a-pos-
teriori testing. Hence, the present optimization strat-
egy is based on a-posteriori analysis, i.e. it uses tens of 
thousands in-the-loop LES runs to find a good LES 
representation of the DNS based reference data. It is 
worth mentioning that model development based on a-
posteriori LES is not only more expensive, but also 



 

 

much more intricate than in the case of a-priori LES, 
because of the close interaction of modelling and nu-
merical errors. Furthermore, there is no guarantee that 
every candidate model suggested by GEP will result 
in a stable LES. Sections 2 and 3 introduce the numer-
ical methodology together with a short introduction to 
GEP. The results are presented in sections 4 and 5 and 
finally some conclusions close the paper. 
 
2 Numerical and Computational Setup 
One of the most demanding test cases for SGS mod-
els is laminar-turbulent transition (Hickel et al. 
2006). As an example for a transitional flow, a Tay-
lor Green vortex (TGV) is analysed in this work. The 
configuration consists of a cube with side length 2𝜋𝜋 
and periodic boundaries in all directions. The veloc-
ity field is initialised as follows and subsequently in-
tegrated forward in time (see Fig. 1): 
 

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = cos(𝑥𝑥) sin(y) sin(z) 
𝑣𝑣(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = −sin(𝑥𝑥) cos(𝑦𝑦) sin(𝑧𝑧) 

 𝑤𝑤(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 0  

 
(1) 

 

a)   

b)   
Figure 1. Instantaneous views of 𝑄𝑄 = 0 iso-con-
tours extracted from DNS and coloured with ve-
locity magnitude for the TGV at non-dimensional 
simulation times a) 𝑡𝑡 = 2.5 and b) 𝑡𝑡 = 25. 

 
The flow is considered incompressible with constant 
density. Two different resolutions have been em-
ployed, a benchmark DNS on a 𝟐𝟐𝟐𝟐𝟐𝟐𝟑𝟑 cube and a rel-
atively coarse 𝟑𝟑𝟐𝟐𝟑𝟑 cube for all a-posteriori LES runs. 
In the initial state, the Reynolds number is 1,600. The 
non-dimensional simulation time ranges from 𝑡𝑡 = 0 

to 𝑡𝑡 = 25.0. The cost function for evaluating LES can-
didate models consists of the mean absolute error ap-
plied to kinetic energy (integrated in space and time). 

The open-source code PARIS (Ling et al. 2015) has 
been employed for the simulations. It uses a projec-
tion method including a second-order predictor-cor-
rector technique for time integration for solving the 
incompressible Navier-Stokes equations. Spatial dis-
cretization is realized by the finite-volume approach 
on a regular, cubic staggered grid with second-order 
centered difference schemes.  
 
3 Methodology 
GEP is a branch of machine learning. The idea is to 
iteratively improve a population of candidate solutions 
by survival of the fittest. As with biological evolution, 
GEP relies on random changes to the genome and 
hence is a non-deterministic process. More precisely, 
after selection of a suitable set of basis functions 
𝑇𝑇𝑖𝑖𝑖𝑖𝛼𝛼 (following the ideas in Pope (1975) and Spencer 
and Rivlin (1997)) GEP tries to find optimal forms of 
the scalar coefficients 𝐺𝐺𝛼𝛼  which are functions of 𝑚𝑚 in-
variants. In other words, the SGS stresses 𝜏𝜏𝑖𝑖𝑖𝑖

𝑠𝑠𝑠𝑠𝑠𝑠are ap-
proximated by  
 

𝜏𝜏𝑖𝑖𝑖𝑖
𝑠𝑠𝑠𝑠𝑠𝑠 ≈ Δ2�𝐺𝐺𝛼𝛼(𝐼𝐼1, … 𝐼𝐼𝑚𝑚) ⋅ 𝑇𝑇𝑖𝑖𝑖𝑖𝛼𝛼

𝑛𝑛

𝛼𝛼=1

 
(2) 

 
In a first step the following 4 basis functions  
 

𝑇𝑇𝑖𝑖𝑖𝑖1 = 𝑆𝑆𝑖𝑖𝑖𝑖  
  𝑇𝑇𝑖𝑖𝑖𝑖2 = 𝑆𝑆𝑖𝑖𝑖𝑖Ω𝑖𝑖𝑖𝑖 − Ω𝑖𝑖𝑖𝑖𝑆𝑆𝑖𝑖𝑖𝑖  

   𝑇𝑇𝑖𝑖𝑖𝑖3 = 𝑆𝑆𝑖𝑖𝑖𝑖𝑆𝑆𝑖𝑖𝑖𝑖 − 𝑆𝑆𝑚𝑚𝑖𝑖𝑆𝑆𝑖𝑖𝑚𝑚
𝛿𝛿𝑖𝑖𝑖𝑖
3

 

   𝑇𝑇𝑖𝑖𝑖𝑖4 = Ω𝑖𝑖𝑖𝑖Ω𝑖𝑖𝑖𝑖 − Ω𝑚𝑚𝑖𝑖Ω𝑖𝑖𝑚𝑚
𝛿𝛿𝑖𝑖𝑖𝑖
3

 

 
 
 
(3) 

 
and 4 invariants have been considered,  
  

𝐼𝐼1 = 𝑆𝑆𝑚𝑚𝑛𝑛𝑆𝑆𝑛𝑛𝑚𝑚 
  𝐼𝐼2 = Ω𝑚𝑚𝑛𝑛Ω𝑛𝑛𝑚𝑚 

      𝐼𝐼3 = 𝑆𝑆𝑚𝑚𝑛𝑛𝑆𝑆𝑛𝑛𝑛𝑛𝑆𝑆𝑛𝑛𝑚𝑚  
     𝐼𝐼4 = Ω𝑖𝑖𝑚𝑚Ω𝑚𝑚𝑛𝑛𝑆𝑆𝑛𝑛𝑖𝑖 , 

 
(4) 

 
where 𝑆𝑆𝑖𝑖𝑖𝑖  and Ω𝑖𝑖𝑖𝑖  represent the strain rate and the ro-
tation rate tensors and 𝛿𝛿𝑖𝑖𝑖𝑖 is the Kronecker function. 
Application of the GEP algorithm requires a suitable 
non-dimensionalisation. This has been accomplished 
using �𝑆𝑆𝚤𝚤𝚤𝚤����  𝑆𝑆𝚤𝚤𝚤𝚤�����

1/2
 but details of this step are omitted 

here for the sake of brevity and clarity. It is worth re-
marking that the invariants 𝐼𝐼1, 𝐼𝐼2, 𝐼𝐼3 are related to the 
physical mechanisms of dissipation of kinetic energy, 
enstrophy and dissipation generation of kinetic en-
ergy. A more detailed introduction for the application 
of GEP in the context of LES modelling can be found 
in Schöpplein et al. (2018,2020) and Reissmann et al. 
(2021). 



 

 

4 Results – Optimal Model 
30 models have been trained, each one obtained by 
running the GEP algorithm for 50 generations with a 
population size of 50, resulting in approximately 
100000 LES simulations. The two best models accord-
ing to the cost function are given in Eq. 5: 

𝜏𝜏𝑖𝑖𝑖𝑖𝐺𝐺𝐺𝐺𝐺𝐺1 = −2Δ2{−(𝐼𝐼3 + 0.04) ⋅ 𝑇𝑇𝑖𝑖𝑖𝑖2  }     
   𝜏𝜏𝑖𝑖𝑖𝑖𝐺𝐺𝐺𝐺𝐺𝐺2 = −2Δ2�𝐶𝐶1|𝑆𝑆̅| ⋅ 𝑇𝑇𝑖𝑖𝑖𝑖1 − 𝐶𝐶2 ⋅ 𝑇𝑇𝑖𝑖𝑖𝑖2

+ 𝐶𝐶3𝑇𝑇𝑖𝑖𝑖𝑖3 − 𝐶𝐶4 ⋅ 𝑇𝑇𝑖𝑖𝑖𝑖4�,  
 𝐶𝐶1 = 𝐶𝐶3 = 0.01,𝐶𝐶2 = 0.146,𝐶𝐶4 = 0.11 

 
 
(5) 

 
The GEP1 model has a very simple structure consist-
ing only of the tensor 𝑇𝑇2 which, according to Horiuti 
(2001), is responsible for a high correlation with the 
stresses and furthermore is relevant for the vortex 
stretching and generation of backward scatter of the 
SGS energy into the grid scale. The GEP2 model con-
sists of an eddy viscosity type contribution (tensor 𝑇𝑇1) 
and a structural model proportional to −𝑇𝑇2 − 𝑇𝑇4 and 
hence can be considered a mixed model. 
 

a)  

b)  
Figure 2. Volume averaged mean kinetic energy 
and its dissipation rate versus non-dimensional time 
for the reference DNS and LES using no model, the 
Smagorinsky model, the Sigma model as well as the 
GEP1 and GEP2 models. 

 
It is worth noting that the well-known gradient model 
(Clark et al. 2019)  
 

𝜏𝜏𝑖𝑖𝑖𝑖𝐶𝐶𝑛𝑛𝐶𝐶𝐶𝐶𝑖𝑖 =
Δ2

12
𝜕𝜕𝑢𝑢𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕𝑢𝑢𝚤𝚤�
𝜕𝜕𝑥𝑥𝑖𝑖

 
(6) 

 
can be equivalently written as 

 

𝜏𝜏𝑖𝑖𝑖𝑖𝐶𝐶𝑛𝑛𝐶𝐶𝐶𝐶𝑖𝑖 =
Δ2

12
�−𝑇𝑇𝑖𝑖𝑖𝑖2 + 𝑇𝑇𝑖𝑖𝑖𝑖3 − 𝑇𝑇𝑖𝑖𝑖𝑖4�. 

(6) 

 

a)  

b)  
Figure 3. Volume averaged mean kinetic energy 
and its dissipation rate versus non-dimensional time 
for the reference DNS and LES using no model, the 
Clark model and a mixed model as well as the 
GEP1 and GEP2 models. 

 
In order to assess the performance of models GEP1 
and GEP2 these models are not only compared to DNS 
data but also to four standard models from literature as 
well as a simulation without explicit model. The well- 
known Smagorinsky model is given by 
 

𝜏𝜏𝑖𝑖𝑖𝑖
𝑆𝑆𝑚𝑚𝐶𝐶𝑠𝑠𝑆𝑆 = −2𝜈𝜈𝑡𝑡𝑆𝑆𝚤𝚤𝚤𝚤����, 𝐶𝐶𝑆𝑆 = 0.17 

𝜈𝜈𝑡𝑡 = (𝐶𝐶𝑠𝑠Δ)2 �2𝑆𝑆𝚤𝚤𝚤𝚤���� 𝑆𝑆𝚤𝚤𝚤𝚤����,   

(7) 

 
whereas the Sigma model (Nicoud, 2011) reads: 
 
𝜏𝜏𝑖𝑖𝑖𝑖
𝑆𝑆𝑖𝑖𝑠𝑠𝑚𝑚𝐶𝐶 = −2𝜈𝜈𝑡𝑡𝑆𝑆𝚤𝚤𝚤𝚤����,        𝐶𝐶𝜎𝜎 = 1.35                

𝜈𝜈𝑡𝑡 = (𝐶𝐶𝜎𝜎Δ)2
𝜎𝜎3(𝜎𝜎1 − 𝜎𝜎2)(𝜎𝜎3 − 𝜎𝜎3)

𝜎𝜎12
   

 
(8) 

 
where the 𝜎𝜎𝑖𝑖 are the ordered square roots of the eigen-
values of the squared velocity gradient tensor. Finally 
a mixed model is considered: 
 

𝜏𝜏𝑖𝑖𝑖𝑖𝑀𝑀𝑖𝑖𝑀𝑀𝑀𝑀𝑀𝑀 = (0.5)2𝜏𝜏𝑖𝑖𝑖𝑖
𝑆𝑆𝑚𝑚𝐶𝐶𝑠𝑠𝑆𝑆 + 𝜏𝜏𝑖𝑖𝑖𝑖𝐶𝐶𝑛𝑛𝐶𝐶𝐶𝐶𝑖𝑖 , (9) 

 



 

 

where the model parameter (0.5)2 has been selected 
for consistency and better comparison with the GEP2 
model. 
 
Figure 2 shows the volume averaged kinetic energy 
and its dissipation for the reference DNS, a no model 
LES, the well-known Smagorinsky and Sigma models 
as well as GEP1 and GEP2. Figure 2 also  shows that 
the no model run does not provide enough dissipation 
at non-dimensional time roughly 𝑡𝑡 = 10 when the 
flow is in a stage between vortex breakdown and tran-
sition to turbulence. By contrast the Smagorinsky and 
Sigma models provide too much dissipation too early 
and consequently underpredict kinetic energy. Finally, 
the two models suggested by the GEP algorithm pro-
vide, considering the very coarse mesh, a good simu-
lation accuracy and seem to capture the transition 
mechanism reasonably well. 
Figure 3 compares the two GEP models with two 
structural models, i.e. the Clark model and the mixed 
model given by Eqn. (9). While the performance of 
these two structural models is better than the one from 
the eddy viscosity models they are clearly worse than 
the two GEP optimized models. 
 
5 Results - Robustness of Model  
 
As mentioned before, roughly 100000 LES runs have 
been performed by the modelling framework to eval-
uate candidate models suggested by the GEP code.  
 

a)  

b)  
Figure 4. Volume averaged mean kinetic energy 
and its dissipation rate versus non-dimensional time 
for the reference DNS and LES using the GEP1 
model for three different grid resolutions. 

This was only possible by reducing the cost of an in-
dividual LES to a reasonable amount of CPU hours 
(roughly 0.75 CPU core hours) and by limiting the 
training to one single scenario. 
Nevertheless, there is no guarantee that the good per-
formance of the models GEP1 and GEP2 can be main-
tained in scenarios different from the training config-
uration. Therefore, to assess the generalizability of the 
developed models described above, in this subsection 
additional LES runs of the models GEP1 and GEP2 
have been performed on grids with resolutions 643 
and 1283, rather than the very coarse 323 used for the 
training. Furthermore, using the model training reso-
lution of 323, the models have been tested for different 
Reynolds numbers of 𝑅𝑅𝑅𝑅 = 400 and 𝑅𝑅𝑅𝑅 = 3000 in-
stead of 𝑅𝑅𝑅𝑅 = 1600. 
It can be seen from Fig. 4 that the performance of the 
GEP1 model deteriorates considerably when the LES 
is performed on finer grids. This shows that the good 
performance for the training configuration cannot be 
maintained on finer grids. In fact the LES results be-
come even considerably worse with mesh refinement. 
In contrast the GEP2 model properly converges to-
wards the DNS solution when the grid is refined and 
shows a very satisfactory performance (see Fig. 5). 
 
 

a)  

b)  
Figure 5. Volume averaged mean kinetic energy 
and its dissipation rate versus non-dimensional time 
for the reference DNS and LES using the GEP2 
model for three different grid resolutions. 

 
Next, the Reynolds number has been changed to a 
lower and higher value, respectively. The results indi-
cate a similar behaviour as for the variation of the filter 



 

 

size: Whereas the GEP1 model fails for the lower 
𝑅𝑅𝑅𝑅 = 400 and the higher 𝑅𝑅𝑅𝑅 = 3000  Reynolds num-
bers on the standard 323 grid (see Fig. 6), the GEP2 
model provides very satisfactory results for all Reyn-
olds numbers (see Fig. 7). 
 
 

a)  

b)  
Figure 6. Volume averaged mean kinetic energy 
and its dissipation rate versus non-dimensional 
time for the reference DNS and LES using the 
GEP1 model for three different 𝑅𝑅𝑅𝑅. 

 
Thus overall, model GEP2 shows good robustness to 
varying grid sizes and Reynolds numbers, while 
model GEP1 fails to generalize. This indicates that 
model GEP2 better captures the salient physics of the 
problem by also including basis functions 𝑇𝑇1,𝑇𝑇3  and 
in particular 𝑇𝑇4. 
 

Nevertheless, the analysis in this subsection indicates 
that training of the model for one filter size and one 
Reynolds number might not be sufficient to ensure the 
robustness and the quality of the model for different 
scenarios. Therefore, ideally such variations should be 
included in the training phase in future work. 
 
6 Conclusions 
The concept of Gene Expression Programming was 
applied to model the unknown subgrid stresses in the 
context of Large Eddy Simulation of a Taylor Green 
vortex. To the best knowledge of the authors this is the 
first application of GEP to in-the-loop, a-posteriori 
LES model development. A DNS of the same config-
uration has been performed, using the same code, to 

provide the reference data such that the cost function 
could be chosen as the weighted mean absolute error 
between DNS and LES of kinetic energy and its dissi-
pation. About 100000 LES runs have been conducted 
resulting in 30 LES models as a result of 30 different 
runs of the stochastic optimization process. Out of 
these 30 models two have been selected for a detailed 
analysis. 
 
 

a)  

b)  
Figure 7. Volume averaged mean kinetic energy 
and its dissipation rate versus non-dimensional 
time for the reference DNS and LES using the 
GEP2 model for three different 𝑅𝑅𝑅𝑅. 

 
These two models GEP1 and GEP2 have been com-
pared to standard LES models from literature as well 
as a no model simulation. For the training case they 
clearly outperform these existing models. When ap-
plied to different grid resolutions and different Reyn-
olds numbers GEP1 did not perform satisfactorily 
while GEP2 proved to be very robust to these param-
eter variations. One particularly attractive feature of 
the proposed methodology is that it combines tradi-
tional modelling strategies, like the Caley-Hamilton 
theorem, with machine learning and that the result of 
the process is not a black box model, but a well-de-
fined mathematical expression. It has been demon-
strated that this can be used to understand the im-
portant ingredients of the model and to possibly fine 
tune the model manually. 
Finally, it is important to stress that the focus of this 
work was not to put forward a particular new LES 
model but to demonstrate that evolutionary algorithms 



 

 

can successfully be used for in-the-loop a-posteriori 
optimization of LES models. 
Future work includes the application of GEP to other 
unclosed terms with additional complexity, like mul-
tiple phases or chemical reaction, using potentially 
different basis functions. 
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Abstract
The present paper deals with the application of a

sub-grid activity sensor to eddy viscosity type base
models in the context of Large Eddy Simulation. Due
to its invariant nature, the coherent structure function
seems to be particularly attractive to construct this sen-
sor in combination with explicit test filtering. The pro-
posed sensor features two main advantages: First, it
attenuates the sub-grid scale dissipation of the base
model for transitional flows depending on local condi-
tions. Second, it promises to rectify the incorrect near-
wall scaling of the static Smagorinsky model. For the
challenging Taylor-Green Vortex test case, the sensor-
enhanced Smagorinsky model clearly outperforms the
static Smagorinsky model. It is further demonstrated
that the senor preserves the correct scaling of the
base model with respect to grid resolution as well as
Reynolds number.

1 Introduction
Due to a successful trade-off between simplicity,

robustness and accuracy, the standard Smagorinsky
model (Eq. 2) is still one of the most frequently used
Sub-Grid Scale (SGS) models for Large Eddy Simu-
lation (LES). This motivates the present study which
aims to remedy some of its deficiencies by a compa-
rably simple modification. The major drawbacks of
the Smagorinsky model have been reviewed by Laun-
der & Sandham (2002): First, the model parameter
Csmago has to be calibrated depending on the type
of flow, the Reynolds number, or the discretization
scheme to achieve reasonable results. In the seminal
work of Germano (1992), a dynamic procedure based
on the information provided by the resolved scales, in
particular the ones close to the cut-off scale, has been
proposed to replace the constant value Csmago by a
value varying in space and time. Due to the fluctuat-
ing (and over-determined) nature of the model param-
eter provided by the dynamic procedure, stabilization
is required, for example by spatial averaging in at least
one homogeneous direction or by relaxing the model
parameter in time. Second, the standard Smagorin-
sky model is strictly dissipative (i.e. it does not allow
for backscatter) and, third, it is not appropriate to sim-

ulate laminar-turbulent transition since the predicted
eddy viscosity νt is always greater than zero, even
for laminar flows. Fourth, the original model shows
an incorrect near-wall scaling for wall-bounded flows.
Appropriate damping of velocity fluctuations (or eddy
viscosity) near walls is commonly achieved by multi-
plying the Smagorinsky model constant Csmago with
a damping function.

One of the most challenging test cases for SGS
models is laminar-turbulent transition (Hickel et al.,
2006) which is also an important phenomenon for
many technical applications, e.g. wing aerodynamics.
The Taylor-Green Vortex (TGV) is a well investigated
academic configuration of this type. It includes differ-
ent stages from laminar flow to fully developed turbu-
lence, i.e. Homogeneous Isotropic Turbulence (HIT)
in this case.

By means of an enstrophy-based sub-grid activity
sensor, Chapelier et al. (2018) recently proposed an
eddy viscosity correction for the LES of transitional
flows. This general idea is adopted in the present
work, however with a differently defined sub-grid ac-
tivity sensor. Following ideas of Kobayashi (2005), the
coherent structure function, i.e. the normalized sec-
ond invariant of the grid-scale velocity gradient ten-
sor, is used here to construct the sub-grid activity sen-
sor. The coherent structure is particularly attractive
for this purpose due to its invariant nature and be-
cause it is based on fundamental quantities to describe
turbulent flows (dissipation and enstrophy) which can
be related to SGS energy dissipation. Using differ-
ent literature sources, Kobayashi (2005) has revisited
that the high energy dissipation distribution around a
vortex tube has a double-peak structure. It has been
shown for HIT and a temporally developing turbu-
lent mixing layer that the central region of a coher-
ent fine scale eddy with a positive large Q (as defined
by Eq. 4) yields minimal energy dissipation, while the
double-peak structure with a negative Q (surrounding
the positive Q region) yields maximal energy dissipa-
tion. Hence, Q is related to energy dissipation in tur-
bulent flows irrespective of its sign.

In a recent contribution by Fang et al. (2019), (clas-
sical) vortex identifiers, e.g. the famous λ2- and Q-
criterion, are used to build eddy viscosity SGS mod-



els for LES. Their new models are Galilei-invariant,
show improved sensitivity to small-scale vortices and
obey the cubic asymptotic behavior of the eddy viscos-
ity near walls. The building of eddy viscosity sub-grid
scale models using invariants is also extensively dis-
cussed by Trias et al. (2015). Explicit test filtering is
not used in these contributions, but is essential for the
approach in the present paper.

In many applications, it is not an uncommon ob-
servation that the ’no-model’ LES outperforms LES
with explicit sub-grid models. This also motivates the
investigation of a sub-grid activity sensor which dy-
namically activates the SGS dissipation only in some
parts of the domain.

2 Numerical method and computational
setup

The open-source code PARIS (Ling et al., 2015)
has been employed to solve the unsteady incompress-
ible Navier-Stokes equations. It uses a second-order
Runge-Kutta technique for time integration and spatial
discretization is realized by the finite-volume approach
on a regular, cubic staggered grid with second-order
centered difference schemes. In the framework of the
projection method, the pressure field is calculated by
a multi-grid Poisson solver provided by the HYPRE
library.

The TGV configuration consists of a cube with side
length 2π and periodic boundaries in all directions.
The velocity field is initialized as

u(x, y, z) = cos(x) sin(y) sin(z);

v(x, y, z) = − sin(x) cos(y) sin(z);

w(x, y, z) = 0.

(1)

According to the initial state, the Reynolds number
is 1600 and the density is assumed to be constant.
Two different resolutions have been investigated, i.e.
a benchmark DNS on a 2563 cube and an 8-times
coarser 323 cube for the default setup of a-posteriori
LES runs. Hence, the computational costs are consid-
erably different. The non-dimensional simulation time
ranges from t = 0 to t = 25 and the corresponding de-
velopment of the flow in the DNS is shown by Fig. 1.
It visualizes coherent structures by means of the sec-
ond invariant of the velocity gradient tensor Q (Eq. 4)
which is also used for modeling purposes here.

3 Sub-grid scale modeling
Using the popular static Smagorinsky (1963)

model as a base model, the deviatoric part τ∗ij of the
SGS stress tensor τij = uiuj − ui uj is calculated as

τ∗ij = τij −
1

3
τkkδij = −2 C2

smago∆
2
√

2SijSij︸ ︷︷ ︸
νt

Sij

(2)

Figure 1: Stages of the Taylor-Green vortex: Instantaneous
views of Q = 0 iso-contours from the reference
DNS and coloured with velocity magnitude at non-
dimensional simulations times (a)-(f): t = 2.5, 5,
7.5, 10, 15, 25.



where ∆ is the grid size (i.e. the implicit filter width),
νt is the eddy viscosity and Csmago = 0.17 is the
Smagorinsky constant. The coherent structure func-
tion is defined as

FCS = Q/E, (3)

i.e. the second invariant of the grid-scale velocity gra-
dient tensor

Q =
1

2

(
W ijW ij − SijSij

)
= −1

2

∂uj
∂xi

∂ui
∂xj

(4)

normalized by its magnitude

E =
1

2

(
W ijW ij + SijSij

)
=

1

2

∂uj
∂xi

∂uj
∂xi

(5)

where Sij = 0.5(∂ui/∂xj + ∂uj/∂xi) and W ij =
0.5(∂ui/∂xj − ∂uj/∂xi) are the grid-scale strain and
rotation rate, respectively. Consequently, FCS exhibits
a definite lower and upper limit: −1 ≤ FCS ≤ +1.

Based on a comparison of the coherent structure
function on two different scales (implicit grid filtering
versus explicit test filtering), the sub-grid activity sen-
sor enhanced model reads

τsensorij = τsmagoij |F̂CS − FCS |3/2 Csensor. (6)

Using the definition of the test filter (Eq. 7), it can be
shown that the maximum possible difference on the
structured grid (i.e. a cell exhibiting the value −1 sur-
rounded by cells exhibiting the values +1 exclusively,
or vice versa) between F̂CS and FCS is smaller than
unity. This bounded nature of the sensor keeps the for-
mulation elegant without the need for artificial clip-
ping. The explicit test filter for a field quantity φi,j,k
at the discrete location given by the index triple (i, j, k)
is implemented according to Anderson & Domaradzki
(2012):

φ̂i,j,k =

+1∑
l=−1

+1∑
m=−1

+1∑
n=−1

bl · bm · bn · φi+l,j+m,k+n.

(7)
This three-dimensional filter is the product of the con-
volution of three one-dimensional filters with coeffi-
cients (b−1, b0, b+1) = (C, 1 − 2C,C) where C =
1/12. Hence, the considered cell itself and direct
neighbor cells (l,m, n ∈ {−1, 0,+1}) are taken into
account by different weights for secondary filtering.

The power of 3/2 in Eq. 6 assures the proper wall
scaling of the corrected model’s eddy viscosity νt
(it scales as y3 with y being the wall-normal direc-
tion) since Q ∝ y2, E ∝ y0 for incompressible
flows (Kobayashi, 2005) and the Smagorinsky base
model ∝ y0 (Nicoud et al., 2011). According to the
correction, the model influence is reduced to zero if
no sub-grid activity is detected (F̂CS = FCS), i.e.
when the flow field is fully resolved. Assuming that
the base model is able to provide the correct amount

of SGS energy dissipation for HIT, the correction is
scaled by Csensor such that its maximum becomes ap-
proximately unity for HIT. After t = 20, the flow
in the TGV becomes fully turbulent, fine-scale vor-
tices saturate, turbulence dissipation balances gener-
ation (as it is also assumed in the derivation of the
static Smagorinsky model) and this state is very close
to ideal HIT. Due to the nature of the sensor, it shows
a fairly mesh-independent behavior and a value of
Csensor ≈ 1/0.16 has been estimated for the Centered
Differencing Scheme (CDS), cf. Fig. 2. A slightly
larger value of Csensor ≈ 1/0.13 is recommended
when the popular Quadratic Upstream Interpolation
for Convective Kinematics (QUICK) scheme is used
instead of the CDS scheme. Hence, built-in numer-
ical dissipation of the momentum advection scheme
is reflected in the calibration of the sensor. Despite
the different stages of the flow in the TGV case (Fig.
1), a stable quasi-steady level of the maximum of the
sensor function |F̂CS − FCS |3/2 is reached for both
schemes long before the flow resembles the idealized
state of HIT (Fig. 2). Generally, it is also possible to
use a different test filter than the one defined in Eq.
7, but a recalibration of Csensor might be necessary
in this case. Eventually, the sensor can be interpreted
as a dynamic adaptation of the Smagorinsky model
constant depending on local flow conditions. This dy-
namic adaptation is achieved in a robust manner, with-
out the need for stabilizing measures like averaging in
homogeneous direction or relaxation.

4 Results and discussion
As can be seen from the temporal development

of the volume-averaged mean kinetic energy and
its dissipation rate for the default setup (323 LES
cells, Reynolds number of 1600) in Fig. 3, the static
Smagorinsky (1963) model (Eq. 2) and the state-of-
the-art Sigma model by Nicoud et al. (2011),

νt = C2
sigma∆2σ3(σ1 − σ2)(σ2 − σ3)

σ2
1

;

σ1 ≥ σ2 ≥ σ3 =
√
Eig(Gij);

Gij =
∂uk
∂xi

∂uk
∂xj

;

Csigma = 1.35,

(8)

are far too dissipative in the transitional stage of the
TGV. The proposed sensor successfully delays activa-
tion of the base model such that it is a clear improve-
ment compared to the standard models from literature
as well as the ’no-model’ LES. Furthermore, the dis-
sipation after approximately t = 10 is met very well,
when vortex breakdown across multiple scales is ex-
pected from the DNS. It is worth noting that the Sigma
model could be enhanced by a SGS activity sensor
in a similar manner. However, the sensor in Eq. 6
would potentially only work in the bulk flow because



Figure 2: Temporal evolution of the instantaneous maximum
of the sensor function |F̂CS−FCS |3/2 in the TGV
case for the discretization of momentum advection
by the CDS scheme (top) and the QUICK scheme
(bottom) on an LES grid of 323.

Figure 3: Volume-averaged mean kinetic energy (top) and its
dissipation rate (bottom) versus non-dimensional
time for the reference DNS and ’no-model’ LES,
the Smagorinsky model, the Sigma model as well
as the sensor-enhanced Smagorinsky model.

the Sigma base model already incorporates the correct
wall scaling and the sensor (taken to any power) would
change that scaling at the wall.

Since it is an ongoing dispute whether a-posteriori
LES results should be compared to filtered or unfil-
tered DNS results, both curves are included in Fig.
3. On the one hand, it is unfair to compare unfiltered
DNS and LES results because of the different grids
the solutions are represented on. On the other hand,
what the user wants to predict is the physically correct
result (like in experiments), which is given by the un-
filtered DNS, not the filtered DNS. Besides, it is not
uniquely clear how to define the filter, e.g. with a box
or a Gaussian filter kernel. Anyway, the curves corre-
sponding to the sensor-enhanced Smagorinsky model
lie well between the curves of the filtered and unfil-
tered DNS.

As can be seen in Fig. 4, both the static Smagorin-
sky model as well as the sensor-enhanced Smagorin-
sky model correctly converge to the reference DNS for
increasing grid resolution (from 323 to 643 to 1283

cells). Obviously, the sensor preserves this impor-
tant property. For the sensor-enhanced Smagorinsky



model, all curves collapse really well which is the ideal
behavior of an LES sub-grid model.

In addition to the default Reynolds number of
1600, the results for Reynolds numbers of 400 and
3000 are depicted in Fig. 5. Equally for this test, the
sensor-enhanced Smagorinsky model clearly outper-
forms the static Smagorinsky model. Especially for
the more laminar flow conditions (Reynolds number
of 400), the sensor-enhanced model reduces very well
to the DNS. The flow is much better resolved in this
case, i.e. less sub-grid activity, which is recognized by
the sensor. For the higher Reynolds number of 3000,
the improvement by the sensor is also clearly visible
but the overall result could still be better. However, it
is extremely challenging to obtain reasonable LES re-
sults on a coarse mesh consisting of only 323 cells for
this kind of Reynolds number.

5 Conclusion and outlook
The present study explores the modification of

eddy viscosity type explicit SGS models in the context
of LES by means of a sub-grid activity sensor based on
the coherent structure function. As a-posteriori analy-
sis on laminar-turbulent transition in the Taylor-Green
vortex has shown, the reference results from DNS are
often contained between the ’no-model’ LES (repre-
senting minimal model dissipation) and an LES using
the standard Smagorinsky model (representing max-
imal model dissipation). Hence, it is likely that the
sub-grid activity sensor as investigated here, which is
blending between these two ’extreme’ states depend-
ing on local conditions, leads to an improvement of the
LES results. Manual adjustment of the Smagorinsky
constant, as it is common practice to obtain reason-
able LES results e.g. on channel flows with the stan-
dard Smagorinsky model, is no longer needed when
using the sensor. The proposed correction based on
the coherent structure of the flow can be interpreted as
a dynamic adaptation of the Smagorinsky model con-
stant and requires no averaging in homogeneous direc-
tion (as Germano’s dynamic procedure would) which
is usually not available in technical problems. Further-
more, the model (modification) is easy to implement
and the additional computational cost is insignificant.
It has also been shown that the senor preserves the cor-
rect scaling of the base model with respect to grid res-
olution as well as Reynolds number.

Apart from the present results, the model has been
shown to perform also well for wall-dominated chan-
nel flows as well as a free planar jet flow including
passive scalar mixing (Hasslberger et al., 2021).

For future work, it is also conceivable to combine
structural LES models, e.g. Clark’s tensor diffusiv-
ity model, with the sub-grid activity sensor proposed
here. It will be most interesting to see whether struc-
tural LES models (which, compared to eddy viscos-
ity models, are showing superior alignment with the
unclosed sub-grid stresses in a-priori analysis) can be

Figure 4: Influence of LES grid resolution for a Reynolds
number of 1600: Volume-averaged mean ki-
netic energy and its dissipation rate versus non-
dimensional time for the static Smagorinsky model
(first and second subfigure) as well as the sensor-
enhanced Smagorinsky model (third and fourth
subfigure).



Figure 5: Influence of Reynolds number for an LES grid of
323: Volume-averaged mean kinetic energy and
its dissipation rate versus non-dimensional time
for the static Smagorinsky model (first and sec-
ond subfigure) as well as the sensor-enhanced
Smagorinsky model (third and fourth subfigure).

sufficiently stabilized for a-posteriori analysis in this
way.
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Abstract
The present paper is concerned with Euler-

Lagrange (E-L) simulations of turbulent microbubble-
laden flows and more specifically with a breakup
model for microbubbles in turbulent flows. Breakage
due to turbulent fluctuations in the inertial subrange is
assumed to be the most important one for small bub-
bles. A breakup model developed in the Euler-Euler
context is transferred to the E-L approach. Based on
this model the size of the arising daughter bubbles
is deterministically estimated. Furthermore, a physi-
cally motivated model for the axis along which bub-
bles separate and for the separation velocity of the
daughter bubbles is derived. A time lag between two
successive breakup processes is introduced to avoid a
breakup rate that is directly depending on the numer-
ical time-step size. Bubble breakup within a turbu-
lent jet flow is investigated by this advanced simula-
tion methodology and validated against experimental
data (Martı́nez-Bazán et al., 1999a,b).

1 Introduction
Turbulent multiphase flows consisting of bubbles

in liquids are encountered in many technical applica-
tions and comprise a wide range of scales of the bub-
bles concerning their size and numbers. Consequently,
a variety of simulation approaches are available rang-
ing between the full resolution of single bubbles with
interface capturing/tracking until the Euler-Euler ap-
proach describing the disperse phase as a continuum.
For two-phase flows comprising a huge number of
rather small bubbles (i.e., microbubbles) the Euler-
Lagrange approach is a reasonable methodology due
to the following reasons: The continuous phase can
be predicted as accurate as required, e.g. by RANS,
LES or DNS. In the present case the large-eddy sim-
ulation (LES) methodology is preferred, since it al-
lows to appropriately predict the continuous phase
with reasonable computational effort. The dispersed
phase is described based on first principles in the La-
grangian frame of reference. Thus, individual bubbles
are tracked through the turbulent flow field taking the
dominant physical effects such as collisions, coales-
cence and breakup separately into account. The two
latter phenomena play a significant role for the bubble

size distribution, which again strongly influences the
continuous as well as the dispersed phase. The present
study mainly focuses on breakup processes and an ap-
propriate model to describe this phenomenon. How-
ever, the effects of collisions and coalescence are also
taken into account separately.

2 Numerical Methodology

Continuous phase
The main ingredients are a finite-volume CFD

solver for block-structured grids (Breuer, 1998, 2000)
predicting the continuous phase based on LES us-
ing second-order accurate schemes in space and time.
For this purpose, all fluxes are spatially discretized
by the midpoint rule with a linear interpolation of
the variables to the cell faces. For time-marching a
low-storage Runge-Kutta method is applied within the
predictor-corrector scheme. The corrector step en-
sures the conservation of mass by solving the pres-
sure correction equation. Lastly, the momentum in-
terpolation technique of Rhie and Chow (1983) is ap-
plied to ensure the appropriate coupling of the pres-
sure and the velocity fields on non-staggered grids.
The effect of the non-resolved small-scale structures
on the resolved large eddies is taken into account by
the dynamic version of the Smagorinsky subgrid-scale
model proposed by Germano et al. (1991) and im-
proved by Lilly (1992). Two-way coupling and thus
the feedback effect of the dispersed bubbles on the
continuous phase is accounted for by a source term
in the momentum equation according to the particle-
source-in-cell method of Crowe et al. (1977). The
force on the fluid is determined indirectly based on
the acceleration of the bubbles, thereby considering all
fluid-related forces in the source term.

Disperse phase
For the disperse phase the motion of individual

bubbles are predicted based on Newton’s second law,
where the fluid forces acting on the bubbles are de-
rived from the displacement of a small sphere in a
non-uniform flow (Gatignol, 1983, Maxey and Riley,
1983). In the present case these are the drag force,
the gravity force, the buoyancy force, the added-mass
force, the pressure-gradient force and the lift force,
whereas the Basset history force is neglected due to



its computational burden. For contaminated bubbles
applied in the present setup, the drag coefficient for a
Stokes flow around a solid sphere is used (Tomiyama
et al., 1998) with the correction factor by Schiller and
Naumann (1933) for Reb ≤ 800. The effect of non-
spherical bubbles is taken into account by the model of
Dijkhuizen et al. (2010) describing the influence of the
bubble shape by a separate drag coefficient depending
on the Eötvös number. A combination of both drag co-
efficients yields the final coefficient. For the formula-
tions used for the remaining forces we refer to Breuer
& Hoppe (2017) and Hoppe & Breuer (2018, 2020).

Since the smallest, unresolved scales in LES have
a non-negligible influence on the dispersed phase, the
impact of these scales has to be taken into account. For
this purpose, the subgrid-scale velocity fluctuations at
the bubble position are estimated by an extended ver-
sion of the Langevin model described in Breuer and
Hoppe (2017).

Furthermore, a highly efficient particle/bubble
tracking scheme including a deterministic collision de-
tection algorithm (Alletto and Breuer, 2012; Breuer
and Alletto, 2012) forms the basis to track a huge num-
ber of bubbles through the turbulent flow field. In con-
trast to the case of solid particles (Alletto and Breuer,
2012; Breuer and Alletto, 2012) friction between the
colliding bubbles is presently not considered and a
fully elastic collision is assumed. In a similar man-
ner wall collisions are accounted for by a fully elas-
tic hard-sphere collision model without friction. That
means that in case of a wall impact the sign of the
wall-normal velocity of the bubble is inverted, while
the tangential components remain unchanged.

Inter-bubble collisions are a prerequisite for pos-
sible coalescence processes of bubbles. The descrip-
tion of coalescence relies on a recently developed de-
terministic model by Hoppe and Breuer (2018). It is
an improved variant of the coalescence model of Jee-
lani and Hartland (1991). The main improvement is
that the transition time between the two phases (iner-
tial and viscous) is determined numerically and stored
in form of a regression function for a pre-defined range
of bubble diameters and relative collision velocities.
This renders the coalescence model feasible for flows
with a huge number of bubbles. Overall, a four-way
coupled simulation environment results which allows
to take further essential physical phenomena into ac-
count.

3 Deterministic Breakup Model
Different physical mechanisms may be responsible

for bubble breakup. The most important are surface
instabilities, viscous shear stresses, and turbulent ve-
locity fluctuations. The first two are especially crit-
ical for large bubbles. On the contrary, small bub-
bles which are of special interest here are especially
prone to turbulence-induced breakup. A distinction
between the viscous and the inertial subrange of tur-

bulence has to be made. Assuming that the bubbles
are usually larger than the length scales of the viscous
subrange and, thus, not affected by the corresponding
shear stresses, the turbulent fluctuations in the inertial
subrange are assumed to be responsible for the bubble
breakup in the present study. According to a litera-
ture review (Hoppe and Breuer, 2020) on turbulence-
induced breakup models and their main advantages
and drawbacks, the model proposed by Hagesaether
et al. (2002) is chosen as the starting point. It has the
advantage to be based on a physically reasonable as-
sumption, i.e., for breakup the surface deforming tur-
bulent stresses have to be larger than the surface restor-
ing pressures of the daughter bubbles.

That can be explained as follows: A parent bubble
of diameter db,p is exposed to turbulent velocity fluc-
tuations 〈u′i u′i〉db,p

of the same size. The associated
pressure fluctuations deform the surface of the bubble.
If the deformation is sufficiently strong, the bubble
breaks into two daughter bubbles with diameters db,s
(small) and db,` (large). According to Hagesaether et
al. (2002) for breakup the energy density wt of the tur-
bulent eddy must be higher or equal to the surface en-
ergy density wb,s of the smaller daughter bubble:

wt =
1

2
ρf 〈u′i u′i〉db,p

≥ wb,s = 6
σ

db,s
. (1)

Here, ρf is the density of the fluid and σ denotes the
surface tension of the bubble.

The energy density of the turbulent eddy wt given
by Eq. (1) corresponds to the turbulent pressure fluctu-
ations associated with the velocity fluctuations, while
the surface energy density wb,s corresponds to the sur-
face restoring pressure of the smaller daughter bub-
ble. Consequently, from a physical point of view the
breakup criterion (1) means that the turbulent pres-
sure fluctuations of the fluid have to be larger than the
restoring pressure of the smaller daughter bubble try-
ing to prevent the contraction of the neck formed be-
tween the two daughter bubbles. Thus, the model by
Hagesaether et al. (2002) captures the direct breakup
of the parent bubble.

The breakup criterion can be formulated in form of
a dimensionless Weber number:

We =
ρf db,p 〈u′i u′i〉db,p

σ
≥ 12

db,p
db,s

= 12 f
−1/3
V ,

(2)
where fV denotes the volume fraction given by the
ratio of the volume of the smaller daughter bubble
to the volume of the parent bubble. The smallest
value of f−1/3V ≈ 1.26 is found for breakup into
two equally-sized daughter bubbles leading to a min-
imum Weber number of Wemin ≈ 15.12. Conse-
quently, breakup processes resulting in two unequally-
sized bubbles require larger Weber numbers, since the
associated restoring pressure resisting the breakup is
larger.



Assuming the inertial subrange of turbulence, the
turbulent velocity fluctuations over the size of the par-
ent bubble required for the determination of the We-
ber number are estimated by the relation of Batche-
lor (1953). The relation is based on the energy dissi-
pation rate of the turbulent flow at the position of the
bubble, the diameter of the parent bubble and the Kol-
mogorov constant set to cK = 1.62.

Since in the range of bubble diameters investi-
gated in the present study the probability of non-binary
breakup is low, binary breakup is assumed for all
breakup processes. In contrast to many other models
the suggestion by Hagesaether et al. (2002) provides
an estimate for the size of the arising daughter bub-
bles circumventing the need to randomly choose the
size of the daughters. In order to do so, it is assumed
that breakup can only occur if criterion (2) is fulfilled
exactly, i.e., the inequality is replaced by an equality.
Consequently, under the condition We ≥ Wemin it is
possible to solve Eq. (2) for the diameter db,s of the
smaller daughter bubble:

db,s =
12

We
db,p . (3)

Assuming the volume conservation of he total bub-
ble, the diameter of the larger daughter bubble can be
readily determined:

db,` =
(
d3b,p − d3b,s

) 1
3 . (4)

Contrary to the Euler-Euler concept, for which
the breakup model was originally developed, in the
presently applied E-L context a post-breakup treat-
ment is required for the arising daughter bubbles. For
this purpose, the axis along which the bubbles sepa-
rate after breakup and the corresponding relative sepa-
ration velocities have to be determined. According to
an experimental study by Saha (2013) the axis of sep-
aration of solid particles is aligned with the direction
in which the dispersed phase experiences the largest
fluid stresses. This direction can be predicted by the
eigenvector of the strain rate tensor which belongs to
the largest positive eigenvalue. This procedure was
recently successfully applied in the context of break-
age of dry powder agglomerates (Breuer and Khalifa,
2019) and was thus transferred to the bubbles. Details
can be found in Hoppe and Breuer (2020).

Furthermore, the separation velocity of the bub-
bles is estimated based on the velocity fluctuations ex-
erted on the parent bubble during breakup. Relative
velocities in the frame of reference of the parent bub-
ble pointing in opposite directions along the separa-
tion axis are determined based on an energy balance
between the kinetic energies of the daughter bubbles
in the moving frame of reference, the turbulent ki-
netic energy of the velocity fluctuations exerted on the
parent bubble during breakup and the kinetic energy
required for the breakup process. Combined with a
momentum balance in the direction of separation this

yields the velocities of the daughter bubbles after the
breakup in the Eulerian frame of reference (Hoppe and
Breuer, 2020).

Finally, in the framework of E-L predictions a
breakup time lag is estimated based on the eddy
turnover time to prevent repeated breakups at succes-
sive time steps avoiding a dependency of the breakup
frequency from the numerical time-step size. With-
out such a countermeasure in form of an idle time,
the original parent bubble is unphysically eroded into
many small daughter bubbles, with a breakup rate that
is directly depending on the numerical time-step size
and not on physical arguments. Since for LES the
chosen time-step sizes are typically quite small, such
an artificial erosion process may take place very fast.
This unphysical behavior is prevented by proposing
that the daughter bubbles generated by the breakup of
a parent bubble can not break up during an idle time.
In Hoppe and Breuer (2020) different options for the
choice of the idle time are discussed and finally the
eddy turnover time is chosen since it yields the best
agreement with the experimental data by Martı́nez-
Bazán et al. (1999a,b).

4 Test Case and Numerical Setup
The simulation methodology described is ap-

plied to an experimental study by Martı́nez-Bazán et
al. (1999a,b) investigating bubble breakup within a
fully-developed, turbulent jet flow. A water jet is
discharged from the bottom vertically upwards into
a large tank. The diameter of the jet nozzle is
dj = 3× 10−3 m and the exit velocity of the jet is
uE0 = 17 m/s. The jet Reynolds number is either
51,000 or 38,250 depending on whether the jet exit
velocity uE0 or the averaged velocity u0 = 12.75 m/s
taking the tube (diameter dt = 1.5× 10−3 m) through
the center of the nozzle into account is considered.
However, for the sake of simplicity the tube going
through the center of the jet in the experiment is ne-
glected in the simulations. Consequently, the jet flows
out of a circular nozzle with the same diameter dj as in
the experiment and a jet velocity u0 ensuring a mass
flow that is equivalent to the experiment. In the sim-
ulation the jet is placed in a weak co-flow in order to
prevent numerical problems due to the entrainment at
the outer boundaries.

The computational domain containing the jet flow
is of cylindrical shape and has a dimensionless radius
of R/dj = 10 preventing the influence of the outer
boundary conditions on the jet flow. The length of the
domain in the downstream direction is xd/dj = 40,
which is sufficient to compare the simulation results
with the experimental data. The flow is resolved by
a block-structured grid consisting of five geometric
blocks in an O-grid arrangement and a total of about
10.65 million control volumes (CVs). The shear layer
of the jet flow is resolved by a fine resolution. For this
purpose, 512 CVs are used in the streamwise direc-



tion, where the size of the CVs increases with the dis-
tance from the jet inlet following a geometric stretch-
ing function. The size of the first cell in streamwise
direction is set to ∆x1/dj = 2.5 × 10−2 and the mild
stretching factor is about 1.004. Further details on the
grid can be found in Hoppe and Breuer (2020).

The inflow boundary condition for the continuous
phase applied at the base of the cylinder is that of a
jet a short distance downstream of a typical nozzle
exit approximated by a (1 - tanh) function. At the
outer surface of the domain a no-slip boundary condi-
tion is set with the velocity of the co-flow. Finally,
at the outlet (top surface of the domain) a convec-
tive boundary condition with a fixed convection ve-
locity is used, which is slightly larger than the aver-
age centerline velocity of the jet flow at a distance of
x/dj = 40 downstream of the nozzle. The dimen-
sionless time-step size is ∆t∗ = 6 × 10−3. The jet
flow is allowed to evolve for a dimensionless time pe-
riod of ∆T ∗ = 250 ensuring a fully developed flow
field. Then the bubbles are released continuously into
the flow field. After a dimensionless time period of
∆T ∗ = 300 a fully developed bubble distribution is
obtained in the jet. Afterwards, the statistics of the
breakup parameters are averaged over a dimensionless
time interval of ∆T ∗ = 6000.

In the experimental setup air bubbles with a pre-
defined size distribution are injected through a needle
mounted at the end of the tube extending to a down-
stream distance of x/dj = 15 from the nozzle. The
gas flow rate is set to Qg = 1.2 × 10−6 m3/s. In
the experiment of Martı́nez-Bazán et al. (1999a,b) the
size distribution of the bubbles is given a short distance
downstream of the tip of the needle (x/dj = 16.1).
In the simulation the bubbles are inserted at this po-
sition as well. The size of the released bubbles is
randomly chosen by using an inverse transform sam-
pling method based on the probability density distri-
bution provided by the experiment. The bubbles are
inserted individually with a dimensionless time inter-
val of ∆T ∗int ≈ 6.8 between two successive releases,
i.e., a single bubble is released every 1133 time steps
ensuring that the volumetric flow rate of the bubbles
is equal to the flow rate in the experiment. The di-
mensionless mean diameter of the released bubbles is
〈d∗b,rel〉 = 〈db,rel〉/dj = 0.514 corresponding to mean
bubble size of 〈db,rel〉 = 1.542 × 10−3 m. According
to Martı́nez-Bazán et al. (1999a,b) the void fraction of
the bubble s is always less than 10−5.

The initial velocity of the bubbles is set to the fluid
velocity at the corresponding position. Since regular
tap water is used in the experiment, the surface con-
dition of the bubbles is set to that of contaminated
ones. The dimensionless gravitational acceleration is
g∗ = 1.81× 10−4. The surface tension of the bubbles
is set to σ = 72.86× 103 N/m, which corresponds to
a dimensionless value of σ∗ = 1.49 × 10−4. Lastly,
the Hamaker constant AH = 3.7 × 10−20 J of water

molecules interacting in a vacuum is applied, which is
A∗H = 8.43× 10−18 in dimensionless form.

5 Results and Discussion

Flow field of the jet
Before studying the bubbles and their breakup be-

havior, the continuous phase is evaluated in detail.
Figure 1 depicts two-dimensional contour plots of
an arbitrarily chosen snapshot of the instantaneous
streamwise fluid velocity uf,x as well as the temporally
and circumferentially averaged streamwise fluid ve-
locity 〈uf,x〉 and the turbulent kinetic energy 〈kturb〉.
The quantities are normalized by the averaged inlet ve-
locity u0 or u20, respectively. Figure 1a depicts the tur-
bulent structures arising especially in the shear layer
of the jet. The spreading of the jet and the decrease
of the centerline velocity along the axis are obvious in
the contour plot of the averaged streamwise velocity
shown in Fig. 1b. In Hoppe and Breuer (2020) the pre-
dicted velocity distributions were compared in detail
with experimental data of a comparable Re number.
As typical for such jets, after a short distance down-
stream of the inlet the centerline velocity was found
to follow an inversely proportional decrease with the
distance x/dj. Common fitting curves for the self-
similar part of the jet were consulted to assure that the
fluid flow is in reasonable agreement with the avail-
able reference literature. Finally, Fig. 1c depicts that
the highest turbulent fluctuations are observed in the
shear layer of the jet as expected.

Dispersed bubbles and their breakup
To illustrate the distribution of the bubbles inside

the computational domain, a snapshot of the bubbles
at ∆T ∗ = 6000 is shown Fig. 1d coloring the bubbles
according to their size. The bubbles inserted close to
the tip of the needle (x/dj = 16.1) are carried down-
stream by the flow spreading in the radial direction.
Obviously, bubbles experience breakup processes due
to turbulent velocity fluctuations on their path through
the flow field.

The predicted size distributions based on the
breakup model proposed are depicted at three down-
stream positions at x/dj = 19.5, 25.0 and 34.1 in Fig. 2.
For comparison the experimental data by Martı́nez-
Bazán et al. (1999a) in terms of the volumetric prob-
ability density functions of the bubble diameters are
included in the figure. The statistics of the bubbles at
the different cross-sections allows to evaluate the evo-
lution of the bubbles in streamwise direction.

In the present results the bubble size distribution at
x/dj = 19.5 is slightly shifted towards smaller bubble
diameters compared with the experiment. Thus, too
many bubbles with a diameter of less than db/dj = 0.4
are present in the simulation in comparison with the
experimental data. Thus, the breakup into small bub-
bles is somewhat overestimated in the region shortly
downstream of the insertion location of the bubbles.
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Figure 1: Contour plot of the instantaneous streamwise ve-
locity (a), the averaged streamwise velocity (b)
and the averaged turbulent kinetic energy (c); (d)
Snapshot of the bubbles at ∆T ∗ = 6000.

Further downstream at x/dj = 25.0 the probability
density functions of the simulation and the experiment
are in close agreement. The most noticeable difference
between prediction and experiment is that the PDF
of the simulation exhibits a more pronounced peak at
about db/dj = 0.3. At the last position x/dj = 34.1
the trend is opposite to that at x/dj = 19.5. Here, the
predicted bubble size distribution is slightly shifted to-
wards larger bubble diameters with respect to the ex-
periment. That means that breakup is underestimated
in this region. As a consequence the predicted volu-
metric probability density functions of the bubble di-
ameter at x/dj = 25.0 and 34.1 do not differ a lot.

In order to investigate the influence of the surface
tension on the breakup processes in the jet flow, two
additional simulations with modified surface tensions
were carried out. With respect to the standard value
(σ = 72.86 × 103 N/m, σ∗ = 1.49 × 10−4) given
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Figure 2: Comparison of the volumetric probability density
functions of the bubble diameter with experimen-
tal data (Martı́nez-Bazán et al., 1999a) at three
downstream positions.

in Section 4, the value is decreased by a factor of 0.7
or increased by a factor of 1.7, respectively. A com-
parison of the resulting volumetric probability density
functions of the bubble diameters is shown in Fig. 3.
The results at two downstream positions are depicted.
As expected a decrease of the surface tension leads to
a shift of the bubble size distribution towards smaller
bubble diameters. Correspondingly, an increase of the
surface tension results in a shift of the peak of the
size distribution towards larger bubbles. From a phys-
ical point of view both findings make sense since the
surface tension has a direct effect on the deformabil-
ity of the bubbles. The results are also in agreement
with the breakup criterion (2), since the minimum We-
ber number Wemin for breakup to occur is more eas-
ily achieved with decreasing values of σ. Thus, it
makes the fulfillment of criterion (2) easier, i.e., less
intense turbulent fluctuations are required for breakup.
Hence, the breakup into smaller daughter bubbles is
augmented compared to the standard case leading to
the shift of the peak position of the bubble size distri-
bution towards smaller bubbles.
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Figure 3: Influence of the surface tension on the volumetric
PDFs of the bubble diameter at two downstream
positions. The experimental data (Martı́nez-Bazán
et al., 1999a) are for the standard case.

6 Conclusions
A breakup model for the simulation of microbub-

bles in turbulent flows was investigated in the frame-
work of the Euler-Lagrange approach using LES. The
model was derived from a model originally suggested
by Hagesaether et al. (2002) and transferred from the
Euler-Euler to the E-L context in Hoppe and Breuer
(2020). The assessment of the modeling assumptions
and the numerical methodology was carried out for
bubble breakup within a fully developed turbulent jet
flow. An overall good agreement of the predicted bub-
ble size distributions with the experimental data was
found. A variation of the surface tension showed that
decreasing values of the surface tension lead to an aug-
mented breakup behavior into smaller bubbles, while
the opposite effect is found for an increasing surface
tension as expected based on physical arguments.
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Abstract
Temperature fluctuations in the near wall region of

turbulent mixing processes in T-junctions cause unex-
pected fatigue cracking. This study compares the T-
junction flow mixing between the horizontal and ver-
tical aligned T-junction configurations of the Fluid-
Structure Interaction (FSI) facility at the University
of Stuttgart. In the main and branch pipe flows wa-
ter with a temperature difference of 65 K. Further-
more, a constant mass flow rate ratio (main/branch)
of 4:1 is maintained, respectively. The thermal mixing
processes are numerically investigated by using Open-
FOAM and the Large-Eddy Simulation (LES) method.
The numerical results are validated with experimen-
tal temperature data. The horizontal T-junction sim-
ulation results show a good agreement with the ex-
perimental data. Additionally, the simulation results
of the vertical and horizontal T-junction configuration
are compared with each other. The results demonstrate
that the flow mixing is incomplete in the investigated
configurations and a thermal stratified flow can be de-
tected. This study demonstrates that by changing the
configuration a stable stratification can be converted
to an unstable stratification which accelerates also the
thermal mixing.

1 Introduction
Mixing of fluids with different temperatures in T-

junction geometries is of considerable interest for nu-
clear safety research. After the crack in the French
nuclear power plant Civaux 1, the thermal mixing
processes and the resulting mechanism of thermal fa-
tigue has drawn attention of the researchers around the
world, see Chapuliot et al. (2005). The turbulent mix-
ing of warm and cold fluid streams generates temper-
ature fluctuations in piping systems and can lead to
thermal fatigue in the piping wall structure. An in-
complete mixing coupled with a thermal stratification
may lead to high periodic fluctuations at the interac-
tion layer between warm and cold, which can expand
into the structure, see Kasahara et al. (2002). Thermal
fatigue may occur when the number of cycles are suf-
ficiently high, see e.g. incident in the nuclear power
plant Civaux (Chapuliot et al. (2005)).

Vortices and mechanism of coherent turbulent

structures support the transport of thermal fluctuations
in the vicinity of the T-junction, refer to Evrim and
Laurien (2020). In spite of numerous numerical and
experimental investigations remains the prediction of
flow phenomena or the appearance of dominant tem-
perature fluctuations and local risk areas for thermal
fatigue mechanisms still a challenge.

For a better understanding of thermal mixing pro-
cesses in T-junction piping systems, several experi-
mental work have been made. Kamide et al. (2009)
performed thermal mixing experiments with a temper-
ature difference between the branches of ∆T = 15
K and the investigated T-junction configuration is ver-
tically arranged. The temperature distribution in the
near wall region was measured with thermocouples.
The Particle Image Velocimetry method was used to
measure the velocity. They observed and reported
three different types of flow patterns in the mixing re-
gion. Furthermore, they defined the non-dimensional
parameter the momentum ratio which categorizes the
flow pattern type. Höhne (2014) showed in his results,
that simulations by Reynolds-Averaged Navier-Stokes
Equations (RANS) are unable to predict the flow pat-
tern type in the mixing process. However, simula-
tions on the basis of Large-Eddy Simulation (LES)
can predict the temperature results and velocity pro-
files with good accuracy. In some cases in the liter-
ature, the temperature difference of the mixing fluids
is below 20 K, therefore the gravity effect on the pro-
duction and development of large structures could be
neglected. However, gravity has a significant effect
at larger temperature differences because it leads to
stabilization and damping of turbulence in the mix-
ing area and a density stratification in the downstream
can be observed. To investigate turbulent thermal mix-
ing processes under the influence of gravity the Fluid-
Structure Interaction (FSI) facility was built, see Sel-
vam et al. (2017) and Zhou et al. (2018). Water ex-
periments can be performed with a temperature dif-
ference ∆T of up to 250 K. Its T-junction has a cold
branch pipe (Db = 38.9 mm) and a horizontal warm
main pipe (Dm = 71.8 mm). Thermocouples were
used to record near-wall temperatures in the mixing
region. To analyze and characterize the thermal field
within cross-sections a conductivity-based wire-mesh
sensor was used, refer to Selvam et al. (2017). Nu-



merical studies are necessary to understand the mixing
process.

In the horizontal configuration, where the branch
pipe is connected horizontally from the side to the
main pipe, a wavy density stratification downstream
of the mixing zone has been identified with the help of
LES. The largest temperature fluctuations exist near
the wavy interface between the warm and cold re-
gions. The mixing behaviour in the vertical configu-
ration, where the branch pipe is connected vertically
from above to the main pipe, is still unclear, because
numerical studies have not been performed.

This study aims to fill this gap by presenting wall-
resolved LES of turbulent heat transfer in the horizon-
tal and in the vertical T-junction configurations. The
OpenFOAM numerical simulation code is used with
the subgrid-scale turbulence model WALE. The flow
simulations are coupled with the heat conduction in
the solid material in order to take account of the ther-
mal fluid-structure interaction. Boundary conditions
are chosen from Selvam et al. (2017) with ∆T =
65 K with a mass flow ratio (main/branch) of 4:1 as
in the experiments. The results are validated with the
measured temperature data in the mixing zone of the
horizontal configuration.

2 Computational details
The thermal flow mixing studies considers the con-

jugated heat transfer between the fluid and solid re-
gion. In LES the large scales motion of the flow are
resolved, whereas the small scales are modelled by us-
ing a subgrid-scale model. The filtered conservation
equations of mass, momentum and energy are defined
as follows:

∂ρ̄

∂t
+
∂ρ̄ũj
∂xj

= 0 (1)

∂ρ̄ũi
∂t

+
∂ρ̄ũiũj
∂xj

= − ∂p̄

∂xj
+
∂τ̃effij

∂xj
+ ρ̄gi (2)

∂ρ̄h̃

∂t
+
∂ρ̄ũj h̃

∂xj
=

∂

∂xj

(
αeff

∂h̃

∂xj

)
(3)

here ρ̄, ũi, p̄ and h̃ defines the filtered density,
the favre-filtered velocity, the filtered pressure and the
favre-filtered enthalpy. The effective shear strain rate
tensor is defined as τ̃effij = 2µeff

(
S̃ij − 1

3
∂ũk

∂xk
δij

)
and S̃ij is the resolved shear strain rate tensor. The
effective dynamic viscosity µeff is defined as the sum
of the laminar and turbulent viscosity, µeff = µ+ µt.
The effective diffusivity is defined as, αeff = µ/Pr+
µt/Prt. The turbulent eddy viscosity is modelled by
using Wall Adapting Local Eddy (WALE) subgrid-
model and is defined as follows (Nicoud and Ducros
(1999)):

µt = ρ̄νt = ρ̄ (Cw∆)
2

(
Sd
ijS

d
ij

)3/2(
S̃ijS̃ij

)5/2
+
(
Sd
ijS

d
ij

)5/4
(4)

Here, the WALE model constant is set to
Cw =0.325. Sd

ij defines the traceless symmetric part
of the square of the velocity gradient tensor. Thermal
conductivity inside the solid region is considered by
the thermal diffusion equation whose formulation re-
sults from equation (3) by neglecting the convection
term:

∂ (ρshs)

∂t
=

∂

∂xj

(
αs
∂hs
∂xj

)
(5)

In Fig. 1 is a detailed view of the computational
domain of both T-junction configurations.

Figure 1: Computational domain of the various T-junction
configurations: horizontal (case 1) and vertical
(case 2).

The diameter of the main and branch pipe are
Dm = 71.8 mm and Db = 38.9 mm. The inflow
length of the main and branch pipe are 10Dm and
10Db. The downstream of the main pipe is 12Dm

long. In this work, cartesian coordinates are used. The



coordinate system origin is located at the center of the
mixing tee.

In this study, the acceleration due to gravity is set
along the negative z-coordinate. The software ANSYS
ICEM-CFD was used for meshing. The mesh contains
around 16 million cells. In the main pipe flows wa-
ter with a temperature of 358.15 K and in the branch
pipe streams water with a temperature of 293.15 K.
Therefore, the Reynolds number in the main pipe is
approximately 21250 and in the branch pipe around
3300. Additionally, a constant mass flow rate ratio
(main/branch) of 4:1 is maintained, respectively.

Mapped boundary conditions are used for the de-
velopment of a turbulent flow in the inlet branches.
The instantaneous velocity profile from the internal
field is mapped to the inlet of the main and branch
pipe (Lund et al. (1998)). Additionally, a perturbation
method is used to accelerate the initial turbulence de-
velopment similar to Evrim and Laurien (2020). The
water pressure in this study is 70 bar. Conjugate heat
transfer in the FSI case is applied at the fluid/solid in-
terface. The outer wall region is assumed to be adi-
abatic. Furthermore, results of the steady-state sim-
ulations with the k-ω SST model are used as initial
condition for the LES calculations.

3 Results
The mean streamwise velocity component profiles

are presented in Fig. 2 (a, b). These plots contain also
the linear and logarithmic part of the law of the wall.
The velocity profiles in the main and branch pipe en-
trance yielding to u+ = y+ due to the fine resolution
of the viscous sublayer. The mean velocity profiles of
the main pipe show a good agreement with the log-law
for y+ > 30, while the branch pipe mean velocity de-
viates from the log-law. Similar observations in the ve-
locity profile for low Reynolds number flows has been
reported by previous investigations on pipe flow, see
e.g. Eggels et al. (1994) and El Khoury et al. (2013).

The temperature field contains valuable informa-
tion about the thermal mixing process and it helps
to detect dominant temperature fluctuations and local
risk areas for thermal fatigue mechanisms. For the val-
idation are experimental results from the temperature
measurement in the near wall region of the horizontal
T-junction configuration available. Figure 3 (a,b) show
the circumferential distribution (2 mm distance from
wall into the fluid) of the time averaged normalized
temperature T

∗
and normalized temperature fluctua-

tions T ∗
RMS in the direct mixing region at the position

x = 5Dm. The mean temperature and the correspond-
ing fluctuations are normalized by

T
∗

=
T − Tb
Tm − Tb

(6)

T ∗
RMS =

TRMS

Tm − Tb
(7)

Figure 2: Streamwise velocity profile in the main (a) and
branch (a) pipe entrance for both cases.

Thermal fluctuations in the near wall region are im-
portant, because they lead to thermal stresses in the
structure. It is noticeable that the simulation results
show a good agreement with the experimental data.
Additionally, the temperature profile shows that the
fluid from the branch pipe is located in the lower area
of the pipe and the upper part remains warm. This is
the consequence of the mixing process of fluids with
high-density difference between the main and branch
pipe, see e.g. Selvam (2017). The cold fluid has the
higher density therefore it settles down and flows in
the down part of the pipe. The temperature fluctua-
tions profile in Fig. 3 (b) shows areas with high inten-
sities. This areas with high temperature fluctuations
have potential for thermal fatigue. This are especially
areas where the stratification layer oscillates.

Figure 4 (a-d) represent the experimental wire
mesh sensor measurement data and the simulation data
at the position x = 3.5Dm.

It can be seen that the temperature field and the
temperature fluctuations distribution in the direct mix-
ing region can be captured well with the present LES.
The WMS module offers an essential insight into the
quantitative description of the thermal flow field in the
mixing area. The thermal stratification is left-justified
in this cross-section position and is located between (I)
and (II). This view demonstrates that the stratification
oscillates and generates the highest values on the inter-
action layer and the core of the stratification oscillates
weakly.



Figure 3: Comparison of normalized mean temperature and
thermal fluctuations at x = 5Dm.

Figure 4: Comparison of the time averaged normalized tem-
perature (a,b) and the corresponding fluctuations
(c,d) at the position x = 3.5Dm.

Figure 5 (a-d) show the time averaged normalized
temperature and the corresponding fluctuations distri-
bution at different streamwise positions for the hori-
zontal and vertical T-junction configuration.

Figure 5: Comparison of the normalized temperature and
thermal fluctuations for the horizontal (a,c) and
vertical (b,d) T-junction configuration in the cross-
section at x = 1Dm, 3Dm, 5Dm and 7Dm.

The mixing process downstream of the T-junction
shows in the horizontal configuration a wavy thermal
stratification with an oscillating behavior (see Fig. 5
(a)). Furthermore, the upper part of the pipe remains
warm while the thermal mixing is in the downward
part. Additionally, the highest temperature fluctua-
tions appear in the interaction area. In the further
downstream drops the intensity because the mixing is
progressed. In the vertical T-junction configuration,



flows the heavier cold fluid from above into the mix-
ing zone and is consequently located in the upper part
therefore appears an unstable stratification in this case.
However, the heavier fluid drops down and crosses
the entire cross section therefore the unstable thermal
stratification is broken up. This effects lead in the ver-
tical configuration to an enhanced thermal mixing pro-
cess where the penetrating cold fluid is distributed over
the main pipe diameter in the mixing region. In case 2
oscillates the inflowing jet strongly in the mixing zone
therefore it generates peak values on the primary shar
layer. Peak intensity values fall off along the down-
stream. In comparison with the horizontal case, fluctu-
ations have a more uniform distribution over the diam-
eter in case 2. So, it can be concluded that the thermal
mixing becomes more uniform and is more progressed
in the vertical T-junction configuration.

Figure 6 (a–d) show the streamlines of the mean
velocity field in different planes and positions.

Figure 6: Streamlines of the velocity field in the xy-plane
(a), xz-plane at y = −0.03 m (b), xz-plane and
xy-plane at z = 0.03 m.

An acceleration area can be detected in both cases.
It encloses the recirculation area and starts when both
water streams come together. In case 2 develops a
smaller recirculation area as in case 1. Additionally,
we can detect the formation of a pair of symmetrical
twin-eddies in case 2. The counter-rotating vortex pair
is similar to the observations by Kamide et al. (2009).
The vortex formation can be affected by the recircula-

tion and acceleration area. In case 1 can be seen that
the stratification development affects also the fluid ve-
locities. And in case of stable stratification flows warm
fluid areas with a high velocity and lower temperature
areas are coupled with low velocities.

Figure 7: Power spectral density of temperature fluctuations
for both cases.

One way to estimate High Cycle Thermal Fatigue
is a frequency analysis of thermal fluctuations. The
near-wall thermal fluctuations generate stresses in the
structure and this process depends on the frequency
of fluctuations (Kasahara et al. (2002)). In confor-
mity with Chapuliot et al. (2005), critical tempera-
ture fluctuations in the frequency range of 0.1-10 Hz
caused probably thermal fatigue damage. The pres-
ence of a spectral peak in the previously menioned
range is introduced in the Vattenfall report (Smith et
al. (2013)). Frequency analysis is used to determine
the periodic frequency oscillations. Figure 7 (a,b) con-
tain frequency analysis of temperature fluctuations in
the near-wall region (1 mm inside the fluid).

The occurrence of a dominant peak in the analysis
can be observed in both cases. According to our pre-
dictions, at the position x = 1Dm and θ = 145o the
analyze indicates a strong peak at the frequency of 1.3
Hz (St = 0.5). This frequency can be attributed to
the motion of the stratification layer. For case 2, the



result is a peak at a frequency of 1.1 Hz, which agrees
with the Strouhal number St = 0.43. This frequency
occurs also due to the flapping motion of the stratifica-
tion layer. It can be noted that both peaks occur almost
at the same frequency and we conclude that these oc-
curring thermal fluctuations have potential for thermal
fatigue because they are in the above-mentioned fre-
quency range.

4 Conclusion
In this work, the flow mixing behavior in a mixing

tee with horizontal and vertical configuration has been
investigated by using Large-Eddy Simulation (LES)
method with the Computational Fluid Dynamics code
OpenFOAM. The simulation results of the tempera-
ture field and thermal fluctuations from the horizontal
case agree well with the experimental data. A wavy
thermal stratification with an oscillating behavior can
be seen in the horizontal T-junction configuration. The
cold fluid from the branch pipe flows in the downward
part and the upper part remains warm. Peak intensity
values are generated on the mixing layer. Whereas the
mixing in the vertical T-junction configuration is uni-
form distributed over the main pipe diameter in the
mixing region. Therefore, this configuration shows
an enhanced mixing behavior. The fluctuation distri-
bution looks also uniform in the vertical case. The
numerical results show also that in both cases devel-
opes a constrained acceleration and recirculation area.
This study indicates that by changing the configuration
a stably stratified flow can be converted to an unsta-
bly stratified flow which accelerates the thermal mix-
ing. According to our simulations, the highest temper-
ature fluctuations are in the beginning of the mixing
region. A twin-eddy formation develops in the mixing
region. Further, the frequency analysis presents peaks
in the HCTF range and in the Strouhal number range
0.43 ≤ St ≤ 0.5.
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1 Introduction
Turbulent flows involving the transport of pas-

sive scalar are encountered in many fields of ap-
plications (Hanjalic and Launder, 2011) and are
often simulated using different methods rang-
ing from DNS, LES, RANS and RANS/LES
(Chaouat, 2017). In this work, we consider the
partially integrated transport modeling (PITM)
method (Chaouat and Schiestel, 2005) using a
second moment closure (SMC) that allows to
perform simulations with seamless coupling be-
tween the RANS and LES regions and we extend
this method to the case of passive scalar trans-
port. We derive the basic transport equations for
both the scalar variance of fluctuations kθ and its
dissipation-rate εθ in the spectral space (Chaouat
and Schiestel, 2021). We perform then numerical
simulations of turbulent channel flows including
passive scalar fields on relatively coarse grids at
the Reynolds number Rτ = 395 for the Prandtl
numbers Pr = 0.1, 1 and 10 associated with
heat transfer of liquid metals, gas and water (see
Fig 1). Comparison are made with DNS data
(Chaouat and Peyret, 2019).

2 The basics of the PITM method for
turbulent fields

From a physical standpoint, the PITM method
finds its basic foundation in the spectral space of
wave numbers considering the production, trans-
fer and dissipation processes of energy acting in
spectral wave number ranges of the spectrum.
The starting point is the transport equation of the
spherical mean of the Fourier transform of the

two-point correlation tensor of the fluctuating ve-
locities denoted ϕij(X, κ, t) as follows (Chaouat
and Schiestel, 2005; 2007; 2013)

∂ϕij(X, κ, t)

∂t
+ 〈uj〉 (X)

∂ϕij(X, κ, t)

∂Xj

= Pij(X, κ, t) + Tij(X, κ, t) + Ψij(X, κ, t)

+Jij(X, κ, t)− Eij(X, κ, t) (1)

where Pij , Tij , Ψij , Jij , and Eij are respectively,
the production, transfer, redistribution, diffusion
and dissipation terms, the brackets 〈.〉 denotes the
averaging in homogeneous directions of the flow.
The PITM equations are then formally obtained
from integration of Equation (1) in the wave num-
ber ranges [0, κc], [κc, κd] and [κd,∞[, where
κc is the cutoff wave number linked to the filter
size ∆ by κc = π/∆, and κd is the dissipative
wave number located at the far end of the iner-
tial range of the spectrum. As a result (Schiestel
and Dejoan, 2005; Chaouat and Schiestel, 2005,
2009, 2012), the transport equation for the subfil-
ter scale stress (SFS) tensor (τij)s can be written
in the simple compact form as

∂(τij)s
∂t

+
∂

∂xk
(ūk(τij)s) = (Pij)s

+(Πij)s − εij + (Jij)s (2)

where the terms appearing in the right-hand side
of this equation are identified as subfilter produc-
tion, redistribution and dissipation, respectively
while the transport equation for the dissipation
rate ε can be expressed into the form

∂ε

∂t
+

∂

∂xk
(ūkε) = cε1s

ε

ks
Ps− cε2s

ε2

ks
+Jεs (3)

the bar .̄ denotes the filtering. The coefficient ap-
pearing in the destruction term of Equation (3) is



then given by

cε2s = cε1 +
ks
k

∆cε (4)

where ∆cε = cε2 − cε1 , cε1 and cε2 are the co-
efficients used in RANS and cε1s = cε1 . Us-
ing an equilibrium density spectrum defined as
E(κ) = kLE∗(ϑ), where L denotes the turbu-
lence length-scale L = k3/2/ε, ϑ = κL,

E∗(ϑ) =
2
3βϑ

α−1

[1 + βϑα]γ+1 (5)

one can obtain after integration

cε2s = cε1 +
∆cε

[1 + βϑαc ]γ
(6)

where αγ = 2/3 and β = [2/(3CK)]γ , CK is the
Kolmogorov constant close to 1.5, ϑc = κcL,

Turbulent passive scalar field. We extend
here the PITM method developed for dynamic
turbulent fields to scalar fields. As for the pre-
ceding section, the key is to work in the spec-
tral space. The spectral transport equation of
half the scalar variance denoted as Eθ(X, κ) =
〈θ′θ′(X)〉∆ (κ)/2 reads (Chaouat and Schiestel,
2021)

∂Eθ(X, κ)

∂t
+ 〈uk〉 (X)

∂Eθ(X, κ)

∂Xk

= Pθ(X, κ) + Tθ(X, κ) + Jθ(X, κ)

−Eθ(X, κ) (7)

where in the right hand side of this equation, Pθ
is the production of half the scalar variance by
mean gradients of the scalar, Tθ is the spectral
transfer driven by the eddying motions in the in-
ertial cascade, Jθ is the diffusion term and Eθ de-
notes the dissipation term of half the scalar vari-
ance. Equation (7) is integrated in the domains
[0, κc], [κc, κe] and [κe,∞[ where κe denotes here
the high end wave number for the scalar that is
larger than κc and different from κd. Homoge-
neous flows are considered in the following. As a
result, the transport equation for the subfilter scale
variance kθs can be written formally as

∂kθs
∂t

= Pθ[κc,κe] + Fθ(κc, t)− εθ (8)

where the total variance transferFθ(κe, t) through
the variable cutoff κe is defined as

Fθ(κc, t) = Fθ(κc, t)− Eθ(κc, t)
∂κc
∂t

(9)

that takes into account the local spectral flux
Fθ(κc, t) and the transfer due to the variation in
the splitting wavenumber and

Fθ(κe, t) = Fθ(κe, t)− Eθ(κe, t)
∂κe
∂t

(10)

The relation κe − κc = O(1/lθ) = O(εθ/θ
2u)

leads to the equation

κe − κc = ζθ
εθ

kθsk
1/2
s

(11)

where ζθ is an adjustable coefficient chosen such
that the spectral contribution of the variance be-
yond κe is negligible. Combining these equations
together yields in homogeneous flows

∂εθ
∂t

=
εθ
kθs

∂kθs
∂t

+
εθ

2ks

∂ks
∂t

+
εθ

κe − κc

[
Fθ(κe, t)− Fθ(κe, t)

Eθ(κe, t)

]
− εθ
κe − κc

[
Fθ(κc, t)− Fθ(κc, t)

Eθ(κc, t)

]
(12)

Using the transport equations for ks and Equation
(3), one can obtain the resulting equation for the
dissipation-rate εθ written in a more general form
as

∂εθ
∂t

= cεθθ1sPθs
εθ
kθs

+ cεθk1sPs
εθ
ks
− cεθk2s

εθε

ks

−cεθθ2s
ε2θ
kθs

(13)

where
Pθs = Pθ[κc,κe] + Fθ(κc) (14)

cεθθ1s = 1, cεθk1s = 1/2, cεθk2s = 1/2,

cεθθ2s = 1− kθs
κeEθ(κe)

(
Fθ(κe)
εθ

− 1

)
(15)

assuming that κc � κe, E(κd) � E(κc), and
Eθ(κe) � Eθ(κc), and also considering that
Fθ(κe) = εθ. When κc goes to zero, that is to
say when the filter width in physical space goes
to infinity in an homogeneous turbulence field
(or locally homogeneous), one recovers the equa-
tion used in statistical RANS closure. Hence, the
equation can be written as

∂εθ
∂t

= cεθθ1Pθ
εθ
kθ

+ cεθk1P
εθ
k
− cεθk2

εθε

k

−cεθθ2
ε2θ
kθ

(16)



where cεθθ1 = 1, cεθk1 = 1/2, cεθk2 = 1/2,

cεθθ2 = 1− kθ
κeEθ(κe)

(
Fθ(κe)
εθ

− 1

)
(17)

The final transport equations for the subfilter
scalar variance kθs and its dissipation-rate εθ in-
cluding the convection and diffusion terms read

∂kθs
∂t

+
∂

∂xk
(ūkkθs) = Pθs − εθ + Jθs (18)

∂εθ
∂t

+
∂

∂xk
(ūkεθ) = cεθθ1Pθs

εθ
kθs

+ cεθk1Ps
εθ
ks

−cεθk2
εθε

ks
− cεθθ2s

ε2θ
kθs

+ Jεθs (19)

where cεθθ1 , cεθk1 , cεθk2 are constant coefficients
whereas cεθθ2s , combining Equations (15) and
(17), is now a dynamical coefficient given by

cεθθ2s = cεθθ1 +
kθs
kθ

∆cεθθ (20)

where ∆cεθθ = cεθθ2 − cεθθ1 . The variance ratio
in Equation (20) is computed considering differ-
ent spectra Eθ(κ) of the passive scalar associated
with small, medium and high Prandtl number.

Molecular Prandtl numbers near unity
The ratio kθs/kθ appearing in Equation (20) is

computed using the spectrum of the scalar in the
equilibrium range can be approximated by

Eθ(κ) = Cθεθε
−1/3κ−5/3 (21)

where Cθ is a constant coefficient close to 0.5.
The spectrum of the scalar θ given by Eq. (21)
is extended in the whole range domain of the
wavenumbers as

Eθ(κ) =
Cθεθ
CKε

E(κ) (22)

using the spectrum E(κ) = kLE∗(ϑ) where
E∗(ϑ) is given by Equation (5). The analytical in-
tegration yields the practical result given by Equa-
tion (A1) that is analogous to the formula previ-
ously obtained for the dynamical equations for ki-
netic energy.

Small molecular Prandtl numbers

This situation corresponds to the case of liq-
uid metals. The inertial subrange of the variance

spectrum is shorter due to high molecular dif-
fusivity. The spectrum of the scalar variance is
given by the function

Eθ(κ) = Cθεθε
−1/3κ−5/3 exp

[
−3

2
Cθ(κηθ)

4/3

]
(23)

with the scalar microscale defined by ηθ =(
σ3/ε

)1/4 where Cθ = 1.5. Using the Kolmoro-
gov scale ηK = (ν3/ε)1/4 and the Prandtl number
Pr = ν/σ, the scalar microscale can be computed
by ηθ = ηK/P

3/4
r . In practice, Equation (23) is

replaced by

Eθ(κ) = Cθεθε
−1/3κ−5/3H(κH − κ) (24)

where κH = 1/ηθ, and H is the Heaviside func-
tion implying that Eθ(κ) = 0 for κ ≥ κH .
The spectral vanishing value of wavenumber is
then obtained for κηθ = 1. So that the di-
mensionless variable ϑ is dropping for ϑH =
(PrRet)

3/4 where Ret = k2/νε denotes the tur-
bulent Reynolds number. This dropping value can
be expressed equivalently as ϑH = k3/2/(ηθ ε) =
(σk2/ε)3/4. Physically, the dimensionless group
PrRet is interpreted like the turbulent Peclet
number denoted Pet = PrRet. The exact final
expression of the coefficient cεθθ2s is obtain by
integrating the spectrum (24) leading to Equation
(A2).

Large molecular Prandtl numbers
This situation corresponds to the case of

poorly conducting fluids or high viscous fluids
like most of oils. The inertial subrange is fol-
lowed by a viscous-convective subrange with a
negative slope of minus unity and a viscous-
diffusive subrange in which the spectrum un-
dergoes strong decay. For the wave number
κ ≥ 1/ηK , it can be shown that the viscous con-
vective subrange of the spectrum is of the form

Eθ(κ) = cθεθ

(ν
ε

)1/2
κ−1 (25)

where cθ is a constant coefficient. The viscous
convective subrange is followed by the viscous-
diffusive subrange which is characterized by the
role of scalar diffusivity acting on very small
scales. In this region, the spectrum takes on the
form

Eθ(κ) = cθεθ

(ν
ε

)1/2
κ−1 exp

[
−cθ(κη∗θ)2

]
(26)

where η∗θ = ηK(σ/ν)1/2 = ηK/
√
Pr is the

smallest scale of the viscous-diffusive subrange



and cθ is a constant coefficient. The corre-
sponding wave numbers are then computed as
κK = 1/ηK and κS = 1/η∗θ . The junctions be-
tween the different curves occur for κ = κK and
κ = κS , respectively. In particular, for κ = κK ,
the spectrum Eθ(κK) given by Equation (21) of
the scalar in the equilibrium range with a slope
κ−5/3 is equal to the spectrum Eθ(κK) given by
Equation (25) of the viscous-convective subrange
with a slope κ−1, so that cθ = Cθ ≈ 1.5. The
dimensionless wave numbers ϑ = κL associated
with the Kolmogorov scale ηK and the smallest
scale η∗θ are ϑK = Re

3/4
t and ϑS = P

1/2
r Re

3/4
t ,

respectively. In practice, a simple approach is re-
tained. The spectrum given by Equation (26) is
replaced by a simple form as

Eθ(κ) = cθεθ

(ν
ε

)1/2
κ−1H(κS − κ) (27)

implying that Eθ(κ) = 0 for κ ≥ κS . The wave
number range [0, κS ] is then decomposed into two
wave number ranges introducing the cutoff wave
number κc where κc < κS or κc > κS . In the first
wave number range [0, κK ], the spectrum Eθ1(κ)

is defined as

Eθ1(κ) = ξ
kθ
k
E(κ) (28)

where E(κ) is given by Equation (5) whereas in
the second domain [κK ,∞[, the spectrum Eθ2(κ)
is deduced from Equation (27)

Eθ2(κ) = ξcθεθ

(ν
ε

)1/2
κ−1H(κS − κ) (29)

where ξ is a coefficient of normalization. An an-
alytical integration provides the exact expression
of the cεθθ2s coefficient given in Equation (A3).

3 PITM simulation of the channel flow
heated on both walls

As a generic test case, the fully developed
turbulent channel flow heated on both walls is
simulated. The variable θ is normalized by the
surface scalar flux defined as θτ = qw/(ρcpuτ )
where ρ, cp and qw are the fluid density, the spe-
cific heat at constant pressure and the heat flux
at the wall. The heat flux is given by qw =
−λ(∂θ/∂x3)w where λ stands for the thermal
conductivity λ = ρcpν/Pr.

——————————————————-

Case Pr ≈ 1

cεθθ2s = cεθθ1+∆cεθθ .G (A1)

with G = [1 + βϑαc ]−γ and αγ = 2/3 in practice α = 3, γ = 2/9 and β = (3CK/2)−γ

Case Pr � 1

cεθθ2s =

 cεθθ1 + ∆cεθθ
G −H
1−H

(ϑc < ϑH)

cεθθ1 (ϑc > ϑH)
(A2)

withH =
[
1 + βPe

3α/4
t

]−γ
Case Pr � 1

cεθθ2s =


cεθθ1 + ∆cεθθ

G − S + Z
1− S + Z

(ϑC < ϑK)

cεθθ1 + ∆cεθθ
cθ

εθ
kθ

(
ν
ε

)1/2
ln ϑS

ϑc

1− S + Z
(ϑK < ϑC < ϑS)

cεθθ1 (ϑS < ϑC)

(A3)

with S =
[
1 + βRe

3α/4
t

]−γ
and Z = cθ

εθ
kθ

(
ν
ε

)1/2
lnP

1/2
r



O 1

X2

X3

U1

X

qw

qw

δ2

Figure 1: Setup of the numerical channel flow simu-
lations subjected to heat fluxes.

Numerical procedure
The dimension of the channel in the stream-

wise, spanwise and normal directions along the
axes x1, x2, x3 are L1 = 6.4δ, L2 = 3.2δ and
L3 = 2δ. The grid resolutions are 84 × 42 × 84
for Pr = 0.1, 1 and 84 × 42 × 128 for Pr = 10,
respectively. The mesh is uniform in the stream-
wise and spanwise directions, ∆+

1 = ∆+
2 = 30,

while in the direction x3, the grid is refined near
the walls. The Batchelor length-scale is given by
ηθ = ηK/P

3/4
r ≈ 5.62 ηK at Pr = 0.1, ηθ ≈ ηK

at Pr = 1, and ηθ = ηK/P
1/2
r ≈ 0.316 ηK

at Pr = 10. The simulations are performed us-
ing the numerical code (Chaouat, 2011) which is
based on the finite volume technique with MPI.

4 Numerical results
The transformed variable Θ+ = θ+

w − θ+ is
considered to analyze the results. Comparions
are made with DNS (Chaouat and Peyret, 2019).
Figure 2 shows the contours plots of the instanta-
neous scalar field for the Prandtl number Pr = 1
in the mid-plane of the channel illustrating the de-
tachment of vortex in the normal direction. Fig. 3
shows the mean scalar variable Θ+ versus the log-
arithmic wall distance. It is found that the PITM
velocity profile present an excellent agreement with
the DNS data at each Prandtl number although the
grid is coarse. Fig. 4 displays the rms scalar vari-
ance θrms and indicates a good agreement with
the reference data. The distribution of the sub-
grid scale fluctuations relatively to the resolved
scale fluctuations is governed by the wave num-
bers appearing in the spectrum partition Eθ with
influence of Prandtl number.

5 Conclusion
As a result of physical modeling in the spectral

Figure 2: Contours of the instantaneous passive scalar
in the (x1, x3) mid-plane illustrating the un-
steady character of the scalar field. Pr = 1.

space of wave numbers, the subfilter PITM model
has been extended for accounting of heat trans-
fer in hybrid RANS/LES simulations. Numeri-
cal simulations of the turbulent channel flow with
scalar fields have been then performed on coarse
grids at Rτ = 395 for Pr = 0.1, 1 and 10. The
distributions of the mean scalar variable 〈θ〉 and
rms scalar fluctuations θrms = 〈θ′θ′〉 were fairly
well predicted.
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several Pr numbers. DNS : •; PITM :
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Rτ = 395.
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Abstract
In the current study, numerical and subgrid scale

(SGS) dissipation in the explicit Large Eddy Simula-
tion (LES) of turbulent Rayleigh-Bénard convection
(RBC) in a cubical enclosure have been analysed by
extending the methodology of Schranner et al. (2015).
It has been shown that the methodology can be used
to assess the LES quality of non-isothermal flows by
considering, beside numerical dissipation of turbulent
kinetic energy and thermal variance, the respective ex-
plicit SGS contributions to dissipation.

1 Introduction
A reliable Large Eddy Simulation (LES) can re-

duce the modelling uncertainty compared to RANS
(Reynolds Averaged Navier Stokes) approaches con-
siderably at an acceptable computational cost. This
is very important for highly unsteady industrial ap-
plications of complex flows. However, numerical er-
rors and their interaction with modelling errors play
a much more important role in LES compared to
RANS modelling. Therefore, quality assessment of
LES is compulsory to obtain reliable LES results. Re-
cently, Schranner et al. (2015) proposed a method-
ology which computes residuals of the kinetic energy
evolution in a physical domain in order to quantify
numerical dissipation. This methodology has been
successfully applied for assessing the quality of im-
plicit/explicit LES results such as flow around an
air foil by Castiglioni and Domaradzki (2015) and a
sphere by Cadieux et al. (2017) based on the evalua-
tion of numerical dissipation. Recently, this methodol-
ogy has been also examined for buoyancy driven flows
where momentum and thermal transport are coupled
such as Rayleigh-Bénard convection (RBC) by Yigit et
al. (2020) for under-resolved Direct Numerical Simu-
lations (UDNS) (i.e. an LES without explicit subgrid
scale model). It has been reported that this method-
ology has promising potential for assessing quality of
UDNS / implicit LES of turbulent RBC by evaluating
numerical dissipation of turbulent kinetic energy and
thermal variance. However, numerical dissipation due
to the explicit SGS contributions has not been inves-
tigated for such non-isothermal fluid flow problems.
Therefore, the present work has been carried out to

extend the analysis by Yigit et al. (2020) in order to
assess the quality of explicit LES for turbulent RBC.
The main objectives of this study are to analyse the
effects of grid resolution, discretisation schemes and
different subgrid-scale models on the numerical dissi-
pation in LES of turbulent RBC in order to assess the
quality of the explicit LES simulations.

2 Mathematical formulation
The balances of both resolved / filtered kinetic en-

ergy (ekin = u2
i /2) and thermal variance (et = T

2
/2)

equations have been taken into account as shown in
Eqs. 1 and 2 for the RBC of incompressible Newto-
nian fluids:

εnk = −
∫∫∫

V

[
∂ekin
∂t

+
∂(ekinui)

∂xi︸ ︷︷ ︸
Fekin

+
1

ρ

∂(p ui)

∂xi︸ ︷︷ ︸
Fp

− ∂

∂xi

(
ν
∂ekin
∂xi

)
︸ ︷︷ ︸

Fν

+ ν
∂uj
∂xi

∂uj
∂xi︸ ︷︷ ︸

εν

+ui

(
∂(τij

sgs)

∂xj

)
︸ ︷︷ ︸

F sgsk

− ui gi(1− β(T − Tref ))︸ ︷︷ ︸
Fb

]
dV, (1)

εnt = −
∫∫∫

V

[
∂et
∂t

+
∂(etui)

∂xi︸ ︷︷ ︸
Fet

− ∂

∂xi

(
α
∂et
∂xi

)
︸ ︷︷ ︸

Fα

+ α
∂T

∂xi

∂T

∂xi︸ ︷︷ ︸
εα

+T

(
∂(qi

sgs)

∂xi

)
︸ ︷︷ ︸

F sgst

]
dV, (2)

where τsgsij = uiuj − ui uj is the subgrid-scale
(SGS) stress tensor and qsgsij = uiT −uiT is SGS heat
flux vector. Here, τijsgs (qisgs) have been modelled by
the eddy-viscosity (gradient flux) assumption, where
the SGS stress tensor is computed in alignment within
the local strain rate tensor, Sij = 0.5(∂ui/∂xj +
∂uj/∂xi) (temperature gradient, ∂T/∂xi) Dabbagh et
al., (2017). Accordingly τijsgs and qisgs can be ex-
pressed as:



τij
sgs ≈ −2νt Sij and qisgs ≈ −αt(∂T/∂xi). (3)

In Eq. 3, the eddy-diffusivity (αt) is expressed
by the eddy-viscosity, by a constant Prandtl number
Prt = νt /αt = 0.85. The turbulent viscosity νt is
computed using the standard Smagorinsky and WALE
models.

The residuals of kinetic energy (i.e. εkn) and ther-
mal variance (i.e. εtn) in Eqs. 1, 2 represent the nu-
merical dissipation Cadieux et al., (2017) whereas εν
and εα are the physical viscous dissipation and phys-
ical thermal dissipation. In the current study, all the
terms of Eqs. 1 and 2 are evaluated based on resolved
velocity and temperature fields for different grid res-
olutions (see section 4 for the numerical details of at-
taining resolved velocity and temperature fields).

All the terms of Eqs. 1 and 2 were computed on
the fly, during the run time of the solver for a cu-
bic domain (Fig. 1) from sequential snapshots of the
velocity and temperature fields (see Fig. 2). Ac-
cordingly, the rate of the change in the kinetic en-
ergy and thermal variance is computed using a second-
order central difference in time (index n) as ∂ēφ/∂t =

(ē
(n+1)
φ − ē(n−1)

φ )/2∆t where ēφ = ēkin or ēφ = ēt.

Figure 1: Schematic diagram of the three-dimensional cubi-
cal simulation setup (i.e. H = W = L).

3 Non-dimensional Numbers
In the Rayleigh-Bénard convection, the mean Nus-

selt number (Nu = hH/k) characterizes the heat
transfer rates at the walls which depends on the
non-dimensional parameters such as Rayleigh num-
ber (Ra = gβ(TH − TC)H3/να), Prandtl number
(Pr = ν/α), and the aspect ratios of the enclosure.
In the Rayleigh, Prandtl and Nusselt number defini-
tions, g, β, TH , TC , H, ν, α, k represent the accelera-
tion due to gravity, thermal expansion coefficient, hot
wall temperature, cold wall temperature, height of the
enclosure, kinematic viscosity, thermal diffusivity and
thermal conductivity respectively.

Figure 2: The temporal evolution (t∗ = tα
√
RaPr/H2)

of volume averaged terms of Eq. 1 for standard
Smagorinsky model at Ra = 107 and Pr = 1
for a 403 uniform grid.

The mean Nusselt number is defined as a dimen-
sionless heat flux averaged over horizontal walls and
over time as follows:

h = |−k (∂T/∂y)wf / (Twall − Tref )|,
Nuwall = (〈h〉(A,t)H)/ k , (4)

where subscripts ’wf’ refers to the condition of the
fluid in contact with the wall, Twall is the wall tem-
perature and Tref is the appropriate reference temper-
ature, which can be taken to be the temperature of the
hot (cold) wall respectively. In Eq. 4, the mean value
of the Nusselt number on the walls (i.e. Nuwall) is
obtained by averaging convective heat transfer coeffi-
cients (〈h〉(A,t)) over horizontal active walls and over
time.

The numerical dissipation normalised with the
physical dissipation for the kinetic energy (Cadieux et
al., 2017) and thermal variance, respectively are shown
below:

Rk =
〈εnk 〉(V,t)
〈εν〉(V,t)

, Rt =
〈εnt 〉(V,t)
〈εα〉(V,t)

(5)

Accordingly,Rksgs andRtsgs can be expressed by
using SGS dissipation (i.e. εksgs = −

∫∫∫
V

[F sgsk ]dV
and εtsgs = −

∫∫∫
V

[F sgst ]dV ) of explicit SGS mod-
els as follows:

Rk
sgs =

〈εsgsk 〉(V,t)
〈εν〉(V,t)

, Rt
sgs =

〈εsgst 〉(V,t)
〈εα〉(V,t)

(6)

where Eq. 5 provides the numerical dissipa-
tion arising from temporal and spatial discretisation
schemes with respect to the chosen resolution and



Eq. 6 represents the SGS dissipation based on the re-
spective SGS models. It should be noted that the ratio
of resolved to numerical dissipation of kinetic energy
does not provide the error itself, but it is indicative of
LES errors (Cadieux et al., 2017, Yigit et al., 2020).

Two alternative definitions of the mean Nusselt
number from volume and time averaged viscous (i.e.
εν = ν(∂iuj)

2) and thermal (i.e. εα = α(∂iT )2)
dissipation rates (Calzavarini et al., 2015) can be ex-
pressed in the following manner:

Nuεν =
〈εν〉(V,t)H4 Pr2

Raν3
+ 1 , Nuεα =

〈εα〉(V,t)H2

α (∆T )2
.

(7)

Based on Eqs. 4 and 7, three different mean Nus-
selt number can be computed numerically. For Nus-
selt numbers sufficiently larger than unity, Eq. 7 indi-
cates that numerical dissipation errors are expected to
directly result in mean Nusselt numbers errors in the
following manner:

Rk +Rk
sgs =

〈εnk 〉(V,t)
〈εν〉(V,t)

+
〈εsgsk 〉(V,t)
〈εν〉(V,t)

≈
Nu(εnk+εsgsk )

Nuεν
,

Rt +Rt
sgs =

〈εnt 〉(V,t)
〈εα〉(V,t)

+
〈εsgst 〉(V,t)
〈εα〉(V,t)

≈
Nu(εnt +εsgst )

Nuεα
,

(8)

where Nu(εnk+εsgsk ) and Nu(εnt +εsgst ) characterize
changes in the mean Nusselt number due to numer-
ical dissipation from temporal and spatial discretisa-
tion schemes, grid spacing and SGS models. Thus, the
variation of Rk + Rsgsk , Rt + Rsgst and versus Nuεν
and Nuεα in addition to Nuwall will be analysed in
this study with the motivation to asses the quality of
explicit LES.

4 Numerical Setup
DNS have been performed for Rayleigh-Bénard

convection in order to validate LES results. The sim-
ulations have been carried out by using the finite vol-
ume code OpenFOAM for three different SGS mod-
els (i.e. the standard Smagorinsky and WALE models
(without wall functions)) at a representative value of
Ra (i.e. Ra = 107) and Pr (i.e. Pr = 1.0) in a three-
dimensional cubical enclosure. The simulation config-
uration is schematically shown in Fig. 1 which demon-
strates that the differentially heated horizontal walls
are subjected to constant wall temperature boundary
conditions (i.e. T = TH at y = 0 and T = TC
at y = L where TH > TC). All the other walls
are considered to be adiabatic (i.e. ∂T/∂x, z = 0
at x, z = 0, L). Finally, no-slip and impermeabil-
ity conditions are specified for all walls (i.e. ux,y,z
at x, y, z = 0, L). Please refer to Yigit et al. (2020)
for extensive information about further numerical im-
plementations and solver settings.

5 Results and Discussions
Earlier UDNS results by Yigit et al. (2020) have

indicated that numerical dissipation is well correlated
with the relative error in predicting the Nusselt num-
ber. Furthermore, the value and sign of the numerical
dissipation is a combined effect of temporal, spatial
discretisation schemes and grid spacing.

The variations ofRk, Rt, Rksgs, Rtsgs versus non-
dimensional grid size (i.e. ∆x/H) are given in Figs. 3
and 4 for the Smagorinsky and WALE models (without
wall functions) in addition to a no model simulation at
Ra = 107 and Pr = 1 for central differencing and
second order upwind discretisation schemes. Figs. 3
and 4 show that the values of Rk first decrease from
positive values and then attain negative values before
approaching zero. Rt values are consistently negative
and converge to zero with decreasing mesh size. The
values of Rksgs and Rtsgs decrease with decreasing
grid size and both converge to zero. It is worth not-
ing that due to the model formulationRksgs andRtsgs

are deterministically positive. It can be also seen from
Figs. 3 and 4 that the values of Rksgs and Rtsgs are
higher in the case of the Smagorinsky compared to the
WALE mode for different grid sizes. It is remarked
that modelling and numerical errors obviously inter-
act.

The values ofRk,Rksgs,Rt andRtsgs can be used
to estimate the effective viscosity and thermal diffu-
sivity in order to define an effective Rayleigh (Raeff )
and Prandtl (Preff ) number in terms of their nominal
values (Ra, Pr) Yigit et al. (2020). The effective vis-
cosity (νeff = ν+νn+νsgs) of numerical simulations
can be determined as the sum of the physical viscosity
(ν is the nominal value used in the calculation), the nu-
merical viscosity due to grid resolution and discretisa-
tion schemes (i.e. νn ) and subgrid-scale (SGS) viscos-
ity (i.e. νsgs). Similarly, the effective thermal diffusiv-
ity (αeff = α+αn +αsgs) can also be determined as
the sum of physical thermal diffusivity and the numer-
ical and SGS thermal diffusivities, respectively. Ac-
cordingly, the effective Rayleigh (Raeff = gβ∆TH3

νeff αeff
)

and Prandtl (Preff =
νeff
αeff

) number can be defined in
terms of their nominal values (Ra, Pr) as:

Raeff =
Ra(

1 + νn
ν +

νsgs
ν

) (
1 + αn

α +
αsgs
α

) , (9)

Preff = Pr

(
1 + νn

ν +
νsgs
ν

)(
1 + αn

α +
αsgs
α

) . (10)

The values of numerical viscosity (i.e. νn) and nu-
merical thermal diffusivity (i.e. αn) can be calculated
as follows:

νn = ν 〈εkn〉(V,t)/〈εν〉(V,t) = ν Rk,

αn = α 〈εtn〉(V,t)/〈εα〉(V,t) = αRt . (11)



Figure 3: The variations of a) Rk, Rk
sgs b) Rt, Rt

sgs val-
ues versus non-dimensional grid size (i.e. ∆x/H)
for different SGS models (i.e. no-model, stardard
Smagorinsky (Smag), WALE) and the central dif-
ferencing discretisation scheme.

Similarly, the SGS viscosity and thermal diffusivity
can also be expressed as:

νsgs = ν 〈εsgsk 〉(V,t)/〈εν〉(V,t) = ν Rsgsk ,

αsgs = α 〈εsgst 〉(V,t)/〈εα〉(V,t) = αRsgst . (12)

Finally, based on Eqs. 9 - 12 the Raeff and Preff
can be written in terms of Rk and Rt in the following
manner:

Raeff =
Ra

(1 +Rk +Rsgsk )(1 +Rt +Rsgst )
, (13)

Preff =
Pr(1 +Rk +Rsgsk )

(1 +Rt +Rsgst )
. (14)

Fig. 5 shows the variations of Raeff and Preff
values calculated from Eqs. 13 and 14 using the ab-
solute values of Rk, Rt, R

sgs
k and Rsgst for different

non-dimensional grid sizes. It can be easily seen from
Fig. 5 thatRaeff values are considerably smaller than
their nominal value (i.e. Ra) for the coarsest grid

Figure 4: The variations of a) Rk, Rk
sgs b) Rt, Rt

sgs val-
ues versus non-dimensional grid size (i.e. ∆x/H)
for different SGS models (i.e. no-model, stardard
Smagorinsky (Smag), WALE) and the second or-
der upwind discretisation scheme.

configuration where numerical dissipation values are
also high (e.g. Rk = 16.8%, Rsgsk = 15.6%, Rt =
−11.5%, and Rsgsk = 13.9% for standard Smagorin-
sky model and second order upwind discretisation
scheme at ∆x/H = 0.025). The Raeff increases
and then decreases towards its asymptotic value with
decreasing non-dimensional grid size where it ap-
proaches the nominal value numerical dissipation re-
mains much smaller (e.g. Rk = 3.4%,Rsgsk = 0.89%,
Rt = −3.29%, and Rsgsk = 1.11% for standard
Smagorinsky model and second order upwind discreti-
sation scheme at ∆x/H = 0.004). By contrast, Preff
first decreases below its nominal value and then in-
creases to approach its nominal value (i.e. Pr) with
decreasing grid size.

Dropkin and Somerscales (1965) experimentally
analysed turbulent Rayleigh-Bénard convection of
Newtonian fluids in a cubic enclosure for 5 × 104 6
Ra 6 7.17 × 108 and 0.02 6 Pr 6 11560. They
proposed a mean Nusselt number correlation as Nu =



Figure 5: The variations of Raeff and Preff values cal-
culated from Eqs. 13 and and 14 versus non-
dimensional grid size (i.e. ∆x/H) for a) cen-
tral differencing scheme b) second order upwind
scheme at Ra = 107 and Pr = 1

0.069Ra1/3 Pr0.074. Accordingly, Nueff can be de-
fined based onRaeff and Preff and an error estimate
by using the aforementioned quantities can be formu-
lated by comparing Nueff with its nominal value (i.e.
Nu) using the mean Nusselt number correlation by
Dropkin and Somerscales (1965) as follows:

Nu = Nueff ×[(1 +Rk +Rsgsk )
1
3−0.074×

(1 +Rt +Rsgst )
1
3 +0.074] . (15)

Eq. 15 can be reformulated to obtain an esti-
mate for the relative error between DNS and LES (i.e.
eNu =

∣∣1− NuLES
NuDNS

∣∣) in the following manner where
the effective Nusselt number (Nueff ) corresponds to
the value obtained from LES (i.e. Nueff = NuLES):

eNu ≈ |1− [(1 +Rk +Rsgsk )−
1
3 +0.074

× (1 +Rt +Rsgst )−
1
3−0.074]| . (16)

Figs. 6 and 7 show the Nusselt numbers obtained
from LES together with the error estimate obtained
from Eq. 16 for different non-dimensional grid sizes
(i.e. ∆x/H) and SGS models. It is worth noting that
absolute values of Rk, Rksgs, Rt and Rtsgs have been

Figure 6: Nusselt numbers obtained from LES by using the
values NuLES = Nuεν , Nuεα , Nuwall shown
by blue triangles, red circles and green squares, re-
spectively) versus non-dimensional grid size (i.e.
∆x/H) for different SGS models a) No-model, b)
Standard Smagorinsky (Smag), c) WALE for the
central differencing discretisation scheme. The es-
timated errors based on Eq. 16 are shown with er-
ror bars and the Nusselt number from DNS (i.e.
NuDNS) is shown by dashed lines. The values are
slightly shifted along ∆x/H for better visibility.

used in Eq. 16 for the relative error estimation between
DNS and LES (i.e. eNu). It can be seen from Figs. 6
and 7 that Eq. 16 estimates the error quite promisingly
especially for the standard Smagorinsky model with
central differencing discretisation scheme.

It is worth noting that mean Nusselt definitions
as given by Eqs. 4 and 7 shows similar performance



Figure 7: Nusselt numbers obtained from LES by using the
values NuLES = Nuεν , Nuεα , Nuwall shown
by blue triangles, red circles and green squares, re-
spectively) versus non-dimensional grid size (i.e.
∆x/H) for different SGS models a) No-model, b)
Standard Smagorinsky (Smag), c) WALE for the
second order upwind discretisation scheme. The
estimated errors based on Eq. 16 are shown with
error bars and the Nusselt number from DNS (i.e.
NuDNS) is shown by dashed lines. The values are
slightly shifted along ∆x/H for better visibility.

for the errror estimation of Pr = 1 in the present
study. However, different definitions of the mean Nus-
selt number might play a role for the error estimation
of Pr 6= 1 (Yigit et al. 2020).

6 Conclusions

In this study, the numerical and SGS dissipation
have been evaluated for turbulent Rayleigh-Bénard
convection in an enclosed space by following Yigit et
al (2020). It has been shown that, the balance of ki-
netic energy and thermal variance can be utilised for
quality assessment of explicit LES for non-isothermal
flows. The effective values of the Rayleigh and Prandtl
number (i.e. Raeff , Preff ) can be found by using the
values of Rk, Rksgs, Rt and Rtsgs. Then, using the
scaling of the mean Nusselt number (Nu ∼ RaaPrb),
the error between the exact mean Nusselt number of
the DNS (NuDNS) and the effective mean Nusselt
number of the LES (NuLES) (i.e. Eq. 16) can be
estimated adequately.

Acknowledgments
The authors gratefully acknowledge that computer

resources for this project have been provided by
the Gauss Centre for Super-computing/Leibniz Super-
computing Centre under grant no.pn56di.

References
Cadieux, F., Sun, G., & Domaradzki, J.A., (2017) Effects of
numerical dissipation on the interpretation of simulation re-
sults in computational fluid dynamics, it Computers & Flu-
ids, Vol. 154, pp. 256–272.
Calzavarini, E., Lohse, D., Toschi, F., & Tripiccione, R.,
(2015), Rayleigh and Prandtl number scaling in the bulk of
Rayleigh-Bénard turbulence. Physics of Fluids, Vol. 17(5),
pp. 055107.
Castiglioni, G., Domaradzki, J.A., (2015), A numerical dis-
sipation rate and viscosity in flow simulations with realis-
tic geometry using low-order compressible Navier-Stokes
solvers, Computers & Fluids, Vol. 119, pp. 37–46.
Dabbagh, F., and Trias, F.X., Gorobets, A. and Oliva, A.,
(2017), A priori study of subgrid-scale features in turbulent
Rayleigh-Bénard convection, Physics of Fluids, Vol. 29(10),
pp. 105103.
Dropkin, D., Somerscales, E., (1965), Heat transfer by nat-
ural convection in liquids confined by two parallel plates
which are inclined at various angles with respect to the hor-
izontal. J. of Heat Transfer, Vol. 87(1), pp. 77–82.
Schranner F. S., Domaradzki J.A., Hickel S., Adams N.A.,
(2015), Assessing the numerical dissipation rate and viscos-
ity in numerical simulations of fluid flows, Computers &
Fluids, Vol. 114, pp. 84–97.
Yigit, S., Hasslberger, J. and Klein, M., (2020), Determina-
tion of Numerical Errors in Under-Resolved DNS of Turbu-
lent Non-isothermal Flows, Flow, Turbulence and Combus-
tion, Vol. July2020, pp.1-16.



ASSESSMENT AND COMPARISON OF LARGE EDDY
SIMULATIONS IN ASYMMETRICALLY HEATED
AND HIGHLY TURBULENT CHANNEL FLOWS

M. David?, A. Toutant? and F. Bataille?
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Abstract
This study concerns turbulent flow submitted to

high heat transfer and characterized by a strong cou-
pling between temperature and turbulence. This kind
of configuration is encountered in gas-pressurized re-
ceivers of concentrated solar power tower plants. To
improve knowledge of turbulence in the case of large
temperature gradient and its modeling, both Direct
Numerical Simulation (DNS) and Large Eddy Simu-
lations (LES) of the anisothermal flow in asymmet-
rically heated channels are performed. Two different
types of heating, representing the middle and the end
of the solar receiver, are studied. Two types of heating
are investigated. In the first case, the mean fluid tem-
perature is below the cold wall temperature, meaning
that it is heated from the both walls. In the second case,
the mean fluid temperature is between the two wall
temperatures. These two configurations induce oppo-
site directions of the velocity in the wall-normal direc-
tion near the cold wall. Several LES models coupled
with thermal models are used and compared with data
provided by DNS carried out in both types of heating.
The results highlight the good results of the tensorial
formulation of the Anisotropic-Minimum-Dissipation
model.

1 Introduction
Concentrated Solar Power (CSP) systems are ca-

pable of storing energy by use of thermal energy stor-
age technologies and are then very attractive for large-
scale power generation. Solar power tower function-
ing with gas-pressurized solar receivers allow to reach
very high fluid temperature and produce a high-quality
energy. Moreover, to produce electricity, the solar re-
ceivers are included in a Brayton cycle that permits
reaching are heat-to-power conversion efficiency. In
these devices, the heat transfer to the fluid is critical
since it directly impacts the efficiency of the cycle. As
the heat transfer is strongly influenced by the flow pa-
rameters (David et al. 2021), accurate and accessible
tools are required to study the solar receiver.

Large Eddy Simulations (LES) model the small
scales in order to reproduce their effect of the larger
ones, which are resolved. This Computational Fluid

Dynamic (CFD) approach provides more accurate and
detailed results than the ones of Reynolds Averaged
Navier-Stokes (RANS) simulations. Their computa-
tional cost is also much more reasonable than the one
of Direct Numerical Simulation (DNS). Hence, LES
offers an interesting compromise. With the increase
in computer performance, LES should become widely
used in the industry. For that reason, the investi-
gation of LES models in various conditions is valu-
able. A posteriori tests of Large Eddy Simulation
are commonly performed in the literature (Stolz et al.
2001, Horiuti 1989, Dupuy et al. 2019). LES at high
Reynolds numbers are more recently studied (Kremer
and Bogey 2015, Streher et al. 2021). The investiga-
tions of anisothermal flows are quite unusual despite
their importance in the industry. Among those stud-
ies, very few take into account the coupling between
the temperature and the dynamic (Serra et al. 2012,
Dupuy et al. 2019, David et al. 2021).

To the author’s knowledge, there is no study of
LES in anisothermal channel flow heating from both
sides in the literature. Nevertheless, this configuration
is widely encountered in many engineering systems,
such as heat exchangers or the gas-pressurized solar
receivers. The present paper aims to fulfill this gap.
Its outline is the following. In Section 1, the study
configuration is detailed. Then, the results are given
and discussed in Section 2. Lastly, a final section con-
cludes.

2 Study configuration

Flow modeling
The Navier-Stokes equations are solved under the

low Mach number proposed by Paolucci (Paolucci
1982). The ideal gas law is used to close the sys-
tem. The thermal dilatation and the fluid property
variations are taken into account. The Sutherland’s
law (Sutherland 1893) is used to computed the dy-
namic viscosity. To study various temperature pro-
files, i.e. various axial location in the solar receiver, a
heat source, Hs, is introduced in the energy equation.
The two most significant subgrid terms highlighted by
Dupuy et al. (Dupuy et al. 2019) are considered: a



subgrid term related to the velocity-velocity correla-
tion and another modeling the density-velocity corre-
lation. Functional and structural models are studied.
The Anisotropic-Minimum-Dissipation (AMD) model
proposed by Rozema et al. (Rozema et al. 2015) and
the H(4) tensorial model version of the AMD model
proposed by Dupuy (Dupuy et al. 2019) are inves-
tigated. As for the structural approach, the scale-
similarity model proposed by Bardina et al. (Bar-
dina et al. 1980) is assessed. The same model is used
to compute both the subgrid-scale stress tensor and the
subgrid-scale heat flux. The tensorial AMD model is
associated with the scalar AMD (Abkar et al. 2016)
model for the modeling of the subgrid-scale heat flux.

Numerical settings
The new generation of solar power towers func-

tioning with gas-pressurized solar receivers allows to
reach very high fluid temperature and, thus, to enhance
the efficiency of the heat-to-power conversion. These
absorbers are characterized by very complex flows. In-
deed, they involve highly turbulent flows in order to
enhance the wall heat flux and facilitate fluid heat-
ing. The solar receivers are a built-in cavity to lower
the heat losses. For that reason, only one wall of the
solar receiver is irradiated. This induces asymmetric
heating of the fluid. To reproduce these conditions,
large-eddy simulations are carried out in a fully devel-
oped three-dimensional turbulent channel flow asym-
metrically heated, see Figure 1. The streamwise (x)

Figure 1: Channel flow geometry.

and spanwise (z) directions are periodic. The flow
is bounded by two plane walls in the wall-normal di-
rection (y). The domain size is 4πδ × 2δ × 4/3πδ
with δ = 3mm. The volume of the studied channel is
2.8× 10−6 m3. The meshes of the anisothermal DNS
and LES are respectively composed of 660 million and
2.3 million cells. The points are distributed as follow:
NDNS
x ×NDNS

y ×NDNS
z = 1152×746×768 for the

DNS, andNLES
x ×NLES

y ×NLES
z = 160×152×96

for the LES. The streamwise and spanwise directions
are discretized with constant cell size. In the wall-
normal direction, the mesh follows a hyperbolic tan-
gent law. The temperatures of the walls are 1300 K for
the hot wall and 900 K for the cold wall. A streamwise
volume force is added to the channel to maintain a

Table 1: Friction Reynolds numbers.
Name Recτ Rehτ Remeanτ

LT simulations 1000 640 820
HT simulations 970 630 800

Table 2: Grid spacing of the DNS and LES meshes. The di-
mensionless cell sizes are computed at the cold wall
(highest friction Reynolds number).

Dimensionless cell size
Name ∆+

x ; ∆+
y (0) ; ∆+

y (δ) ; ∆+
z

DNS (LT) 10.9 ; 0.42 ; 5.4 ; 5.4
DNS (HT) 10.7 ; 0.41 ; 5.3 ; 5.3
LES (LT) 78 ; 1.1 ; 32 ; 43
LES (HT) 77 ; 1.0 ; 32 ; 43

constant mass flow rate. TrioCFD software (Calvin et
al. 2002) is used to perform simulations. Calculations
are carried out operating a finite difference method in
a staggered grid system.

Investigated cases
Two different types of heating, representing the

middle and the end of the solar receiver, are studied.
They are performed at the same wall friction. In the
first case, the mean fluid temperature is below the cold
wall temperature, meaning that it is heated from the
both walls. In the second case, the mean fluid temper-
ature is between the two wall temperatures. These two
configurations induce opposite directions of the veloc-
ity in the wall-normal direction near the cold wall. For
practical reasons, the associated simulations are re-
spectively denoted as low fluid temperature (LT) and
high fluid temperature (HT). They respectively corre-
spond to heat sources of Hs = −54635 kW/m3 and
Hs = 0. In the first case, the negative heat source
removes heat from the flow which leads to the lower-
ing of the fluid temperature. The Reynolds numbers,
based on the hydraulic diameter and the bulk velocity,
are 82 000 for the LT simulations and 60 000 for the
HT simulations. The obtained friction Reynolds num-
bers are listed in Table 1. The bulk temperatures are
respectively 1093 K and 883 K. The main characteris-
tics of the meshes are given in Table 2.

3 Results and discussion
Functional models are traceless meaning that only

the deviatoric Reynolds stresses can be reconstructed
and compared to DNS data without filtering process:

〈u′iu′j〉dev = 〈u′iu′j〉 −
1

3
〈u′ku′k〉δij , (1)

where δij is the Kronecker symbol. To facilitate
the comparison between LES and DNS, the modeled
terms are systematically added to the associated quan-



tity.

〈u′iu′j〉DNS,dev = 〈u′iu′j〉LES,dev+〈τSGSij (U,∆)〉dev,
(2)

with 〈u′iu′j〉 = 〈UiUj〉 − 〈Ui〉〈Uj〉 and 〈u′iu′j〉LES =

〈ŨiŨj〉 − 〈Ũi〉〈Ũj〉. τij is the subgrid-scale tensor as-
sociated with the Reynolds stresses. The coordinates
x1, x2, x3 and x, y, z as well as U1, U2, U3 and U , V ,
W are used interchangeably for simplicity. The same
procedure is applied to the correlations of velocity and
temperature:

〈u′iθ′〉DNS = 〈u′iθ′〉LES + 〈πSGSi (U, T,∆)〉, (3)

with 〈u′iθ′〉DNS = 〈UiT 〉−〈Ui〉〈T 〉 and 〈u′iθ′〉LES =

〈ŨiT̃ 〉 − 〈Ũi〉〈T̃ 〉. πi is the density-velocity subgrid
term.

In this section, the LES are assessed on the DNS
performed in both heating conditions. The results are
normalized thanks to the classical scaling ”+”. It in-
volves the friction velocity and the friction tempera-
ture, respectively defined as Uτ =

√
ν∂U/∂y, and

θτ = φw/ (ρCpUτ ), where ν is the kinematic viscos-
ity, Cp is the heat capacity at constant pressure, and
φw is the conductive heat flux at the wall. The LES
and DNS results are temporally averaged and spatially
averaged along with the homogeneous directions. This
combination of averages is denoted by 〈·〉. The wall-
normal profiles are displayed in the next. The first-
order statistics are firstly exposed then the second-
order statistics are investigated. In addition to the LES
performed with turbulence models, a LES without a
model is investigated and denoted ”ILES”.

First-order statistics
First-order statistics give the global behavior of the

flow. Figure 2 exposes the wall-normal profiles of
streamwise, wall-normal, and temperature. The re-
sults show that the streamwise velocity is mitigated in
the simulation with low fluid temperature. The wall-
normal velocity profile is substantially affected by the
temperature distribution. Indeed, while it is nega-
tive and with the same magnitude in the case without
source term, the wall-normal velocity is asymmetric in
the low-temperature case. On the hot side, the magni-
tude is almost three time higher in the simulation with
heat source. On the cold side, the wall-normal veloc-
ity is opposed between the two studied heating con-
ditions. The dimensionless temperature profiles on the
cold side traduce the difference between the two inves-
tigated cases. Regarding the LES results, the tendency
of each profile is respected. The AMD model tends
to overestimate the streamwise velocity profile while
the other LES are relatively accurate. The wall-normal
velocity is better predicted by the LES with functional
models. The temperature profiles are quite well ap-
proximated by the tensorial AMD model. Overall, the
quality of the estimation provided by each model is
weakly dependent on the heating conditions.

Second-order statistics
The second-order statistics permit investigating the

flow in detail. The velocity correlations give informa-
tion on the turbulent scales. They are exposed in Fig-
ure 3. The correlations of streamwise, spanwise, and
wall-normal velocities are quite similar: they follow a
bell shape and reach a maximum of magnitude around
y+ = 13. The DNS carried out with a source term,
”DNS [LT]” exhibits lower velocity fluctuations than
the simulation ”DNS [HT]” and the peak is reached
slightly closer to the walls. The extrema of the 〈u′v′〉+
correlation are also mitigated when compared to the
DNS without source term. The LES tend to overes-
timate the streamwise, spanwise, and wall-normal ve-
locity correlations. The scale-similarity model seems
to be not enough dissipative which explains its signif-
icant overestimation of the peaks. The tensorial AMD
model produces the best results on these values. The
tensorial formulation permits improving the results of
the AMD model and is able to capture the anisotropy
of the flow. The cross-velocity correlation is well ap-
proximated by all the LES models.

The correlations involving the temperature are
given in Figure 4. The DNS results show that the mag-
nitude of the correlation of streamwise velocity and
temperature is mitigated in the case of the DNS with
source term. The peaks are slightly shifted toward the
walls. On the cold side, a secondary peak is observed
close to the center of the channel. It is due to the tem-
perature distribution. The correlation of wall-normal
velocity and temperature is significantly influenced by
the heat source. In the simulation with a lower bulk
temperature than the cold wall temperature, the pro-
file becomes positive on the cold side after y+ = 450.
On the hot side, it reaches a minimum at y+ = 50.
The temperature fluctuations are given on the bottom
graph. They exhibit a peak around y+ = 13, as for the
velocity correlations. Once again, in the ”DNS [LT]”,
the peak is reached slightly closer to the wall. In the
simulation ”DNS [HT]” a third peak is observed in the
center of the channel while in the simulation with a
heat source, it does not exist due to the highly asym-
metric temperature fluctuations. The minimum is ob-
tained for y+ = 300. The AMD model and the tenso-
rial AMD model produce satisfying results on the cor-
relation of streamwise velocity and temperature. All
the models produce quite good estimations of the cor-
relation of wall-normal and temperature, the tensorial
AMD model provides the most accurate estimation on
both sides. The temperature fluctuations are poorly ap-
proximated by the LES. The AMD model is the closest
to the DNS results.

The comparison of the LES performance on the
second-order statistics shows that, as for the first-order
statistics, the quality of the approximation provided by
each model is weakly dependent on the heating condi-
tions.
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Figure 2: Wall-normal profiles of mean quantities. The hot, respectively cold, profiles are plotted on the left, respectively right.

4 Conclusions
Direct Numerical simulations and Large Eddy

simulations have been performed in asymmetrically
heated turbulent channel flows in the operating con-
ditions of solar receivers. Two different types of heat-
ing, representing the middle and the end of the solar
receiver, have been studied thanks to the introduction
of a heat source in the energy equation. In the first
case, the mean fluid temperature is below the cold wall
temperature, meaning that it is heated from the both
walls. In the second case, the mean fluid temperature
is between the two wall temperatures. Functional and
structural models of LES have been studied in the two
different heating conditions.

The results show that the physic of the flow is sig-
nificantly impacted by the temperature profiles. The
wall-normal velocity has opposite directions near the
cold wall depending on the heating case. The fluctua-
tions tend to be mitigated in the case of a mean fluid

temperature below the cold wall temperature.
Regarding the performance of the LES, it seems

that the scale-similarity model is not enough dissipa-
tive. The AMD and the tensorial version of the AMD
model produce satisfying results. The tensorial AMD
model is particularly valuable to estimate the velocity
correlations due to its ability to capture the anisotropy
of the flow.
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Figure 3: Wall-normal profiles of velocity correlations. The hot, respectively cold, profiles are plotted on the left, respectively
right.
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Abstract 

A two-way coupled Lagrangian particle tracking 

technique has been applied together with a finitely 

extensible non-linear elastic (FENE) polymer mod-

elling method to predict the effect of drag-reducing 

polymer additives on solid particle-laden turbulent 

channel flows. The FENE technique is first demon-

strated to show good agreement with experimental 

data in simple stagnant and shear flows, before being 

introduced to the channel. Turbulent drag reduction 

is observed at 𝑅𝑒𝜏=180, and deformation of polymer 

chains are studied in each wall-normal channel 

region. As the wall is approached, the polymers 

increase in their mean extension and radius of 

gyration. The influence of the polymer-laden fluid on 

the velocity characterisitics of two particulate 

species with different density ratios is studied by 

comparing to a particle-laden flow without polymer 

additives. The drag reduction has consequences for 

the particle transport such as in the bulk of the flow 

where they travel at an increased mean velocity. The 

wall-region is less affected. In all cases, particles at 

increased Stokes numbers exhibit a greater response 

in velocity statistics in the bulk flow due to the shift 

in peak turbulence being closer to the centre of the 

channel for the polymer-laden system. Finally, 

concentration profiles indicate that polymers remain 

uniformly distributed throughout the channel flow 

and that inertial particles are less prone to wall-

accumulation with the presence of a polymeric 

phase. 

 

1 Introduction 

Mechanisms by which turbulent drag reduction 

and turbulence suppression can be instigated in mul-

tiphase transport are of interest to many industries 

which seek to overcome the pressure loss associated 

with skin-friction drag in wall-bounded flows. This 

can be achieved through additives which are usually 

either polymeric or particulate in nature. The primary 

advantage of injecting linear chain polymers in di-

lute, otherwise Newtonian, solutions is that one can 

obtain drastic frictional drag reductions with very 

low polymeric volume fractions, as low as O(10) 

ppm (Lumley, 1973). These effects have been stud-

ied both experimentally and computationally in re-

cent years, and structural modifications to turbulence 

have been identified. Specifically, the polymer 

chains are capable of redirecting energy between var-

ious time- and length-scales (White and Mungal, 

2008), subsequently modifying the velocity fluctua-

tions and providing a greatly altered flow through 

which a secondary phase may need to be advected. 

Recent studies of such flows indicate that the coher-

ent turbulent structures close to the wall lead to in-

creased streamwise turbulence intensities, whereas 

cross-stream components are reduced (de Angelis et 

al, 2002; Xi and Graham, 2010). 

Inertial particle transportation is also of increas-

ing importance in areas such as nuclear waste pro-

cessing, where more efficient, well understood and 

economic transport methods are paramount to ensur-

ing the implementation of effective process designs 

for waste management. At present, the effects of pol-

ymer additives on wall-bounded solid-fluid transport 

flows are not very well understood. In such systems, 

particle inertia plays an important role in the migra-

tory behaviour of the particulate phase. Mechanisms 

such as turbophoresis and clustering, wherein parti-

cles avoid regions of intense vorticity in favour of 

those with increased strain rate, have been shown to 

be modulated by large Stokes number particles. The 

characteristics and structure of these regions are 

however modified by the presence of polymers and 

as such we expect to see consequences for the disper-

sive behaviour of the particles.  

The relevant dynamics for the fluid, dispersed 

and polymeric phases take place on very small scales, 

stressing the requirement for high fidelity simulation 

methods with as few assumptions as possible. There-

fore, in this work we use direct numerical simulation 

(DNS), Lagrangian particle tracking (LPT) and the 

finitely extensible nonlinear elastic (FENE) polymer 

chain model in an effort to determine how low con-

centrations of polymer additives are capable of af-

fecting both the continuous phase and also the dis-

persion properties of particle-laden turbulent channel 

flows. This study aims to determine the extent of 

modification of particle dispersive properties by sim-

ulation of the effect of polymer additives on particle-

laden turbulent channel flows with varying density-

ratios. 



 

 

2 Numerical formulation 

The continuous phase is modelled using an Eu-

lerian approach by solving the governing fluid flow 

equations, which are the viscoelastic Navier-Stokes 

equations. For this we use an open-source spectral el-

ement method-based DNS solver, Nek5000 (Fischer 

et al, 2008). The computational mesh for the turbu-

lent flow simulation represents a channel of 

length 14 × 2 × 6 (in units non-dimensionalised by 

the channel half-height, 𝛿 = 0.02 𝑚), and is discre-

tized into 27 × 18 × 23 spectral elements of order 

𝑁 = 7. Wall boundary conditions are enforced at 

𝑦∗ = ±1 and the alternate directions are periodic. 

The system is driven by a pressure gradient ensuring 

that the bulk Reynolds number, 𝑅𝑒𝐵 = 𝑈𝐵𝛿/𝜈𝐹 =
2800. Here, 𝑈𝐵 = 0.14 𝑚𝑠

−1 is the bulk velocity and 

𝜈𝐹 = 1 × 10
−6 𝑚2𝑠−1 is the Newtonian fluid kine-

matic viscosity, representing that of water. A further 

source term is added representing that of the point 

source in cell two-way coupling term to account for 

the feedback of the particle forces onto the surround-

ing fluid cell. 

An LPT routine was applied to compute the tra-

jectories of solid particles throughout the flow do-

main. We assume in this approach that each particle 

is represented as a smooth, solid, non-deformable 

sphere. Once a continuous phase timestep has com-

pleted, the LPT obtains the relevant fluid properties 

at the location of each particle via spectral interpola-

tion, and uses this information to solve the velocity 

and force-balance equations: 
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Here, 𝒙𝑃
∗  is the particle position, 𝒖𝑃

∗  is the particle ve-

locity, 𝒖𝐹
∗  is the fluid velocity vector at the position 

of the particle, 𝒖𝑆
∗ = 𝒖𝐹

∗ − 𝒖𝑃
∗  is the slip velocity be-

tween the fluid and the particle, 𝑑𝑃
∗  is the particle di-

ameter non-dimensionalised by the channel half-

height, 𝜌𝑃
∗  is the density ratio between the fluid and 

the particle and 𝝎𝐹
∗ = 𝛁 × 𝒖𝐹

∗  is the vorticity of the 

fluid spectrally interpolated at the particle position. 

Further details surrounding the calculation and origin 

of these terms are presented in Mortimer et al. 

(2019), in which we determined that for the Stokes 

numbers considered herein, all forces are of im-

portance in order to perform accurate calculations. 

The above equations are solved using the fourth or-

der Runge-Kutta algorithm, with constant timestep 

equivalent to that of the fluid phase. 

Polymers are simulated using the FENE bead-

spring model and represent contour length 𝑙 =
21 𝜇𝑚 lambda phage DNA. Each polymer is com-

prised of 10 identical beads, which are connected via 

springs which impart a nonlinear restoring force be-

tween each neighbouring bead. The equation of mo-

tion for the position of each bead, 𝒙𝑖, forming the full 

polymer is: 
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where 𝑡 is time, 𝒖𝐹(𝑥𝑖) is the spectrally interpolated 

fluid velocity at the position of the bead, 𝜁 is the fluid 

spherical drag coefficient, 𝑘𝐵 is Boltzmann’s con-

stant, 𝑇𝐹 = 296 𝐾 is the temperature of the fluid, 

𝜆𝑃 = 0.082 𝜇𝑚 is the effective persistence length, 𝑹 

is the spring extension vector, 𝑅𝑀𝐴𝑋 = 2.33 𝜇𝑚 is 

the maximum spring extension, 𝒏𝑅𝐴𝑁 is a uniformly 

distributed random vector on interval [-1:1] in each 

dimension and Δ𝑡𝑃𝑂𝐿  is the polymer timestep which 

varies based on the simulation case. This equation is 

integrated using a first-order Eulerian time-stepping 

scheme. 

A further contribution to the bulk stress due to the 

polymer-fluid interaction is given by an additional 

polymer stress term in the incompressible viscoelas-

tic Navier-Stokes equations, which is modulated by 

the conformation tensor, 𝑐𝑖𝑗 =< 𝑅𝑖𝑅𝑗 >, where 𝑅𝑖 

and 𝑅𝑗 are components of the end-to-end bead vector. 

This requires calculation of the tensor at each grid 

point. The viscosity ratio between the polymeric 

phase and the fluid phase is chosen to be 𝛽 = 0.95. 

The parameters used for the turbulent channel flow 

simulations are presented in Table 1.  

 

Table 1: Particulate phase parameters for multi-

phase turbulent channel flow simulation at 𝑅𝑒𝜏 =
180. 

 

Parameter St+ ≈ 0.1 St+ ≈ 92 

Particle diameter, 𝑑𝑃
∗  0.005 0.005 

Number of particles, 𝑁𝑃 300,000 300,000 

Stokes number, 𝑆𝑡𝜏 0.113 91.845 

Density ratio, 𝜌𝑃
∗  2.5 2041 

Volume fraction, Θ𝑃 10−4 10−4 

Simulation timestep, Δt* 0.005 0.005 

 

For further information on the fluid and particu-

late phase solver, the reader is referred to Mortimer 

et al. (2019). 

 



 

 

3 Results and discussion  

Two validation simulations for the dynamics as-

sociated with solutions to the above bead-spring 

model equation were performed in a smaller channel 

(𝛿1 = 2.5 𝜇𝑚, 𝛿2 = 1.5 𝜇𝑚) without fluid flow. Us-

ing a channel half-height 𝛿1, Fig. 1 presents the prob-

ability density function for the mean end-to-end bead 

distance in the channel where wall adsorption takes 

place. Upon a bead reaching the wall, it is fixed in 

place for the remainder of the simulation. Samples 

were taken once all beads had migrated to the wall. 

The findings are compared to those predicted by ran-

dom walk theory and are in very good agreement.  

 

 
Figure 1: Quiescent channel validation simulation 

results for probability density functions of mean 

end-to-end bead distance upon adsorption at the 

wall. Analytic refers to theoretical prediction from 

random walk theory. 

 

The second channel computation, using a half-

height 𝛿2, was performed under shear flow condi-

tions at various Weissenberg numbers, 𝑊𝑖 = 𝜏1,𝑅�̇� =

1.3, 6.3, 76. Here, 𝜏1,𝑅 = 0.16 𝑠 is the Rouse relaxa-

tion time of the polymer chain, and �̇� is the shear rate 

of the channel flow. Unlike before, for this and sub-

sequent simulations the wall reflects the beads back 

into the computational domain, assuming perfectly 

elastic collisions. 10,000 10-bead polymers were in-

jected randomly and simulated for 100 s using 

timesteps Δ𝑡 =2×10-5/𝑊𝑖 𝑠. Each 0.1 s, bead config-

urations were recorded and mean polymer extensions 

were sampled.  

These were then compared in Fig. 2 to the exper-

imental findings of Smith et al. (1999) with overall 

excellent agreement obtained. There are very slight 

discrepancies in the 𝑊𝑖 = 76 flow. In particular, we 

observe a reduction of experimental polymers with 

lower extensions in favour of those of increased 

stretch. However, the experimental measurements 

were taken from polymers in the bulk region of the 

flow, whereas those sampled in the simulations were 

close to the wall which will have restricted their con-

figuration. This is likely to prevent full extension at 

increased shear rates.  

 

 
Figure 2: Probability density functions of mean 

polymer extension in shear channel flow simulation 

for Wi = 1.3, 6.3 and 76. Results are compared with 

experimental data from Smith et al. (1999). 

 

 
Figure 3: Mean streamwise velocity normalized by 

shear velocity, 𝑢𝜏, for turbulent channel flow at 

𝑅𝑒𝜏=180. 

 

 
Figure 4: Root-mean-square of velocity fluctuations 

normalized by shear velocity, 𝑢𝜏, for turbulent 

channel flow at 𝑅𝑒𝜏=180. 

 

Figures 3 and 4 present mean and root-mean-

square (rms) of velocity fluctuation results from the 

polymer-laden and unladen turbulent channel flows, 

performed at shear Reynolds number, 𝑅𝑒𝜏 = 180. 

Statistics were sampled after the flow had responded 

and reached a statistically steady state after the injec-

tion of polymers. For this study, velocity fields were 

recorded between 𝑡+ = 5000 and 𝑡+ = 6000 and 



 

 

used to generate first and second order statistics. 

From Fig. 3 we observe an increase in the mean 

streamwise velocity beyond the viscous sublayer re-

gion (which has widened), demonstrating the ex-

pected drag-reduction. This has been previously ob-

served in experiments (Wei and Willmarth, 1992). 

The turbulence levels in Fig. 4 are enhanced through-

out the bulk flow region in the streamwise direction 

and reduced in the wall-normal and spanwise direc-

tions. It is also evident that although the peak stream-

wise velocity fluctuations are not increased, the loca-

tion where the peak occurs is found further towards 

the bulk flow region of the channel. Similar observa-

tions have been made in pipes (Pinho and Whitelaw, 

1990), and this behaviour is typical of turbulent drag 

reduction.   

To determine how the polymer stretch dynamics 

contribute to the flow stress tensor, the mean polymer 

extension (Fig. 5) and mean radius of gyration (Fig. 

6) were sampled for polymers in each wall-normal 

region of the channel domain. We observe a trend 

such that polymers are more elongated in the wall-

region, with the most stretched polymers being con-

tained within the viscous sublayer (𝑦+ < 5). Simi-

larly, these polymers have increased radii of gyra-

tion, likely due to the increased local shear experi-

enced within this region. 

 

 
Figure 5: Probability density functions of mean pol-

ymer extension in turbulent channel flow simula-

tion. Comparison of polymers located within indi-

vidual flow regions. 

 

From this statistically steady state, 300,000 parti-

cles were injected randomly throughout the channel 

domain and assigned initial velocities equivalent to 

the local interpolated fluid velocity. Samples of in-

stantaneous particle and polymer configurations 

were then gathered after a further 𝑡+ = 5000. Again, 

similar simulations were performed without the pres-

ence of polymers for comparison on how the pres-

ence of the additives affect the dispersive behaviour 

of the particles. 

 

 
Figure 6: Probability density functions of mean 

polymer radius of gyration in turbulent channel flow 

simulation. Comparison of polymers located within 

individual flow regions. 

 

 
Figure 7: Mean streamwise particle velocity 

normalized by shear velocity, 𝑢𝜏, for turbulent 

channel flow at 𝑅𝑒𝜏=180. Effect of polymer-laden 

(PL) fluid is demonstrated. 

 

Figure 7 shows the mean streamwise velocity of 

the particulate phase. Remarkably, the effect wherein 

particles of increased Stokes number travel at in-

creased speed in the bulk channel flow is strength-

ened by the presence of polymers. It seems that the 

drag-reducing effects translate across to the particu-

late phase too in both the low and high Stokes num-

ber cases. Another interesting observation is that the 

motion of particles within the very near-wall region 

(𝑦+ < 10) is largely unaffected. 

The streamwise rms velocity fluctuations are 

plotted in Fig. 8. The near-wall region again exhibits 

little change due to the presence of polymers, how-

ever in both Stokes number cases, the bulk flow re-

gion fluctuations increase, indicating an increase in 

particle speed with polymer present, particularly so 

at 𝑆𝑡+ = 92. This observation may explain the in-

creased mean streamwise velocities in Fig. 7, since 

particles in this region will exhibit large drag forces 

orientated in the streamwise direction. Once they 

overtake the flow, their increased inertia means that 

they will find difficulty in returning to a velocity be-

low the local mean fluid velocity, spending more 

time at their increased speeds. We also observe that 



 

 

the peak in the particle streamwise rms velocity fluc-

tuations shifts closer to the centre of the channel. 

 

 
Figure 8: Root-mean-square of particle streamwise 

velocity fluctuations normalized by shear velocity, 

𝑢𝜏, for turbulent channel flow at 𝑅𝑒𝜏=180. Effect of 

polymer-laden (PL) fluid is demonstrated. 

 

 
Figure 9: Root-mean-square of particle wall-normal 

velocity fluctuations normalized by shear velocity, 

𝑢𝜏, for turbulent channel flow at 𝑅𝑒𝜏=180. Effect of 

polymer-laden (PL) fluid is demonstrated. 

 

Figure 9 illustrates the wall-normal component, 

which is largely unaffected at the low Stokes number. 

It is evident that for the inertial particles, the pres-

ence of the particles reduces the spread of wall-nor-

mal velocities. Studies on turbulent drag reduction 

(Fu and Kawaguchi, 2013) have determined that the 

presence of polymers causes low speed streaks 

within these flows to be wider and more elongated, 

as well as less prone to burst events. Hence, inertial 

particles moving towards or away from the wall that 

become trapped in these regions remain there for 

longer, reducing the chaotic nature of the flow in the 

wall-region. Figure 4 also indicates that the fluid 

wall-normal rms velocity fluctuations are attenuated 

throughout the bulk flow region, hence the particles 

are likely to undergo less chaotic motion in the wall-

normal direction. 

Similar observations are made for the spanwise 

velocity fluctuations in Fig. 10, for which we observe 

a reduction due to the presence of polymers. An 

interesting observation from both Fig. 9 and Fig. 10 

is that the low Stokes number particles (which are 

tracer-like) actually exhibit more chaotic behaviour 

within the centre of the channel, at 𝑦+ > 90. This is 

likely due to the shift in the peak in the rms 

fluctuations moving closer to the centre of the 

channel. Hence, the fall-off means that particles 

possess slightly increased flucuations than they 

would without the presence of polymer additives. 

 

 
Figure 10: Root-mean-square of particle spanwise 

velocity fluctuations normalized by shear velocity, 

𝑢𝜏, for turbulent channel flow at 𝑅𝑒𝜏=180. Effect of 

polymer-laden (PL) fluid is demonstrated. 

 

 

Figure 11: Temporal evolution of polymer 

concentration 𝑪/𝑪𝟎 at various bulk time units 

measured after polymer injection for turbulent 

channel flow at 𝑹𝒆𝝉=180. 

 
Figure 12: Effect of polymer additives and 

Stokes number on mean particle concentration rela-

tive to initial concentration across wall-normal di-

rection of the channel. 

 

To determine the extent of local concentration of 



 

 

both phases on the observed dynamics, the number 

density of both polymers and particles were studied. 

In Fig. 11 the temporal evolution of polymer concen-

tration is plotted at equidistant non-dimensional time 

units, with the 𝑦 position of each polymer treated as 

its mean bead location across all beads in the chain. 

Throughout the time simulated, the concentration is 

relatively uniform, with very little indication of any 

kind of preferential concentration or turbophoretic 

effects. Hence, local density-related effects on the 

magnitude of certain behaviours can be ruled out, 

meaning that local polymer conformation is more 

likely to be responsible. Finally, the mean particulate 

concentration field is plotted in Fig. 12. It is clear that 

the dispersive and migratory behaviour of particles at 

low Stokes number is unaffected by the presence of 

polymers. It seems that the tracer-like nature of these 

particles means that their degree of coupling with 

mechanisms such as turbophoresis and preferential 

concentration in low speed streaks is still very low. 

Considering the inertial particles, there is a higher 

concentration of particles close to the walls than in 

the bulk of the flow, expected due to turbophoretic 

drift. The inclusion of polymer additives reduces the 

concentration in the near-wall region, and increases 

the concentration at the channel centre when com-

pared to the case without polymers. Figure 9 indi-

cates that the wall-normal velocity fluctuations are 

reduced in regions where wall-accumulation mecha-

nisms are prominent, and it is possible that this has 

consequences for the way in which particles interact 

with the altered near-wall turbulence structures 

which, through sweep and ejection events, modulate 

the particle flux towards the wall. 

 

4 Conclusions and further work 

In this work, turbulent drag reduction has been 

observed using the FENE bead-spring polymer 

model in the DNS of turbulent channel flows. After 

having validated the polymer dynamics in a simple 

quiescent case and a shear flow, a turbulent channel 

flow simulation was performed at 𝑅𝑒𝜏 = 180 which 

predicts mean and rms velocity fluctuations typical 

of a drag-reduced flow. We also observe how the var-

ious regions of the channel affect the deformation of 

the polymer chain such that polymers in the wall re-

gion are more stretched and possess larger radii of 

gyration than their bulk flow counterparts. Upon in-

jecting particles into both polymer-free and polymer-

laden flows, it is clear that the presence of the addi-

tional phase has consequences for the dispersive 

properties of the particles, particularly so in the iner-

tial particle case. Specifically, the mean streamwise 

velocity and the rms streamwise velocity fluctuations 

of the particles are increased within the bulk flow re-

gion, whereas the cross-stream components of the 

rms velocity fluctuations are reduced. It is clear from 

these observations that the polymers interact with the 

turbulence structures in the flow in such a way that 

feeds-back to the particle motion, which should be 

considered when determining whether additives of 

this kind will be beneficial to the overall desired flow 

features. Furthermore, the addition of polymers re-

duces the build-up of particles within the wall-region 

which will impact on the deposition rate of particles 

on solid surfaces as well as the maximum local con-

centration, a factor to consider when accounting for 

further mechanisms such as particle agglomeration. 

Future work will consider the micro-scale interac-

tions of polymers and particles to generate more use-

ful insight into the way in which turbulence struc-

tures are affected by the presence of both phases. 
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Abstract
A test-case for the assessment of ZDES mode 3

(WMLES approach) in pressure gradient conditions
is presented. The small confinement effects of side
wall boundary layers from the reference experiments
are taken into account in two dimensional simulations
by means of a top wall geometry modification. A bet-
ter agreement in the pressure coefficient with exper-
imental data results from this manipulation. Results
from the present test-case evidence the advantage of
the scale-resolving approach,. A more physical flow is
predicted in such a case and more in depth analysis of
turbulence is possible. In particular, spectral analysis
of turbulence is performed in this study, and a scale-
dependent convection velocity is also assessed.

1 Introduction
The scientific community of turbulence research is

devoting important efforts to the study of pressure gra-
dients effects on turbulent boundary layers and sep-
aration. A better understanding of these would lead
to a significant improvement of performance in many
industrial devices. Nowadays, numerical simulations
are essential in fluid mechanics research and broaden
the research possibilities by complementing experi-
mental studies. However, when considering turbu-
lence numerical simulations there are still important
practical limitations. A turbulent flow exhibits a wide
range of turbulent scales and the separation between
the smallest ones and the largest ones increases when
so does the Reynolds number (Pope (2000); Sagaut
et al. (2013)). At typical Reynolds number of indus-
trial applications, the separation of scales is so impor-
tant that directly solving all the flow structures (Di-
rect Numerical Simulation, DNS) requires extremely
fine meshes that, together with the huge number of
time steps for statistical convergence, results in non-
affordable simulations despite the most advanced high
performance computation resources. In particular, in
the test-case presented later in this work (Vaquero
et al. (2019a)), a DNS would require (at the con-
sidered Reynolds number) Nxyz = 50 × 109 points
whereas the approach used in the present work re-
quires Nxyz = 46 × 106. As a consequence, avoid-

ing solving some (or all) of the turbulent scales is a
widely used alternative. Reynolds-Averaged Navier
Stokes equations allow to solve the mean field and
require a closure for the Reynolds stress term in the
momentum equation. This is known as RANS ap-
proach. Another approach extensively used is the
Large Eddy Simulation (LES) which aims at solving
only the energetic scales, and modeling the dissipa-
tive (small) scales by means of a subgrid-scale model
(SGS model). Nevertheless, in wall-bounded turbu-
lent flows, the relaxation in the mesh size is not very
important between Wall-Resolved LES (WRLES) and
DNS (Deck et al. (2014a)). A bigger reduction of the
computational effort may be obtained by modeling the
near wall region using an approach called Wall- Mod-
eled LES (WMLES) in contrast to WRLES. Such ap-
proach allows to decrease the number of points in the
inner region of the boundary layer resulting in a sig-
nificant lessening of the total number of points (Deck
et al. (2014a); Piomelli (2008)). Indeed, according to
Deck et al. (2014a), the number of points increases
as Nxyz ∼ Re2.4θ for a DNS, Nxyz ∼ Re2.17θ for a
WRLES and Nxyz ∼ Re1.17θ for a WMLES, where
Reθ is the Reynolds number based on the momentum
thickness. In other words, higher Reynolds numbers
at an affordable cost are achievable by means of WM-
LES, compared to WRLES or DNS. Among the dif-
ferent methods of using WMLES (which are not dis-
cussed in this work), the mode 3 of the Zonal De-
tached Eddy Simulation approach (ZDES) is used in
this study, which is a hybrid RANS/LES approach and
it has been validated for zero-pressure-gradient tur-
bulent boundary layers (Deck et al. (2014a)). Most
studies related to pressure gradient boundary layers
or turbulent boundary layer separation are made ei-
ther experimentally or numerically using DNS or WR-
LES (Spalart and Watmuff (1993); Skote et al. (1998);
Skote and Henningson (2002); Cheng et al. (2015);
Kitsios et al. (2017)). However, due to the compu-
tational cost, numerical studies are in general limited
in terms of Reynolds number. In the present work,
a high-Reynolds number test-case is considered for
pressure gradient effects on turbulent boundary layers.
The Reynolds number is great enough to illustrate in



terms of computational cost the interest of the ZDES
mode 3, which is again proved in the results obtained.

This manuscript is structured as follows. First,
the turbulence modeling techniques used are presented
and in particular the ZDES mode 3 is detailed. Then
the test-case devoted to the effects of pressure gradi-
ents is presented. And finally results are discussed,
including spectral analysis of turbulence and the as-
sessment of a scale-dependent convection velocity.

2 Turbulence modeling

RANS models
Several RANS models are considered in the

present study, mainly the Spalart-Allmaras (Spalart
and Allmaras (1994)), the k − ω SST from Menter
(1994) (which are first order models) and the Reynolds
Stress Model (RSM) SSG-LRR-ω (Launder et al.
(1975); Speziale et al. (1991); Cécora et al. (2015)).
First order models add equations of transport for turbu-
lent variables used to link the Reynolds stress tensor to
the mean flow variables. This closure is in many cases
(but not always) given by the Boussinesqs hypothesis
which in an incompressible case writes:

−ρ〈u′iu′j〉 = 2µt〈Sij〉 −
2

3
ρkδij ,

〈Sij〉 =
1

2

(
∂〈ui〉
∂xj

+
∂〈uj〉
∂xi

) (1)

where 〈•〉 denotes Reynolds average, ρ is the density,
u′i is the ith component of the fluctuating velocity, µt
the eddy viscosity, k the turbulent kinetic energy and
δij the Kronecker delta (tensor). In the case of second
order models, the transport equation is considered for
the Reynolds stresses and writes

∂

∂t
〈u′iu′j〉+〈ul〉

∂

∂xl
〈u′iu′j〉 = Pij+Rij−

∂

∂xl
Tlij−εij .

(2)
Due to the symmetry of the Reynolds stress tensor,
the additional number of equations to solve are one
for each Reynolds stress (which makes 6) and an ad-
ditional one for a given turbulent variable, which my
be the turbulent kinetic energy disspiation ε or the spe-
cific dissipation rate ω (Pope (2000)). In equation (2),
Pij is the production tensor, Rij is the pressure-rate-
of-strain tensor, Tlij the Reynolds stress flux and εij
the dissipation tensor.

ZDES mode 3
The Zonal Detached Eddy Simulation is a hybrid

RANS/LES approach that allows to treat a given prob-
lem by means of three different operating modes de-
pending on the flow configuration as described by
Deck (2012). This approach has been developed since
the early 2000s and it is described in the work of Deck
(2012). Among the three modes, the mode 3 is used
in the present study since it corresponds to a WMLES
approach (although it may also be used for WRLES

(Deck et al. (2014b))). A detailed description of the
method is presented in the following.

The mode 3 of the ZDES uses the turbulence model
of Spalart and Allmaras (1994). In the inner part of
the boundary layer, a RANS approach is performed
whereas in the outer part and in the outside of the
boundary layer a LES approach is used. The same tur-
bulence model is used both for RANS and as a SGS
model for LES. The separation between the RANS re-
gion and the LES region is given by an interface (in
particular by its wall distance dint

w ) which is explicitly
provided by the user. The characteristic length of the
turbulence model d̃III

ZDES, once the position of the inter-
face defined, is given by

d̃III
ZDES =

{
dw if dw < dint

w

min(dw, CDES∆vol) if dw ≥ dint
w

(3)

where CDES = 0.65 and ∆vol = V1/3 being V the cell
volume. Other slight modifications of the model are
also made for a proper behavior and the reader may
find them in Deck (2012). Besides, a recent improve-
ment of the method has been made by Renard and
Deck (2015b) which smoothens the binary transition
from RANS to LES near the RANS/LES interface. A
continuous function fδ between 0 and 1 with also con-
tinuous derivatives is included in the new expression
of d̃III

ZDES :

d̃III
ZDES = (1− fδ)·dw+fδ ·min (dw, CDES∆vol) . (4)

Inflow boundary conditions and history effects
Numerical simulations in which turbulence is ei-

ther partially or totally resolved, as in the case of
ZDES mode 3, require unsteady boundary conditions.
Among the several ways to introduce turbulence in a
computational domain (see Deck et al. (2018)), the
Synthetic Eddy Method (SEM) is considered in the
present study. Briefly, this consists in injecting fluctu-
ations to a mean flow that are intended to mimic turbu-
lence. Since those fluctuations are not perfectly real-
istic, they require some amount of time (and therefore
convection in the domain) until they become proper
turbulence of the problem studied.

The behavior of SEM for studies of zero-pressure-
gradient turbulent boundary layers is very satisfac-
tory (Deck et al. (2018)). Despite the numerous stud-
ies of the effects of upstream perturbations on turbu-
lent boundary layers, some discrepancies where found
when it comes to adverse pressure gradient conditions
that led the authors to a prior study in order to iden-
tify whether disturbances of the boundary layer in such
conditions would eventually disappear or, contrary to
that, increase (Vaquero et al. (2019b)). The results
show that convergence to a reference state requires im-
portant distances of the order of 104 and 102 times the
initial boundary layer thickness for laminar and tur-
bulent boundary layers respectively. Besides, it was
observed that for all of the favorable pressure gradient



cases and the moderate adverse pressure gradient ones,
convergence was always obtained. Therefore, this is
a satisfactory result that allows to use the unsteady
boundary conditions in the same way as for previ-
ous zero-pressure-gradient studies (Deck et al. (2018))
since the possible defects of the inflow condition will
gradually vanish after a sufficient convection distance.

Numerical methods
Different modeling approaches are used in this

work, therefore different numerical methods are suit-
able. Differences are found between RANS simula-
tions (either first or second order models) and ZDES
simulations. Indeed the flow solved is intrinsically
different between both approaches and the numerical
methods suitable for one are not the same as those for
the other. Besides, it must be pointed out that a dif-
ferent solver has been used for the k − ω SST and the
RSM simulations although the same numerics are used
than for the others RANS simulations.

In the case of RANS simulations, the finite vol-
ume method with Roes scheme is used for spatial dis-
cretization together with a MUSCL approach (Mono-
tonic Upstream Scheme for Conservation Laws) for
flux reconstruction at the cell faces. A pseudotem-
poral integration is done by virtue of an implicit Eu-
lers scheme. Simulations with the Spalart-Allmaras
model are made using the in-house ONERA solver
FLU3M, and those using the k − ω SST model and
the RSM model are made with the ONERA industrial
solver elsA. In order to avoid uncertainty in the re-
sults obtained coming from the fact of using different
solvers, comparisons between the two solvers using
the Spalart-Allmaras model and the same numerical
schemes have been made (not shown) giving a perfect
agreement.

Regarding the ZDES approach, simulations are
performed with the solver FLU3M. The definition
of the numerical methods employed is slightly more
complex. In fact, due to the zonal feature of the
method, the ZDES mode 3 is considered only for the
boundary layer of interest, which is the one develop-
ing over the bottom wall (in which experimental mea-
surements have been recorded in the test-case (Cuvier
et al. (2017))). At the top wall a full unsteady RANS
approach (URANS) with the Spalart-Allmaras model
is retained. Thus, modeling effects are only impacting
the boundary layer of interest when comparing to full
RANS simulations. Besides, this is the reason why
in figure 3 turbulent structures in the schlieren con-
tour are solely observable in the bottom-wall bound-
ary layer. This illustrates the capacity of ZDES to fo-
cus only on the region of interest while resorting to
RANS for the rest of the flow at a reduced compu-
tational cost, contrary to typical full WMLES strate-
gies. In the (approximate) bottom half domain, where
the ZDES mode 3 is applied, the spatial scheme is the
AUSM + (P) (proposed by Liou (1996) and modified
as in Mary and Sagaut (2002) for dissipation reduc-

tion purposes). In the upper domain, the AUSM + (P)
scheme is employed (without the modification of Mary
and Sagaut (2002), contrary to Roes scheme used in
full RANS simulations. The reason for this change
is based on numerical schemes compatibility between
the ZDES mode 3 region and the RANS region in that
simulation.

3 Effects of pressure gradients on tur-
bulent boundary layers: description of the
problem studied

The experimental work of Cuvier et al. (2017) (for
the lowest free stream velocity) has been chosen for
numerical reproduction due to several aspects. On the
one hand, the Reynolds number of the problem is rep-
resentative of applied aerodynamics problems where
hybrid RANS/LES approaches are suitable because
the numerical effort for a DNS or WRLES would be
excessive. Indeed, reaching this Reynolds number of
Reθ ≈ 13000 (where θ is the boundary layer momen-
tum thickness) would require 50×109 and 3×109 grid
points respectively for DNS and WRLES. In the case
of ZDES mode 3 instead, the number of mesh points is
significantly reduced down to 46×106 (around a thou-
sand and a hundred times less points). Given the com-
putational cost of such simulations, some decisions
have been made to decrease the number of points as
much as possible. In particular, the side-walls bound-
ary layers are not solved (and periodicity is imposed
in the span boundaries) but their contraction effect
(which is non-negligible due to the size of the bound-
ary layer with respect to the span of the wind tunnel)
is taken into account by means of a modification of
the top wall geometry as detailed in Vaquero et al.
(2019a).

A view of the computational domain for the ZDES
simulation is presented in figure 1 in which the flow
goes from left to right and the mesh resolution is taken
as ∆x+ = 200, ∆z+ = 100 and ∆y+w = 1 (the
symbol ’+’refers to viscous scales). In the case of the
RANS simulations, the mesh spacings are the same
and the only difference is that the inlet of the domain
is placed farther upstream. More precisely, for the
latter the inlet is placed at x/L = −2.01 whereas
in the ZDES computation it is placed at x/L = 6.6,
where L is the real height of the wind tunnel. It is re-
minded that for the ZDES simulation, unsteady bound-
ary conditions (SEM) are used which already give a
boundary layer profile at the inlet and therefore this
allows to place the inlet farther downstream than in
RANS computations where boundary layer develops
from an uniform inlet boundary condition. Besides,
the SEM requires a boundary layer profile which is ob-
tained from the RANS computations, which is the rea-
son why the computational domain is longer in RANS
computations. It is also specified that a dynamic forc-
ing method is used to reduce the relaxation length of
fluctuations injected by the SEM (Deck et al. (2018);



Figure 1: Isosurface of the Q-criterion for Q =

0.14 (U0/δ0)
2 together with numerical schlieren

contours.

Figure 2: Profiles of mean velocity at x/L = 10.73.

Laraufie et al. (2011)). For the ZDES simulation, the
RANS/LES interface is placed so that dint

w = 0.1δ
where δ is the boundary layer thickness defined as
〈u〉(y=δ) = 0.99Ue , being Ue the external streamwise
velocity.

4 Results

Instantaneous field
The instantaneous field obtained from the ZDES

mode 3 simulation is presented at first. Figure 1 shows
an isosurface of Q-criterion together with a numeri-
cal schlieren (norm of density gradient). As observed
in this figure, an important part of turbulence in the

Figure 3: Profiles of Reynolds shear stress (right) at x/L =
10.73.

Figure 4: Premultiplied power spectral density (PSD) of
streamwise velocity fluctuations kxGuu/u

2
τ .

Dashed lines correspond to the position of the
RANS/LES interface.

boundary layer is resolved and the hairpin type struc-
ture is observable which is a typical structure found in
turbulent boundary layers (Head and Bandyopadhyay
(1981)). As already mentioned in a previous section,
the schlieren contours do not show any turbulent fluc-
tuation in the upper boundary layer due to the zonal
feature of the ZDES approach allowing to use a full
RANS model for this boundary layer. However, a
smooth gradient is still observable resulting from tem-
perature increase as a consequence of friction losses.

Mean field
Profiles of the mean velocity and the Reynolds

shear stress are presented in figures 2 and 3 for all
the models considered (Spalart-Allmaras, k − ω SST,
SSG-LRR-ω and ZDES mode 3) at x/L = 10.73.
This station is placed right upstream of the favorable-
pressure-gradient flat plate and it is chosen due to
the unusual shape of the profiles compared to zero-
pressure-gradient ones. Indeed, the experimental data
shows a velocity excess in the mean velocity profile at
y = 0.15δ as well as an external peak in the Reynolds
shear stress profile. It is observed that, among the
models presented, the Spalart-Allmaras is the least ac-
curate the most and is not able to reproduce the exter-
nal peak. Better results, yet perfectible, are given by
the k − ω SST model which also misses the external
peak. The RSM model is more accurate in the mean
velocity profile and it is able to predict the external
peak of the Reynolds shear stress, however the shape
of this profile as well as its levels are more accurately
represented by the ZDES mode 3. More profiles at dif-
ferent stations are provided in Vaquero et al. (2019a).

Spectral assessment of Reynolds stresses
The satisfactory results from the ZDES mode 3 at

the station presented in the previous section together



Figure 5: Premultiplied co-spectrum of the Reynolds shear
stress kxGuv/u

2
τ . Black contours represent

kxGuu/u
2
τ . Dashed lines correspond to the po-

sition of the RANS/LES interface.

with the feature of resolving part of the turbulence
have encouraged to perform a spectral analysis of tur-
bulence at that same station. The power spectral den-
sity (PSD) of the streamwise velocity fluctuation and
the premultiplied co-spectrum of the Reynolds shear
stress normalized as in equations (5) and (6) are given
in figures 4 and 5. It is interesting to notice a second
region of energetic content in the streamwise velocity
which is significantly more noticeable in the Reynolds
shear stress and whose location corresponds to that of
the external peak of the Reynolds shear stress profiles.
This energy is associated to structures of about 2δ to 3δ
long and therefore these structures are likely responsi-
ble for these unusual features found in the mean veloc-
ity profile and the Reynolds shear stress profiles.

〈u′2〉 =

∫ +∞

−∞
kxGuu(kx)d (ln(kx)) (5)

〈u′v′〉 =

∫ +∞

−∞
kxGuv(kx)d (ln(kx)) (6)

Evidence of two separated turbulent sites
The previous spectral analysis has allowed to iden-

tify that turbulent structures of wavelength λx between
2δ and 3δ strongly contribute to the dynamics of the
outer peak observed in the Reynolds shear stress pro-
file. In order to try to better comprehend the mecha-
nisms underlying this peak, the convection velocity of
u′ dependent on the frequency, Uc(f), is plotted in fig-
ure 6, normalized by the mean velocity 〈u〉. Uc(f) is
computed according to the work of Renard and Deck
(2015a), and it provides a convection velocity at each
position of the boundary layer for the different turbu-
lent scales involved, since Taylor’s hypothesis allows
to link the frequency of the signal f and the wave-
length λx. As observed in figure 6, the convection

Figure 6: Local frequency-dependent convection velocity
normalised by the local mean velocity. Purple
contours: loci of Uc(f) = 〈u〉. Black contours:
kxGuu/u

2
τ . Dashed lines correspond to the posi-

tion of the RANS/LES interface.

velocity close to the wall is in overall significantly
greater than the local mean velocity, which is in ac-
cordance with the results of Renard and Deck (2015a).
Besides, Renard and Deck (2015a) found that near the
three energetic sites in the PSD of 〈u′2〉, the convec-
tion velocity was quite close to the local mean velocity
(analogy with the critical layer stability concept). Such
a result is also observed in figure 6 for both the inner
(dw ≈ 0.05δ) and outer (dw ≈ 0.4δ) sites of Guu ob-
tained with ZDES mode 3. Therefore, the outer site
observed in figures 4, 5 and 6, and responsible for the
outer peak in the Reynolds shear stress, is a separated
energetic site from the inner one, the latter being very
close to the peak observed in zero-pressure-gradient
turbulent boundary layers (see Deck et al. (2014a)).
Moreover, the convection velocity of the outer site is
about 1.5 times greater than that of the inner site.

5 Conclusion
A test-case is presented in this work for the assess-

ment of ZDES mode 3 in pressure gradient conditions.
A modification of the top wall is performed in order to
take into account the confinement effects of side walls
boundary layers in the mean flow as done in Vaquero
et al. (2019a). Thus, a better agreement of the pressure
coefficient with experimental data is achieved. The re-
sults from test-case points out the relevance of ZDES
mode 3 compared with RANS. Despite a greater nu-
merical cost, resolving part of the turbulence allows
to capture more physics of the flow therefore having a
more reliable prediction of it at the presented station.
Besides, spectral analysis of turbulence is achievable
which gives the possibility for more in depth turbu-
lence studies. In particular in this case, the unusual
features observed in the profiles of mean velocity and



Reynolds shear stress have been related to turbulent
structures of streamwise length from 2 to 3 times the
boundary layer thickness. Besides, the assessment of
the scale-dependent local convection velocity has per-
mitted to identify that the structures linked to the outer
peak compose a separated energy site in the outer part
of the boundary layer, and they are convected signifi-
cantly faster than structures belonging to the inner site.
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Summary: A circulation controlled wing offers the potential of a significant lift increase. In this contri-
bution, we investigate the sound sources resulting from such a circulation controlled wing. The current
manuscript reports the outcomes of Zonal Overset-LES computations carried out of a Coanda-jet equipped
flap, mounted on a DLR-F16 profile. Furthermore, aeroacoustic source ranking is presented based on far-
field Sound Pressure Levels. Results show that curvature noise, arising from the accelerating flow over the
curved part of the flap, is dominant for all radiation angles θ except between 180◦ and 270◦. For this small
range in angles, the trailing-edge noise contribution from the flap is higher. The current investigation fur-
thermore reveals an additional sound source, which results from the strong deceleration of flow between the
flap’s curvature and its trailing edge.

INTRODUCTION

Circulation controlled wings [1] use the Coanda effect to delay or even completely avoid flow separation,
e.g., at strongly deflected flow on wing’s flap. This Coanda effect is realised by injecting momentum through
a blowing slot, both close and tangential to the profile’s surface [see Fig. 1 (left)]. However, such a Coanda-
jet equipped flap contributes significantly to the airframe noise.

For the Coanda-jet equipped flap, Howe [2] discusses several different sound sources, i.e., (i) curvature
noise (resulting from the flow acceleration over the strongly curved part of the flap’s suction side), (ii) flap
trailing-edge noise, (iii) flap kink noise (noise resulting from the junction of the main wing to pressure side
of the flap), and (iv) Coanda-jet mixing noise.

Several numerical investigations regarding the above described circulation control wing exist. Nishino

Figure 1: (left) Schematic illustration of the Coanda effect on a circulation controlled wing with extended
flap. The inset shows a detailed view of the Coanda-jet blowing slot. Note that the picture only displays
the region near the wing’s trailing edge. (right) Schematic showing the Overset-LES computational domain
around the trailing-edge part of the circulation controlled wing.
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et al. [3] reported on a numerical investigation of a circulation controlled wing with Coanda-jet actuation at
a rounded trailing-edge. Rossian et al. [4] presented Computational Aero-acoustics (CAA) results obtained
with modelled sound sources which were propagated with 2D Linearised Euler Equations (LEE) to study
the far-field sound pressure levels arising from these modelled sound sources. A numerical study focusing
on the aerodynamic behaviour of an actuated Coanda-jet was performed by Francois et al. [5] for a similar
configuration as the current study. However, most studies in literature either focus on the aerodynamics or
heavily rely on modelled sound sources.

In the present manuscript, we numerically investigate with Overset-LES the different sound sources
which are present on a Coanda-jet blown flap. A source ranking is presented based on far-field Sound
Pressure Level (SPL). The study also quantifies the individual components as well as the noise generated by
the complete flap. Furthermore, the strongly decelerating flow between the curved part of the flap and its
trailing edge is identified as an additional noise source.

NUMERICAL METHOD

The computational approach that is used in the current investigation is based on the perturbed compress-
ible Navier-Stokes equations. It solves these perturbation equations on top of a background flow, which is
usually obtained from a RANS. For a detailed description of this method, the reader is referred to [6]. To
study the influence of porous materials on noise reduction, a volume averaged model was implemented [7].
In Fig. 1 (right) this computational approach is schematically depicted for the case of simulating a Coanda-jet
equipped wing. Subsequently, the sound sources determined by the Overset-LES approach are propagated
into the far-field with a CAA simulation based on the acoustic perturbation equations [8].

Note that one could use the perturbed compressible Navier-Stokes equations to solve both the hydrody-
namic and acoustic field simultaneously (i.e., as a Direct Noise Computation tool [9]), however, it is used
here as a hybrid RANS-LES on a limited domain to resolve the turbulent sound sources. For an overview of
hybrid RANS/LES methods, see [10]. Volumetric inflow forcing is applied near the inflow boundary with
the Fast Random Particle Method (fRPM) [11], which is able to generate artificial turbulence whose statis-
tics matches that of the underlying RANS. Note that only on the suction side inflow forcing is applied as
previous studies indicated the insignificance of the pressure side (see [4]). The above described method has
been validated for a trailing-edge noise simulations (with and without porous inset) in Refs. [6, 7].

The considered profile is a DLR-F16 (chord c = 0.3 m) with a 65◦ deflected flap. A Coanda-jet, installed
upstream of the flap at its suction side, prevents flow separation. A Reynolds Rec and Mach number M∞ of
106 and 0.147 are considered, respectively. The wing’s span-wise dimension is equal to 10% c.

RESULTS

In Fig. 2 (left) the Q-criterion of the Coanda-flap simulation is presented, coloured with the velocity
magnitude. Indirectly, the efficiency of the Coanda-jet can be appreciated as the flow remains attached over
almost the complete flap (a small separation can be appreciated near the trailing edge). Furthermore, the
strong acceleration over the curved part of the flap can also be clearly seen.

The sound sources are sampled as described in the previous section and propagated into the far-field. The
sound sources are characterized in the present investigation by the span-wise averaged fluctuating Lamb-
vector. It is sampled only at the region of interest, i.e., around the complete flap for the total SPL, only at the
curved part of the flap for the curvature noise, or only at the trailing edge for the flap’s trailing-edge noise.
The sound pressure levels were obtained by considering all frequencies between 500 to 20,000 Hz.

The directivity of the different sound sources are displayed in Fig. 2 (right) together with the overall
directivity from the Coanda-jet equipped wing. It is noteworthy that the curvature noise is more significant
than the noise resulting from the flap’s trailing-edge alone, except for small angles between 180◦ and 270◦.
For this radiation direction, there is significant shielding of the curvature noise by the geometry. It suggests
that noise reduction measures should be focused on curvature noise instead of the flap’s trailing-edge.



Figure 2: (left) Visualisation of turbulent structures by Q-criterion with colours representing the velocity
magnitude. (right) The SPL far-field directivity for different sound source contributions (green line: flap
trailing edge, red line: curvature noise, blue line: curvature and flap noise, black color: total SPL).

One interesting aspect of Fig. 2 (right) is that the total SPL is larger than that of the curvature and trailing-
edge noise together. It suggests that there is another significant noise source at play, i.e., the decelerating
flow between the strong curved part of the flap and the flap’s trailing-edge, and significantly contributes to
the total SPL.

CONCLUSIONS

Zonal Overset-LES computations are carried out for a circulation controlled Coanda jet equipped flap.The
fact that, the full flap noise is greater than the curvature and flap trailing-edge noise combined suggest that,
there is an additional noise source resulting from the strong flow deceleration between the curvature and flap
trailing-edge. Finally, This aero-acoustic investigation of the Coanda jet equipped flap suggests that the noise
reduction measures should be focused also on reducing the curvature noise instead of the flap’s trailing-edge
noise. A study of noise reduction by application of porous material on the circulation controlled wing is
foreseen, if accepted, for the full contribution of this work.
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Abstract
The paper deals with Euler–Lagrange LES of

particle-laden flows including efficient models for the
breakage of compact dry powder agglomerates due to
fluid forces and wall impacts. For the breakup by the
fluid stresses theoretical models are used to describe
different stress mechanism and the strength of the ag-
glomerate. Concerning the breakage by wall impact
a classical regression model and an artificial neural-
network based approach are taken into account to in-
vestigate the breakage behavior and size evolution of
agglomerates in turbulent duct flows.

1 Introduction
Particles and agglomerates dispersed in turbulent

flows are encountered in many technical applica-
tions. Thus, there is a high demand for appropri-
ate simulation methodologies allowing to predict such
challenging multiphase flows. The Euler-Lagrange
(E-L) approach relying on LES offers on the one
hand the chance to appropriately predict the con-
tinuous phase with reasonable computational effort.
On the other hand, the disperse phase can be de-
scribed based on first principles tracking individual
particles/agglomerates through the flow while taking
various important physical effects such as collisions,
agglomerations and breakup processes separately into
account. The latter two play a significant role for
the size distribution, which again strongly influences
the motion of the disperse phase and finally also the
continuous phase. The present study concentrates
on breakup processes taking place either due to fluid
forces in turbulent flows or due to wall impacts. Ap-
propriate models to describe these phenomena are sug-
gested and evaluated.

2 Numerical Methodology
The main ingredients are a finite-volume CFD

solver for block-structured grids (Breuer, 1998; 2000)
predicting the continuous phase based on LES. Fur-
thermore, an efficient particle tracking scheme (hard-
sphere approach) including a deterministic collision
detection algorithm (Alletto and Breuer, 2012; Breuer

and Alletto, 2012) forms the basis to track a huge num-
ber of particles/agglomerates through the flow field
taking the feedback effect on the continuous phase into
account. The expensive tracking of the structures of
the agglomerates is not considered. Instead, assum-
ing an overall spherical arrangement of the particles in
the agglomerates the structural features are described
based on the number of primary particles as well as
the density and the diameter of the porous sphere.
Thus, a four-way coupled simulation environment is
derived allowing to consider further highly relevant
physical phenomena. Recently, enhanced agglomer-
ation (Breuer and Almohammed, 2015; Almohammed
and Breuer, 2016a) and particle-wall adhesion models
(Almohammed and Breuer, 2016b) for dry, electrostat-
ically neutral particles were developed in the frame-
work of the hard-sphere model. In order to describe
the size distribution of the disperse phase correctly,
breakup models for agglomerates are a further impor-
tant step towards a full description of the physics.

3 Models for Breakup of Agglomerates
in Turbulent Flows

Three main mechanisms play a significant role for
the fragmentation of agglomerates in turbulent flows:
1. Fluid forces, 2. Impaction of agglomerates at walls,
3. Collisions between agglomerates and particles. The
present investigation concentrates on the first two phe-
nomena.

Breakup by fluid stresses
Based on the approach to describe such breakup

processes relying on first principles within an Euler-
Lagrange LES approach, modeling ideas from the lit-
erature were revisited and extended in order to be ap-
plied in a four-way coupled simulation (Breuer and
Khalifa, 2019a; 2019b). That comprises three possible
mechanisms for breakup due to fluid forces: (a) Turbu-
lent stresses, (b) Drag (inertia) stresses and (c) Rotary
stresses.

Turbulent stresses (a) are related to fluctuations of
the fluid velocities inducing pressure differences and
velocity gradients that may lead to the rupture of ag-
glomerates. The description of the velocity differences



varies for different eddy-size subranges of turbulence,
i.e., viscous, transition and inertial. The size ranges are
defined with respect to the Kolmogorov length scale.
The relations for the different regimes are based on
the local energy dissipation rate, the kinematic viscos-
ity of the fluid and the agglomerate size. The condi-
tion for breakup is satisfied, when the turbulent stress
is larger than the strength of the agglomerate. In case
of multiple stresses (i.e., turbulent plus drag and/or ro-
tary stress) solely the dominating stress is assumed to
be responsible for breakup in the present study, since
a superposition of the different stresses may lead to
unphysical results.

Concerning breakup due to drag-induced stresses
(b), the model is based on the evaluation of the tensile
stress evolving in planes within the agglomerate. Pre-
dicting the inertial and fluid forces acting on portions
of the accelerating agglomerate, the number of pri-
mary particles eligible for breakup can be determined.
Thus, an erosion of only one or a small group of pri-
mary particles from the agglomerate can take place.

The third stress contribution originates from the ro-
tation of agglomerates (c), which can be either induced
by the fluid motion or by collisions of agglomerates
with rigid walls or other particles/agglomerates. For
this rotary stress a new relation was derived in Breuer
and Khalifa (2019a) relying on the stress field in a
sphere steadily rotating around its axis and the cor-
responding Mises stress. The derived relation for the
stress weakly depends on the Poisson’s ratio of the ma-
terial, but is otherwise similar to the classic formula-
tion (Rumpf, 1962).

Special emphasis is put on the post-breakup treat-
ment, i.e., models for the sizes and velocities of
the generated fragments. According to the different
breakup phenomena, the post-breakup treatment takes
the theory behind each mechanism separately into ac-
count. For breakup by turbulent stresses (a) it is as-
sumed that the agglomerate splits into two (nearly)
identical fragments. The direction is given by the most
extensional eigenvector of the strain rate tensor. For
the breakup by drag stress (b) erosion from the ag-
glomerate is allowed and the fragments are going to
split along the axis of the relative velocity. Finally,
for breakup by rotary stresses (c) the agglomerate is
again assumed to break into two (nearly) identical
fragments. These separate in centrifugal direction with
an additional velocity component in tangential direc-
tion owing to the change of the center of rotation. For
further details, we refer to Breuer and Khalifa (2019a;
2019b).

Breakage due to wall impact
The description of the wall-impact breakage of ag-

glomerates is based on data-driven approaches relying
on a huge number of discrete element method (DEM)
simulations covering a large matrix of impact condi-
tions, i.e., three primary particle diameters in the mi-
crometer range, eight agglomerate size classes varying

between 5 and 104 primary particles, nine different im-
pact angles between a practically flat angle of Θimp =
0.2◦ and a normal angle, and a range of velocities able
to reproduce the full spectrum of the breakage behav-
ior from a rebound of an intact agglomerate to a full
disintegration. Each impact event is repeated multiple
times while changing the location of the impact point
on the surface of the agglomerate to obtain statistically
reliable results.

To derive a data-driven breakage model, the im-
pact results of the reference DEM simulations are an-
alyzed and characterized by adequate measures. More
specifically, the obtained number of fragments due to
wall impact is expressed by the fragmentation ratio
FR, describing the ratio of the maximum number of
fragments detected during the DEM simulation to the
maximum number of fragments an agglomerate can
produce assuming a full fragmentation. In addition,
the fragment size distributions arising due to breakage
are approximately described using additional cumula-
tive parameters ζi focusing on the size of the first three
largest fragments (Khalifa and Breuer, 2020).

Furthermore, the post-breakage velocity vectors of
the detached fragments are evaluated in terms of prob-
ability density functions (PDF) of the reflection angle
α, the spreading angle β and the velocity ratio vratio
of the fragments with respect to the impact velocity of
the agglomerate, which are depicted in Fig. 1.
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Figure 1: Schematic representation of the reflection angle
(α), the spreading angle (β), and the velocity of
the center of mass of a fragment vfr

cm (Khalifa and
Breuer, 2021).

Ensuring reliable statistics requires that the number
of analyzed fragments for each set of impact condi-
tions is sufficiently high, which is achieved by repeat-
ing each impact event a large number of times. Due
to this circumstance, the analysis of the post-breakage
velocities of the fragments is focused on a smaller set
of impact cases in comparison to the investigations on
the fragment size distribution. To facilitate the up-
coming model, the obtained distributions are described
based on Weibull probability density functions in form
of f(x) = (k/λ) (x/λ)

k−1
e−(x/λ)k for x ≥ 0, which

are shown in Fig. 2 for an exemplary impact case (Θimp
= 0.2◦, N tot

p = 100, FR = 1.0).
The corresponding scale λ and shape k parameters

of the Weibull PDFs of α, β and vratio are specified for



each reference DEM impact case allowing to repro-
duce similar distributions of the velocity vectors, when
breakage takes place at comparable impact conditions
in the E-L simulations. However, if the number of re-
sulting fragments in the E-L case is small, the Weibull
distribution will be poorly reproduced. For this pur-
pose, the ratio of the sum of the translational kinetic
energy of the resulting fragments to the incident ki-
netic energy of the agglomerate ERtrans is introduced,
which conserves the kinetic energy of the original ag-
glomerate by adjusting the velocity of the fragments
obtained by the Weibull distribution in cases, where
the number of fragments is small (Khalifa and Breuer,
2020; 2021; Khalifa et al., 2021).
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Figure 2: Results based on 64 different impact events
achieving a mean fragmentation ratio of FR = 1.0:
(a) reflection angle α; (b) spreading angle β; (c)
velocity ratio vratio. The solid lines are fitted to the
data by the Weibull PDF.

For modeling these breakage measures, two differ-
ent approaches are considered, i.e., a regression model
derived in detail in Khalifa and Breuer (2020; 2021)
and a model based on artificial neural networks ex-
plained in Khalifa et al. (2021). In the following both
approaches are only briefly described. For more de-
tails, we refer to the cited references.

The first methodology relies on a typical regression
approach based on a dimensional analysis. In particu-
lar, the number of fragments and the fragment size dis-
tribution, i.e., FR and ζi are predicted as functions of
the impact conditions combined in a single dimension-
less number. In addition, different regression functions
are used to relate the measures of the post-breakage
kinetics to the impact angle, i.e., the kinetic energy
ratio ERtrans and the scale λ and shape k parameters
of Weibull PDFs of α, β and vratio, neglecting the in-
fluence of the less decisive impact conditions (Khalifa
and Breuer, 2020; 2021).

In the second approach, the obtained DEM data
are used to train two feed-forward artificial neural net-
works (ANNs) to be used for forecasting the afore-
mentioned two aspects of the breakage behavior in
multiphase flow simulations under similar impact con-
ditions. The first network is concerned with the frag-
ment size distribution and has four input variables,
four output variables and two hidden layers. The in-
put variables are the impact velocity, the impact an-
gle, the diameter of the primary particles and the num-
ber of particles in the agglomerate, whereas the out-
put variables are the fragmentation ratio FR and the
three fragment size distribution parameters ζi. All in-
puts and outputs are scaled into the range [0,1], and
a logistic sigmoid activation functions is used for all
layers. The available DEM database is split into train-
ing (90%) and a testing (10%) datasets and the cor-
responding performance of the ANN is assessed in
Fig. 3. The mean squared errors (MSE) in the train-
ing and testing datasets are relatively small and close
to each other indicating a well-trained network with a
high generalization capability.

The second network is involved with the predic-
tions of the post-breakage velocities of the fragments.
This network has three inputs, seven outputs and a sin-
gle hidden layer. The input variables are the impact
angle, the number of particles in the agglomerate and
the fragmentation ratio. The output variables are the
kinetic energy ratio ERtrans and the scale λ and shape k
parameters of Weibull PDFs for α, β and vratio. Simi-
lar to the first network, all inputs and outputs are scaled
into the range [0,1]. Moreover, a logistic sigmoid ac-
tivation function is used in the hidden layer, whereas
a positive linear function is applied at the output layer.
The predictions of the network are depicted in Fig. 4a
for the training dataset (90%) and in Fig. 4b for the
testing dataset (10%), indicating predictions of a high
quality. Obviously, the MSE values are again small.
Another widely used measure to assess the goodness
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Figure 3: ANN predictions of the fragmentation ratio (FR)
and the fragment size parameters ζi for (a) the
training dataset and (b) the testing dataset. The
reference line is dashed and has a slope of unity.

of the fitting of ANNs are the coefficients of determi-
nation R2, which are both larger than 0.9 confirming
the quality of the predictions.

Both data-driven models (classical regression
model and advanced ANNs) are implemented in the
Euler-Lagrange code in order to simulate particle-
laden turbulent flows including the effect of breakage
by fluid forces and wall impacts.

4 Setup of the Test Case
To assess the proposed modeling concepts, wall-

resolved LES predictions of a turbulent duct flow
are carried out at a relatively low Reynolds number
Relow = 8700 and a higher one Rehigh = 34,794. The
square duct has an edge length of dh and a length in
the periodic streamwise direction of 2 π dh. Stokes
no-slip and impermeability conditions are set assum-
ing solid smooth walls. The latter condition necessi-
tates a proper grid resolution especially in the near-
wall region. The recommendations of Piomelli and
Chasnov (1996) for achieving a wall-resolved LES are
followed to generate the block-structured grids used
to discretize the computational domain in the differ-
ent flow cases. Furthermore, time-step sizes leading to

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

d
ic

te
d
 b

y
 A

N
N

DEM

R
2
 = 0.91

MSE = 8.21 × 10
-4

α for λ

α for k

β for λ

β for k

vratio for  λ

vratio for k

ERtrans

(a) Training dataset

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

P
re

d
ic

te
d
 b

y
 A

N
N

DEM

R
2
 = 0.92

MSE = 8.80 × 10
-4

α for λ

α for k

β for λ

β for k

vratio for  λ

vratio for k

ERtrans

(b) Testing dataset

Figure 4: ANN predictions of the six Weibull distribution
parameters (scale λ and shape k parameter for the
reflection angle α, the spreading angle β and the
fragment velocity ratio vratio) and the kinetic en-
ergy ratio ERtrans for (a) the training dataset and
(b) the testing dataset. The reference line is dashed
and has a slope of unity.

CFL numbers below unity are applied. The dynamic
subgrid-scale model (Lilly, 1992) is adopted to mimic
the influence of the non-resolved small-scale struc-
tures. The in-house code LESOCC (Breuer, 1998;
2000) is used to solve the governing equations based
on a finite-volume method.

The influence of the strength of the agglomerates
and thus the cohesion between the particles is studied
by investigating agglomerates of silica particles (Khal-
ifa and Breuer, 2020; 2021; Khalifa et al., 2021) with
two different sizes of the primary particles denoted
as powder A (dp = 0.97 µm) and C (dp = 5.08 µm).
Agglomerates ofN tot

p = 100 particles are injected into
the domain with numbers specified by the condition
to fix the volume fraction of the disperse phase at the
value of αp = 105 for both powders. The four inde-
pendent simulation cases are run over a dimensionless
time interval of ∆T ∗ = 100.

5 Results
Table 1 presents a comparison between the re-

sults obtained in the four investigated simulations.



Table 1: Comparison between breakage results obtained by
the ANN-based model and the regression model
(Khalifa and Breuer, 2021; Khalifa et al., 2021).

Powder A C

Case Relow Rehigh Relow Rehigh

N event
ag /N rel

ag

Reg. 34.46 2.37 2.64 2.48

ANN 27.64 2.37 2.24 2.81

N all
break/N

rel
ag

Reg. 10.13 67.92 6.01 91.15

ANN 7.26 67.65 6.08 92.33

Rd32

Reg. 88.81% 96.66% 94.24% 96.43%

ANN 87.55% 96.48% 95.03% 96.84%

Three quantities are provided, which are the num-
ber of agglomeration events per released agglom-
erates N event

ag /N rel
ag , the number of breakage events

by all mechanisms (wall impact and fluid stresses)
N all

break/N
rel
ag , and the rate of reduction of the Sauter

mean diameter, Rd32 = (dinit
32 − d32)/(dinit

32 − dp). Ob-
viously, applying any of the two wall-impact break-
age models does not lead to any remarkable deviations
except in the case of powder A at Relow. A careful
inspection of the results reveals that the ANN-based
wall impact breakage model delivers a more realistic
description of the post-breakage velocities of the frag-
ments, since it takes beside the impact angle the frag-
mentation ratio and the size of the agglomerate into
account. Thus, the ANN-based breakage model leads
to an enhanced scattering from the duct walls prevent-
ing the accumulation of the fragments in specific re-
gions which otherwise augments new agglomeration
processes. This is especially relevant for cases favor-
ing agglomeration such as powder A at Relow (weak
collisions). Of course, more agglomerations lead to
additional breakage events, which explains the higher
rates of both phenomena in the aforementioned case.

The time histories of the rate of reduction of the
Sauter mean diameter Rd32 are depicted in Fig. 5
showing that breakage takes place at higher rates in the
high-Re case than in the low-Re case as expected. Fur-
thermore, the histories obtained using any of the two
wall-impact breakage models are quite similar. Con-
trary to the case discussed in Khalifa et al. (2021),
where solely the wall impact breakage was considered,
in the present setup with all breakup mechanisms the
deviations between powder A and C are small.

The percentage contributions of the different
mechanisms (wall-impact breakage and breakup due
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Figure 5: Temporal evolution of the reduction rate of the
Sauter mean diameter for powder (a) A and (b) C.

to turbulent, drag, and rotary stresses) is compared in
Fig. 6. The mild flow conditions at Relow lead to an in-
significant contribution of the drag stress for both pow-
ders, which gives rise to breakage either due to the wall
impact directly or due to the rotation induced by the
wall impact or particle collisions. At Rehigh agglomer-
ates tend to break mainly due to the high drag stress,
which typically happens in the strong shear layer be-
fore agglomerates reach the wall. Hence, the contribu-
tion of the drag stress increases and other mechanisms
become less relevant. Noticeably, powder C is gener-
ally more affected by the drag stress than powder A
at both Re, which is related to the lower strength of
the former powder enabling more breakage by the rel-
atively weak drag stress mechanism.

The contributions depicted in Fig. 6 show slight
deviations between the results obtained by the two
wall-impact breakage models. These deviations are
attributed to the improved modeling of the motion of
the fragments after breakage by the ANN model pre-
venting the strong accumulation of particles and the
subsequent agglomeration in the near-wall regions as
explained above. In the simulations in which the re-
gression model is used, these agglomerates arise in the
close vicinity of the wall. Thus, they very often im-
pact the wall again leading to higher breakage rates in



general and wall-impact breakage shares in particular
in comparison to the cases utilizing the ANN model.
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Figure 6: Share of different breakup mechanisms for the (a)
low-Re (b) high-Re case.

6 Conclusions
The objective of ongoing activities is to setup

an advanced Euler-Lagrange simulation methodology
based on LES, which is capable to take the most rele-
vant physical phenomena appropriately into account.
Thus, in preceding investigations efficient and reli-
able models for the agglomeration and adhesion of dry
powder compact agglomerates were developed. As
a decisive step towards a realistic size distribution of
the particles, models for the breakup of agglomerate
were developed taking the effect of the fluid forces and
the wall impact into account. For the latter, even two
different data-driven strategies were followed starting
with a classical regression model and ending up with
a more advanced artificial neural networks approach.
The devised wall impact models were applied to pre-
dict the wall-impact breakage of agglomerates in tur-
bulent duct flows taking different Re numbers and
powders into account. Despite the overall similar pre-
dictions by the two wall-impact breakage models, the
new ANN model offers subtle advantages compared to
the regression model and is more generally applicable.
Thus, ANN seems to be an attractive alternative for
such kind of applications.
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Abstract 
Preferential concentration and clustering of inertial 

particles in fully developed turbulent square duct flows 
are investigated by performing direct numerical simu-
lations of the fluid phase together with one- and two-
way coupled Lagrangian particle tracking. The effects 
of turbulence-driven secondary flows on these particle 
behaviours is studied. The shear Reynolds number is 
Reτ=300 (based on the duct half-width and the mean 
friction velocity). Particle motion is governed by drag, 
lift, virtual mass and pressure gradient forces. Particles 
with four density ratios are considered with the corre-
sponding shear Stokes number St+ = 0.31, 25, 125 and 
260. Our results show that the secondary flows play an 
important role in the particle concentration distribution 
in the duct cross-section. The mean cross-sectional 
particle concentration is found to be negatively corre-
lated with the mean particle streamwise velocity. Un-
der the effect of secondary motions, particles accumu-
late preferentially in the duct corners, where the maxi-
mum of the cross-sectional particle concentration oc-
curs. Additionally, the extent of particle accumulation 
in the corners is observed to first increase then de-
creases with particle Stokes number, with the greatest 
accumulation found at St+=25. In the near-wall region, 
particles are prone to form elongated clusters along the 
low speed streamwise velocity streaks. The secondary 
flow in the near-wall region is also observed to be able 
to reduce preferential concentration in the centre re-
gions of the duct walls. Two-way coupling is found to 
weaken the near-wall particle clustering to some ex-
tent. 

 
1 Introduction 

Particle transport in turbulent wall-bounded flows 
is of interest in many industrial, environmental and 
natural systems. It has been widely recognized that mi-
cron-sized inertial particles tend to accumulate and 
form small-scale clusters in isotropic turbulent flows 
or systems with only one anisotropic direction, such as 
circular pipes, channels or open channel flows. How-
ever, the mechanisms for preferential concentration 
caused by isotropic turbulence have been found to dif-
fer from those responsible in anisotropic turbulent 

flows (Sardina et al., 2012), especially for flows with 
two anisotropic directions. One typical example is the 
turbulent square duct flow in which, together with the 
effects of vortical centrifuging and near-wall turbopho-
retic drift, the occurrence of secondary motions in-
duced by anisotropy of the Reynolds stresses also plays 
an important role in particle behaviour. For particle 
transportation in the square duct, Winkler et al. (2004) 
first reported the preferential concentration in a down-
ward, fully developed turbulent duct flow at Reτ=180 
using large eddy simulation (LES) coupled with La-
grangian particle tracking (LPT). It was found that par-
ticles tend to accumulate in regions of high strain-rate 
and low swirling strength in the duct cross-section. 
Phares and Sharma (2006) studied aerosol particle dep-
osition in a horizontal turbulent square duct at the same 
Reynolds number as Winkler et al. (2004), and found 
that the secondary flows increased the deposition rate in 
the duct corners for high inertia particles and decreased 
it for low inertia particles. The above two research 
groups focused on low Reynolds number flows and par-
ticle relaxation times were limited to a narrow range. A 
wider range of Reynolds numbers (Reτ=300-5300) was 
considered by Yao and Fairweather (2012) to investi-
gate particle deposition in turbulent square duct flows, 
again using LES alongside a one-way coupled LPT. Pre-
dictions for particles, with the effects of gravity in-
cluded, showed that the secondary flows established in 
the duct cross-section play an important role in the par-
ticle deposition process, with high-inertia particles tend-
ing to deposit close to the corners of the duct floor, while 
low-inertia particles deposit near the floor centre. More 
recently, Noorani et al. (2016) analysed the effect of 
aspect ratio on particle transport in a rectangular duct 
with varying aspect ratio, finding that particle accumu-
lation in a rectangular duct is quite different from that 
in a square duct due to the different distribution of sec-
ondary flow topologies. However, all the above previ-
ous studies were based on one-way coupling and fo-
cused on particle-laden flows with a large particle-
fluid density ratio, which has been demonstrated to 
have a significant effect on particle distribution and 
statistics (Fornari et al., 2016). Given the limited num-
ber and range of investigations in duct flows, the fun-
damental mechanisms underlying how the secondary 



 

 

flows affect particle preferential concentration and 
clustering still need further elucidation.  

In the present work, particle transport in a fully de-
veloped square duct flow is simulated by using direct 
numerical simulation (DNS) combined with a Lagran-
gian particle tracking technique which includes one-
way and two-way coupling, with the shear Reynolds 
number Reτ=300 and particles Stokes number range 
St+= 0.31-260 considered.  Forces acting on the parti-
cles include contributions from drag, lift, virtual mass 
and the pressure gradient terms. The effects of second-
ary motions on the particle concentration field, the ve-
locity field and other particle statistics throughout the 
duct cross-section and in near-wall regions have been 
analysed. A Voronoi diagram tessellation is also 
adopted to evaluate the near-wall instantaneous parti-
cle concentration. 

 
2 Methodology 

The spectral-element code Nek5000, developed by 
Fischer et al. (2008), is used to perform the DNS of the 
incompressible Newtonian flow in a square duct. It is 
employed due to its high-order accuracy and efficient 
parallelization capabilities, which have already been 
widely proved in many DNS cases of wall-bounded 
flows. The computational domain size for the square 
duct is 8πℎ ×  2ℎ × 2ℎ (𝑥, 𝑦, 𝑧), with the x axis aligned 
with the streamwise direction, and the y and 𝑧  axes 
aligned with the two wall-normal directions. No-slip 
boundaries are imposed on the four solid walls, and the 
periodic boundary condition is applied at the inlet and 
outlet of the duct. Based on this code, a discretized Car-
tesian grid consisting of 48 × 24 × 24 8th order elements 
is applied to the computational domain, with the grid 
points clustered towards the wall in the y and z direc-
tions. A dynamic pressure gradient is used in the stream-
wise direction to maintain a constant mass flow. The Na-
vier-Stokes equations, non-dimensionalized by using 
the duct half-width h, the bulk velocity 𝑢  and the fluid 
density 𝜌 , are given as follows: 

∇ ∙ �⃗�
∗

= 0                                       (1) 
𝜕𝑢

∗

𝜕𝑡∗
+ �⃗�

∗
∙ ∇𝑢

∗
= −∇𝑝∗ +

1

𝑅𝑒
∇ ∙ 𝜏∗ + 𝑓∗ +  𝑓∗  (2) 

Here, * indicates the nondimensional form of the corre-
sponding variable. �⃗�∗ is the fluid velocity, 𝑝∗ is the fluid 
pressure, 𝑅𝑒  is the bulk Reynolds number based on the 
bulk velocity and duct half-width, 𝜏∗  is the viscous 

stress tensor. Additionally, 𝑓∗ is the source term used to 

keep a fixed mass flow, and 𝑓∗ is the two-way coupling 
feedback force acting on the local fluid exerted by the 
surrounding particles. 

For the particle-phase, a fourth-order Runge-Kutta 
scheme is used to solve the particle motion equation, in-
cluding drag, lift, virtual mass and pressure gradient 
force terms. To interface with Nek5000, the particle mo-
tion equation is non-dimensionalized in the same man-
ner as the fluid flow, giving the following form: 

𝑑�⃗�∗
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+
1

𝜌∗

𝐷�⃗�∗

𝐷𝑡∗

  

                                  (3) 

Here, 𝑢∗  is the particle velocity, 𝑢∗ = 𝑢∗ − 𝑢∗  the rela-
tive slip velocity, 𝑑∗  the particle diameter, 𝜌∗  the parti-
cle to fluid density ratio, �⃗�∗ = ∇ × 𝑢

∗
 the local flow vor-

ticity at the particle location, and 𝐷�⃗�
∗

𝐷𝑡∗⁄  the total 
fluid acceleration instantaneously evaluated at the parti-
cle location by the spectral interpolation in Nek5000. 
𝐶 , 𝐶  and 𝐶  are the drag, lift and added mass force 
coefficients, respectively. 𝐶  and 𝐶  are from Zeng et al 
(2009), and 𝐶 = 0.5 for spherical particles. 

The particle volume fraction considered is 10-4. The 
shear Stokes number ranged from 0.31-260 with the ra-
tio of particle to fluid density varying from 2.5-2070, 
which means that the continuous phase varies from wa-
ter to air, given that the particle material is glass. All the 
particles are assumed to have the same diameter 𝑑∗ , the 
wall-particle collisions are considered to be purely elas-
tic and interparticle collisions are neglected. The particle 
time step is set to be the same as the flow time step, 
which is less than the smallest particle relaxation time to 
ensure that particle trajectories are fully resolved. Parti-
cles are initially distributed randomly throughout the 
duct, with an initial velocity set equal to the fluid veloc-
ity spectrally interpolated at the particle location. Parti-
cles that exit the duct through a periodic boundary are 
reintroduced into the domain at the corresponding inlet 
location. 

In this paper, the velocity, length and time scales are 
made dimensionless either using viscous scales, 𝑢 =
𝑢/𝑢 , 𝑥 = (𝑥 + ℎ)𝑢 /𝜈 , and 𝑡 = 𝑡𝑢 /𝜈 ( 𝜈  is the 
kinematic viscosity), or using integral scales, 𝑢∗ =
𝑢/𝑢 , 𝑥∗ = 𝑥/ℎ, and 𝑡∗ = 𝑡𝑢 /ℎ. 

 
3 Results and discussion  

In this section, predictions for the fluid and particle 
phases are presented, with the effect of secondary flows 
on particle accumulation and clustering analyzed. The 
fluid phase is initialized using a fully developed flow at 
the required Reynolds number, and flow statistics were 
monitored until the mean streamwise velocity and root 
mean square (r.m.s.) velocity fluctuations had reached a 
statistically steady state. Then, averages over another 
period of 1500ℎ/𝑢  convection time units were carried 
out to obtain the presented flow statistics. Particles were 
also simultaneously introduced randomly throughout 
the duct. 

The reliability of the grid resolution for the continu-
ous phase is demonstrated through the quantitative com-
parisons with a previous DNS case (Vinuesa et al., 2014) 
at the same Reynolds number. Figure 1(a) shows the 
time and quadrant-averaged secondary flow vectors su-
perimposed on mean streamwise velocity contours. The 
secondary vortices are symmetric about the corner bi-
sector with the mean streamwise velocity contours 



 

 

slightly distorted and bulging towards the corners. The 
location of the lower vortex center (𝑧 , 𝑦 ) is (200, 80), 
which is in line with the results of Zhang et al. (2015). 
Figure 1(b) and (c) compare the mean streamwise veloc-
ity and the r.m.s. of velocity fluctuations along the lower 
wall bisector with the results of Vinuesa et al. (2014), 
with the close agreement validating the accuracy of pre-
dictions of the single-phase flow field. 
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Figure 1: Validation of predictions: (a) Time and space 
averaged secondary flow vector distribution with im-
posed mean streamwise velocity contours; (b) Mean 
streamwise velocity along lower wall bisector; and (c) 
r.m.s. of velocity fluctuations along lower wall bisector. 

 

For the particles, after injection into the flow field, 
the instantaneous particle concentration in the viscous 

sublayer (𝑦 < 5) was monitored to ensure that particle 
dispersion reached a statistically steady state. When 
achieved, mean particle statistics were collected by sim-
ulating for another 500 convective time units. Particle 
statistics for flows with 𝑆𝑡 = 0.31 − 260  were ana-
lysed. Here, we mainly consider 𝑆𝑡 = 25 particles as 
an example, since these exhibited the most interesting 
behaviour. To quantify the particle accumulation in the 
duct cross-section, the cross-section is divided into uni-
form wall-parallel slabs to form two-dimensional cells 
and the particle concentration C is accordingly defined 
as the number of particles per unit cell, normalized by 
the mean bulk concentration C0. Figure 2 gives a loga-
rithmic representation (log10(C/C0)) of the normalized 
mean particle concentration distribution in the duct 
cross-section for these particles. It is seen that they 
largely accumulate in the near-wall regions, especially 
in the duct corners, where the largest concentration val-
ues are found. This is different from the results of Noo-
rani et al. (2016), where the greatest accumulation of 
particles with St+=25 was located in the central regions 
of the duct wall, possibly due to the different particle-
fluid density ratios considered. For larger Stokes num-
ber particles (𝑆𝑡 = 125, 260), the maximum of the 
concentration is also found in the corners, but with a dif-
ferent accumulation extent. Particles with the smallest 
𝑆𝑡 = 0.31 were distributed uniformly in the duct 
cross-section due to their low inertia. 
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Figure 2: Logarithmic representation (log10(C/C0)) of 
the mean normalized particle concentration in the duct 
cross-section for St+=25 particles. 

 

For particle dynamics, Fig. 3 displays contours of the 
mean streamwise particle velocity 𝑈∗ (right panel) and 
the magnitude of the mean particle secondary veloc-
ity, (𝑉∗) + (𝑊∗) , with corresponding velocity vec-
tors superimposed in the lower quarter for particles with 
St+=25. As shown in the figure, the distribution of mean 
particle streamwise velocity is similar to the single-
phase flow. Comparing the results of Figs. 2 and 3, it 
can be observed that particles in regions with a higher 
concentration have a lower mean streamwise velocity, 
which indicates that they tend to accumulate in low-
speed regions in the streamwise direction. The largest 



 

 

magnitude of particle secondary velocity is found to be 
located in regions along the corner bisector. The high 
particle velocities directed to the duct corners is one of 
the main reasons why particles are prone to concentrate 
there. With an increase in Stokes number (𝑆𝑡 = 125,
260), the maximum of the particle secondary velocity 
gradually decreases due to increasing inertia, both along 
the corner-bisector and in the near-wall regions. 
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Figure 3: Pseudocolour of the mean streamwise particle 
velocity (right panel), and the magnitude of mean parti-
cle secondary velocity (left panel) with vectors superim-
posed in the lower quarter for particles with St+=25. 

 

Figure 4 explains the mechanism of particle accumu-
lation in the duct corners. Accumulation in the corners 
is dependent on the particle influx to and outflux from 
the corners. If the particle influx is much larger than the 
outflux, particles will gradually accumulate. Here, the 
particle flux J is defined as the particle number density 
per unit cell multiplied by the corresponding particle 
secondary velocity. The sign of particle influx is set to 
be positive, with the outflux negative. 

 

  
 

Figure 4: Schematic illustration of particle accumulation 
mechanism in square duct corner. 

To verify this underlying mechanism, Fig. 5 shows 
the variation of the mean net normalized particle influx 
Jnet with particle Stokes number in the corner regions 
(considered as the blue box in Fig. 4 with 𝑧∗ <
−0.95, 𝑦∗ < −0.95 at 𝑡∗ = 500). It is observed that the 
net particle influx reaches a maximum at St+=25 and 
then starts to decline. This demonstrates that particles 
with St+=25 accumulate to the greatest extent in the cor-
ners, which is in line with the particle concentration dis-
tribution in the duct cross-section. Particles with the 
lowest St+=0.31 respond rapidly to the secondary mo-
tions of the continuous phase, so that the net particle in-
flux is almost zero, with no accumulation in the corners. 
Particles with St+ > 25 are more inertial, especially in the 
near-wall regions, where the mean particle secondary 
velocity is close to zero. Therefore, they can be easily 
trapped after arriving in the corners. 
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Figure 5: Variation of mean net particle influx, 𝐽 , with 
particle Stokes number in duct corners. 

 

From these results it is clear that particles with 
𝑆𝑡 ≥ 25 are prone to concentrate in the near-wall re-
gions. To further investigate the distribution of particle 
clustering, the Voronoi tessellation diagram is adopted 
to analyse the pattern and shape of particle clusters. Fig-
ure 6(a) shows a sample of an instantaneous realization 
for St+=25 particles, with each particle corresponding to 
a Voronoi cell. The area of a Voronoi cell is inversely 
proportional to the instantaneous local particle concen-
tration, 𝐶 = 1 𝐴⁄ . Figure 7(a) presents the PDF of the 
Voronoi cell areas 𝐴  (normalized by the mean cell 
area < 𝐴 >) in the near-wall region at 𝑡∗ = 500 for 
all particles, compared to the distribution of a random 
Poisson process (RPP) (Ferenc and Néda, 2007). It is 
shown that PDF values for all indicated particles are 
larger than that of an RPP when the Voronoi cell areas 
are smaller than a threshold value 𝐴∗ , which means 
that the probability of finding a small cell area (i.e. high 
local particle concentration) is higher than that of an 
RPP. This suggests that particles tend to form clusters 
when their corresponding Voronoi cell areas are smaller 
than 𝐴∗  (hereinafter referred to as a cluster region).  



 

 

 
Figure 6: Voronoi diagram for St+=25 particles in the near-wall region: (a) Voronoi tessellation diagram in the near-wall 
region, with (b) corresponding highlighted clusters (in magenta), and (c) the instantaneous particle distribution with the 
Voronoi cell colour-coded by the local particle streamwise velocity. 
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Figure 7: PDF of (a) the Voronoi cell areas Acell in com-
parison with a random Poisson distribution and (b) the 
Voronoi cell aspect ratio in the near-wall region (y+<30) 
for all particles. 
 

In addition, it should be noted that the PDF values 
for particles with St+=25 are largest in cluster regions, 
which suggests that their distribution deviates the far-
thest from the random distribution, indicating that they 
exhibit the greatest extent of accumulation. 

Particle clustering in the near-wall region is also 
found to be gradually weakened with increasing Stokes 
number ( 𝑆𝑡 ≥ 25 ). For the smallest particles with 
St+=0.31, the PDF fits well with the RPP when 𝐴 >
𝐴∗ . A few particles do form clusters in regions with 
𝐴 < 𝐴∗ , although this is probably due to the parti-
cle relaxation time which is close to that of certain small 
scale, near-wall coherent structures which can organize 
particles by their vortical centrifuging effect.  

Fig. 7(b) shows the PDF of the Voronoi cell aspect 
ratio (𝐿 , /𝐿 , ) corresponding to Fig. 7(a). The area 
enclosed by the PDF curve and the transverse axis when 
𝐿 , /𝐿 , < 1  is larger than that when 𝐿 , /

𝐿 , > 1 for all particles, which indicates that particles 
have a tendency to concentrate in elongated streaks in 
the x-direction, with this most obvious for the St+=25 
particles. This is confirmed in Fig. 6(b), where particle 
clusters, defined as connected groups of particles whose 
Voronoi cell areas are smaller than 𝐴∗  in near-wall re-
gions, are indicated. As seen in the figure, most of the 
particle clusters are shaped in elongated strips, including 
in the corners and central regions of the duct wall. 

Figure 8 compares the PDF of the normalized in-
cluster and global streamwise velocities for St+=25 par-
ticles. In the low-velocity regions, PDF values of the 
cluster velocity are much larger than the global velocity, 
suggesting the particle clusters tend to be easily formed 
in these regions. This verifies the visual impression of 
the instantaneous particle distribution with the Voronoi 
cells colour-coded by the local particle streamwise ve-
locity in Fig. 6(c). However, the elongated particle clus-
ters in the region of the walls are not as continuous as in 
channel flows (Mortimer et al., 2019) for St+=25 parti-
cles, which means that the secondary flows to some ex-
tent weaken particle accumulation in near-wall regions. 

As for the effect of two-way coupling, Fig. 9 com-
pares the PDF of normalized Voronoi cell area in the 
near-wall regions obtained using one- and two-way cou-
pling. PDF values in cluster regions under two-way cou-



 

 

pling are slightly lower than for one-way coupling. Fur-
thermore, the particle number density in duct corners 
under two-way coupling is found to be slightly smaller. 
The same trend also occurs in larger particle systems. 
These results demonstrate that two-way coupling does 
attenuate the extent of particle clustering in the near-
wall region, although this is weak for the particle vol-
ume fraction considered. This is attributable to particles 
enhancing the secondary flows in the square duct (Lin et 
al., 2017). 
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Figure 8: Comparison of PDF of normalized in-cluster and 
global streamwise velocities for St+=25 particles. 
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Figure 9: Comparison of PDF of Voronoi cell areas Acell 
under one-way coupling and two-way coupling for St+=25 
particles in the near-wall region (y+<30). 

 

4  Conclusions 
Direct numerical simulation and Lagrangian particle 
tracking was applied to study particle motion in turbu-
lent square duct flows at Reτ=300, with the effect of sec-
ondary flow preferential concentration and accumula-
tion examined. The results show that the secondary 
flows play an important role in particle distribution both 
in the duct cross-section and near-wall regions. Particles 
with St+≥25 tend to form clusters in the duct corners, 
with the accumulation decreased with increasing St+. 

Apart from the duct corners, particles are preferentially 
concentrated in the near-wall, low-velocity regions, 
forming elongated particle clusters. Near-wall second-
ary motion was found to lessen particle accumulation in 
the near-wall regions to some extent, with the same ef-
fect occurring with two-way coupling. 
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Abstract 

Direct numerical simulation and a Lagrangian 
particle tracking routine are used to simulate 
multiphase particle-laden flows through a channel at 
a shear Reynolds number of 300. The model is used 
to deterministically simulate 300k and 2.2 M solid 
spherical particles with diameters of 100 and 200 
µm, with four-way coupling between the particles 
and the fluid flow. In a previous study (Rupp et al., 
2018), a stochastic inter-particle collision model was 
implemented and investigated in an attempt to reduce 
the compute time associated with the four-way 
coupling algorithm. One stochastic method 
examined in that work was based on a direct 
simulation Monte Carlo (DSMC) approach which 
generates probable collision events from pairs of 
nearby particles. In this study, the predictions based 
on the latter method are found to be superior to a 
fictional particle selection stochastic approach in the 
context of a channel flow, but further analysis of the 
predicted collisions indicates relative velocities of 
the colliding particles to be different between the 
deterministic and stochastic methods. Increasing the 
particle volume fraction in the flow, and therefore the 
significance of the collisions, causes these 
differences to have a deleterious effect on the 
accuracy of the technique. To alleviate these issues, 
an improved modified version of the DSMC 
technique is developed using a searching scope 
which considers the fluid elements across the entire 
streamwise and spanwise channel dimensions, which 
produces a particle collision distribution with a 
closer resemblance to that of the deterministic 
technique. When tested at high concentrations with 
200 µm particles the predicted particle and fluid 
mean velocities, and normal and shear stresses, are 
comparable to those of the deterministic approach. 
 
1 Introduction 

Dispersed particle-laden flows are of interest in 
many industrial applications such as mineral 
processing, aerosol manufacture and liquid-fuelled 
combustion. Present simulation techniques based on 
particle tracking are limited by the computational 
cost associated with predicting collisions between 
two or more particles, which becomes increasingly 
important as the particle volume fraction of such 

flows increases. One alternative is to employ a 
stochastic method which simulates particle collisions 
probabilistically in an effort to reduce the time spent 
performing the particle collision detection and 
resolution algorithm within the code.  

In the present study, direct numerical simulation 
(DNS), facilitated by the spectral element method 
(Patera, 1984), has been used to develop and explore 
the stochastic method through simulating particle-
laden fluid flows within a channel at shear Reynolds 
number, 𝑅𝑒 = 300. DNS is a first principles-based 
method of performing fluid flow simulations, 
capable of resolving every turbulence structure 
exhibited in a flow over the smallest time and length 
scales. The numerical solution mesh constructed for 
a DNS has an element spacing on the order of 𝜂, the 
Kolmogorov length scale, at which kinetic energy 
from the turbulent eddies is dissipated into internal 
energy (Kolmogorov, 1941). 

The highest Reynolds number of a flow that can 
be simulated using DNS is contingent on the upper 
limits of current computers. This makes it 
impractical for use in industry, or for highly turbulent 
flows. Though its solutions are of the highest 
accuracy, this is achieved by sacrificing resource 
efficiency and compute times. This also means that 
even small reductions in the number of 
computational operations that are required to 
perform a DNS are of great benefit since DNS 
remains the most appropriate method for examining 
the physical properties of a flow in and of itself. DNS 
produces high resolution information about 
microscale flow dynamics that cannot be achieved 
through the faster, less resolved methods of 
simulation provided by the alternatives of Reynolds-
averaged Navier-Stokes and large eddy simulation 
techniques. 

Following a validation of the simulation approach 
against the DNS results of Marcholi and Soldati 
(2007), channel flows were simulated utilising 
Lagrangian particle tracking (LPT) to model large 
quantities of particles with diameters of 100 and 200 
𝜇𝑚. The particles considered possess a density ratio 
equivalent to that of glass in water, 𝜌∗ = 2.5. The 
two cases considered here are a low volume fraction 
case with 300k, 100𝜇𝑚 particles and a case with a 
higher volume fraction having 2.2M, 200𝜇𝑚 



 

 

particles. These correspond to particle volume 
fractions ranging from 10-4 to 10-2. Deterministic 
four-way coupling (Mortimer et al., 2020) was 
employed to create a benchmark of the mean flow 
velocities and stresses of these cases. 

Further simulations are then performed using the 
stochastic method as described by Sommerfeld 
(2001), with the intent of comparing the accuracy and 
efficiency of the results to those of the deterministic 
method. The method initially employed in this work 
is not fully applicable to flows with low Stokes 
numbers, and the kinetic theory used as its basis is 
expected to be inaccurate at predicting the collisions 
of the smaller particles modelled. Due to this, further 
investigations were performed utilising a collision 
probability equation employing advective theory. 
Pawar et al’s (2014) real particle selection method is 
therefore investigated as an alternative to fictional 
particle selection, and finally an investigation is 
performed into the nature of the searching scopes 
from within which the colliding particles are 
selected, which results in the element-based DSMC 
technique proposed for use in channel flows. 

 
2 Methodology 

The Navier-Stokes equations were solved using 
the open-source DNS code, Nek5000 (Fischer et al., 
2008), for a turbulent fluid flow in a channel with 
dimensions 12δ × 2δ × 6δ, with δ the half-height of 
the channel. This is driven by a constant pressure 
gradient such that the system reached a bulk 
Reynolds number of 𝑅𝑒 = 4900, which translates 
to a shear Reynolds number, 𝑅𝑒 = 300. The channel 
has periodic boundary conditions enforced in the 
streamwise and spanwise directions, with solid 
reflecting elastic wall collisions at ±𝛿 in the wall-
normal direction. The computational domain was 
divided into 32×32×32 elements consisting of 8×8×8 
nodes each, giving a total of ~17M nodes. The 
elements were more densely distributed close to the 
walls. 

The non-dimensionalized particle and fluid 
properties were assigned based on simulating glass 
beads, with density 2500 kg m-3, in a fluid (water) of 
density 1000 kg m-3. This equates to particle turbulent 
Stokes numbers of 0.3125 for the 100𝜇𝑚 particles and 
1.25 for the 200𝜇𝑚 particles. These particle flows 
were assessed both at high and low concentrations, 
however only the most extreme cases are presented 
here, with 300k, 100𝜇𝑚 particles having a volume 
fraction of 1.3×10-4 and 2.2M, 200𝜇𝑚 particles 
having a volume fraction of 0.8 × 10-2. 

The particle positions and velocities were updated 
using Lagrangian particle tracking which used a non-
dimensionalized timestep of 0.02, equal to that of the 
Eulerian fluid model. The LPT solves the force-
balance equations, Eqs. (1) and (2), for each particle 
using a fourth-order Runge-Kutta algorithm, 
described in Suli and Mayers (2003). In these 
equations, 𝑑∗  and 𝜌∗  are the non-dimensional particle 

diameter and density ratio, 𝒖∗, 𝒖𝑭
∗ , 𝝎∗  are the slip 

velocity, fluid velocity and vorticity vectors, 
respectively, and 𝐶  and 𝐶  are coefficients of drag 
and lift. In the deterministic approach, a binary 
particle collision occurs when the two particle radii 
overlap.  

𝜕𝑥∗

𝜕𝑡∗
= 𝑢∗  (1) 
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(2) 

The stochastic method determines whether or not 
a collision has occurred by comparing the probability 
of collision to a randomly generated number in the 
interval [0:1]. This is based on a formula which 
determines the collision rate (number per unit volume 
per unit time) 𝑁  between particles with particular 
number concentrations 𝑛 , and radii 𝑅 , either through 
advective theory (Eq. (3)), or kinetic theory (Eq. (4)): 

N =
8π

15

⁄

𝑛 , 𝑛 , ∗ 

(𝑅 , + 𝑅 , )
𝜀

𝜈

⁄

 
 

(3) 

N = 2 𝜋 𝑛 , 𝑛 , ∗ 

(𝑅 , + 𝑅 , ) 𝜎 , + 𝜎 ,  
 

(4) 

Here, ε is the dissipation rate of turbulence kinetic 
energy, ν is the fluid kinematic viscosity and σp is the 
mean fluctuating velocity of the particles i and j. 

The fictional particle technique works by 
generating particles with a fictional velocity: 𝒖 ,  
based on the real velocity 𝒖 , , a Gaussian random 
number, 𝜉, and the Stokes correlation function, as 
described in Eqs. (5) and (6): 

𝒖 , = 𝑅(𝑆𝑡)𝒖 ,  

+𝜎 , 1 − 𝑅(𝑆𝑡) 𝜉 
 

(5) 

𝑅(𝑆𝑡) = 𝑒𝑥𝑝 (−0.55 × 𝑆𝑡 . )    (6) 

Comparatively, the DSMC determines inter-
particle collisions simply by selecting a secondary 
particle from a local region defined by a searching 
scope. Particles in this local region are expected to 
have similar properties. The original DSMC approach 
uses a scope with cubes having side length of δ/16, 
while the improved version used herein employs a 
searching scope based on the fluid elements, which 
narrow in height as the channel wall is approached in 
order to better assess the near-wall effects. Once a 
pair of colliding particles are chosen, the collision 
resolution is determined using the hard-sphere 
approach with a  coefficient of restitution equal to 
unity. Fictitious particles and their corresponding 
dynamic properties are ignored and deleted once the 
collision is resolved. 



 

 

3 Results and discussion 
A discussion into the effectiveness of the 

previously noted stochastic techniques at higher 
volume fractions follows. For brevity, mean 
streamwise velocity results are omitted but were 
analysed, with findings remaining fairly consistent 
even in extreme cases. 

 
Figure 1: Compared normal and shear stresses for 
four-way coupled flows with particles collided 
deterministically and stochastically with fictional 
particle method. 2.2M, 200 μm particles. 
Deterministic:  fluid, ○ particles; stochastic - - - 
fluid, ● particles. 

Figure 2: Compared normal and shear stresses for 
four-way coupled flows with particles collided 
deterministically and stochastically with standard 
advective-based DSMC method. 2.2M, 200 μm 
particles. Deterministic:  fluid, ○ particles; 
stochastic - - - fluid, ● particles. 

  

Fig. 1 demonstrates the general inadequacy of the 
fictional particle technique in the channel geometry at 
high volume fractions. The collisions generated are 
occurring with overly energetic fictional particles at a 
high rate, rapidly enhancing the particle normal 
stresses. The fluid normal and shear stresses are also 
somewhat affected, although it can be noted that the 
fluid takes a long time to respond even to these 
exaggerated inter-particle collisions. Fig. 2 shows 
results of the more successful DSMC technique. Here 
the fluid and particle stresses are somewhat affected 
compared to the results from the deterministic 
technique, but by a considerably smaller margin, with 
the streamwise normal stress values actually reducing 
compared to the deterministic ones, towards the centre 
of the channel. 

 
Figure 3: Comparison of streamwise velocities of 
sampled colliding particle pairs using deterministic 
method for 300k, 100 μm particles. 

 
Figure 4: Comparison of streamwise velocities of 
sampled colliding particle pairs using standard 
advective-based DSMC method for 300k, 100 μm 
particles. 
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The analyses shown in Figs. 3 through 5 were 
performed on an ensemble of 10,000 collisions, 
randomly sampled from collision data for the three 
cases considered here. Only the streamwise velocities 
are considered, because on average they account for 
the majority of a given particle’s velocity component. 
The deterministic particles sampled in Fig. 3 show a 
very strong tendency to collide with those having 
similar streamwise velocities, with a particularly 
dense distribution starting at around 0.8 non-
dimensional velocity units and narrowing as particle 
velocities increase. Given that the mean streamwise 
particle velocity only drops below 0.8 in the wall 
region of the channel, it is reasonable to assume that 
the dense region represents the particle collisions 
which are occurring in the bulk region of the flow. 

Results from the original DSMC technique are 
shown in Fig. 4 and simulate a similar dense collision 
region above non-dimensional velocities of 0.8, but 
exhibit a broader distribution across the all velocities. 
The slower particles in the near-wall region, however, 
seem consistently to be colliding with faster particles 
from regions nearer to the bulk flow region, hence 
there is more of a spread of collision velocities in the 
bottom left corner of the DSMC plot. A similar spread 
of velocities occurs for the low velocity particles 
simulated deterministically, but this is exaggerated by 
the DSMC technique. 

For any particle collision simulation code, 
stochastic or otherwise, there is the concept of a 
“searching scope”, when it comes to deciding whether 
a particle has collided and what with. For the 
deterministic technique used here, that searching 
scope is simply a sphere centred on a particle, two 
particle diameters across, within which two given 
particles are 100% likely to collide. A searching scope 
for a fictional particle technique contains particles that 
are statistically likely to be collision partners, based on 
the properties of particles located within the same 
region. The DSMC searching scope forgoes the step 
of creating a likely collision candidate by selecting a 
real particle from within the same region and 
assuming that to be a statistically likely candidate. The 
problem of defining said region is of a statistical 
nature. 

Pawar et al. (2014) used a spherical searching 
scope which travelled with individual moving 
particles. The authors modulated the size of this sphere 
based on the local number density of the particles, 
determining that a minimum of 8 particles were 
necessary for an unbiased estimate of collision 
frequency. Since this approach would actually 
increase computational cost compared to the 
deterministic method, the initial searching scope used 
here for the DSMC was instead based on the particle 
grid spacings used by the deterministic technique to 
limit the number of inter-particle checks during the 
collision step of the simulation. These cubes proved to 
be insufficiently large, causing statistically unlikely 
particles, such as fast particles from the bulk flow 

region, to be given higher statistical weighting than 
expected, while the uniform side length of the cubes 
had the potential to select for collision unrelated 
particles from adjacent fluid regions. 

 
Figure 5: Comparison of streamwise velocities of 
sampled colliding particle pairs using modified 
element-based DSMC method for 300k, 100 μm 
particles.  

Figure 6: Compared mean streamwise velocities for 
four-way coupled flow with particles collided 
deterministically and stochastically with modified 
element-based DSMC method. 300k, 100 μm 
particles. Deterministic:  fluid, ○ particles; 
stochastic - - - fluid, ● particles. 

  

In order to maximize the statistical sampling size 
while also minimizing the possibility of particles in 
differing flow regions being selected for collision, the 
searching scope was developed based on the fluid 
elements in the wall normal direction. These covered 
the length and breadth of the channel while reducing 
in height towards the channel walls. These slabs were 
sufficiently large that the problem of overweighting 



 

 

was eliminated, and narrow enough that particles from 
different fluid regimes could not be selected as 
possible collision partners, effectively resolving both 
statistical problems with a single change. 

 
Figure 7: Compared normal and shear stresses for 
four-way coupled flows with particles collided 
deterministically and stochastically with modified 
element-based DSMC method. 300k, 100 μm 
particles. Deterministic:  fluid, ○ particles; 
stochastic - - - fluid, ● particles. 

 

Figure 8: Compared mean streamwise velocities for 
four-way coupled flow with particles collided 
deterministically and stochastically with modified 
element-based DSMC method. 2.2M, 200 μm 
particles. Deterministic:  fluid, ○ particles; 
stochastic - - - fluid, ● particles. 

 

The velocity correlation results of the new 
technique can be seen in Fig. 5. Though the spread of 
particle velocities is still high compared to the 
deterministic technique, the distribution correctly 
narrows as the particle velocities decrease. The fact 
that the distribution remains fairly wide is indicative 

perhaps of the rapid change in particle velocity as the 
channel wall is approached. Real collisions for 
particles of this size tend to occur within fluid eddies, 
where the velocities are nearly constant. Based on this 
it can be predicted that this technique might be 
superior in cases that have larger Stokes numbers. 

Figs. 6 and 7 show that for the base case of 300k, 
100 𝜇𝑚 particles, the element-based DSMC produces 
results highly consistent with the deterministic 
technique for  the mean streamwise velocities as well 
as the normal and shear stresses, for both the fluid and 
the particles, with only a minor increase in the particle 
and fluid streamwise normal stresses for the stochastic 
technique as the wall region is approached. 

The mean streamwise velocities for the stochastic 
technique are consistent with the deterministic 
technique for the fluid and particles, as are the fluid 
normal and shear stresses. The streamwise particle 
normal stress is consistent between the two 
techniques, and does not drop towards the centre of the 
channel, as observed for the stochastic technique in 
Fig. 2, but it is overall slightly higher. This could be 
taken as evidence that the collisions are still slightly 
overenergetic, particularly in the central region of the 
flow, and it should be noted that the particle collision 
rate itself is higher when the element-based technique 
is used (as with all the stochastic techniques tested).  

 
Figure 9: Compared normal and shear stresses for 
four-way coupled flows with particles collided 
deterministically and stochastically with modified 
element-based DSMC method. 2.2M, 200 μm 
particles. Deterministic:  fluid, ○ particles; 
stochastic - - - fluid, ● particles.  

 

The high volume fraction simulation results for 
first- and second-order statistics are presented in Figs. 
8 and 9. Over the timescale tested, the particle stresses 
for the high volume fraction case better resemble those 
predicted by the deterministic simulation, 
demonstrating a large improvement when compared to 
those presented in Fig. 1. Furthermore, the better 
distributions as exhibited in Fig. 5 suggest that this 
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technique has promise in terms of predicting collisions 
on a dynamic scale and should be studied further, with 
emphasis on how the statistics change over time for 
both techniques 

The intention of implementing a stochastic 
technique was to reduce computational time for the 
inter-particle collision step, and this was for the most 
part successful. However, an unforeseen result of the 
slightly increased collision rate and energy caused the 
particles to move between regions within the flow at 
an enhanced rate. This had the unfortunate result of 
triggering the two-way coupling phase of the 
simulation to frequently recalculate particle position, 
causing the higher concentration simulations to be 
slower overall than the deterministic approach, in spite 
of the quicker collision step. Crowe et al (1985) 
observe that an increased Stokes number is likely to 
increase the occurrence of turbophoresis, the 
movement of particles towards the wall region of the 
channel. Since this effect is bound to be larger where 
the stochastic technique overpredicts the energy of an 
inter-particle collision, the problem of the additional 
time spent in the two-way coupling step is likely to be 
larger where either the Stokes number or the particle 
number is increased. Further improvements to the 
technique are expected to be required to resolve this 
problem. 

 
4 Conclusions 

In this work, the stochastic particle collision 
method has been used to accurately and efficiently 
model four-way coupled particle-laden channel flows. 
Issues have been encountered with the way in which 
existing stochastic methods handle particle collision 
number prediction and velocity relationships between 
colliding particles. Accuracy loss at high Stokes 
numbers has often been unacceptable. Though the 
results for particle and fluid velocities and stresses for 
the initial DSMC technique were acceptable, 
statistical inconsistencies caused a bias towards low 
velocity particles colliding with those having higher 
velocities. These problems have been resolved by the 
development of the new element-based DSMC 
technique, which shows potential for further 
improvements to the implementation of stochastic 
methods in channel flows, and implies that such 
implementation requires a more specialized approach. 
The computational time for the inter-particle collision 
phase did decrease as intended, without greatly 
compromising the model’s predictive accuracy. 
Recommendations are made for an in-depth temporal 
analysis of the technique to examine the frequency and 
spatial distribution of collisions at long flow times. 
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Abstract 

Multiphase gas-liquid flows exist in a large variety 

of flow regimes with interfaces that often span over a 

broad range of length scales. This paper introduces the 

generalized multifluid modelling approach 

(GEMMA), developed to predict the complex multi-

phase regimes where dispersed and large scale inter-

faces co-exist. The GEMMA solver introduces inter-

face resolving capabilities inside a multifluid frame-

work, by selectively applying a dispersed or a large 

interface multifluid formulation based on the local in-

terfacial scale. Validation of the model against funda-

mental segregated and dispersed flow conditions is 

achieved. These include a rising bubble in liquid at 

rest, where the model achieves an accuracy compara-

ble to interface resolving techniques, a stratified lami-

nar flow and a bubbly pipe flow, where the model op-

erates in the dispersed regime. In the final part, the 

solver is used to predict a stratified turbulent flow, 

where modelling of the turbulence at the interface is 

mandatory for the accurate prediction of the phase ve-

locities and distribution. 

 

1 Introduction 

Multiphase flows are ubiquitous in nature and in a 

wide range of engineering applications and industrial 

processes and equipment. The unlimited variety of 

multiphase flows found in practical applications dif-

fers not only because of the number and type of the 

phases involved (solid, liquid, gas), but also due to 

many possible spatial arrangements of these phases in 

the multiphase flow field. To different arrangements 

correspond different morphologies of the interface, 

and specific impacts on the flow behaviour and the 

transport of mass, momentum and energy across the 

interface. Due to this large variety, multiphase flows 

have been historically classified in different flow re-

gimes (e.g., bubbly flow, slug flow, annular flow) as a 

function of the phase arrangement.  

Overall, gas-liquid and liquid-liquid multiphase 

flows can be distinguished into dispersed regimes, 

where a large number of small-scale bubbles or drop-

lets are dispersed in a continuous fluid region. On the 

other hand, in segregated or stratified flows large scale 

interfaces form from the agglomeration of droplets or 

bubbles into larger structures like slugs, or due to the 

action of gravity. Unfortunately, such distinctive fea-

tures are not often found in large scale flows that are 

of industrial interest. Instead, multiple flow regimes 

co-exist and interact with each other and interface 

structures span a wide range of length scales depend-

ing on the local flow conditions (e.g., bubbles can co-

alesce into large continuous gas structures and entrain-

ment of bubbles/droplets into continuous liquid/gas 

regions can occur due to the perturbation of the inter-

face in separated flows). When this is coupled to the 

complex, large scale geometry of many industrial tur-

bulent flows the resulting system becomes, even for 

the most advanced computational models, an almost 

unsolvable, truly multiscale problem. 

Even with computational fluid dynamics (CFD), 

successful results have been obtained only for specific 

flow conditions, and general applicability to multiple 

regimes remains a major issue. Dispersed regimes 

have been successfully modelled using multifluid Eu-

lerian-Eulerian models. In these, the interface is not 

resolved but filtered in the averaging procedure, and 

all the interfacial transfers are modelled with closure 

relations (Liao et al., 2018; Colombo et al., 2021). 

However, multifluid models tend to diffuse large in-

terfaces and their averaged formulation is not 

equipped to handle large, intermittent interface struc-

tures that extend over multiple mesh elements 

(Bestion, 2014).  

Instead, with interface resolving techniques, all the 

interface scales are entirely resolved and the models 

have successfully been employed to resolve segre-

gated regimes and large interfaces (Mehrabani et al., 

2017; Zimmer and Bolotnov, 2019). However, their 

application to dispersed regimes is constrained by 

computational costs to fundamental flows with a lim-

ited number of droplets or bubbles.  

Recently, attempts have been made, mainly by im-

plementing interface resolving capabilities in mul-

tifluid solvers, to develop a generalized methodology 

that is not limited to specific flow regimes (Strubelj et 

al., 2009; Hänsch et al., 2013). Most of these imple-

mentations rely, in the presence of large interfaces, on 

compression algorithms, designed to counteract the 



 

 

numerical diffusion unavoidably affecting multifluid 

models (Gada et al., 2017; Mathur et al., 2019). In con-

junction to this, a dedicated closure framework is ac-

tivated, normally including a large interface drag clo-

sure and a model for the surface tension force.  

This work presents a generalized multifluid mod-

elling approach (GEMMA) (De Santis et al., 2021), 

applicable to n-phases and developed starting from the 

reactingMultiphaseEulerFoam solver of the Open-

FOAM CFD code (The OpenFOAM Foundation, 

2016). The model is sensitive to the local flow mor-

phology and interface compression, and switching be-

tween dispersed and large interfaces is activated based 

on the local gradient of the void fraction or the dis-

persed phase to the computational grid size ratio, 

avoiding the arbitrary void fraction thresholds used in 

the majority of these models (Hänsch et al., 2013; 

Gada et al., 2017; Mathur et al., 2019). In addition, 

blending between dispersed and segregated closure 

frameworks is achieved in a generalized way that is 

applicable to any interfacial closure without modifica-

tion. Here, validation of the model against fundamen-

tal segregated and dispersed cases is presented. These 

include the rising of a bubble in a stagnant liquid, a 

stratified laminar flow and a dispersed bubbly flow. 

Finally, application to a stratified flow (Fabre et al., 

1987), relevant for the study of loss of coolant acci-

dents in nuclear thermal hydraulics, is also presented. 

Applications of the model to other more complex 

cases including liquid-liquid extraction processes are 

presented in a companion paper at this conference. 

 

2 GEMMA concept  

The GEMMA solver is developed on top of the Eu-

lerian-Eulerian multifluid reactingMultiphaseEuler-

Foam solver of OpenFOAM (The OpenFOAM 

Foundation, 2016), where a set of conservation equa-

tions is solved for n compressible phases. While this 

work is limited to adiabatic flows, mass, momentum, 

energy and species conservation equations can be 

solved. The general form of the conservation equa-

tions for a multifluid model is presented in numerous 

available publications (Prosperetti and Tryggvason, 

2007; Yeoh and Tu, 2010). In the GEMMA solver, a 

numerical compressive term is added to the continuity 

equation, to counteract numerical diffusion and main-

tain a sharp interface in segregated regimes (Wardle 

and Weller, 2013): 

𝜕

𝜕𝑡
(𝛼𝑘𝜌𝑘) + ∇ ∙ (𝛼𝑘𝜌𝑘𝒖𝑘) + ∇

∙ [𝛼𝑘(1 − 𝛼𝑘)𝜌𝑘𝒖𝑐] = 0 
(1) 

The artificial compression velocity uc is obtained 

from the local relative velocity and the interface nor-

mal vector, which ensures it acts perpendicular to the 

interface: 

𝒖𝑐 = 𝐶𝛼|𝒖𝑟|
∇𝛼

|∇𝛼|
 (2) 

Here, Cα is a scalar field that is equal to 0 when the 

flow is dispersed and 1 in segregated regions with 

large interfaces. Therefore, it is through Cα that 

GEMMA distinguishes between the multifluid formu-

lation in dispersed regimes and the multifluid inter-

face-resolving formulation with large interfaces. Fol-

lowing the work of Wardle and Weller (2013), the 

large interface mode is activated locally when a suffi-

cient mesh resolution is achieved. This is defined 

through a local Interface Resolution Quality (IRQ) 

that needs to be higher than a critical value: 

𝐼𝑅𝑄 =  
2

∆𝜅
> 𝐼𝑅𝑄𝑐𝑟𝑖𝑡 (3) 

where  is the local mesh size and κ the interface cur-

vature. The value of the IRQ increases for more re-

fined resolution of the interface. Therefore, the critical 

value identifies a minimum resolution that needs to be 

reached for the large interface model to be activated. 

If this requirement is met, the large interface mode is 

effectively activated if the local void fraction gradient 

is higher than a certain value (identifying the presence 

of a large interface) or, when GEMMA is coupled to a 

population balance model, the local length scale of the 

dispersed phase is larger than the grid spacing by at 

least a factor Γ: 

𝑑𝑆𝑀 > 𝛤∆ (4) 

In Eq. (4), dSM is the Sauter-mean diameter. In ad-

dition to the compression in Eq. (1), GEMMA adapts 

the multifluid model to the local interface morphol-

ogy, by selectively changing the multifluid closure 

framework. In the momentum equation, the dynamic 

interaction between the phases is modelled with a se-

ries of forces, each of which accounts for a different 

mechanism of interfacial momentum transfer: 

𝑴𝑘 = 𝑭𝑑 + 𝑭𝑙 + 𝑭𝑤 + 𝑭𝑡𝑑 + 𝑭𝑣𝑚 + 𝑭𝑠𝑡 (5) 

Eq. (5) includes drag, lift, wall lubrication, turbu-

lent dispersion, virtual mass and surface tension 

forces, and Mk is the interfacial transfer term in the 

momentum equation of phase k. In the dispersed re-

gime, all the forces except for surface tension can be 

included. Instead, in the large interface mode, only 

drag, modelled with a large interface closure, and sur-

face tension remain active. This is achieved by cou-

pling the native volume fraction based blending func-

tion already implemented in OpenFOAM with the Cα 

field. The GEMMA drag force closure for the entire 

range of regimes has the following form: 

𝑭𝑑 = [1 − (1 − 𝐶𝛼)𝑓𝑔𝑙 − (1 − 𝐶𝛼)𝑓𝑙𝑔]𝑭𝑑,𝐿𝐼 

+(1 − 𝐶𝛼)𝑓𝑔𝑙𝑭𝑑,𝑔𝑙 + (1 − 𝐶𝛼)𝑓𝑙𝑔𝑭𝑑,𝑙𝑔 
(6) 

In the previous equation, Fd,LI is the large interface 

drag closure, which provides the drag force when Cα 

= 1. Fd,gl and Fd,lg are the drag closures for gas in liquid 

and liquid in gas, and fgl and flg the OpenFOAM native 

blending functions, with linear and hyperbolic options 



 

 

available. For lift, wall lubrication, turbulent disper-

sion and virtual mass the formulation is similar, except 

that they are equal to zero in the large interface mode. 

Surface tension, instead, is active only with large in-

terfaces: 

𝑭𝑠𝑡 = 𝐶𝛼𝑭𝑠𝑡,𝐿𝐼 (7) 

Information on the specific closures used for each 

case test below is provided in the results section. Alt-

hough limited here to interface momentum transfer, 

the updated GEMMA blending method is already ap-

plicable with no restrictions to any interfacial closure.  

When required, turbulence is modelled using a 

mixture k- model (Behzadi et al., 2004), to avoid the 

numerical instabilities related to resolving a specific 

phase turbulence in regions where its volume fraction 

is negligible. In the mixture dissipation m equation, a 

specific dissipation source is included, to avoid un-

physical turbulence kinetic energy values near large 

interfaces. The model is taken from Frederix et al. 

(2018) and adapted to the mixture formulation: 

𝑆𝜀,𝑚 = 𝐶𝛼 [ ∑ 𝐶2𝛼𝑘𝜌𝑘 (
𝜈𝑘

𝛿2
)

2

𝑘𝑘

𝑘=𝑙,𝑔

] (8) 

In Eq. (8), νk is the kinematic viscosity of phase k 

and δ a parameter equal to 10-4. 

 

3 Results and discussion 

A first validation of the model was made against 

the case of a bubble rising in a stagnant liquid, often 

used in the validation of multiphase models given the 

availability of benchmark solutions from three differ-

ent interface capturing codes (Hysing et al., 2009). 

The setup is a two-dimensional 1  2 m (width  

height) liquid domain, where a 0.5 m bubble is sus-

pended 0.5 m above the bottom of the liquid at the be-

ginning of the simulation. Fluid properties and com-

putational settings were taken from Hysing et al. 

(2009). The Eötvös and Morton number are 9.0 and 6 

 10-4, which correspond to bubbles of ellipsoidal 

shape in the well-known Grace diagram (Grace et al., 

1976). The simulation was run for ~ 3 s, with a time-

step size adjusted to maintain the Courant number be-

low 0.25. In this assessment, we are interested in the 

capability of GEMMA to identify the interface of the 

bubble and maintain a sharp interface while it rises to-

wards the top of the tank. For this reason, only the drag 

and the surface tension are considered in the momen-

tum interfacial closure. The drag models of Marschall 

(2011) and Ishii and Zuber (1979) are employed in the 

large interface and dispersed model, and the surface 

tension is modelled following De Santis et al. (2021) 

and it is active only with large interfaces. 

In Figure 1, snapshots of the rising bubble at 0.0, 

1.5 and 3.0 s are provided. The first and the third im-

ages display the gas volume fraction, showing how the 

bubble, which is spherical at the start, rises and as-

sumes an ellipsoidal shape, a result of the correct mod-

elling of the interfacial forces involved. At 1.5 s, in-

stead, the Cα field is displayed. This shows how the 

large interface is properly detected by GEMMA, al-

lowing the interface to remain sharp in the simulation. 

Also in Figure 1, the bubble average velocity as a 

function of time is displayed. GEMMA agrees well 

against the benchmark solution and the volume of 

fluid method, except for a slight underprediction of the 

rising velocity in the first second, probably as a con-

sequence of an overestimated interfacial drag. 

The second test is a laminar stratified flow in a hor-

izontal channel of 0.02 m height. The two dimensional 

channel is 0.04 m long and it is modelled with an im-

posed pressure gradient, no-slip walls on top and bot-

tom and zero gradient conditions at the inlet and out-

let. The flow is initialized as stratified with the inter-

face in the middle of the channel. The two fluids have 

the same density but different viscosity, equal to 1.85 

 10-5 for the fluid on the bottom and 5  10-4 for the 

fluid on the top.

 

 

Figure 1: Simulation of the rising bubble test case from Hysing et al. (2009). On the left, the void fraction, 

and the Cα fields are shown. On the right, the bubble rising velocity is compared against Hysing et al. (2009) and 

an interFoam simulation (from Mathur et al. (2019)).



 

 

 

Figure 2: Velocity profile for a laminar stratified 

flow with two fluids with the same density but 

different viscosities compared against an analytical 

solution. 

 

The behaviour of the multiphase flow is effectively 

governed by the interfacial drag. Therefore, as in the 

previous case, only dispersed and large interface drag 

and the surface tension are modelled. An analytical so-

lution is available for this case, which has been used 

by other authors for the validation of their hybrid mul-

tifluid approaches (Marschall, 2011; Mathur et al., 

2019). In Figure 2, the vertical velocity profile taken 

in the middle of the channel is shown. The velocity 

profile in both fluids is well predicted, as is the veloc-

ity difference at the interface. The latter is a clear in-

dication of a correct prediction of the drag in the re-

gion of the large interface.  

The previous two cases were focused on assessing 

the behaviour of GEMMA in the large interface re-

gime. Now, instead, the model operation in a dispersed 

flow is assessed by simulating a turbulent upward bub-

bly flow in vertical pipe. The test is taken from the air-

water experiments of Hosokawa and Tomiyama 

(2009) in a 25 mm inner diameter pipe. Specifically, 

the experiment at liquid superficial velocity jl = 1.0 

ms-1 and gas superficial velocity jg = 0.036 ms-1 is se-

lected. The bubble diameter is fixed in the entire do-

main at 3.66 mm, equal to the average bubble diameter 

measured in the experiment. The void fraction is 

0.033, positioning the case in the low-void, dispersed 

bubbly flow regime. The computational domain corre-

sponds to a quarter section of the pipe, with no-slip 

imposed at the wall, uniform velocity and void frac-

tion fixed at the inlet and pressure fixed in the outlet 

section. On the lateral sides, symmetry boundary con-

dition is imposed. 

In this pipe flow, the model is expected to operate 

in the dispersed regime, and the full interfacial mo-

mentum closure framework is necessary to correctly 

predict the behaviour of the bubble. Drag (Ishii and 

Zuber, 1979), lift (Tomiyama et al., 2002), wall (Antal 

et al., 1991) and turbulent dispersion force (Burns et 

al., 2004) are all considered in the dispersed regime. If 

large interfaces were to be detected, large interface 

drag and surface tension will be activated to model the 

dynamic interaction at the interface.  

The air distribution inside the pipe, and a radial 

profile of the void fraction compared against experi-

mental measurements are displayed in Figure 3. The 

void distribution shows the characteristic wall-peaked 

profiles where bubbles, which have a close to spheri-

cal shape, are pushed toward the wall by the lift force. 

Hydrodynamic effects at the wall then prevent the 

bubbles from moving closer, causing the peak ob-

served in the experiment. GEMMA results demon-

strate that the model operates in the dispersed regime. 

While the main features of the void accumulation and 

the peak value reached are in good agreement with the 

experiments, the shape of the peak is not reproduced, 

probably as a consequence of a too weak wall force. 

 

 

 

Figure 3: Simulation results of a bubbly vertical pipe flow experiment from Hosokawa and Tomiyama (2009) 

(Case 4). Void fraction field (left) and comparison against experimental data for the radial void profile (right). 



 

 

 

Figure 4: Mixture velocity (left) and turbulence kinetic energy (right) as a function of the height in the chan-

nel with and without interface turbulence suppression. 

 

Although the accuracy of the model could have been 

further improved by a different selection of the interfa-

cial force closures, this was outside the scope of the pre-

sent work which was instead focused on the applicabil-

ity of the GEMMA solver across multiple flow regimes.  

Finally, the model is applied to a co-current stratified 

flow of air and water in the rectangular channel studied 

by Fabre et al. (1987). A 10  0.1 m two dimensional 

model of the channel is set up, with results recorded at 

9.1 m from the inlet as in the experiment. In the experi-

ment, water and air are injected with volumetric flow 

rates 3.0 ls-1 for the water and 45.4 ls-1 for the air and a 

smooth stratification was observed without any entrain-

ment reported. In the simulation, the liquid level is fixed 

at the inlet equal to the measured value of 0.038 m, and 

uniform velocities of water and air are imposed to match 

the flow rates in the experiment. The no-slip condition 

is imposed on the upper and lower wall and pressure is 

instead fixed on the outlet section. After a sensitivity 

study, a 3000  60 node computational grid was found 

sufficient to obtain grid independent solutions. Given 

that a stratified flow is expected, only drag and surface 

tension are again considered, while lift, wall and turbu-

lent dispersion forces are neglected. The turbulence is 

modelled with a mixture k- model, with the specific 

source of dissipation in Eq. (8) included. 

A stable, stratified flow was also achieved in the 

simulation, with only minor observed perturbations of 

the large interface, which was correctly detected by the 

model, causing the activation of the large interface re-

gime. In view of this, results were averaged over 30 s 

for comparison against experiments. Mean velocity and 

turbulence kinetic energy profiles along the channel 

height are displayed in Figure 4. Agreement with exper-

iment is obtained only by including suppression of the 

turbulence at the interface, in the absence of which tur-

bulence is largely overestimated. The high level of tur-

bulence, which corresponds a very high value of turbu-

lent viscosity, introduces excessive resistance to the 

flow in the interfacial region, forcing the gas to favour 

the upper portion of the channel, where a pronounced 

peak is displayed near the upper wall. Instead, with tur-

bulence suppression, the correct parabolic profile is re-

covered and results are in good agreement with experi-

ments. In the plot, the mixture velocity is shown, which 

corresponds to the gas velocity over the interface, and to 

the liquid velocity under the interface. The same is true 

for the turbulence kinetic energy, which is also in very 

good agreement with experiments in the bulk of the flow 

when suppression is included. The discrepancies still 

present near the interface, where turbulence is still 

slightly overpredicted on the gas side and shows a near 

zero value on the liquid side, is worth further investiga-

tion. 

 

4 Conclusions 

The generalized multifluid model GEMMA has been 

developed and implemented in conjunction with the 

multifluid reactingMultiphaseEulerFoam solver. Inter-

face sharpening inside the multifluid framework is 

achieved by means of an interface compression algo-

rithm that is dynamically activated locally in the pres-

ence of large interfaces. The model was successfully 

validated against test cases where a sharp interface 

needs to be maintained such as a rising bubble and a 

laminar stratified flow. Comparison against a bubbly 

pipe flow demonstrated the capabilities of the model in 

the dispersed regime, where compression is not acti-

vated and a dispersed set of interfacial closures is used. 

A more complex turbulence stratified flow is also well-

predicted, when turbulence suppression in the interface 

region is included in the turbulence model. More com-

plex applications including liquid-liquid extraction pro-

cesses are the subject of a companion paper at this con-

ference. 
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Abstract 

Intensified liquid-liquid extraction is a separation 

process found in several applications in different in-

dustries including nuclear power generation, metal-

lurgy and biotechnology. The multiphase hydrody-

namic behaviour typical of intensified liquid-liquid 

extraction processes often exhibits a broad range of 

interfacial scales, ranging from small droplets em-

bedded in a continuous phase to large interfaces ob-

served in the segregated flow regions. This precludes 

the application of standard off-the-shelf multiphase 

modelling approaches, which rely on the assumption 

of either dispersed or segregated flow regimes in the 

entire computational domain, for the simulation of 

such flows. A novel GEeneralized Multifluid Model-

ling Approach (GEMMA) has been developed and 

validated to allow for the simulation of such mul-

tiscale multiphase flows. In this work this approach 

is applied to the simulation of the hydrodynamic be-

haviour for acetone absorption in a rotating disc col-

umn. It is shown that the modelling approach can ac-

curately predict key hydrodynamic parameters such 

as organic phase hold-up and mean Sauter diameter. 

In addition, the GEMMA approach allows for an ad-

equate representation of both the finely dispersed 

flow observed in the active part of the column and of 

the large segregated interface present in the top sep-

arator. It is concluded that the proposed approach 

represents a promising tool for the simulation of 

complex multiscale multiphase flows such as those 

observed in intensified liquid-liquid extraction pro-

cesses. 

 

1 Introduction 

Liquid-liquid extraction is a separation process 

found in several applications in different industries 

including nuclear power generation, metallurgy and 

biotechnology (Hanson (2015)). Regardless of the 

specific application, high extraction efficiencies and 

low residence times are generally desirable proper-

ties. These can be attained in intensified extraction, 

which is enabled by devices such as extraction col-

umns and annular centrifugal contactors (ACCs) 

(Hanson (2015); Vedantam and Joshi (2006)). On the 

other hand, there is a general lack of understanding 

of the local hydrodynamics observed during the op-

eration of these devices. In this context, computa-

tional fluid dynamics (CFD) has the potential to pro-

vide valuable insights into the hydrodynamic behav-

iour of intensified liquid-liquid extraction processes. 

However, the complexity of the flow features ob-

served in these processes poses significant chal-

lenges to standard CFD approaches (Vedantam et al 

(2012); De Santis et al (2021a)). 

With respect to the modelling of multiphase 

flows, standard approaches can be generally divided 

in two main categories: interfacial-scale averaging 

and interfacial-scale resolving approaches (Prosper-

etti and Tryggvason (2007); Marschall (2011)). The 

former, which leads to so-called multifluid models, 

is particularly appropriate for simulating flows char-

acterised by a fine dispersion of droplet or bubbles 

(representing the dispersed phase) embedded in a 

continuous phase. The interface is not resolved ex-

plicitly and therefore suitable closures are needed for 

the interfacial exchange of mass, momentum and en-

ergy. The interfacial-scale resolving approach in-

cludes both Lagrangian interface-tracking models 

and interface-capturing (e.g. volume of fluid (VoF), 

level set) models. In this case, the numerical grid has 

to be refined enough to allow for an adequate resolu-

tion of the interface morphology, which hinders the 

applicability of this approach to finely dispersed 

flows. However, both regimes are present at the same 

time in most “real-life” multiphase problems, and 

specifically in intensified liquid-liquid extraction 

processes; as such, standard off-the-shelf multiphase 

modelling approaches are ill-suited for the simula-

tion of such flows. Therefore, there is a need for a 

generalised multiscale modelling approach capable 

of dealing with the coexistence of a broad range of 

interfacial scales within the same computational do-

main. 

In response to this, we have recently developed a 

GEneralized Multifluid Modelling Approach 

(GEMMA) which allows for the simulation of mul-

tiscale multiphase flows by introducing interface res-

olution capabilities on top of a standard multifluid 

framework; it has been shown (De Santis et al 

(2021b)) that the proposed approach results in an ac-

curacy comparable to interface-resolving methods in 



 

 

the segregate/large-interface regime, whilst a stand-

ard multifluid behaviour is recovered in dis-

persed/small-interface flows. Further, application to 

the simulation of a plunging water jet demonstrated 

the capability of the approach to handle the presence 

of a broad range of interfacial scales within the com-

putational domain. Subsequently, it has been demon-

strated that the GEMMA approach coupled with a re-

duced population balance model can provide an ac-

curate representation of the hydrodynamic features 

of the multiphase flow observed in ACCs (De Santis 

et al (2021a)). 

This work presents the application of the 

GEMMA approach to predict the hydrodynamic be-

haviour of the multiphase flow observed in a Rotat-

ing Disc Column (RDC); the considered conditions 

within the column mimic the experimental investiga-

tion of Garthe (2006). The experimental data is also 

used to validate the numerical results. 

The paper is organised as follows: an overview of 

the formulation of the model is provided in Section 2 

and details of the numerical set-up used for the CFD 

simulation are given in Section 3; the numerical re-

sults are discussed in Section 4 and conclusions and 

future work are presented in Section 5. 

 

2 Mathematical formulation 

The GEMMA approach is built on top of a mul-

tifluid framework provided by the native reacting-

MuliphaseEulerFoam solver in OpenFOAM v7.0 

(The OpenFOAM Foundation (2019)). reactingMulti-

phaseEulerFoam is a  multifluid solver for systems of 

n compressible phases including interphase momen-

tum, energy and mass transfer capabilities. The solver 

can also be coupled with an inhomogeneous popula-

tion balance model (Krepper (2008)).  

The GEMMA formulation is described in detail in 

(De Santis et al (2021b)), and only a short overview 

is provided here for the sake of brevity. The approach 

relies on the introduction of an ad-hoc multifluid for-

mulation suitable for large interfacial scales. A binary 

scalar field 𝐶𝛼, depending on the local flow conditions 

and mesh size, is used to select the most appropriate 

local formulation for the model. In the cells where 

𝐶𝛼 = 1 the local mesh size allows for an adequate res-

olution of the interfacial scales, and the aforemen-

tioned multifluid formulation for large interfacial 

scales is employed; in the other cells 𝐶𝛼 = 0, and a 

standard multifluid formulation suitable for small/dis-

persed interfacial scales provided by reactingMulti-

phaseEulerFoam is recovered.  

The switch logic is based on the definition of an 

interface resolution quality (IRQ) index, which quan-

tifies the capability of the mesh size to resolve the lo-

cal interface curvature (De Santis et al (2021b); Anez 

et al (2016)); the IRQ is defined as: 

𝐼𝑅𝑄 =
2

∆𝜅
 (1) 

where ∆ is the local mesh size and 𝜅 is the local inter-

face curvature evaluated as: 

𝜅 = −∇ ∙ (
∇𝛼

|∇𝛼|
) (2) 

𝐶𝛼 is then set equal to one in the cells that satisfy the 

condition: 

𝐼𝑅𝑄 ≥ 𝐼𝑅𝑄𝑐𝑟𝑖𝑡 (3) 

where 𝐼𝑅𝑄𝑐𝑟𝑖𝑡 is a user-defined threshold that allows 

control on the minimum resolution of the interface 

needed to activate the large-interface formulation. An 

additional control based on the local value of the vol-

ume fraction is included in the switch logic to ensure 

that 𝐶𝛼 is zero in the cells containing pure phases (De 

Santis et al (2021b)). Also, for the cases in which the 

local dispersed phase diameter 𝑑 is known (for in-

stance, from the solution of a population balance equa-

tion), an additional check is performed and the switch 

is activated only in the cells where the condition: 

𝑑 > Γ∆ (4) 

is met; in Equation (4), Γ is another user-defined pa-

rameter which allow control on the minimum resolu-

tion of the dispersed phase diameter required to acti-

vate the large-interface resolution.  

The large-scale multifluid formulation employed 

in the cells where 𝐶𝛼 is equal to one introduces three 

main features: 

• The introduction of a compression term to 

guarantee a sharp representation of the inter-

face in the large-interface cells, 

• The inclusion of suitable closures for interfa-

cial transfer model which are compatible 

with the local morphology of the interface; in 

particular, the drag model of Marschall 

(2011) is used to account for interfacial fric-

tion in cells where 𝐶𝛼 = 1, 
• The introduction of a multifluid-compatible 

formulation for the surface tension force. 

In addition, a reduced population balance formula-

tion is used to evaluate the local Sauter mean diameter 

of the organic phase in the present simulation. Simi-

larly to De Santis et al (2021a), the One-Primary-One-

Secondary-Particle-Method (Drumm et al (2010)) is 

used for this purpose, with the break-up and coales-

cence rates evaluated using the closures of Martinez-

Bazan et al (1999) and of Prince and Blanch (1990), 

respectively. It should be pointed out that the choice 

of a reduced population balance approach is linked to 

the need to reduce the computational cost of the simu-

lation, but the GEMMA approach is fully compatible 

with more complex population balance formulations. 

 

3 Numerical set-up 

The computational domain mimics the experi-

mental set-up of Garthe (2006), for which a schematic 

representation is provided in Figure 1. The RDC has a 

total height of 4400 mm and an active height of 2950 

mm, corresponding to 59 compartments; the compart-

ments are delimited by static baffles (not depicted in 

Figure 1) attached to the static external wall of the ac-

tive section of the column with a 50 mm spacing.  The 



 

 

shaft driving the rotating discs has a rotating speed of 

200 RPM.  

 

Figure 1: Schematic of the RDC. 

 

In the experiments the column is used for acetone 

absorption in a water/toluene/acetone system. Since 

the objective of the numerical simulation is to evaluate 

the hydrodynamic behaviour of the system, and the ac-

etone concentration was kept relatively small in the 

experiments, mass transfer is not accounted for in the 

simulation. The physical properties for the aqueous 

and the organic phases are taken from Garthe (2006). 

The computational domain makes use of the axial 

symmetry of the rig (with the exclusion of the inlet and 

outlet pipes), and consists of a 5-degree wedge with 

rotational periodicity imposed on the front and back 

boundaries of the domain. This numerical set-up has 

the advantage of reducing the computational cost with 

respect to the simulation of the full geometry of the 

column; at the same time, the computational domain 

could be readily modified for the use of a larger angle 

for the wedge if deemed necessary in future work, 

without the need to modify the numerical set-up. 

The numerical grid consists of unstructured hexa-

hedral cells with a characteristic size of 2 and 0.8 mm 

in the bulk and at the walls, respectively, for a total 

cell count approximately equal to 120,000. 

Dirichlet conditions enforcing flow rates con-

sistent with the experimental set-up (i.e. volumetric 

flow rates of 40 and 48 l/h for the aqueous and the or-

ganic phase, respectively)  are used for the velocity at 

the heavy phase inlet and outlet, and at the light phase 

inlet, whilst a Neumann condition is used for the light 

phase outlet; a no-slip condition is used for the veloc-

ity at the walls and moving wall conditions are used to 

account for the rotation of the shaft and of the rotating 

discs. For the operating pressure, Neumann conditions 

are used on all the boundaries but the light outlet, 

where a Dirichlet condition on the total pressure is en-

forced. For the reduced population balance method, a 

Dirichlet condition corresponding to a mean Sauter di-

ameter of 3 mm is imposed at the light phase inlet for 

the number density, whilst a zero-gradient condition is 

used on the other boundaries. 

The simulation has been performed using the 

open-source code OpenFOAM v7.0; the convective 

terms in all the transport equations have been discre-

tised using a second-order total variation diminishing 

(TVD) scheme, whilst the time-derivative terms have 

been discretised using a first-order Eulerian scheme; 

the MULtidimensional limiter for Explicit Solution 

(MULES) is used to guarantee the boundedness of the 

volume fraction solution (Berberovic et al (2009)). 

 The time-step size is selected to guarantee a max-

imum Courant number value less than or equal to 0.5. 

The simulation has been run for 200 s of physical time 

to reach a statistically steady state plus an additional 

400 seconds to collect statistics. 

Both phases are considered to be turbulent and a 

large eddy simulation (LES) has been used to account 

for turbulence effects, with a dynamic Smagorisnky 

model (Smagorinsky (1963); Verma and Mahesh 

(2012)) for the subgrid stresses and a wall-function ap-

proach (Launder and Spalding (1974)) used to relax 

near-wall mesh requirements. 

 

4 Results and discussion 

Figure 2 shows the time-averaged organic phase 

volume fraction in the central compartments (i.e. com-

partments #29 and #30) of the RDC. 

 

 
 

Figure 2: Time-averaged organic phase volume 

fraction in the central compartments. 

 

Consistently with what has been observed in other 

CFD investigations of RDCs (Drumm et al, (2010); 

Attarakih et al (2015)), it can be seen that the organic 

phase tends to accumulate beneath the discs and the 



 

 

stator baffles, forming pockets in those regions. How-

ever, this accumulation is due to a large number of 

droplets, and therefore there is not a defined large-

scale interface between these organic phase pockets 

and the surrounding aqueous phase. At the same time, 

it is observed that the organic phase also establishes a 

S-shaped path (although with a low volume fraction 

value compared to the pockets under the baffles) be-

tween the discs and the static baffles. 

The time averaged velocity magnitude contours for 

the two phases in the central compartments, together 

with the corresponding velocity vectors, are depicted 

in Figure 3. The upward S-shaped motion of the or-

ganic phase highlighted in Figure 2 is evident from the 

velocity vectors; the heavy phase velocity field, on the 

other hand, is dominated by the presence of two large 

counter-rotating vortices in each compartment, and no 

evident downward motion is visible. 

 

 

Figure 3: Time-averaged velocity magnitude for the 

organic (left) and the aqueous (right) phases with 

superimposed corresponding velocity vectors in the 

central compartments. 

 

The benefit of using a generalized approach such 

as GEMMA in the simulation of this case is high-

lighted in Figure 4, showing the resolution of the large 

interface found in the top separator of the column. It 

can be seen that the approach is capable of detecting 

the large interfacial scales associated with this feature, 

which results in the activation of the 𝐶𝛼 switch at the 

interface. This, in turn, allows for a “sharp” represen-

tation of the interface, without any significant numer-

ical diffusion that is typical of the standard “dis-

persed” multifluid formulation when resolving large 

segregated interfaces. 

 

 

Figure 4: Instantaneous organic phase volume 

fraction (left) and 𝑪𝜶 switch (right) contours at the 

top separator of the column. 

 

Finally, the compartment-averaged light phase 

hold-up and Sauter mean diameter obtained from the 

simulation are compared with the experimental meas-

urements of Garthe (2006) in Figure 5 and Figure 6, 

respectively. The simulated organic phase hold-up in 

the active section of the column is roughly constant, 

with an average value of 0.067 which is in a good 

agreement with the experimental observations. For the 

Sauter mean diameter, the numerical results tend to 

overpredict its value slightly along the column com-

pared to the experimental measurements. Experi-

mental error ranges were not reported, but the average 

variance with respect to the experiments data points 

appears to be relatively small. In this respect, it should 

be pointed out that no efforts were mode to optimize 

the break-up and coalescence kernels used in the re-

duced population balance to improve the agreement 

with the experimental data. 

 

 

Figure 5: Compartment-averaged organic phase 

hold-up along the active section of the column axis: 

numerical results and experimental measurements. 

 



 

 

 

Figure 6: Compartment-averaged organic phase 

Sauter mean diameter along the active section of the 

column axis: numerical results and experimental 

measurements. 

 

Both hold-up and Sauter mean diameter are key 

hydrodynamic parameters for the prediction of the 

mass transfer performance of the device; therefore, the 

accurate results obtained with GEMMA are seen as an 

encouraging first step for the prediction of mass trans-

fer within the column. 

 

5 Conclusions 

A novel GEneralized Multifluid Modelling Ap-

proach (GEMMA) suitable for the prediction of mul-

tiscale multiphase flow has been applied to the simu-

lation of the hydrodynamic behaviour of a rotating 

disc column used for acetone absorption. A compari-

son with experimental measurements has shown that 

the proposed approach is capable of providing an ac-

curate representation of the complex multiscale flow 

found within the device; this is regarded as key for the 

prediction of the mass transfer performance of the col-

umn. Further, it has been shown that the GEMMA ap-

proach can adapt to the local interfacial scales, with 

the large segregated interface observed in the top sep-

arator of the column being correctly identified and re-

solved using the large-interface formulation of the 

model. It is concluded that the proposed approach rep-

resents a promising tool for the simulation of complex 

multiscale multiphase flows such as those encountered 

in liquid-liquid extraction; future activities will in-

clude further model assessment and the inclusion of 

local predictive capabilities for concentration-driven 

mass transfer within the GEMMA framework. 
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Abstract
Multi-element wing tips based on bird wings

appear attractive in soaring flight, where a minimal
sink velocity is the design goal. The present study
aims to reproduce the soaring flight observed from
white storks (ciconia ciconia) in order to understand
the flow physics leading to their wing design. RANS
and hybrid RANS-LES computations have been
performed in order to investigate the wing efficiency
in soaring flight. The flow field has been analyzed in
detail to understand the underlying flow physics and
to point out the relevant phenomena, which contribute
to the observed aerodynamic properties.

1 Introduction
In a recent experimental study of free flying white

storks (ciconia ciconia) by Eder et al. (2015) an
excellent aerodynamic performance of these birds
in soaring flight has been found tracking their flight
path. This is mostly attributed to the reduction of
induced drag by a sophisticated system of cascaded
primary feathers along the wing tip. The mechanism
of cascaded wing tips in general has been researched
and described for example by Tucker (1993) who
concludes that the gain in efficiency results from
exposing the primary feathers to the upwash from
the main wing. Multi-element wing tips have been
subject to several research projects. Even though they
appear rather complex in design and manufacturing
they promise an improvement in efficiency.
Since in the work by Eder et al. (2015) free flying
storks have been tracked by an infrared laser detection,
no actual flow field data are available from the soaring
stork’s wing. The present study aims to reveal a closer
look to the complex flow field featuring separation
and re-attachment phenomena and interacting vortices
using CFD simulations. Flight path data by Eder et al.
(2015) are used for validation purposes.
The flow features low Reynolds numbers of
Re = 230000 for the wing down to Re = 20000 for
the primary feathers. These conditions are challenging
for the turbulence modeling. Effects like laminar
separation and transition within the attached wall
boundary layer as well as above separated zones need

Figure 1: Wing geometry with cascade of primary
feathers.

to be considered. However, the application still would
require too much effort to perform DNS. Therefore
RANS has been selected to perform simulations
of a wide series of angles of attack together with
hybrid RANS-LES for one selected angle of attack for
comparison.

2 Setup and Modeling
The present study is focused only on the wing, the

stork’s torso has not been considered since despite its
contribution to overall lift and drag it is not involved
in the flow patterns around the wing tip. Figure 1
shows the geometry featuring one side of the wing
which is bounded by a symmetry plane in the middle
plane of the bird. The half-span is b = 1.021m.
On the tip a cascade of nine primary feathers is
attached. As a simplification compared to the model
from nature all geometry is non-permeable and has a
smooth surface. In order to design and arrange the tip
feathers, computations with a vortex lattice method
have been performed with manual iterations towards
the best performance. The computational domain is
bounded by a farfield which is located 50 times the
half-span around the wing.



Figure 2: Numerical mesh for the RANS case. Entire
wing (top), leading edge at symmetry plane (middle)
and tip of second primary feather (bottom).

To cover a large range of the angle of attack, RANS
simulations have been performed using Fluent. Since
the Mach number is nearly zero and no compress-
ibility effects need to be expected, the formulation of
the Navier-Stokes equations is incompressible with
SIMPLE pressure coupling. The flow field features
significant laminar regions as well as transition to
turbulence. Therefore, the SST turbulence model
by Menter (1994) together with the γ-Reθ transition
model from Langtry and Menter (2009) has been
selected. Curvature corrections according to Smirnov
and Menter (2008) have been applied for improve-
ments in the prediction of tip vortices. Discretization
has been selected second order accurate upwind.
Hybrid RANS-LES has been applied for a selected
case with angle of attack α = 7◦, where the best sink
rate has been found from RANS. The simulation has
been performed in OpenFOAM. The hybrid model is
the SST-based DDES model according to Spalart et al.
(2006). As shown in previous work by Tangermann
and Klein (2021), it also has been supplemented
with a transition detection, which suppresses the
model from being active in laminar boundary layers.
Otherwise laminar separation would not be predicted.
Figure 2 shows the mesh for the RANS case. It is
an unstructured mesh based on tetrahedra with prism
layers around the surface. Edges with smaller radii
have been resolved using quadrilateral faces. The
primaries are resolved finer than the main wing to
allow for capturing more details of the flow through
the cascade. As result from a mesh convergence study
it features a total number of 9.35 million cells. The
DES mesh follows a very similar structure. Based on

estimates for the turbulence length scale from RANS
it features a finer resolution resulting in a total of 47.5
million cells.

3 Results and Discussion
The RANS simulations cover a range of α = −8◦

to α = 15◦ for the angle of attack reaching from be-
low zero lift up to full stall. In Figure 3 all computed
cases are indicated with gray crosses. Two ranges are
resolved very fine. They reach around the states of
best glide efficiency (α = 4.1◦) and lowest sink rate
(α = 7.0◦). However, for best glide the actual stork
would shift the wings to a slightly lower aspect ratio
and re-arrange the primary feathers as described by
Eder et al. (2015). Therefore, this case is less relevant
in the present observations and mostly reviewed for
the sake of completeness. The curve in Figure 3 shows
the best glide ratio of Cl/Cd = 13.467. This is further
supported by Figure 4 showing the drag polar over
the entire investigated range. Eder et al. (2015) even
conclude a maximal value of Cl/Cd = 15 from their
measurements of free flying storks. The DES, which
has been performed for the best sink rate condition,
predicts a slightly better mean glide efficiency than
the RANS at this state, for which the reasons will
be discussed below. Further, DES also shows strong
variations with the time due to changes in the flow
separation. This impact is indicated in the plots by
showing bars with the range of 67% confidence from
all recorded samples.

Figure 5 showing the sink rate over angle of attack
gives an impression of the speed range, in which good
sink performance can be achieved. It is notable that
even though a clear minimum occurs for α = 7◦ a
wide range of α offers low sink rates. Obviously, the
design allows a good amount of flexibility to choose
the angle of attack during soaring without too much
sensitivity for the resulting sink speed. The optimal
sink speed from the RANS computations at α = 7◦

results in Vs = 0.7007m/s but all values between
6◦ ≤ α ≤ 8◦ are below Vs < 0.71m/s.
As it might have been expected from the results for
glide efficiency, the DES predicts an even slightly
lower sink rate of Vs = 0.6534m/s. As mentioned
above, the DES predicts variations in time. In Figure 5
the range of 67% confidence for all samples is again
indicated by bars. It ranges more than 0.1m/s cov-
ering both the RANS value as well as the best value
found from regression of the measurements by Eder
et al. (2015), which is approximately Vs = 0.60m/s.
To come to a closer comparison with the measure-
ments, Figure 6 provides the speed polar plot. The
black line is a regression curve by Eder et al. from
measurements of storks in soaring wing configuration.
The RANS results are quite close with a qualitatively
good agreement but generally predict a higher sink
rate. The DES comes even closer with the range of
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Figure 3: Glide ratio over angle of attack. The gray
crosses indicate the cases computed with RANS. The
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the range of 67% confidence from temporal fluctua-
tion.

fluctuations also covering the measurement results.
There are several factors to explain why some devi-
ation from the measured data occurs. The geometry
based on photographs, bird wing sections from the
literature and vortex lattice optimization provides
some uncertainty, which is hard to quantify. However,
the present results indicate that it comes very close to
the actual geometry. But then the real life stork has
a lot more features, which have not been considered
in the present study. The feathers have a non-smooth
surface, which supposedly has an impact on the
near-wall turbulence behaviour and thereby on the
flow separation. Also the trailing edge of the wing
is not a straight line as in the model. Further, the
primary feathers are air-permeable as demonstrated
by Eder et al. (2011). This significantly changes
the flow separation behaviour on the primaries.
Elasticity of the primary feathers might be a factor but
presumably has been accounted for by the geometry
design coming close to the flying stork. However, the
stork also might actively achieve some flow control
by minimal movements.
As mentioned above, the DES predicts fluctuations of
the aerodynamic properties over time. The temporal
variations of glide efficiency as well as sink rate
in equilibrium gliding are shown in Figures 7 and
8, respectively. The characteristic time unit is the
time which it takes the freestream flow to pass the
wing depth. These variations are mostly attributed
to changes of separated patches on the inner wing
surface coming from laminar separation. It is very
unlikely that a real bird would encounter such strong
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Figure 4: Drag polar with indication of best glide an-
gle at α = 4.1◦.

variations of its wing aerodynamics. However, most
simplifications and neglects with respect to real
feathers and wings have an impact on near-wall flow,
in particular on flow separation. Thus, it can be
assumed that the fluctuations are mostly caused by the
model simplifications.
A closer look to the flow field is given by Figure 9
to 11 for the best sink condition at α = 7◦. The
streamline footprint on the wing surface in shown
in Figure 9 from both RANS and mean DES. The
most significant difference is the extension of sepa-
rated flow zones. RANS predicts an almost straight
separation line along the entire main wing. This is a
typical laminar separation forming a thin separation
bubble above which the transition to turbulent flow
occurs. Once the shear layer instabilities have broken
up into turbulence, the flow re-attaches forming a
turbulent boundary layer. In DES this is predicted
in a similar way but in the mean flow field only in
the inner third of the wing such a separation bubble
appears. Actually in the instantaneous flow field only
isolated spots of separated flow appear which are
traveling along the surface with the flow. Towards the
trailing edge the flow tends to separate stronger, hence
separated zones appear in the mean flow field. These
differences explain the deviation in the aerodynamic
predictions between RANS and DES.
The flow across the primary feather cascade does
not show such significant differences. All primary
feathers show flow separations. In all cases this is
laminar separation and does not lead to an airfoil stall.
The first to third feather are inclined slightly negative
and thereby show a separation on the lower side.
However, due to the interference between the feathers
they still provide positive lift. The first primary even
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Figure 5: Sink rate over angle of attack. The gray
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contributes a forward pointing net force.
A system of several vortices dominates the flow struc-
ture though the cascade. Figure 10 shows streamlines
above the surface for the outer part of the wing.
The streamlines indicate different vortical motion
orientation. The most intense vortices appear from
the feather tips. The first two primaries feature weak
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Figure 7: Variation of glide ratio over time predicted
by DES for α = 7◦.
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Figure 8: Variation of sink rate in equilibrium gliding
flight over time as predicted by DES for α = 7◦.

counter-clockwise rotating tip vortices indicating that
the pressure difference is reversed in the tip region.
However, they still provide an overall lift. The other
primaries show typical lift-induced tip vortices with
clockwise rotation.
Besides these obvious tip vortices two other vortex re-
gions appear in context with the feather cascade. The
inner one, labeled i in Figure 10, is very pronounced
and obvious in the streamline plot even though it is
the weaker one. It is rotating counter-clockwise and
towards the trailing edge it bends inbound. Thereby it
induces a trailing edge separation region.
The outer vortex, labeled o in the plot, hardly appears



Figure 9: Surface streamlines for α = 7◦ from RANS
(top) and mean DES (bottom). Surface colouring from
pressure coefficient. Orange zone indicate separated
flow.

Figure 10: Flow streamlines for α = 7◦ above the
outer wing from mean DES. Blue streamlines indicate
counter-clockwise and green clockwise vortex motion.
Orange surfaces mark flow separation.

in the streamline plot. The plot of Q isosurfaces in
Figure 11 gives a better impression of this vortex.
It results from the flow from the lower side passing
between the primary feathers. It can be considered
as the tip vortex from the main wing. However, by
passing between the primaries the flow first induces
lower pressure on the feather upper side and thereby
additional lift. The vortex which then is formed
does, however, not induce significant lower surface
pressure. In the surface streamlines in Figure 9 an out-
wards pointing pattern on feathers 7 and 8 originates
from this outer vortex, whereas an inwards pointing
pattern is related with the inner counter-rotating one.
The surface flow pattern in Figure 9 has shown only
minor differences between RANS and DES for the
flow along the primary feathers. Figure 11 shows
considerably stronger differences in this region.

Figure 11: Isosurfaces from Q-criterion for α = 7◦

from RANS (top) and DES (bottom) coloured by he-
licity. Blue and green indicate vortex turning as in Fig-
ure 10. Orange surface mark flow separation.

Qualitatively the distribution of vortices rotating
clockwise and counter-clockwise is very similar. But
the strength of the vortices is predicted differently.
Due to the viscous damping of the RANS model the
vortical structures from feather tips as well as those
further inwards appear weaker despite the rotational
correction being applied. Nevertheless, since these
vortices do not interact with downstream surfaces
and do not show a direct impact on the surface pres-
sure, the resulting aerodynamic predictions are similar.

4 Summary and Conclusions
By performing simulations of the flow around a

biomimetic wing, which has been designed according
to the wing of a white stork featuring a cascade
of primary feathers on its tip, flow features and
aerodynamic properties have been identified. The
aerodynamic performance of the wing is close to that
derived from tracking measurements on free flying
birds. The glide efficiency as well as the sink rate
from the measurement are slightly better than the
valued predicted from a series of RANS calculations.
In order to obtain a closer view to the flow field across
the feather cascade, hybrid RANS-LES computations
also have been performed. They reveal how the
flow from the lower side passes between the primary
feathers and generates additional lift before forming



a vortex. Another counter-rotating inner vortex
also has been identified. The impact of these two
vortices on the surface flow becomes obvious in the
surface streamlines. Further outwards the cascaded
configuration produces several weaker tip vortices in
spite of the single tip vortex one would achieve with a
single element wing tip.
Finally, a strong time-dependence of the aerodynamic
forces has been observed in the results from hybrid
RANS-LES. This behaviour appears undesirable
and unrealistic for an actual bird. Its occurrence is
supposed to be connected with some simplifications
and neglects in comparison with the real bird, where
effects like feather surface structure, permeability
and probably a certain amount of elasticity and shape
adaptation are counteracting these unsteady effects.
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Abstract

A new model for hybrid RANS-LES computations
based on the improved-delayed-detached eddy simula-
tion (IDDES) approach is proposed. The model com-
bines the Explicit Algebraic Reynolds Stress model
for RANS and the Explicit Algebraic sub-grid scale
stress model. Several tests using the present model
have been conducted for a turbulent plane channel
flow, periodic hill and 3-D diffuser flow adopting the
general-purpose finite-volume code OpenFOAM. For
each geometry two different Reynolds numbers are
investigated. For all the cases considered, hybrid
computations using the EARSM-IDDES model have
shown a good agreement with the established k − ω
SST-IDDES model, reasonably predicting first- and
second-order statistics. In 3-D diffuser flow, EARSM-
IDDES has shown a better agreement to DNS data in
the estimation of skin friction, especially at the inlet
duct.

1 Introduction

A new anisotropy-resolving hybrid RANS-LES
model is proposed, where Explicit Algebraic Reynolds
stress modelling [10] is applied to both RANS and
LES formulations. Introduced by Shur et al. [9],
IDDES methodology has an extended RANS-LES
switching function which enables wall-modelled LES
for sufficiently fine meshes. The novel EARSM-
IDDES is an extension of the k − ω SST ID-
DES [2], where the RANS modelling part of the
EARSM-IDDES allows for a reasonable estimation
of flows characterised by swirl, curvature and three-
dimensional effects.

2 Mathematical formulation

The 2-D formulation of the EARSM-IDDES is
non-linear and derived from the modelled transport
equations of modelled stress anisotropy. The expres-
sion for the modelled LES SGS stress tensor reads:

τij =
2

3
δijk + β1kS̃

∗
ij︸ ︷︷ ︸

eddy−viscosity

+β4k(S̃∗
ikΩ̃∗

kj − Ω̃∗
ikS̃

∗
kj)︸ ︷︷ ︸

anisotropy of
modelled stresses

.
(1)

where S̃∗
ij and Ω̃∗

ij are the resolved strain and rotations
rate tensors, respectively, normalized by the modelled
time scale τ∗. Differently from the Explicit Algebraic
SGS model where the SGS kinetic energy was esti-
mated by a dynamic procedure ([3],[6]) the LES part
of EARSM-IDDES employs the k−ω transport model
equations for the evaluation of subgrid-scale kinetic
energy k.

β1 and β4 are model coefficients depend on S̃ij
and Ω̃ij . The second term on the right-hand-side of
(1) is an eddy-viscosity term while the third non-linear
term aims to improve the modelling of τij in regions
of strong anisotropy.

The RANS stress tensor is modelled according to
[10] with the five-term 3D formulation. The blending
between LES and RANS stress is made by the use of
the f̃d blending function as defined in [2].

3 Results
The model is initially validated for turbulent chan-

nel flow on a computational domain of (Lx, Lz) =
(2π, π)δ, where δ is the channel half-height. Friction
Reynolds numbers of 934 and 5200 are considered,
where grid resolutions in wall units of (∆x+,∆z+) =
(98, 49) and (544, 272) are used, respectively, result-
ing in less than a half million grid points for all the
cases. The wall-normal resolution is set such that
y+ ∼ 1 at the first cell. The mean velocity profiles
are reasonably computed by EARSM-IDDES and the
k − ω SST IDDES, shown in figure 1 a) for Reτ ≈
5200. EARSM is found to substantially reduce the
RANS-LES transitional region, resulting in a substan-
tially larger amount of resolved turbulence near the
wall, see the relation between resolved and modelled
Reynolds shear stress in figure 1 b). We believe that
this can be of importance in mitigating the so called



grey-area problems resulting in a more rapid transition
to resolved turbulence in more complex cases.
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Figure 1: a) Inner-scaled mean velocity profile and b)
Reynolds shear stress along the wall-normal direc-
tion, at Reτ ≈ 5200, : k−ω SST-IDDES,
: EARSM-IDDES, : DNS. The turbulence
shear stress is divided into modelled (−−−) and
resolved (− · −) contributions.

In the second part of the study the EARSM-IDDES
methodology has been tested on a periodic hill flow
[4] at bulk Reynolds numbers of Reb = 10595 and
Reb = 37000. The wall-normal resolution is y+ ∼
1 at the first cell, while the average (∆x+,∆z+)
along the streamwise direction are about (40, 25) and
(120, 100), at Reb = 10595 and 37000 respectively.
The grids for both cases are very coarse with less than
half million grid points to be able to observe influence
of modelling. For both the Reynolds numbers, the skin
friction in figure 2 is reasonably predicted by both the
models. The separated region is found to be better cap-
tured by k − ω SST, while the EARSM gives a better
estimation of the reattachment. The streamlines plot,
shown in figure 3, shows that EARSM predicts a larger
extent of the separation bubble compared to k−ω SST.
Both the models are capable of capturing the essen-
tial Reynolds number dependency, but found to per-
form better for the highest Reynolds number with a
more pronounced separation between RANS and LES
regions.

In the third part of the study the EARSM-IDDES
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Figure 2: Skin friction coefficient in the streamwise direc-
tion at a) Reb = 10595 and b) Reb = 37000,

: k − ω SST-IDDES, : EARSM-IDDES,
: LES from Breuer et al. on a), LES with

EAM on b).

Figure 3: Streamlines plot with contours of the instanta-
neous velocity at Reb = 10595, EARSM-IDDES
(top) k − ω SST-IDDES (bottom)

is used to compute the flow on a 3-D diffuser config-
uration ([8], [1]). The incoming fully developed duct
flow including the corner vortices is critical for accu-
rate prediction of the 3D separation and is computed
in a periodic domain. As shown in figure 4, EARSM-
IDDES is able to properly capture the mean secondary
flow. Note that the magnitude of the instantaneous ve-



locity fluctuations is about ten times larger. Addition-
ally, the amplitude of the secondary motion is about
2% of the axial bulk velocity, and agrees reasonably
well with the values previously found in the 3-D dif-
fuser flow by Cherry et al. [1]. For the present study,
two different grids are used, a ”coarse” one of 1.4 and a
”fine” one of 2.8 million grid points. In figure 6 a) and
c) pressure coefficient at Reh = 10000 and Reh =
30000 is shown along the streamwise direction. For
both the resolutions, both the models give a simi-
lar prediction of the pressure coefficient at the lower
Reynolds number, while the EARSM-IDDES gives
a substantial improvement compared to k − ω SST-
IDDES using the ”fine” mesh at the higher Reynolds
number. At the lower Reynolds number the friction co-
efficient is better predicted by using EARSM-IDDES
and both the grids, the largest improvements are vis-
ible towards the inlet duct (see figure 6 b) . Look-
ing at the contours of the mean streamwise velocity
along vertical planes at different x-coordinates (figure
7), one can confirm that both the models lead to similar
results that reasonably agree to DNS data.

Figure 4: Time-averaged velocity vectors in the y-z plane
computed with EARSM-IDDES for Reh =
10000, colored with the mean spanwise velocity.
Colorplot of the instantaneous secondary velocity
magnitude in background.

Figure 5: Colorplot of the streamwise velocity along the
mid-span plane at Reh = 10000.

All the simulations described here are performed
by using the general-purpose code OpenFOAM, with
a second-order accurate spatial discretization. A
second-order backward time integration has been used
with a fixed timestep, corresponding to a Courant
number (CN = ub∆t/∆x) of 0.1. Artificial dissi-
pation resulting from the use of the Rhie and Chow
(R&C) interpolation is here minimized by manipu-
lating a scaling factor in the pressure correction step
of the standard pimpleFoam solver, details can be
found in [7].

4 Conclusions
A new formulation based on the explicit alge-

braic Reynolds stress model (EARSM) has been pro-
posed for IDDES formulations in both the RANS
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Figure 6: a,c) Pressure and b) friction coefficients along the
streamwise direction at a,b) Reh = 10000 and c)
30000. Lines and symbols in black refer to refer-
ence data ([8], [1]), red to EARSM-IDDES, blue
to k−ω SST-IDDES. Solid red and blue lines cor-
respond to fine mesh, dashed-dotted to coarse.

and LES parts. Simulations of a turbulent channel
flow at Reτ ≈ 950 and Reτ ≈ 5200 have shown
that the EARSM-IDDES implemented in OpenFOAM
give reasonable predictions of the mean quantities and
Reynolds stresses, comparable to the ones with the
k − ω SST-IDDES model. Due to the non-linear for-
mulation, the model was able to properly capture the
anisotropy close to the wall, resulting in a more correct
prediction of the wall-normal Reynolds stress compo-
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Figure 7: Contours of the mean streamwise velocity in the
y-z plane at a) x/h = 2.0, b) x/h = 5.0, c)
x/h = 15.0, at Reh = 10000. DNS values in
solid black line and contours in background. Solid
lines refer to fine resolution, dashed lines to coarse
resolution. Blue color refers to k−ω SST-IDDES,
red one to EARSM-IDDES.

nent. In periodic hill flow at Reb = 10595 and 37000,
the proposed model gives reasonable results, which are
comparable with the k−ω SST-IDDES. In 3-D diffuser
flow at Reh = 10000, EARSM-IDDES is able to pre-
dict more accurately the skin friction coefficient than
k − ω SST-IDDES, especially at the inlet duct.
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Abstract 

Rapid increase in urbanisation results in significantly 

higher air temperature in urban areas than its sur-

rounding rural areas as well as an increased rate of 

traffic. Thus, improving the urban thermal environ-

ment and air quality is of crucial importance. In this 

study, the effect of different forms of urban vegetation 

(such as green roofs, green walls and trees) on air tem-

perature and air quality is assessed using Computa-

tional Fluid Dynamics (CFD). Simulations are carried 

out for a case study, representing a selected area of the 

East Village of London Olympic Park. The CFD 

model is validated using wind tunnel data from the 

literature. A parametric study is conducted to assess 

the impact of some important factors for reduction of 

air temperature, pollution, and velocity at pedestrian 

level. These parameters include wind speed (8 and 

4 m/s at the reference height of 10 m), cooling inten-

sity of the vegetation (250 and 500 W m-3) and two 

cases where the streets have bottom heating of 2 °C 

and 10 °C. Pollution is simulated as a form of passive 

scalar with an emission rate of 100 ppb s-1, consider-

ing NO2 as the pollutant. In all cases, vegetation is 

found to reduce air velocity and temperature. How-

ever, the presence of vegetation in various forms alter 

the pattern of pollution dispersion differently. More 

specifically, the results indicate that planting trees 

(e.g. birch trees) close to the edge of buildings can de-

crease the air temperature by up to 2-3 °C. Increasing 

the cooling intensity of the vegetation from 250 to 500 

W m-3 results in significantly lower air temperature. 

Results also show that lower wind speeds result in 

higher concentration of pollutants at pedestrian level. 
1 Introduction 

The temperature rise in cities which is known as 

the Urban Heat Island (UHI) effect and increased rate 

of air pollution are phenomena caused by urbanisa-

tion and construction of high-rise buildings [1], [2]. 

These are inevitable changes and thus measures need 

to be taken to remove or at least mitigate these effects 

for people’s comfort.  

Various studies were conducted for mitigating the 

air temperature in urban cities. The common parame-

ters that have an impact on UHI and air pollutions in-

clude: planting vegetations, changing buildings design 

parameters (e.g. aspect ratio, roof shape, etc.), wind 

speed, wind direction and the amount of heat source, 

etc. Amongst the literature in this area, some remark-

able works have used CFD to assess the impact of 

these parameters on the thermal environment and pol-

lution dispersion. For instance,  Hankun [3] and Chen 

[4] considered a green wall on the surface of a building 

and evaluated the effect of vegetation on the thermal 

environment. Rizwan [5] assessed the effect of build-

ing aspect ratio and wind speed on air temperature. 

The effect of a dom-shaped roof on air quality has 

been investigated by Hosseini [6]. The comparison be-

tween the green wall and green roof for lowering the 

air pollution was investigated by Qin [7].  Rafael [8] 

assessed the impacts of green infrastructures on aero-

dynamic flow and air quality. Gomke et al. [9] evalu-

ated different arrangements of trees on pollution dis-

persion. Most of the investigations in this field consid-

ered different parameters on merely air temperature or 

air pollution. None of the works above have compre-

hensively evaluated the effects of different forms of 

vegetation (e.g. green roof, green wall and trees) on air 

temperature, pollution and air velocity to give an in-

sight into the effect of various forms of vegetation and 

assess the variation of parameters on all of them and 

check the pedestrian comfort, UHI and air quality. For 

instance, an optimized type of vegetation regarding 

the air temperature reduction might not be a feasible 

thing to do due to the increased rate of pollution which 

will cause pedestrian discomfort.  

In this study, the effect of green roofs, green walls 

and trees on air quality, air temperature and velocity 

are being compared. The vegetation are applied to a 

small part of the East Village of London Olympic 

Park. The CFD model is validated against the wind 

tunnel experiment of Uehara and simulation of Baik 

[10, 11]. 

2 Problem definitions and method 

The case study in this work is represented in Figure 2. 

Different forms of vegetation are applied on a small 

part of the East Village of the London Olympic Park. 

The Reynolds-averaged Navier-Stokes (RANS) equa-

tions with the standard k-ε turbulence model is used or 

he simulations. The details of the governing equations, 

boundary conditions and the computational mesh can 



 

 

be found [12]. In this study, all forms of vegetation, 

including green roofs, green walls and trees are mod-

elled as porous media. The green façade is separated 

from the air region. The source and sink terms in the 

equations of momentum, turbulent kinetic energy and 

turbulent energy dissipation are activated when the 

flow reaches the porous media zones according to 

equations 1-3 [13]: 
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(3) 

where CD is the drag coefficient and a is the leaf area 

density (LAD), |u| is the velocity magnitude, ui is the 

velocity component of direction i, βp is the  fraction of 

mean kinetic energy that is converted to wake turbu-

lence, βd is the coefficient that accounts for short-cir-

cuiting of eddy cascade and cε4 and cε5 are empirical 

coefficients The values of the constant parameters can 

be found in [12]. In the equations above, the 

source/sink terms applied to the porous media zones 

are boxed. 

The type of trees used in these simulations is birch 

trees which are a common type of trees in urban areas 

and in the UK. The tree stem is not considered in the 

modelling due to its small size and thickness. Only the 

tree crown is treated as a porous medium is elevated 

from the ground. Depending on the type of tree and its 

age, tree height, crown width and crown height would 

be different. The crown height and width for this tree 

are estimated from [14] as around 4.5 m width. Thus, 

in the CAD model, trees are elevated 6 m above the 

ground and the tree crown is shown as a rectangular 

cube with a height of 9 m. The distance of the trees to 

the edge of the buildings is 3.75m. Trees are shown as 

a long block in Figure 2 which represents that tree 

crowns are adjacent. Green roofs and green walls are 

modelled as a rectangular cube with the thickness of 1 

m as shown in Figure 2. Walls are only in front of the 

buildings in the south direction. The trees are also 

planted in front of the buildings. The green roofs how-

ever are applied to all buildings. The height of the tall-

est and shortest buildings are 100 and 32 m. Heat 

source from the sun affects the bottom temperature of 

the urban area [10] as the sun warms the earth’s sur-

face. The inlet air temperature is set at 20 °C. The 

cooling intensity of 250 W.m-3 is applied on vegetation 

per unit LAD. To add the effect of pollution on the 

CFD simulations, the source term is added to the vol-

ume of the geometry shown in equation 4 [15]. 
𝜕
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(4) 

where Ф is the concentration of pollutant and is de-

fined as a passive scalar and SФ is the pollutant source 

term with an emission rate of 100 ppb s-1 [16], [17]The 

emission source rate has the height of 1m and it is lo-

cated in the grey area (internal circle) around the 

buildings.  

The CFD model was validated using the work of 

Uehara and Baik [10], [11]The computational domain 

used for validation consists of 7 street canyons with 

the bottom heating of 2 °C, wind speed of 0.5 m/s,  and 

Richardson number of -0.27. The geometry of the val-

idation case study is shown Figure 1.  

 

 
Figure 1: Computational domain for the validation case 

with bottom heating and no vegetation 

 
Figure 2: Computational domain with green wall, green 

roof and trees 

 

3 Results and discussion 

The results of the validation case (Figure 2) with bot-

tom heating are shown in Figure 3. The variation of  

normalized temperature and velocity with height in the 

middle of the street canyon is in good agreement with 

the wind tunnel data of Uehara and the work of Baik 

[10, 11]. 

Contours of air temperature, pollutant concentration 

and velocity at the pedestrian level for the selected 

area of The East village are presented for different 

vegetation scenarios. Four scenarios were considered, 

corresponding to different parameter values: 

1. Bottom heating: 2 °C, cooling intensity: 250 W.m-

3, wind speed: 8 m/s at the reference height [10 m], 

Figure 4-Figure 6; 

2. Bottom heating: 10 °C, cooling intensity: 250 W. 

m-3, wind speed at the inlet: 8 m/s at the reference 

height [10 m], Figure 7-Figure 9; 

3. Bottom heating: 10 °C, cooling intensity: 500 W. 

m-3,  wind speed at the inlet: 8 m/s at the reference 

height [10 m], Figure 10-Figure 12; 

4. Bottom heating: 10 °C, cooling intensity: 250 W. 

m-3, wind speed at the inlet: 4 m/s at the reference 

height [10 m], Figure 13-Figure 15. 

 



 

 

 

a) Temperature 

 
b) Velocity 

Figure 3: Variation of normalized velocity and 

temperature with the height in the middle of target 

street canyon with bottom heating 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 4: Contours of air temperature at the 

pedestrian level (2 m), bottom heating: 2 °C, 

cooling intensity: 250 W.m-3, wind speed at 

the inlet: 8 m/s  
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 5: Contours of pollution dispersion at 

the pedestrian level (2 m), bottom heating: 

2°c, cooling intensity: 250 W.m-3, wind 

speed at the inlet: 8 m/s 

Velocity 

[m/s] 

 

  
a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 6: Contours of velocity at the 

pedestrian level (2 m), bottom heating: 2 °C, 

cooling intensity: 250 W.m-3, wind speed at 

the inlet: 8 m/s 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 7: Contours of air temperature at the 

pedestrian level (2 m), bottom heating: 10 

°C, cooling intensity: 250 W.m-3,  wind 

speed at the inlet: 8 m/s 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 8: Contours of pollution dispersion at 

the pedestrian level (2 m), bottom heating: 

10 °C, cooling intensity: 250 W.m-3,  wind 

speed at the inlet: 8 m/s 

Velocity 

[m/s] 

 

  
a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 9: Contours of velocity at the 

pedestrian level (2 m), bottom heating: 10 

°C, cooling intensity: 250 W.m-3, wind 

speed at the inlet: 8 m/s 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 10: :  Contours of air temperature at 

the pedestrian level (2 m), bottom heating: 

10 °C, cooling intensity: 500 W.m-3, wind 

speed at the inlet: 8 m/s 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 11: :  Contours of pollution 

dispersion at the pedestrian level (2 m), 

bottom heating: 10 °C, cooling intensity: 

500 W.m-3,  wind speed at the inlet: 8 m/s 

Velocity 

[m/s] 

 

  

a) No vegetation b) Green roof 

  

c) Green wall d) Tree 

Figure 12: Contours of velocity at the 

pedestrian level (2 m), bottom heating: 10 

°C, cooling intensity: 500 W.m-3, wind 

speed at the inlet: 8 m/s 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 13: Contours of air temperature at the 

pedestrian level (2 m), bottom heating: 10 

°C, cooling intensity: 250 W.m-3, wind 

speed at the inlet: 4 m/s 
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a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 14: Contours of pollution dispersion 

at the pedestrian level (2 m), bottom 

heating: 10 °C, cooling intensity: 250 W.m-

3, wind speed at the inlet: 4 m/s 

Velocity 

[m/s] 

   
a) No vegetation b) Green roof 

  
c) Green wall d) Tree 

Figure 15: Contours of velocity at the 

pedestrian level (2 m), bottom heating: 10 

°C, cooling intensity: 250 W.m-3, wind 

speed at the inlet: 4 m/s  

As it can be seen from all figures, air temperature is 

reduced using all forms of vegetation. However, using 

green roofs is not as effective as using green walls and 

trees for reduction of air temperature at the pedestrian 

level. However, the effect of the temperature gradient 

is more observable in the vicinity of the green roofs. 

Buildings 1 and 2 which are directly exposed to the 

wind, are 100 m high. From Figure 4b it can be seen 

that the air temperature inside area 3 is lower in the 

case of green roofs and green walls than in the case of 

trees. This is because the buildings around area 3 have 

height of 30 m and green roofs and green walls are 

used on all of them, whereas no trees are located in 

those areas. Figure 4c and Figure 4d show that the air 

temperature is decreased by 2 °C. Trees with more 

green volume are more effective than green walls and 

green roofs. By comparing Figure 4 and Figure 7 it is 

clear that increasing the bottom heating (due more 

heat from the sun), all forms of vegetation are less ef-

fective in decreasing air temperature. The difference 

between the scenario considered Figure 7 and Figure 

10 is that the cooling intensity of the latter is double 

that of the former. The reduction in air temperature us-

ing green roofs is not significant, but the case with 

trees and green walls show a more significant reduc-

tion, as the temperature is up to 2 °C lower in their 

proximity. In the scenarios presented in Figure 7 and 

Figure 13, the wind speed is respectively 8 and 4 m/s. 

The figures show that a lower wind speed results in a 

higher temperature gradient in the vegetated region, 

leading to a higher reduction of air temperature at pe-

destrian level. 

 

In this study, Presence of vegetation in the form of 

green roofs, green walls and trees changes the pollu-

tion dispersion’s patterns at the pedestrian level. Dif-

ferent forms of vegetation alter the mean flow and tur-

bulence in the vicinity of the buildings which can de-

teriorate or improve the pollution dispersion at the pe-

destrian level [18]–[20]. By comparing Figure 5 and 

Figure 8, it is observed that all vegetation layouts de-

creased the pollution dispersion. However, green roofs 

and green walls improved the air quality better than 

the trees. Increasing the cooling intensity and drag co-

efficient of vegetation did not affect the pollution pat-

terns significantly at the pedestrian level. This is ob-

servable by comparing Figure 8 and Figure 11. Green 

roofs are more effective in reduction of pollution in all 

scenarios. It is also found that decreasing the wind 

speed at the inlet results in increasing pollutant con-

centrations in all cases. This can be observed by com-

paring Figure 8 and Figure 14, for which the only dif-

ference is wind speed. Lower wind speed increases the 

level of air pollution. Thus, more windy weather re-

sults in better air quality. This has been also confirmed 

by Cichowicz [21]. The areas of high velocities at the 

pedestrian level using green wall and trees cause de-

creased air pollution.  

 

Comparison of the velocity contours for all cases 

shows that green roofs are able to decrease the velocity 

significantly, and more than green walls and trees. 

This is because green roofs are placed on all buildings. 

However, the high velocity in the edge of buildings 1 

and 2 due to the downwash and corner effect [12] is 

not removed by the green roof or green wall, but by 

planting trees close to the edge of the buildings. It 

must be noted that trees and green walls are not placed 

on the back of any buildings, and this explains why the 

velocity is higher in the scenarios with trees and green 

walls in comparison with that of green roofs.  

 

The results of this study can be improved by more ac-

curate modelling of radiation. The heat source from 

the sun is represented in a simplified manner as bottom 

heating. Other heat sources including anthropogenic 

heat need to be considered. Moreover, the pollution 

emission rate is based on data from traffic, but in real-

ity pollution can also come from industry. Further-

more, in a real case study the pollutant would gener-



 

 

ally be reactive, as opposed to the non-reactive pollu-

tant assumed in this study. The effect of vegetation at 

various time of the day is different. Unsteady state 

simulation with variation of temperature during the 

day can lead to more accurate results. The results 

would be more comparable if all building façades 

were covered with green walls or if trees were planted 

around all buildings. 

 

4 Conclusions 

The following main conclusions can be drawn from 

this study. 

 Increasing wind speed reduces pollution con-

centration.  

 Various forms of vegetation (green walls, green 

roofs and trees) are more effective in the reduc-

tion of air temperature with decreasing bottom 

heating. 

 Increasing the cooling intensity and leaf area 

density of the vegetation results in more reduc-

tion of the UHI effect but has negligible effect in 

changing the pattern of pollution dispersion at 

the pedestrian level. 

 Green roofs do not noticeably decrease the wind 

speed due to the downwash and corner effect 

close to the edge of the buildings at the pedes-

trian level. 

 The use of green roofs on tall buildings is not ef-

fective in lowering the air temperature at the pe-

destrian level. 

 Decreasing wind speed increases the temperature 

gradient on vegetation and thus results in more 

reduction of air temperature at the pedestrian 

level. 
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Abstract
The performance of a range of RANS turbulence closures in the prediction of the natural convection

flow inside a differentially heated cavity is numerically investigated. Comparisons are performed using
both 2-D and 3-D time-dependent approaches with different near-wall treatments and different depths
of the cavity. The models adopted include low-Reynolds number schemes (LRN) which fully resolve
the viscous sub-layer with sufficient near-wall grid refinement and high-Reynolds number models (HRN)
with a coarser near-wall grid in conjunction with log-law based wall functions, as well as a more advanced
wall function. The flow field concerns the regime of Rayleigh number of 1011 which is relatively high
and turbulent and for which there is available DNS data to compare with. Both classes of models are
challenged in computing such unsteady flows mainly because of the high velocity gradients that occur
near the wall and the corner regions which affect the transition point.

1 Introduction
Fluid driven entirely by density variations due to temperature difference can provide the means for

passive cooling in many applications including interiors of buildings or nuclear reactor cores. High as-
pect ratio rectangular cavities have long been experimentally studied for validation purposes of existing
Reynold stress models (Betts and Bokhari (2000), Cooper et al. (2012)). In tall rectangular cavity, the flow
is fairly steady and fully turbulent and the RANS models can return really accurate predictions. However,
for a square cavity, the unsteadiness and complexities of the flow challenge most RANS models. Related
experimental studies such as the one by Ampofo and Karayiannis (2003) at a Rayleigh number (Ra) of
1.58 × 109 include local measurements of the dynamic and thermal fields as well as statistics such as
the turbulent heat fluxes, u′it′, and the Nusselt number, (Nu = − H

Th−Tc

∂T
∂xi

). From the study of Ampofo
and Karayiannis (2003), the thin and unsteady boundary layers lead to the flow being transitional and
anisotropic, not obeying the logarithmic law. Omranian et al. (2014) assessed the validity of RANS Eddy
Viscosity (EVM) and Reynolds Stress transport Models (RSM) for such a 2-D square cavity. The authors
showed tha the LRN models tended to laminarise the flow at that Ra number, 1.58 × 109, while improved
predictions of the turbulent levels and the Nusselt number were returned with an advanced RSM, namely
the Two-Component Limit by Craft and Launder (2001). The Omranian et al. (2014) study also showed
that introduction of the Analytical Wall Function (AWF) approach of Craft et al. (2002) substantially im-
proved the predictions of the HRN models. Further comparisons between RANS models on the square
cavity case at Ra = 1.58 × 109 can be found in Clifford and Kimber (2020) who revealed discrepancies
between EVM and RSM schemes, mostly in computing second-order statistics such as the turbulent heat
fluxes (u′it′).
Recently, DNS data of flow in a square cavity at a range of Rayleigh numbers reaching a relatively high
one, 1011 for air (Prantdl= ν/α = 0.71), have been made available by Sebilleau et al. (2018). The un-
steady flow field exhibits buoyant plumes being ejected at the corner regions causing the creation of 3-D
structures which interact with the laminar, thermally stratified core.
The present study aims at investigating the large-scale unstable flow structures in the square cavity of
Sebilleau et al. (2018) and of the capabilities of 2-D and 3-D unsteady RANS as well as the use of HRN
models with the advanced wall function approach.

1



2 Methodology

2.1 Mathematical formulation
The enthalpy and mean momentum transport equations are solved including the buoyancy forcing

term, and assuming the Boussinesq approximation, similarly to what has been done in the DNS. The
imposed temperature difference (∆T ) between the two vertical isothermal walls matches the Ra number
of 1011 following:

Ra =
gβ∆TH3

να
(1)

where H is the cavity height, ν the kinematic viscosity, α the thermal diffusivity and g the gravity accel-
eration.

In URANS the very large scales of motion are resolved, while the effects of all the turbulence motions
are modelled. EVMs relate the Reynolds stresses, u′iu

′
j to the turbulent viscosity, νt and the mean strain

rate, whereas RSMs directly solve a separate transport equation for each stress component. The forms
adopted here include the HRN models of k − ε, SSG and LRR with a log-law based wall function (de-
noted as SWF for standard wall function). Also, the LRN alternatives k − ε LS (Launder and Sharma,
1974), k − ω SST , BL v′

2
/k and the EBRSM have been assessed. The heat flux approximations tested

along with the EVMs is the effective diffusivity approach, while the Generalized Gradient Diffusion Hy-
pothesis (GGDH) is used with the RSMs. The Algebraic Heat Flux Model (AFM) has been also tested in
conjunction with the EBRSM.
The wall boundary condition of the HRN schemes differ from those of the LRN, as the wall shear stress
and the heat flux values are estimated from the logarithmic law. A more general, less approximate wall
function alternative is available which relies on the proposed UMIST-A by Craft et al. (2002). A new
variant of the AWF is currently implemented within the code; it solves the simplified transport equations
across the near-wall cell using a 1-D subgrid and Finite Difference approximation via assuming modelled
forms for the turbulent viscosity distribution and convection terms across the near-wall layer. The main
addition to the simplified near-wall wall-parallel momentum equation is that of a buoyancy force term of
the form:

F b
j = −ρrefgjβ(Tj − Tref ) (2)

where gj is the acceleration due to gravity in the direction of the wall-parallel velocity, and Tj denotes the
temperature from the subgrid solution.

The main grid discretized momentum equation in the near-wall cell also requires the contribution due
to buoyancy to be modified, replacing the point-wise value with a more accurate representation of the cell
average one as:

F b =
1

yn

∫ yn

0
ρrefgjβ(T − Tref )dy ≈ 1

yn
ρrefgjβ

n−1∑
j=1

(Tj − Tref )∆y (3)

A similar approach is followed for the generation rate of k due to buoyancy (Gk) in the near-wall cell
of the main grid which is replaced with a cell-averaged contribution.

2.2 Computational Framework
The open source code, Code Saturne v5.0.8 developed by EDF-Energy which employs the Finite Vol-

ume method with a collocated storage arrangement for the solution of the discretised governing equations
is utilized. For the discretization of the convective terms of the transport equations, second-order upwind
has been adopted except for the convective transport of the turbulence variables, for which first order up-
wind has been employed. SIMPLEC was chosen for the pressure correction algorithm and a time step of
∆t = 0.0106s was utilised for both 2-D and 3-D runs. In the 3-D cases, two geometries of the cavity were
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considered, one with a depth of D = 0.15H (slice) and one with a greater depth of D = 1H (full cube)
to investigate the potential size of any large structures. The spatial resolution of the Cartesian grids used
include 100 × 100 (y+ ≥ 25) and 250 × 250 (y+ < 1) for the 2-D cases, and the same 250 × 250 grid
distribution with 20 or 100 cells in the third direction for the 3-D cases with different cavity depths.

3 Comparisons between the 2-D and 3-D URANS computations
To begin with, instantaneous contour plots of the non-dimensionalised temperature and k fields for the

cavity with depths of D/H=0.15 and that of D/H = 1 using the k − ω SST , are presented in Figure
1. The thermal field returned from both configurations is nearly identical to that of the 2-D case (not
shown for space reasons), exhibiting a thermally stratified core and the instabilities generated at the corner
regions. Along the active walls, the fluid ascends as it is heated, or descends as it is cooled, and the subse-
quent acceleration and boundary layer growth lead to transitional turbulent boundary layer regions being
developed (see Figure 1 (c)-(d)). Further, quantitative comparisons between 2-D and 3-D simulations
with the k − ω SST model are presented in Figure 2 to assess the significance of three-dimensionality
effects. The results suggest that the 3-D effects are influential, with both 3-D cases returning mean ve-
locity and temperature profiles at the cavity mid-width in close agreement to the DNS data, and showing
improvements over the 2-D results. The two 3-D calculation results are in very close agreement with each
other, suggesting that the D/H=0.15 is adequate for capturing any 3-D structures predicted by the RANS
models.

4 3-D URANS model comparisons
The different URANS closures, both HRN and LRN are further assessed for the 3-D cavity depth of

D = 0.15H , to explore further their limitations and strengths in natural convection computations. Figures
3-4 present the time-averaged local hot wall Nusselt number and near-wall turbulent kinetic energy (k)
profiles at a selection of heights.
It can be seen that the Nusselt numbers returned by all HRN models are just over 50% of that of the DNS
which confirms the unsuitability of the log-law assumption for buoyancy driven boundary layers. The two
k − ω SST and BL v2/k LRN schemes predict higher Nu levels, closer to those of the DNS, but return
a monotonic variation missing the local peak at y/h ≈ 0.4 due to the laminar-to-turbulent transition.
However, the low-Re k − ε LS follows the DNS Nu profile closely beyond y/H ≈ 0.4, although for
y/H < 0.4, it underestimates the levels in the laminar and transitional regions. The EBRSM with the
GGDH shows a trend quite alike that of the DNS though at consistently higher levels, whereas the AFM
version returns a profile much closer to the data.
In Figure 4, the three dimensionality causes all the LRN models to generate stronger levels of turbulence
than those of the 2-D cases (not included here), resulting in improved agreement with the DNS profiles
at various locations. The low-Re k − ω SST and BL v2/k return k levels that agree with the DNS at
location of y/H=0.1, though beyond this point, at y/H = 0.5 and y/H = 0.9, they are still off the DNS
(see Figure 4 (b)). The EBRSM with GGDH returns slightly stronger k levels compared to the DNS and
that of the AFM version, especially beyond the transition location (y/H = 0.5), consistent with the Nu
number profile. This was traced to the high resolved contribution of k returned by this model from large
scale unsteadiness in the corner regions. A similar trend is observed from the high-Re RSMs which tend to
overestimate the turbulence levels at all the locations near the hot wall, because the resolved contribution
turns out to be much higher in magnitude than the modelled. This overprediction is quite significant
towards the bottom of the cavity which is attributed to the wall function incorrectly handling the transition
and, based on its formulation, returning a fully turbulent near-wall layer. As anticipated, the HRN k − ε
with SWF does not show any improvements when in 3-D, underestimating the k levels compared to the
DNS.
Finally, a selection of the results obtained with the k − ε model in conjunction with the proposed new
variant of the AWF in the 3-D configuration are shown in terms of the Nusselt number and the wall
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normal turbulent heat flux (u′t′). According to Figure 5, the local Nusselt number profiles indicate that
introduction of the proposed Analytical Wall Function form (AWF) in place of the log-law version results
in significant improvement in the local Nu prediction over the entire length of the hot vertical side. Indeed,
for y/H < 0.4 the Nu distribution returned by the EVM-AWF computation is closer to the DNS one than
the distribution returned by the low-Re k − ε LS computations. However, at y/H ≈ 0.4 where the
turbulence transition occurs, the use of the AWF returns a local Nu distribution that does not quite capture
the transition type behaviour of the DNS, in contrast to the computations of the LRN Launder and Sharma
(1974) and EBRSM models. The Nu and u′t′ distributions returned by the AWF are, nevertheless, much
closer to those of the DNS than the ones produced by the SWF, and also closer than those predicted by the
more expensive LRN k − ω SST and BL v2/k.

(a) (b)

(c) (d)

Figure 1: Instantaneous temperature and k from the 3-D cavity configuration with (a,c) D = 1H (full cube) and
with (b,d) D = 0.15H (slice) from the computations of k − ω − SST .

(a) (b)

Figure 2: Mid-width non-dimensional temperature and streamwise velocity for the k − ω SST model in the 2-D
and 3-D square cavity at Ra=1011.
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(a) (b)

Figure 3: Hot wall Nusselt number profiles from the (a) HRN and the (b) LRN models from the 3-D simulations.

(a) (b)

Figure 4: Turbulent kinetic energy profiles from the (a) HRN and the (b) LRN models from the 3-D simulations.

5 Conclusions
In this study, a challenging case of turbulent buoyant flow has been simulated using a range of RANS

models, both as 2-D and 3-D flows. The main findings show that 3-D simulations of the cavity configura-
tion with D/H = 0.15, being the same geometry with that of the DNS, did result in some 3-D unsteady
structures being captured, which led to improved agreement with the DNS over the purely 2-D results.
A further increase in the cavity depth to D=1H, full cube configuration, did not really result in further
structures being resolved. Due to the inherent unsteadiness of the flow and the non-interacting bound-
ary layers with the encircled recirculation core region, the model predictions show great variations. The
LRN models tend to predict turbulent boundary layers at the high Ra 1011 considered, though they are
more computationally expensive when it comes to fully 3-D simulations. On the other hand, the HRN
models are deficient at capturing the near-wall behaviour when used with the log-law wall function. The
k − ε based models are also assessed in the 3-D configuration using three different wall treatments, SWF,
wall-resolved, and for the first time at such high Ra number a new variant of the AWF. The latter, newly
implemented, AWF approach in Code Saturne outperforms the SWF by returning improved predictions
of the near-wall convective heat flux. In addition, the k − ε AWF is highly competitive with the low-Re
form in terms of both cost and accuracy. From the work, the use of the AWF with a RSM and computa-
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tionally demanding computations such as LES are further suggested.

(a) (b)

Figure 5: (a) Hot wall Nusselt number and (b) u′t′ profiles return from the k− ε with the proposed AWF, SWF and
the low-Re variant formulation.
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Abstract
We present a comprehensive parametric study on

the flow-control scheme denoted as wall-normal uni-
form blowing and suction in turbulent boundary lay-
ers around airfoils. The focus is primarily put on the
influence of the drag caused by the power consump-
tion of the support system. We also assess the theo-
retical background of the momentum budget includ-
ing free-stream and boundary-layer control flux. It is
shown that this assessment is crucial if a complete un-
derstanding and a reliable measurement of the drag in
such system is desired in practice.

1 Introduction
Despite the sizeable impact of the COVID-19 pan-

demic on air-traffic development the need for emission
reduction by drag reduction remains crucial for the
decades to come. Aircraft design still has many pos-
sibilities for efficiency improvement despite the huge
efforts in the past in fields like engine design and
lightweight construction. Viscous drag reduction by
boundary layer control (BLC) is a field which is lack-
ing wide-spread implementation despite some efforts
on implementing laminar boundary layer control on
newest generation aircraft tailplanes. This lack of im-
plementation is even more severe for turbulent bound-
ary layer control although the turbulent state is of-
ten unavoidable for commercial aircraft given the high
Reynolds numbers, swept wings, flap design, manu-
facturing imperfections such as rivets and leading edge
deposits like bugs, dirt, etc. This justifies increased
efforts in investigating turbulent boundary layer con-
trol schemes. We focus on the active scheme of uni-
form blowing as it is a simple scheme quite a few ex-
perimental [11, 6, 4, 9] and numerical [8, 14, 2] in-
vestigations exist for. It also allows to build on the
experience of laminar flow-control regarding the ac-
tual implementation on aircraft [13]. Furthermore it
could be shown that the drag reduction potential is sig-
nificant given a favourable use case can be identified.
[5]. For example, large potential is recognized in the
scheme of blowing on the pressure side (PS) of an air-
foil within the turbulent region at favourable or mildly

adverse pressure gradients like they exist on cambered
airfoils at lower angles of attack. In this presentation
and proceeding we focus on the energy budget calcula-
tion including the control scheme power requirements
as well as how to correctly assess the total drag based
on the momentum budget equation.

2 Methodology
The incompressible Reynolds-Averaged Navier-

Stokes (RANS) equations are solved with the SIMPLE
FOAM solver from OpenFOAM. Menter kω-SST [10]
is set as turbulence model. Upstream of x/c = 10%,
with c being the chord length, the turbulent kinetic en-
ergy (TKE) is kept at practically zero to simulate a
laminar boundary layer. The mesh resolution is suf-
ficient to allow low-Re modeling i.e. y+ ≤ 1 for the
first cell at the wall. The mesh is C-shaped with a ra-
dius of 50 airfoil chord lengths, c. The outlet is 75c
behind the trailing edge of the airfoil. On the sur-
face of the airfoil a no-slip condition is imposed in
the uncontrolled regions. For controlled regions a uni-
form wall-normal velocity is prescribed. The setup of
simulations, boundary conditions and variation of pa-
rameters correspond to the ones reported in Fahland et
al. [5]. Validation of the setup is done with LES data
from Atzori et al. [2].

α
Blowing PS

Plenum

61%c

Blowing SSSuction SS
25%c

xtr = 10%c

PT
(PP )

PP

Figure 1: Control schemes and schematics of the sys-
tem providing the flow-control mass flux

The flow-control schemes investigated within the
present parametric study are displayed in figure 1. The
upper side of the airfoil is referred to as suction side
(SS) while the lower side of the airfoil is labelled as
pressure side (PS) no matter whether blowing or suc-
tion is applied. The parametric study covers the fol-
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∆cp,loss,min = 0.1

cD,as

cD,as

∆cp,dc ∆cp,dc
∆cD,dc∆cD,dc

supply chamber pressure

x/c

Figure 2: Power consumption of a suction scheme (left) and of a blowing scheme (right) on the upper side of an
airfoil in dimensionless visualisation. Green items indicate specific drag savings e.g. thrust, orange items show
additional drag

lowing variations for the NACA 4-digit airfoil family:

• angle of attack (AoA) α = [−3, 12]◦

• Reynolds number based on chord ReC =
[1e5, 4e6]

• BLC velocity vBLC = [0.1, 0.5]%U∞

• airfoil thickness t = [6, 15]%c

• airfoil camber f = [0, 6]%c

Figure 1 also shows how the boundary-layer con-
trol fluid is gathered from (in case of a blowing
scheme) or discharged to free stream. In principle,
both could take place at ambient pressure leaving no
penalty for this process. In reality the amounts of fluid
are considerably large and it is impossible for an air-
craft to carry it along at ambient pressure. Therefore,
the fluid meant for blowing has to be gathered at free-
stream conditions implying an inevitable momentum
loss (although no energy is lost at this moment if one
assumes that the fluid is gathered at a stagnation point).
This results in a drag component for the air supply
cD,as. Meanwhile for suction schemes the opposite
is true as pointed out by Beck et al. [3]. The discard of
non-moving fluid in the reference frame of the aircraft
can take place at e.g. free-stream velocity. Although
one has to provide the necessary pressure difference
for this, doing so is highly desirable since the propul-
sive efficiency of this exhaust is 100%. This results in
a negative drag component cD,as for the air discharge
in case of a suction scheme.

For both cases (blowing and suction scheme) the
pressure level of the air supply (or discharge) is as-
sumed at free-stream total pressure (dimensionless
static pressure cp = (p − p∞)/(ρ/2u2∞) = 1) in
order to allow discharge or collection at free-stream
conditions. Figure 2 shows the pressure differences
which have to be overcome to get to the BLC sur-
face. Since one has to distribute the BLC-fluid evenly

without an extensive hardware overhead a distribu-
tion scheme of tailored losses is most practical (e.g.
Scholz et al. [12]). This results in an achievable pres-
sure level at the supply chamber (plenum) of at least
∆cp,loss,min = 0.1 [3] higher than the highest airfoil
surface pressure in the BLC region in case of blowing
(equivalently lower in case of suction). In figure 2 the
distribution losses are indicated by the black bars. The
corresponding power is assumed to be lost completely.
Consequently, a plenum pressure level can be formu-
lated for each case. The pressure difference to the air
supply/discharge at cp = 1 is then to be overcome us-
ing a pump (in case of suction) or a small turbine (in
case of blowing). The drag associated to the power
consumption (PP in case of a pump) or power gener-
ation (PT in case of a turbine) of these items has to
include a corresponding efficiency which is set to be
η = 70% following the suggestion by Beck et al. [3].

In total the drag related to the BLC hardware con-
sists of the two described portions: the momentum
loss due to air supply/discharge and the pump/turbine
power. They can be recast in terms of dimensionless
drag coefficients as shown in equation 1. Doing so, the
aerodynamic drag coefficient cd,aero can be corrected
to include the BLC system drag as cd,corr:

cd,corr = cd,aero +

{
pump: 1

ηP

|vBLC|
U∞

lBLC

c ∆cp

turbine: − ηT
|vBLC|
U∞

lBLC

c ∆cp︸ ︷︷ ︸
providing/harvesting pressure difference

+

{
suction: − |vBLC|

U∞

lBLC

c

blowing: |vBLC|
U∞

lBLC

c︸ ︷︷ ︸
Momentum gain/loss to free-stream

,

(1)

The improvement of a controlled case is measured
as drag reduction compared to the uncontrolled case at
equal lift coefficient cl. It is important not to compare
the drag reduction at equal angle of attack due to the
fact that a certain drag reduction can also coincide with



a lift reduction similar to e.g. flap deflections. Yet this
does not necessarily offer any efficiency benefit in a
real-world application. For an actual benefit the airfoil
polar (as seen in figure 3) has to be shifted to the left.

3 Results

0 0.005 0.01 0.015 0.02 0.025 0.03
0

0.5

1

1.5

cd

c l

uncontrolled
blowing SS
suction SS
blowing PS

Figure 3: Polar plot of the following cases uniform
blowing on the SS, uniform suction on the SS and uni-
form blowing on the pressure side. The parameters are
vBLC = 0.5%U∞, ReC = 4 · 105, NACA 4412.

The polar plot in figure 3 shows that the schemes
of uniform blowing on the PS and uniform suction on
the SS both can yield an improvement compared to the
uncontrolled polar: at least parts of the corresponding
polars are shifted to the upper left from the uncon-
trolled reference. For suction on the SS the aerody-
namic improvement exists for higher lift coefficients
like present upon aircraft launch and approach. This is
also why it is not a significant disadvantage that the po-
lar with included energy budget is significantly shifted
to higher drag. The system is needed for small parts of
the total flight time only at the benefit of reducing wing
area thanks to higher cl,max, which in turn improves
the efficiency during cruise. For blowing on the PS the
situation is different. An increase in maximum lift can
barely be expected. Hence the improvement has to be
reached directly. Due to the smaller system drag which
results from the much smaller pressure differences ob-
served in figure 2 a net gain can be reached for medium
lift coefficients. Although the energy consumption of
blowing on the SS is even lower than that of blow-
ing on the PS due to the more favourable pressure dif-
ference, the detrimental aerodynamic performance of
such a configuration cannot be compensated.

Regarding the trends with Reynolds number (fig-
ure 4) it becomes apparent that the relative energy
consumption of a BLC system rises with higher Re.
This can be explained by the Re-independent losses
assumed within the system which stay constant at any
Re in their dimensionless value. Meanwhile, the aero-
dynamic performance of any airfoil in a strictly tur-
bulent regime rises due to the reduced viscous effects.
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Figure 4: Development of aerodynamic coefficients
and efficiency improvement relative to the uncon-
trolled polar. Operating point: NACA 4412, α = 5◦

for the BLC case (equal lift for the uncontrolled case),
vBLC = 0.5%U∞

This in turn has the effect that the aerodynamic drag
portion drops compared to the BLC system drag. In
total we see a reduction of the aerodynamic drag in
the case of blowing on the PS savings for higher ReC ,
while the corrected drag savings for the scheme of
blowing on the PS saturates. Suction on the SS has
a declining aerodynamic performance at a fixed AoA
since rising Re reduces the boundary layer growth so
the suction cannot yield a significant improvement. In-
cluding the BLC drag renders this effect even worse
due to the aforementioned reasons.

In the following we focus on the scheme of blow-
ing on PS since it is the only one considered with direct
overall drag reduction. Figure 5 shows how its per-
formance changes with the camber of an airfoil f and
Re. For α = 0 and symmetric airfoils it becomes clear
that no improvement can be reached including the sys-
tem drag. The slight aerodynamic improvements of
approximately 5% in the presence of an adverse pres-
sure cannot compensate the cost of the BLC system.
This is an important finding since symmetric airfoils
are very common for experimental test campaigns [9]
or first implementations on aircraft due to the smaller
effort modifying a tailplane compared to a wing [13].
However, the higher the camber the more favourable
the pressure gradient on the PS so a drag reduction is
present. The same trend as in figure 4 becomes vis-
ible. Whereas the improvement of the plain aerody-
namic values still continues for the highest Re the net
improvement saturates at around δcl = −10%. At
higher AoA the pressure gradient on the PS is more
favourable in general so an improvement already exists
for symmetric airfoils. Also the maximum improve-
ment is slightly higher at α = 5◦ which correlates well
with the polar plot observations (figure 3).

At this point it is interesting to understand the
cause of the observed drag reduction. Clearly, a reduc-
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Figure 5: Drag reduction for equal cl as the corresponding uncontrolled case at α = 0◦ (a) and at α = 5◦ (b)
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Figure 6: Boundary-layer development on the pres-
sure side of NACA 4412, vBLC = 0.5%U∞, α = 5◦.
Both the momentum thickness (δθ) and the displace-
ment thickness (δ?) rise within the BLC region (grey
area) compared to the uncontrolled case.

tion in friction drag is present due to the effects simi-
larly observed in zero pressure gradient boundary lay-
ers [7, 8, 14]. However, as figure 6 shows, this comes
at the cost of an increased boundary layer thickness,
both for the momentum loss δθ and the displacement
thickness δ?. Contrary to intuition, the larger bound-
ary layer thickness does not necessarily cause a pres-
sure drag increase although the momentum deficit in
the controlled case at the trailing edge is larger due to
the thicker boundary layer. Especially for the most ad-
vantageous blowing on the PS conditions a slight de-
crease in pressure drag contributes to the overall drag
reduction. This apparent contradiction is addressed in
the following.
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Figure 7: Control Volume (CV) for 2D airfoil momen-
tum assessment in which n is the normal vector point-
ing out of the CV.

4 Theoretical Analysis of the Drag Re-
duction

Here we investigate how it is possible that the to-
tal drag (and in some cases even the pressure drag) of
an airfoil drops although the thickness of the bound-
ary layer and thus the momentum deficit in the wake
rises. Changing the perspective, an airfoil of which
all the boundary layer is sucked off completely ex-
periences no momentum deficit in the wake, yet the
airfoil still experiences drag. In this case the momen-
tum loss of the fluid which got sucked in is responsible
for the entire drag also called the sink-drag. Note that
the drag force is transferred to the airfoil by both wall
friction and pressure drag at the orifices in the wall
where the last stream-wise velocity component of the
suction fluid is removed. Accordingly, the opposite
effect takes place for blowing: Although the source
is not directed towards the rear of the airfoil and the



deficit in the wake is larger than for the uncontrolled
case there is a thrust term originating in this source as
can be shown considering the momentum budget. This
is discussed in detail in the supplemental material of
Fahland et al. [5]. We recapitulate this topic here.

The momentum budget for the control volume in
figure 7 is given as:∫∫

(S)

ρu(u · n)dS

︸ ︷︷ ︸
momentum flux

=

∫∫
(S)

tdS

︸ ︷︷ ︸
forces on control volume boundaries

, (2)

The right-hand side of the equation is not altered by
the boundary-layer control:∫∫
(S)

tdS =

∫∫
ABCD

τ(n× (0, 0, 1)T )dS

︸ ︷︷ ︸
shear forces on CV outer box = 0

+

∫∫
ABCD

−pndS

︸ ︷︷ ︸
pressure forces box

+

−FD−FL
0


{X,Y ,Z}︸ ︷︷ ︸

Forces on airfoil in stability axis

(3)

However, the left-hand side does experience an alter-
ation since there is a mass flux over the surface of the
airfoil.∫∫

(S)

ρu(u · n)dS =

∫∫
ABCD

ρu(u · n)dS

︸ ︷︷ ︸
Flux outer box

+

∫∫
SK

ρvBLC(vBLC · n)dS

︸ ︷︷ ︸
Flux crossing airfoil surface

(4)

A solution of the X-component of these equations for
the drag force FD delivers for a 2D airfoil:

FD
z

= ρU2
∞

( C∫
B

uX
U∞

(
1 −

uX
U∞

)
dY

︸ ︷︷ ︸
wake momentum deficit

−vBLC
U∞

lBLC︸ ︷︷ ︸
BLC thrust

)

(5)
In the case of an uncontrolled airfoil the drag can be
evaluated by measuring the momentum deficit of the
wake only as done in many experiments (e.g. [1]).
However, to get the correct measurement of the con-
trolled airfoil one has to take into account the mass
flux of the control.

In contrast to the free-stream the BLC fluid enters
the domain with almost zero momentum. Yet it gets
deflected and exits the control volume with a non-zero
momentum. This gain in momentum is also drawn
from the free-stream but does not add up to the drag
of the airfoil although causing a momentum deficit

its wake. This effect is responsible for the total drag
reduction (and also for the pressure drag reduction if
present) despite the thicker boundary layers in the con-
trolled case.

To put this into perspective, it is important to re-
member that the effect described here comes at the
cost of previously lost momentum when collecting the
fluid from the free-stream, which is later expelled as
BLC fluid. However, this momentum loss was already
accounted for as air-supply drag cD,as in the BLC-
system drag as shown in section 2, figure 2.

5 Conclusions
Results of a large parametric study on turbulent

2D airfoil flows with wall-normal uniform suction and
blowing using RANS are presented. In the present
work we focus on the assessment of the drag com-
ponents related to the system providing the control
scheme. It is shown that this has a strong influence
on the overall performance development assuming a
conservative yet universal set of system parameters.
Although the improvement of some of the aerodynam-
ically advantageous control schemes is reduced when
the overall performance is considered, a positive net
effect can be identified for the most of these schemes.
We note that this conclusion also strongly depends on
the use case. At equal lift coefficient aerodynamic drag
reduction of approximately 30% can be realized within
the investigated parameter space. At the same time
the net drag savings at equal lift coefficient still reach
more than 10%.

The present numerical study is highly relevant for
the design of experimental investigations for active
control on airfoils. The generated data allow for esti-
mation at which operating conditions an adequate sig-
nal to noise ratios can be expected in order to achieve
experimental proof of concept for realization of net
performance increase due to turbulent boundary-layer
control through blowing and suction.
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2 Linné FLOW Centre, KTH Mechanics, SE-100 44 Stockholm, Sweden

chiip.chan@adelaide.edu.au

Abstract
Research on skin-friction drag reduction in wall-bounded flows is of great importance for practical

interests. In the present study, the performance of a large-eddy breakup device (LEBU) mounted in
a spatially evolving zero-pressure-gradient turbulent boundary layer (ZPG TBL) is investigated using
large-eddy simulations up to Reτ = 1350. The LEBU are mounted at a distance of 0.1, 0.5 and 0.8 δ99
(99% boundary layer thickness) from the wall. Results show that the LEBU dampens the mean flow and
turbulent fluctuations, and is coupled with a skin friction reduction rate. The dynamical contributions
to the skin friction are computed using the Fukagata-Iwamoto-Kasagi (FIK) identity (Fukagata et al.,
2002).. Results show that the Reynolds shear stress has an important role in the skin friction contribution.
The skin friction reduction can be viewed as a combined effect through the reduced contribution of spatial
development, mean convection and Reynolds shear stress.

1 Introduction
One of the fundamental interests in flow control is by manipulation of wall-bounded turbulence to

achieve skin-friction reduction. The difficulties of obtaining accurate measurements in turbulent flow,
particularly for high Reynolds numbers have limited the experimental investigations to provide much
detailed information of the flow dynamics. With the advancement in numerical simulations, numerical
studies in flow controls based on direct numerical simulation (DNS) and large-eddy simulation (LES)
have provided information that was not previously available. Despite the vast number of experimen-
tal investigations of LEBUs, there is, however, a lack of numerical investigations to this aspect. The
present study aims to re-examine the modification of skin friction and turbulence by a large-eddy break-
up (LEBU) device in a spatially developing zero-pressure-gradient turbulent boundary layer (ZPG TBL)
via LES. With the LES data, it is also possible to investigate in much more detail, the skin-friction
contribution, by a skin-friction decomposition (FIK identity) proposed by proposed by Fukagata et al.
(2002).

2 Methodology
An incompressible turbulent boundary layer is simulated in a computational box of streamwise, wall-

normal and spanwise lengths of xL × yL × zL = 6000δ∗0 × 200δ∗0 × 240δ∗0 respectively, where δ∗0 is
the inlet displacement thickness. (Chevalier et al., 2007). Quantities non-dimensionalised by inner units
of the uncontrolled TBL, are denoted by superscript ‘+’ unless otherwise indicated (i.e. scaling with
ν/uτ and uτ , respectively, where uτ =

√
τw/ρ is the friction velocity, ρ and ν are the fluid density and

kinematic viscosity, respectively). An over-bar indicates an ensemble-averaged quantity, and a prime
indicates the fluctuation component from it. In the present study, a numerical LEBU is implemented in a
ZPG TBL at x/δ∗0 = 1000 and at a distance 0.1, 0.5 and 0.8 δ99 (99% boundary layer thickness) from the
wall, respectively, hereafter referred to as LB-01, LB-05 and LB-08. The implementation of the LEBUs
via an immersed boundary method has been introduced by Chin et al., 2017.



The decomposition of cf is given by the triple integral of the mean streamwise momentum equation
over wall-normal (Fukagata et al., 2002):

cf (x) =
4(1− δ?)
Reδ︸ ︷︷ ︸
DT

+ 4

∫ 1

0
(1− y?)(−ūv̄?) dy?︸ ︷︷ ︸

MC

+ 4

∫ 1

0
(1− y?)(−u′v′?) dy?︸ ︷︷ ︸

RS

− 2

∫ 1

0
(1− y?)2 Ī?x dy?︸ ︷︷ ︸

SD
(1)

where δ∗ is the displacement thickness and y? = y/δ99, u
? = u/U∞. The four terms in equation (1)

represent: laminar contribution from the mean effect of evolving boundary layer thickness (DT), the
mean convection (MC), the turbulent contribution from the weighted Reynolds shear stress (RS), and the
contribution from the spatial-derivatives of the streamwise velocity component (SD).

3 Results
The skin friction coefficient cf = τ̄w/

1
2ρU

2
∞, and τ̄w(x) = µ ∂ū/∂y|y=0 of the LEBU flows is

plotted in Appendix figure 1(a), together with the uncontrolled TBL. Three distinct differences can be
identified. The magnitude of local drag reduction rate, its peak value and the recovery rate, are depended
on the wall-normal distance where the LEBU is positioned. The similar trend is observed in previous
experimental studies (e.g. Lynn et al. 1995) and may be related to wake-sublayer interaction suggested
by Savill & Mumford (1988). The mean velocity profile and Reynolds stresses profile at normalized
downstream distance ξ = 5 are shown in Appendix figure 1(b,c). It can be seen that in the case LB-01,
a relative downward shift in the log-law region are obtained, and the slopes of the log-law remain nearly
the same as that of the uncontrolled TBL. A similar downward shift is also observed for LB-05 and LB-
08 at further downstream and is significant when the skin friction reduction rate is increased. Choi et al.
(1994) related the log-law shift as a result of increasing thickness of the viscous sublayer in their active
flow control study. As shown in figure 1(c), LB-08 and LB-05 clearly suppress the r.m.s and Reynolds
shear stress at ξ = 5 downstream of the LEBU, while LB-01 exhibits an opposite trend. The streamwise
evolution of the FIK terms in equation (1) are shown in Appendix figure 2. Except the DT term, which
is related to the laminar contribution, remains constant for all cases, LEBU initially suppresses the RS
term and enhances the SD and MC term, which acts as the key mechanism to reduce skin friction drag.
Further downstream, opposite trends are observed for these terms, i.e. ∆RS > 0 and ∆(SD, MC) < 0.
Also note that variation in LB-01 is more rapid than LB-05 and LB-08.

4 Conclusions
Simulations of ZPG TBL with LEBUs mounted at y/δ99 = 0.8, 0.5 and 0.1 (correspond to y+ =

yuτ/ν = 354, 221 and 44) were performed. The LEBU was modelled using an immersed boundary
method. Reduction in local skin friction was found in all cases. The results showed that, when the LEBU
is placed closer to the wall, the peak skin friction reduction is increased, however, only sustained for a
shorter downstream distance. Streamwise evolution of the mean velocity and turbulent statistics were
computed and compared with the unmanipulated flow. Mean velocity profile showed that the velocity
experiences a shift in the log-law region, which had been observed in previous drag-reduced flow studies.
All Reynolds stresses are suppressed downstream of the LEBU, which is coupled with a similar rate of
skin-friction reduction. From the FIK identity, the RS is significantly attenuated. However, in general,
the skin-friction reduction in LEBUs flow is not proportional to the change of RS, but rather a combined
effect resulting from RS, MC and SD.
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Figure 1: (a) Skin friction coefficient, (b) Reynolds stresses profile at ξ = 5, (black ) no control; (red )
LB-08; (blue ) LB-05; (green ) LB-01.
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Figure 2: A comparison of FIK terms equation (1) in uncontrolled TBL and LEBUs flows, (red ) LB-08; (blue
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Summary Direct Numerical Simulations of the interaction between converging/diverging spherical 
shock wave and compressible isotropic turbulence are carried out in this work. DNS data are employed 
to close unknown terms in turbulent kinetic energy equation. In this shock generated turbulent flow it is 
found that standard k-ε turbulent model is not an appropriate choice, a realizable k-ε model with 
Boussinesq eddy-viscosity approach is found appropriate. It is illustrated that terms in the turbulent 
kinetic energy equation related to mass flux, pressure-dilatation and pressure-diffusion are important in 
this type of flows, different to conventional shear-dominated turbulent flows. Also, existing models for 
these terms are far from adequate, new closure models are proposed with the help of DNS data. 
 
 
Extended Abstract 
   Shock wave-generated turbulent flows have unique characteristics from conventional shear-
dominated flows. Compressibility plays a vital role here to affect the behaviour of turbulence. For 
instance, dilatational effect becomes significant that is even not existing in incompressible turbulent 
flows. In the present work, a spherical converging shock wave over a compressible isotropic 
turbulence field is simulated with a gas-kinetic scheme [1]. The shock wave rebounds at the centre 
and moves radially outward. This converging/diverging shock wave-turbulence interaction is in a 
manner similar to the work of Bhagatwala and Lele [2].  
   The present computational domain is a square box with side length of 2π. In this domain 
isotropic compressible turbulence flow is generated with the method proposed by Ristorcelli and 
Blaisdell [3]. The Reynolds number based Taylor scale 𝑅𝑒! is 45, and the turbulent Mach number 
𝑀!  is 0.4. Grid size employed is 2563. To avoid reflection of the diverging shock wave at 
boundaries a buffer zone is implemented at boundary region. 
   The converging shock wave is launched by a spherical interface. Low density and low pressure 
isotropic turbulence inside the sphere is set to develop to a state where the nonlinear energy transfer 
mechanism is fully activated while high density and high pressure are initially given outside the 
sphere. In a typical shock tube problem, shock wave, expansion wave and contact surface will form. 
However, the contact surface should be avoided here so the ratio of density and pressure is 
determined only by the Mach number 𝑀! of the shock. Here, Mach number 𝑀! is given as 2.4. 

Figure 1 shows a cross-section of the vorticity field where the black line indicates the shock 
wave. The vorticity structure inside the shock-wave sphere is much smaller than the vorticity 
outside where the flow had just been disturbed by the shock with turbulence generation. Due to 
turbulence, the spherical shock wave exhibits fluctuation and strong “shocklets” occurs. The 
existence of shocklets in the turbulence field significantly changes the physics of turbulence as can 
be illustrated from the turbulent kinetic equation. 

 
Figure 1. Vorticity field of turbulence, and black line show the shock. 
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This flow is spherically symmetric statistically, the mean field can thus be written as a function 

of radius 𝑟. The physical quantities are averaged spherically. In the present analysis, Boussinesq-
Eddy-Viscosity modelling (EVM) approach is adapted. The standard k-ε and a realizable k-ε (RKE) 
two-equation models are employed to calculate Reynolds stresses [5]. It is seen that the turbulence 
energy components from the standard k-ε model can be negative, only RKE model gives realizable, 
as well as, satisfactory Reynolds normal stresses (Figure 2).  

 

 
Figure 2. (a) Comparison of Reynold stress calculated by simulation and RKE model; (b) 

turbulence production in the turbulent kinetic equation calculated by simulation and RKE model. 
 

Turning to the turbulent kinetic equation which can be derived to take the following Favre-
averaged form: 

𝜌
𝐷𝑘
𝐷𝑡 = −𝜌𝑢!!!𝑢!!!

𝜕𝑢!
𝜕𝑥!

+
𝜕
𝜕𝑥!

𝑡!"!!𝑢!!! − 𝜌𝑢!!!
1
2𝑢!

!!𝑢!!! − 𝑝!𝑢!!! + 𝑢!!!
𝜕𝑡!"
𝜕𝑥!

−
𝜕𝑝
𝜕𝑥!

+ 𝑝!
𝜕𝑢!!!

𝜕𝑥!
− 𝑡!"!!

𝜕𝑢!!!

𝜕𝑥!
 

where 𝑡!" is viscosity stress, the right hand side of equation is turbulence production, diffusion, 
mass-flux, pressure-dilatation and dissipation rate, respectively [4]. The production term had been 
shown in Figure 2(b), all the other terms require modeling. 
   Looking at the diffusion process. The normally neglected pressure diffusion −𝑝!𝑢!!!  is here 

found much bigger than turbulent diffusion −𝜌𝑢!!!
!
!
𝑢!!!𝑢!!!. A model is thus proposed here: 

−𝑝!𝑢!!!~𝜈!
𝜕𝑝
𝜕𝑥!

 

Figure 3(a) shows that it agrees with DNS data well. Pressure-dilatation 𝑝! !!!
!!

!!!
  is insignificant in 

low speed flows, conventional models for this term is far from satisfactory. Thus, we rewrite the 

pressure-dilatation as 𝑝! !!!
!!

!!!
= !

!!!
𝑝!𝑢!!! − 𝑢!!!

!!!

!!!
  and propose 

−𝑢!!!
𝜕𝑝!

𝜕𝑥!
~𝜈!∆𝑝 

where ∆ is Laplace operator. Figure 3(b) shows the comparison of the DNS and model results.  
For the mass-flux term, 𝑢!!!

!!!"
!!!

− !!
!!!

, viscosity work 𝑢!!!
!!!"
!!!

 is very small, only the pressure 

work −𝑢!!!
!!
!!!

 requires consideration. Zeman and Ristorcelli [6] model is adopted here with 
satisfaction as shown in Figure 3(c): 

−𝑢!!!
!!
!!!
~− !!

!
!!
!!!

!!
!!!

. 
It is important to note that turbulence is dominated by mass-flux and pressure-dilatation terms 

due to shock wave, not by production and dissipation terms as in low-speed flows. Further studies 
are needed to scrutinize the models proposed here with different 𝑀! and 𝑀! effects. 



 

 
Figure 3. Pressure diffusion term (a), pressure dilatation term (b) and mass flux term (c) calculate 

by simulation and model. 
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Abstract
Investigations into the characteristics of turbulent

heat transfer and coherent flow structures in unstably
stratified plane-channel flow subjected to wall-normal
system rotation are conducted using direct numerical
simulation (DNS). In order to investigate the com-
bined influences of the Coriolis and buoyant forces on
the temperature and velocity fields, a wide range of
rotation numbers are tested, with the flow pattern tran-
sitioning from being fully turbulent to fully laminar.
It is observed that turbulent coherent structures tend
to orient with the spanwise direction and increase in
scale as the rotation number increases. However, the
added effect of buoyancy tends to disrupt the orien-
tation of turbulence structures and cause a reduction
in their length scales. Furthermore, it is discovered
that buoyancy forces act to sustain turbulence by coun-
teracting the effects of Coriolis forces at high rotation
numbers.

1 Introduction
Turbulent heat transfer under the combined effects

of buoyancy and wall-normal system rotation repre-
sents a complex physical phenomenon, and is seen in
engineering applications such as impinging jet flow
onto a heated rotating disk, and in earth sciences
such as unstably stratified atmospheric boundary-layer
flows over the surface of the Earth. In the literature,
there are many numerical studies of turbulent heat and
fluid flow under the influence of one single factor, ei-
ther the buoyancy or Coriolis force. For instance, Iida
and Kasagi (1997) studied unstably stratified chan-
nel flow (Reτ=150 and Pr=0.71) using DNS over
a range of Grashof numbers (Gr2=4×105, 9×105,
1.3×106, and 4.8×106) as well as studying the effect
of Prandtl number at Gr2=1.3×106 (Pr=0.01, 0.1,
0.71, and 2). They found that thermal plumes result-
ing from the large-scale turbulent convection dampens
the streamwise turbulent coherent structures.

Nishimura and Kasagi (1996) (and later reviewed
by Kasagi (1998)) performed DNS on spanwise rotat-
ing channels (Reτ=150, Ro3=±1.5, and Pr=0.71)
subjected to a constant streamwise buoyant force
(Gr1=9.6×105). They found that the Coriolis and

Figure 1: Schematic of the computational domain,
coordinate system, orientation of the rotating axis,
Coriolis forces (−2Ω2u3 and 2Ω2u1), buoyancy force
((T − Tref)βg2), direction of the driving pressure gra-
dient (∂〈p〉/∂x1), temperature boundary conditions,
and gravitational acceleration g2.

buoyant forces interact in a complex manner, the ef-
fects of which cannot be predicted by simply isolating
the behavior of each effect alone.

Thus far, there have been no studies on the com-
bined effects of wall-normal rotation and buoyancy.
This constitutes the motivation of this research. In
the present research, we aim to perform a systematical
DNS study of seven test cases. The remainder of this
paper is organized as follows. In Section 2 the numer-
ical method and test cases are presented, in Section 3
the DNS results are presented and analyzed, finally, in
Section 4 major findings of the present research are
summarized.

2 Test Cases and Numerical Method
Figure 1 shows a schematic of the computational

domain, coordinate system, orientation of the rotation
axis, and gravity vector. The temperature T at the
top (x2=δ) and bottom (x2=−δ) walls are held con-
stant at 0.0 and 1.0, respectively. The standard no-
slip boundary conditions are imposed at either wall i.e.
ui(x1,±δ, x3)=0. The flow is driven by specifying a
constant streamwise pressure gradient, proportional to
the shear stress at the wall of a non-rotating channel
flow τw0.

The governing equations are those of a Newtonian
incompressible fluid in a rotating reference frame sub-
ject to buoyant forces. These equations are the con-
tinuity, momentum, and temperature transport equa-



Ro2 L1×L2×L3 N1×N2×N3

0 100πδ×2δ×4πδ 4800×128×384
0.054 8πδ×2δ×8πδ 384×128×768
0.145 5πδ×2δ×50πδ 240×128×4800
0.273 5πδ×2δ×100πδ 240×128×9600
0.546 8πδ×2δ×30πδ 384×128×2880
1.820 7πδ×2δ×20πδ 336×128×1920
10.0 2πδ×2δ×4πδ 96×128×384

Table 1: Summary of simulations showing final com-
putational domain selected for each Ro2.

tions, which are defined respectively as:

∂ui
∂xi

=0 , (1)

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂x2j

− 2εijkΩjuk

+ (T − Tref)βgi , (2)

∂T

∂t
+ ui

∂T

∂xi
=α

∂2T

∂x2i
, (3)

where εijk is the Levi-Civita symbol, ρ is the fluid
density, gi=[0, g2, 0]T is the gravitational acceleration
(g2 is positive directed downwards), T denotes tem-
perature non-dimensionalized by the temperature dif-
ference of the two walls, and Tref is a reference tem-
perature taken as the temperature of the top wall.

The wall-normal rotation number varies signifi-
cantly from Ro2=0 to 10; while the Grashof num-
ber, Reynolds number, and Prandtl number are held
constant at Gr2=1.3× 106, Reτ=180, and Pr=0.71.
These non-dimensional parameters are defined as
follows: Roi

def
= 2Ωiδ/uτ0, Gri

def
=βgi∆T (2δ)

3
/ν2,

Reτ
def
=uτ0δ/ν, and Pr

def
= ν/α, where ν is the kine-

matic viscosity, δ is one-half the channel height, Ωi
is the rotating speed of the system about the xi-axis,
gi is the acceleration of gravity directed positively in
the negative xi-direction, β is the thermal expansion
coefficient associated with the buoyant force, α is the
thermal diffusivity of the fluid, and ∆T is the max-
imum temperature difference, defined as the differ-
ence in temperature between the bottom and top walls:
∆T=T (x1,−δ, x3)− T (x1, δ, x3).

The dimensions of the computational domains
were selected to ensure that all relevant turbulent
motions and temperature fluctuations were captured
within the computational domain. This was done by
investigating the 2D premultiplied energy spectrum
of the Reynolds normal stresses φii=k1k3Eii(k1, k3)
(i = 1, 2, or 3) and turbulent scalar energy
φTT=k1k3ETT (k1, k3), where Eii and ETT are the
energy spectra of the velocity and temperature fluctu-
ations, respectively. In total, seven rotation numbers
Ro2 were simulated. Table 1 shows each case with the
final computational domain that was selected for this
study.

An in-house pseudospectral code (Bergmann and
Wang, 2019) was modified to account for the added
buoyancy force. This code was written in FORTRAN
90 using Message Passing Interface (MPI) libraries.
The velocity, temperature, and pressure fields were ex-
panded into Fourier series in the streamwise and span-
wise directions, and expanded in Chebyshev polyno-
mials in the wall-normal direction. A third order time-
splitting scheme was used to discretize the govern-
ing equations by following Karniadakis et al. (1991).
Aliasing in the streamwise and spanwise directions
was removed via the 2/3-rule. The code has been vali-
dated by reproducing four benchmark cases, including
the turbulent channel flow of Moser et al. (1999) and
the wall-normal rotating channel flow of Mehdizadeh
and Oberlack (2010).

The grid resolution, quantified by the mean grid
width h

def
= (∆x1∆x2∆x3)

1/3, was sufficiently fine
to ensure the smallest scales of turbulence and heat
transfer were captured by the computational grid.
At a minimum it was ensured that the computa-
tional grid resolved scales down to h≤πη as well
as h≤π

(
α3/ε

)1/4
, according to Grötzbach (1983),

where η is the Kolmogorov length scale and ε is
the turbulence kinetic energy dissipation. The grid
resolution was kept at ∆x+1 =11.8 and ∆x+3 =5.9 in
the streamwise and spanwise directions, respectively.
In the wall-normal direction, the grid resolution was
min

(
∆x+2

)
=0.055 at the first node off the wall and

max
(
∆x+2

)
=4.45 at the channel center.

In presenting the results, quantities with a su-
perscript “+” have been non-dimensionalized using a
combination of the friction velocity of the non-rotating
case uτ0, defined as uτ0=

√
τw0/ρ (the subscript “w”

refers to the value at the wall, and the subscript 0 refers
to the non-rotating case), half-channel height δ, and
kinematic viscosity ν. Additionally, temperatures are
non-dimensionalized as follows: T+def

=Tuτ0ρcp/q̇w0,
where cp is the specific heat of the fluid under con-
stant pressure, and q̇w0 is the wall heat flux for the
non-rotating case, defined as q̇w0

def
=−αρcp d〈T 〉

dx2

∣∣
w0

. It
should be noted that although the direction of the bulk
fluid velocity changes with rate of rotation, the x1- and
x3-directions are still referred to as the streamwise and
spanwise directions, respectively.

3 Results and Analysis
The dimensions of the computational domains for

all cases have been selected based on a thorough anal-
ysis of φTT and φii. Examples of φTT and φii
for Ro2=0.054 and 1.82 are given in Fig. 2. Three
isopleths are plotted for each spectra in the figures,
corresponding to 5/8-th, 2/8-th, and 1/8-th of the
peak value, i.e. 0.625 max(φTT ), 0.25 max(φTT ),
and 0.125 max(φTT ), respectively. These values fol-
low the general approaches of Hoyas and Jiménez
(2006), Avsarkisov et al. (2014), Yang and Wang



(2018), and our previous study Bergmann and Wang
(2019). As can be seen from Fig. 2, the compu-
tational domains for the Ro2=0.054 and Ro2=1.82
cases fully capture all relevant scales of φTT and φii,
thus allowing for a complete analysis of the turbu-
lent temperature and velocity fields. The computa-
tional domain for the Ro2=0.054 case is larger in the
streamwise direction when compared to a non-buoyant
case due to the presence of concentrated large-scale
energy-containing turbulence structures. The turbu-
lence structures atRo2=1.82 are less concentrated and
encompass a much wider range of scales in both the
streamwise and spanwise directions. Similar to the
Ro2=0.054 case, the computational domain increased
in size in the spanwise direction when compared to the
non-buoyant case.

The mean streamwise velocity 〈u1〉, spanwise ve-
locity 〈u3〉, and temperature 〈T 〉 are presented in
Fig. 3. Both 〈u1〉 and 〈u3〉 are very similar to their re-
spective non-buoyant cases from Bergmann and Wang
(2019), the streamwise velocity monotonically de-
creases with Ro2 and spanwise velocity monotoni-
cally decreases for Ro2>0.054. This is an inter-
esting finding, because, as will be shown later, the
flow laminarizes forRo2≥10 whereas for non-buoyant
cases the flow laminarizes for Ro2≥0.546. Com-
paring mean quantities, the biggest differences be-
tween buoyant and non-buoyant flow are seen in the
mean temperature field, where the mean temperature
profiles appear to have a much steeper slope in the
near-wall region compared to non-buoyant flow. This
difference between buoyant and non-buoyant flow
is evident in the Nusselt number Nu, defined as:
Nu

def
= 2δ d〈T 〉

dx2

∣∣
w/ (Tb − Tw), where Tw is the (bottom)

wall surface temperature and Tb is the bulk mean tem-
perature of the fluid. For the current study Nu is di-
rectly proportional to the mean wall-normal tempera-
ture gradient at the wall d〈T 〉

dx2

∣∣
w. The profile of Nu is

plotted in Fig. 4 for the current results as well as those
without buoyancy. Clearly, without buoyancy the Nu
value monotonically decreases with rotation number.
However, buoyancy clearly affects the heat transfer
rate in a complex way. Initially, heat transfer is re-
duced until Ro2=0.145, after which it increases with
Ro2 to a local maximum atRo2=1.82. The heat trans-
fer rate then drops monotonically until the flow lami-
narizes at Ro2=10. Compared to non-buoyant flow
the heat transfer rate is enhanced over the entire range
of rotation numbers.

The turbulence kinetic energy 〈u′iu′i〉 /2 and wall-
normal Reynolds stress 〈u′2u′2〉 profiles are presented
in Fig. 5. Clearly, the value of 〈u′iu′i〉 /2 dimin-
ishes in magnitude with Ro2, and completely laminar-
izes by Ro2=10. This is in contrast to non-buoyant
flow, where laminarization occurs byRo2=0.546. The
added effect of buoyancy clearly sustains turbulence,
at least for the unstably stratified flow considered here.
Another interesting finding is that 〈u′2u′2〉 increases in

magnitude in the region away from the wall as Ro2
increases from 0.054 to 0.145.

The transport equation of
〈
u′iu

′
j

〉
is:

D
〈
u′iu

′
j

〉
Dt

= Pij +Dt
ij +Dp

ij+D
ν
ij + Πij + Cij

+Gij + εij , (4)

where Pij , Dt
ij , D

p
ij , D

ν
ij , Πij , Cij , Gij , and εij are

the turbulent production due to the mean velocity gra-
dients, turbulent diffusion, pressure diffusion, viscous
diffusion, pressure-velocity gradient correlation, Cori-
olis production, buoyancy production, and molecular
dissipation, respectively.

One can deduce the mechanism sustaining 〈u′2u′2〉
in the region away from the wall by observing
the budget balance of 〈u′2u′2〉, shown in Fig. 6 for
Ro2=0.145 and 1.82. In the region away from the
wall the dominant source of 〈u′2u′2〉 for both cases
shown comes from the buoyancy term, defined as
G22=2βg2 〈u′2T ′〉. The relative effect of G22 in-
creases with Ro2, as seen in Fig. 6b. For this high
Ro2 case, the magnitude ofG22 is substantially greater
than all other sources of 〈u′2u′2〉, leading to the high
values of 〈u′2u′2〉 seen in Fig. 5b that are not seen in
non-buoyant flow. In both cases the dominant sink is
the pressure-velocity gradient correlation Π22, which
acts to distribute the turbulence energy generated by
G22 to the other Reynolds stress components, enhanc-
ing turbulence overall.

The wall-normal turbulent heat flux 〈u′2T ′〉 is
shown in Fig. 7, alongside the temperature vari-
ance

〈
T ′2〉. G22 is directly proportional to 〈u′2T ′〉,

and follows a similar trend as Nu; 〈u′2T ′〉 reduces
from a maximum at Ro2=0 to a local minimum
at Ro2=0.145, then increases in value with Ro2.
This increase in wall-normal turbulent heat flux for
Ro2>0.145 leads to the increasing influence of G22,
which acts to sustain 〈u′2u′2〉.

The transport equation of 〈u′iT ′〉 is:

D 〈u′iT ′〉
Dt

= Pui + PTi +Dt
i +Dp

i +Dν
i +Dα

i

+Πi + Ci +Gi + εi , (5)

where Pui , PTi , Dt
i , D

p
i , Dν

i , Dα
i , Πi, Ci, Gi, and

εi are the turbulent production due to the mean ve-
locity gradients, turbulent production due to the mean
temperature gradients, turbulent diffusion, pressure
diffusion, viscous diffusion, molecular thermal diffu-
sion, pressure-temperature gradient correlation, Cori-
olis production, buoyancy production, and molecular
dissipation, respectively.

The source of 〈u′2T ′〉 can be examined through its
budget balance, given in Fig. 8 for Ro2=0.145 and
1.82. Similar to the budget balance of 〈u′2u′2〉, in the
region away from the wall the dominant source of
〈u′2T ′〉 for both cases is the buoyancy term, defined
as G2=βg2

〈
T ′2〉. The influence of G2 increases with
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Figure 2: φTT and φii for two cases at the x2-location corresponding to the peak value, max(φTT ) or
max(φii) (marked using a cross symbol “+”). Isopleths: 0.625 max(φii) (innermost), 0.25 max(φii) (middle),
and 0.125 max(φii) (outermost). Green dashed lines represent computational domain for non-buoyant cases from
Bergmann and Wang (2019).

Ro2, as seen in Fig. 8b. For this high Ro2 case, the
magnitude of G2 is greater than all other sources of
〈u′2T ′〉, leading to the high values of 〈u′2T ′〉 seen in
Fig. 7a that are not seen in non-buoyant cases.

The value of G2 is directly proportional to
〈
T ′2〉,

shown previously in Fig. 7b. Temperature variance〈
T ′2〉 initially increases to a maximum in the channel

centre atRo2=0.054, then diminishes to a minimum at
Ro2=0.145, then increases again for Ro2=1.82. This
increase in

〈
T ′2〉 for Ro2=1.82 leads to the increase

in 〈u′2T ′〉 via G2.
The transport equation of

〈
T ′2〉 is:

D
〈
T ′2〉
Dt

= PT +Dt
T +Dα

T + εT , (6)

where PT , Dt
T , Dα

T , and εT are the turbulent produc-
tion rate, turbulent diffusion, molecular diffusion, and
molecular dissipation rate, respectively.

The mechanism responsible for the increased〈
T ′2〉 can be determined from its budget balance,

shown in Fig. 9 for Ro2 = 0.145 and 1.82. The
production due to mean temperature gradients, de-
fined as PT=−2 〈u′2T ′〉 d〈T 〉

dx2
is the dominant source

of
〈
T ′2〉 in the near-wall region. The increasing in-

fluence of PT for Ro2=1.82 in the region away from
the walls is the source of the increased

〈
T ′2〉 seen in

Fig. 7b. This leads to greater 〈u′2T ′〉, in-turn leading

to greater 〈u′2u′2〉, thereby enhancing turbulence en-
ergy for higher Ro2. Additionally,

〈
T ′2〉 and 〈u′2T ′〉

are coupled via PT and G2, so that an increase in
〈u′2T ′〉 correlates with an increase in

〈
T ′2〉, and vice

versa. Finally, 〈u′2T ′〉 and d〈T 〉
dx2

are linearly propor-
tional across the channel (as was shown in Bergmann
and Wang, 2019), hence the increased 〈u′2T ′〉 at the
channel centre for higher Ro2 leads to the greater val-
ues of d〈T 〉

dx2
in the near wall region.

Figure 10 compares the instantaneous turbulence
structures, visualized using iso-surfaces of constant
temperature (T=0.7), at Ro2=0.054 and 1.82. The
high temperature fluid near the bottom wall is forced
upwards by large flow structures. These coherent
flow structures act to transport turbulent thermal en-
ergy within the channel. It is interesting to note that
these coherent structures appear highly oriented for the
Ro2=0.054 case, yet do not appear to be oriented in
any obvious direction for the Ro2=1.82 case where
buoyancy forces play a vital role in the turbulent ve-
locity and temperature fields. The scale of the co-
herent structures are deduced from φTT , presented in
Figs. 2a and 2e. For the Ro2=0.054 case, φTT is
highly concentrated near the largest streamwise and
spanwise scales, λ1 and λ2, respectively, which shows
as very large scale structures that dominate the fluid
domain. For the Ro2=1.82 case φTT is dispersed
across a much wider range of scales, which shows as
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Figure 6: Budget balance of 〈u′2u′2〉.

the coherent structures in Fig. 10b with no obvious ori-
entation.

4 Conclusions
Investigations into the characteristics of turbulent

heat transfer and coherent flow structures in unstably
stratified plane-channel flow subjected to wall-normal
system rotation were conducted using DNS. It was dis-
covered that the added effect of buoyancy enhanced
turbulence over the range of rotation numbers tested
and pushed the onset of laminarization to Ro2≈10,
whereas for a non-buoyant flow full laminarization
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Figure 7: Wall-normal turbulent heat flux and temper-
ature variance.

would occur as early as Ro2=0.546. Compared to
non-buoyant wall-normal rotating channel flow, heat
transfer is enhanced over all rotation numbers, as well,
a local maximum in Nu is seen for a high rotation
number of Ro2=1.82.

While the effects of the Coriolis force on rotating
channel flow tend to cause an enhancement in the scale
of turbulent coherent structures as well as forcing the
structures to orient in definite directions with increas-
ing Ro2, it was observed that the effects of buoyancy
tend to disrupt the orientation of, and cause a reduc-
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Figure 8: Budget balance of 〈u′2T ′〉.

tion in the scale of, these turbulent structures. Fur-
thermore, it was concluded that buoyancy forces act
to sustain turbulence for higher Ro2, where Coriolis
forces would normally suppress turbulence.
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Figure 9: Budget balance of
〈
T ′2〉.

(a) Ro2 = 0.054.

(b) Ro2 = 1.82.

Figure 10: Instantaneous turbulence structures vi-
sualized using iso-surfaces of constant temperature
(T=0.7) at Ro2=0.054 and 1.82, colored according
to x2/δ. Only the bottom half of the channel is shown.
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Abstract 

Heat transfer and pollutant emissions in internal 

combustion engines are strongly affected by near-

wall processes. To improve the understanding of 

near-wall phenomena, piston wall temperatures as 

well as near wall flame distributions and flow fields 

were measured simultaneously in an optically 

acessible engine, operated at stoichiometric, 

homogeneous isooctane-air mixtures. The engine 

was operated at two engine speeds (800 rpm and 

1500 rpm) as well as two intake pressures (0.95 bar 

and 0.4 bar). On the piston, thermographic phosphor 

coating was used to spatially and temporally resolve 

the surface temperature evolution via the decay time 
method. Flame distributions were obtained by 

employing high-speed planar laser induced 

fluorescence of sulfur dioxide (SO2) added as a tracer 

gas. Combined high-speed particle image and 

particle tracking velocimetry was used to measure 

the flow field at a high spatial resolution. Utilizing 

the combined measurements, the flame-wall 

interaction is analysed. The wall temperatures 

increase locally after flame impingement by 40 K in 

high load and 20 K in part load cases. Time scales of 

the temperature increase are thereby orders of 

magnitudes larger than of the impingement itself. A 

conditioned analysis showed that most of the 

variations in the temperature increase can be 

explained by the exact timing of impingement. 

Furthermore, two parameters were found to correlate 

with the magnitude of the temperature rise. First, the 
near-wall, piston-parallel velocity after ignition was 

found to be influential. Second, stronger temperature 

increases could be observed for higher cylinder 

pressures during combustion, which could be 

explained by higher peak gas temperatures as a result 

of a faster combustion. 

 

1 Introduction 

Flame-wall interactions are important in internal 

combustion (IC) engines. Heat losses via the walls 

have a significant influence on engine efficiency as 

well as pollutants emissions. In addition, the thermal 
stress caused to the components must be limited for 

safe engine operation, which requires reliable 

thermal management. Therefore, the determination 

of the wall heat transfer from the combustion in the 
cylinder to the wall is of great importance for engine 

design. Engine development usually relies on a 

global view of the complex internal engine processes 

and heat transfer coefficients are determined using 

semi-empirical approaches. However, with the 

increasing requirements regarding efficiency and 

emissions, these global considerations are reaching 

their limits. The heat transfer is rather a function of 

the thermodynamic state and the in-cylinder flow, 

which continuously change during a cycle and are 

locally inhomogeneously distributed. In addition, the 

surface-to-volume ratio is increasing in modern 

gasoline engines due to downsizing, where the 

energy density is increased to achieve the same 

performance with smaller displacement.  

The investigation of flame-wall interactions, 

especially in enclosed pressurized systems, generally 

places very high demands on measurements. In 

addition to the time and length scales of the flow, the 

time scales of the speed-determining chemical 

reactions and heat transport must be taken into 

account. Thus, upscaling of the boundary layer by 

similarity considerations, as is often the case in 
isothermal applications, is not an option. The 

investigation of the boundary layer, which is in the 

order of several 100 µm (Renaud et al. (2018)), 

requires a high spatial resolution. In addition, 

ambient conditions are characterized by high 

temperatures and chemical reactions. Due to their 

high spatial and temporal resolution, laser-optical 

measuring methods are increasingly used in engines, 

which are largely non-intrusive. Near-wall 

measurements in engines are further complicated by 

limited optical accessibility and increased pressure 

during compression and combustion. An overview of 

laser optical investigations of flame-wall interactions 

is given by Dreizler und Böhm (2015). 

 

2 Experimental Approach 

To investigate the flame-wall interactions, the 

near wall flow, the piston wall temperature and the 

flame evolution was captured simultaneously on the 

piston surface of the Darmstadt Engine, an optically 

accessible research engine with a four-valve, spray-

guided, pent-roof cylinder head. Further information 



 

 

about the engine can be found in Freudenhammer et 

al. (2015). 

The experimental setup is shown in Figure 1 and 

will be discussed in the following. For more 

information the reader is referred to Schmidt et al. 

(2021), where the same setup was used. The flow 

field was determined by a combination of particle 

image velocimetry (PIV) and particle tracking 

velocimetry (PTV). A high-speed camera (Phantom 

v711) with a 180 mm objective (Sigma) captured the 

Mie-scattering of silicon oil seed droplets 

illuminated in the central tumble plane by a 532 nm 

high-speed laser (Edgewave). Vignetting effects due 

to the piston were reduced by slightly tilting the 

camera. A cylindrical lens corrected the astigmatism 

introduced by the cylinder glass. The 

chemiluminescence of the flame was suppressed 

with a 532 nm bandpass filter.  

In addition, the flame was visualized by laser 

induced fluorescence (LIF) of SO2. The fluorescence 

of SO2 is strongly temperature dependent (Honza et 

al. (2017)) and is therefore suited to distinguish 

between burnt and unburnt gas regions. It was added 

as a tracer gas in the intake with an overall 
concentration of 1.1 vol%. To detect the red-shifted 

emission, stimulated by a high-speed UV laser 

(Edgewave), a high-speed image intensifier 

(LaVision) with an exposure of 100 ns was used in 

combination with a high-speed camera (Phantom 

v711). To suppress laser reflections two high-pass 

filters (278 nm) were added and the astigmatism was 

again corrected with a cylindrical lens.  

To measure the piston wall temperature via the 

decay time method, thin phosphor layers (approx. 

30 µm thick, Gd3Ga5O12:Cr,Ce) were applied on the 

piston 1 mm next to the tumble plane. They were 

excited using the same high-speed UV laser as for the 

SO2-LIF. To achieve this, an acousto-optic-deflector 

was used, which introduces small angle changes in 

the laser path, thus resulting in a translation of the 

laser light sheet at fast response times (<10 µs). The 

laser sheet was thereby switched between the two 

phosphor layers to measure the wall temperature and 
the phosphor-free tumble plane to illuminate the in-

cylinder gas and excite the SO2.  

The investigation includes four operational 

conditions: a speed variation, 800 and 1500 rpm, and 

a load variation, with 0.4 and 0.95 bar intake pressure 

(see Table 1). These are based on the same engine 
speeds and intake pressures which were presented in 

 

Figure 1: Experimental setup for the investigation of flame-wall-interactions on the piston surface of the 

optically accessible IC engine using combined velocity, temperature and flame visualization measurements. 

Reproduced from Schmidt et al. (2021). 



 

 

recent studies of the authors for motored engine 

operation (Renaud et al. (2018)) and for fired 

operation (Schmidt et al. (2021)), where the 

interaction between flame and boundary layer flow 

was investigated. 

Table 1: Operating Conditions 

 0.95 bar 0.4 bar 

800 rpm A B 

1500 rpm C D 

 

3 Results and Discussion 

Figure 2 gives an impression of a flame-wall 

interaction for an individual engine cycle. The upper 

left shows the velocity field at -7.8 CAD (7.8 crank-

angle degrees before top dead center) by streamlines 

and the velocity magnitude is given by the color map. 

The overlaid colored contours represent the 

development of the flame front and show how the 

flame begins to interact with the piston surface. The 

piston surface is given by the grey horizontal line at 

-7.8 CAD and the dark yellow line at -1.8 CAD.  

It can be seen how the flow transports the flame 

from right to left and influences the flame impact 

onto the piston and the subsequent flame 

propagation. In the bottom left of Figure 2, the 

distance between the flame and the piston surface Δy 

is shown. The flame approaches the wall on the right 

side (positive x) first and there the distance becomes 

increasingly smaller. This region of minimal distance 

shifts towards the middle due to the flow, where 

finally the first flame impingement takes place. 

Flame impingement is defined by a distance of Δy < 

100 μm and is indicated by the grey line.  

In the right panel of Figure 2, the corresponding 

evolution of the wall temperature is displayed. The 

temperature rise begins at the point where the flame 

first hits the piston. It can be seen that the time scales 

of the temperature rise are an order of magnitude 

larger than those of the actual flame impingement. 

Due to the low Biot number, which was estimated 

to be 3.6E-3, it can be assumed that the thermal 

resistance in the boundary layer is greater than in the 

phosphor coating and in the wall. This means that the 

condition of the gas phase near the wall has a great 

influence on the heat transfer. The analyses therefore 
focus on the flame development, the interaction with 

the near-wall flow and how this influences the wall 

temperature.  

First, the phase-averaged wall temperature 

increase at x = 0 mm is analysed (Figure 4, top 

panel). It is evident that the slope of the average 
temperature rise (blue line) is steepest for case A and 

less steep for higher engine speeds (C) and part load 

cases (B and D). A similar trend between cases can 

be seen for the cyclic variation (standard deviation 

shown in grey), which is lowest for case A. The 

 

 
Figure 2: Flame-wall interaction for an individual fired engine cycle at 800 rpm and 0.95 bar intake pressure. 

Top left: Velocity field at -7.8 CAD represented by streamlines and the velocity magnitude given by the color 

map with flame propagation (lines) overlaid. Bottom left: distance Δy from the flame front to the piston 

surface. Right: Temperature rise ΔT due to the impact of the flame (grey line). 



 

 

temperature increase due to flame impingement is 

about 40 K in the high load and 20 K in the part load 

cases, a range of temperatures which is consistent 

with those in other studies (Ding et al. (2017), 

Fuhrmann et al. (2012)). This significant difference 

between high load and part load cases can be 

attributed to the differences in dilution due to internal 

exhaust gas recirculation, differences in the (laminar) 

flame speed and flame thickness as well as boundary 

layer thicknesses.  

The bottom panel of Figure 4 shows the heating 

rate as function of crank angles. Since the duration of 

a CAD changes with engine speed, the maximum 

heating rate is also shown numerically in time base. 

As expected, case B exhibits the lowest heating rate 

per crank angle, while case A shows the highest. 

Correspondingly, the higher engine speed cases (C, 

D) have higher peak heating rates per time than their 
lower engine speed counterparts. It should be noted 

that the kink in the heating rate of case B originates 

from a cross talk of the SO2-LIF laser pulse on the 

decay time calculation, primarily visible in the 

temperature derivative. For the lower temperatures 

reached in case B, the phosphorescence decayed too 

slow and the two signals overlapped, resulting in an 

offset of about 1.5 K.  

In combination with the flow field and the flame 

visualizations, the temperature evolution can be 

conditioned in different ways. The top panel of 

Figure 3 shows temperature profiles conditioned on 

flame impingement for all four cases with respect to 

crank angle degree. Comparing it to the top panel of 

Figure 3, the lower standard deviation and therefore 

cyclic variation is apparent. During the early 

temperature rise and especially for case A, the 

evolution is surprisingly reproducible and variations 

small. Only after ~10 CAD after flame impingement 

do the variations increase until the end of the 

observed period. It can be concluded that the 

variations between cycles observed in Figure 3 are 

mainly grounded in differences in the timing of the 
flame impingement. This reduction of cyclic 

variations is evident for all cases. For case D also a 

slight change in the temperature profile’s slope 

(heating rate, not shown) is apparent, with no 

obvious inflection point and reduction in heating rate 

towards the end. This again indicates a lower heat 

transfer in the boundary layer of part load cases. 

Apparently the timing of the flame impingement 

is a major factor in explaining variations in the 

temperature rise. To investigate further influences, 

conditioning of the temperature on different global 

and local parameters was tested. Only two were 

found to have a significant impact, the horizontal 

velocity component and the cylinder pressure.  

The middle panel of Figure 3 shows profiles 

conditioned on the piston parallel velocity 

component Ux in a small rectangle of 2x2 mm² placed 

centrally above the piston at -15 CAD. The two lines 

in green and orange represent subsets of 50% highest 

and lowest Ux, respectively. The influence is the 

greatest for case A. In cycles with weak horizontal 

velocity (small magnitude of negative Ux) at -

15 CAD, the temperature rises to higher levels after 

flame impingement than for cycles with strong 

horizontal velocity (high magnitude of negative Ux). 

Even though the resulting temperature increase is 

higher, the first ~10 CAD after impingement follow 

a similar evolution. The other cases are less sensitive 

to this velocity characteristic before impingement. 

For case D the effect is flipped and weaker velocities 

lead to lower temperatures, which could be an effect 
of slightly different bulk flow topologies at this 

operating condition, as described by Welch et al. 

(2020). 

All in all, the described correlation is not 

immediately conclusive. Due to the time separation 

between -15 CAD and discernible differences in the 
temperature evolution, indirect effects could play a 

role. For example a change in the flow field at 

ignition timing could influence the initial flame 

propagation and subsequent evolution of the flow 

field such that the heat transfer at the considered 

measurement location is changed. Such cause-and-

effect chains illustrate the need for combined 

experimental and numerical analysis in 

understanding the spatial-temporal interactions of 

combustion processes, flow and near-wall heat 

transfer.  

Another correlation can be observed between the 

temperature rise and the cylinder pressure. The 

bottom panel of Figure 3 shows conditioned 

temperature profiles based on the 50% highest and 

50% losest cylinder pressure at 15 CAD after flame 

impingement. For case A, a similar qualitative 

influence is visible, with higher pressures being 

correlated with higher temperatures roughly 10 CAD 

after flame impingement. Other than with the piston-

parallel velocity, here also case B and C show a 

sensitivity to the cylinder pressure. Especially for 

case B this seems to explain most of the cycle-to-
cycle variations observed in the temperature rise. 

One obvious reason for this relationship between 

temperature rise and cylinder pressure is the faster 

combustion progress, which leads to higher pressures 

in the cylinder and thus higher gas temperatures. 

Thinner temperature and momentum boundary layers 

are also expected at higher pressures, though the 

increase in kinematic viscosity with higher 

temperatures works in the opposite direction. 

All in all, the heat transfer during combustion and 

specifically the wall temperature rise due to flame 

impingement is quite stable for the considered 

operating conditions. Cycle-to-cycle variations due 

to variations of the early flame kernel, subsequent 

growth and convection of the flame as well as 

impingement on the wall have less effect on the heat 

transfer than differences in the thermodynamic 

properties of the in-cylinder gases between operating 

conditions, such as density, flame speed and  



 

 

  

 

Figure 4: Top: Phase-averaged temperature development at x = 0 mm. Bottom: Heating rates based on CAD 

(lines) and peak heating rate in time (numeric label). 

 
Figure 3: Piston wall temperature evolution conditioned on the flame impingement (θF = 0 CAD). In grey, the 

standard deviation of all cycles is indicated. Top: All cycles. Middle: Two subsets conditioned on the 

horizontal velocity in a region of 2x2 mm² at x = 0 mm, y = 1 mm and -15 CAD. Bottom: Two subsets 

conditioned on the cylinder pressure pcyl at 15 CAD after flame impingement 



 

 

thickness, exhaust gas ratio and overall boundary 

layer thicknesses.  

 

3 Summary and Conclusions 

In this study, the near wall velocity in 

combination with the flame propagation and piston 

wall temperature was measured quasi-

simultaneously by employing laser diagnostics in the 

Darmstadt Engine, an optically accessible research 

engine.  

PIV and PTV was employed to measure flow 

velocities of the unburnt gas above the piston in the 

central tumble plane. To visualize the flame, SO2-

LIF was used to distinguish between burnt and 

unburnt regions. Therefore the temperature sensitive 

SO2 was added as a gaseous tracer and excited by a 

high-speed UV laser. Compared to the OH radical, 

SO2 can be excited by frequency-quadrupled 

Nd:YAG lasers. Hence, it is possible to achieve high 

repetition rates at sufficient signal-to-noise ratio 

even at elevated pressures of the engine. The 2D wall 

temperature was measured by means of 

thermographic phosphors applied to the piston top. 

By using an acousto-optic-deflector, both the 

phosphorescence and fluorescence were excited by 
the same high-speed UV laser, but slightly different 

positions, achieving quasi-simultaneous 

measurements.  

To study the processes determining the heat 

transfer, first the flame-flow interaction and flame-

wall quenching was analysed. In instantaneous 
cycles, it can be seen how the flame is convected 

parallel to the wall and approaches it in the center 

first, even though the spark plug is mounted off-

center. The spatial wall temperature distribution is 

highly dependent on the local flame's position and 

approach to the wall. The subsequent heat transfer 

into the wall is subject to a time delay, with the 

maximum temperature peak being reached roughly 

20 CAD after flame impingement.  

In correspondence with previous work, the wall 

temperature rise is orders of magnitude lower than 

the adiabatic flame temperature, increasing by 40 K 

in high load cases and by 20 K in part load cases. This 

difference in heat transfer can be attributed to 

differences in the thermodynamic state of the in-

cylinder gases, the flame speed, flame thickness as 

well as dilution by exhaust gases and boundary layer 

thicknesses. Compared to that, cycle-to-cycle 

variations are found to be less influential.  

If the temperature rise is conditioned on the time 

of flame impingement, cycle-to-cycle variations are 

reduced significantly. The remaining temperature 

spread was correlated to the horizontal velocity 

above the piston, which was influential especially for 

case A. A more consistent relationship was found to 

be the in-cylinder pressure, with all four operating 

conditions exhibiting higher peak wall temperatures 

for cycles with comparably high cylinder pressures. 

This observation can be explained by the influence 

of the combustion speed on the achieved cylinder 

pressure and subsequently the peak gas temperatures, 

ultimately influencing  boundary layer processes and 

the heat transfer to engine components. 

All in all, the analysis reveals a strong interplay 

of complex, three-dimensional flow and combustion 

phenomena coupled with the thermodynamic state. 

These interactions can be investigated further by 

means of high-fidelity simultaneous measurements 

and scale resolving numerical simulations like large 

eddy simulations.  
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Abstract
Riblets of triangular shape are experimen-

tally investigated with emphasis on the drag-
increasing regime in an air turbulent channel
flow facility. The nondimensional riblet spacing
s+ and height h+ in viscous units are varied by
changing the bulk Reynolds number in the range
5 × 103 < Reb < 8.5 × 104. The change in skin-
friction drag is accurately measured by compar-
ing the pressure drop across the test section with
smooth and ribbed walls at given values of Reb.
Stereoscopic particle image velocimetry (sPIV) is
used to obtain velocity data in the cross plane up
to Reb = 3.7 × 104. The measurements show
that riblets, in the drag-increasing regime, depart
from the the typical “k”-type roughness in the
fully-rough regime. Via the sPIV measurements,
the emergence of wall-normal velocity above the
riblet tips was detected when increasing Reb to
the drag increasing regime. This could be an
indication that secondary flows play a role for
the breakdown of the drag-reducing regime of ri-
blets, experimentally supporting the findings of
Modesti et al. (2021).

1 Introduction
Riblets are one of the few proven possibilities

to reduce the skin-friction drag in turbulent flows
and, therefore, have been extensively studied in
the past, e.g. Bechert et al. (1997).

It is known that the spanwise spacing s of the
riblet crests determines the presence and amount
of drag reduction. When scaled in viscous units
s+ = s uτ/ν (i.e. made nondimensional by the
wall friction velocity uτ of the flow and the kine-
matic viscosity ν of the fluid) an optimal spacing
of s+ ≈ 15 was found Bechert et al. (1997).

The drag-increasing regime of riblets is much
less studied in the literature. Jiménez (2004) hy-
pothesized that riblets in their drag-increasing
regime behave like classical “k”-type roughness.
However, Gatti et al. (2020) showed that, for tri-
angular riblets, such a regime exists, but, when
further increasing Reb (bulk Reynolds number
Reb = 2Ub δ/ν defined with the effective half-

channel height δ), the amount of drag increase
is lower compared to the value expected from a
“k”-type roughness prediction.

The underlying mechanisms for this behav-
ior remain unknown. In general, little is known
about the reasons for the breakdown of the drag-
reducing regime of riblets. Endrikat et al. (2021)
conducted an extensive numerical study on var-
ious riblet shapes investigating the influence of
Kelvin–Helmholtz (KH) instabilities on the drag-
reduction breakdown. While some configura-
tions (e.g. steep 30◦ tip-angle sawtooth riblets)
show a significant contribution of KH instabili-
ties to drag, other shapes/angles of riblets do not
reveal a contribution of KH rollers. Therefore,
KH-related flow mechanisms are significant for
the breakdown of the drag-reducing regime, but
alone do not provide the explanation. Modesti
et al. (2021) analysed the effect of secondary flows
on the drag penalty of riblets using the same nu-
merical dataset Endrikat et al. (2021) . Interest-
ingly, the emergence of secondary flows occurs as
the drag induced by the riblets increases. Thus,
further analysis of secondary flows as a cause
for the breakdown of the drag-reducing regime
and/or of the experimentally-proven deviation
from “k”-type roughness seems promising.

In the current study, we present experimental
data on two riblets sets in a bulk-Reynolds num-
ber range of 3 × 103 < Reb < 8.5 × 104 with
the intent to clarify the behavior of riblets in the
drag-increasing regime, experimentally comple-
menting the findings of Gatti et al. (2020). Addi-
tionally, the adopted sPIV measurements enable
the analysis of velocity profiles and of secondary
flows.

2 Methodology
The experimental investigations are carried

out in an open-circuit blower tunnel Güttler
(2015). The facility allows the measurement of
small changes in skin-friction drag by evaluat-
ing the static pressure at 21 pressure taps located
along both side walls of a 314 δ-long channel test
section with an aspect ratio of 1:12. The test sec-



tion is divided into three segments of 76 δ, 119 δ
and 119 δ streamwise extents. In the present in-
vestigation, the last segment is equipped with
two sets of riblets with the characteristics shown
in table 1. For this purpose, a high-precision
milling machine was used to manufacture the de-
sired surfaces. A photography of the sawtooth ri-
blets is shown in figure 1. The facility allows to
vary the bulk Reynolds number within the range
of 5× 103 < Reb < 8.5× 104.

ID s [mm] h [mm] α [◦] δ [mm]
spacedribs 0.614 0.294 53.5 12.49
sawtooth 1 0.87 60 12.375

αh

s

spacedribs

zx

y

sawtooth

Table 1: Overview of the investigated
riblet geometries.

The streamwise pressure gradient Π, assessed
via the 0.3 mm static pressure taps spaced 200
mm in streamwise direction, is employed to eval-
uate the global wall-shear stress τw. The effec-
tive half-channel height δ, used as the length scale
throughout the manuscript, is defined based on
the concept of a (streamwise) parallel protru-
sion height h‖ Luchini et al. (1991). Thus, the
wall-normal origin is placed h‖ below the riblet
tip and was computed based on the analytic ex-
pressions provided by Bechert and Bartenwer-
fer (1989) who solved the underlying Stokes flow
problem via conformal transformations.

In combination with the mass flow rate V̇ ,
measured with an orifice flow meter with inter-
changeable orifice plates, the skin friction coef-
ficient Cf , defined through Cf = 2 τw

U2
b ∗ρ

, can be
deduced. Changes in ambient conditions are ac-
counted for by tracking the wind tunnel air tem-
perature and the ambient pressure and humidity.

Figure 1: Photography of the sawtooth
riblets.

In order to resolve streamwise (u), wall-
normal (v) and spanwise velocity (w) compo-
nents, complementary sPIV measurements are
carried out. The measurement plane captures a
cross-section of the flow 3.5 δ upstream of the
test-section outlet. Two Photron SA4 high-speed
cameras at the left and right side of the chan-
nel exit, positioned at approximately 28◦ with
respect to the streamwise direction, are used to
take particles (1 µm diameter Di-Ethyl-Hexyl-
Sebacate droplets) images. Lenses with a focal
length of 200 mm and an aperture of f/8 are used
in conjunction with a 2x-teleconverter for each
lens and mounted on Scheimpflug adapters fit-
ted to accommodate the viewing angles. The
cameras are operated in double-frame mode
(sampling frequency 480 Hz) at full sensor size
(1024×1024 px) and a spatial resolution of about
60 px/mm. The particles are illuminated by a
Quantronix Darwin-Duo Nd:YLF laser that ac-
cesses the channel test section through a convex
lens window on the side wall, used to align the
light sheet parallel to the wall, thus minimizing
reflection issues from the walls. The light sheet
thickness is set to 0.5 mm corresponding to ≈ 30
px. A laser pulse distance of 12 µs (repetition rate
240 Hz) is adopted for Reb = 1.8 × 104 to reach a
maximum displacement in the streamwise direc-
tion of 10 px. The streamwise displacement was
kept constant for the investigated values of Reb
stated in table 2, thus the pulse distance was ac-
cordingly adjusted to reach the desired 1/3 dis-
placement with respect to the laser light-sheet
thickness. The raw images were cross-correlated
on a final interrogation window size of 48 × 16
px with an overlap factor of 50 %. Further details
on the sPIV experimental set-up can be found in
Hehner et al. (2021).

Reb × 104 0.5 1.2 1.8 2.85 3.7
smooth-wall ◦ x � 4 �
spacedribs x � 4 �
sawtooth ◦ x � 4 �

Table 2: sPIV-investigated flow cases.
The symbols are used in figure 4.

3 Results
The skin-friction coefficient Cf vs. the bulk

Reynolds number Reb is presented in figure 2
(Nikuradse-type diagram), where the measure-
ments obtained on both riblet sets and the smooth
surface are included (compare table 1). For
reference, the correlation proposed by Dean is
included alongside the smooth-wall data Dean
(1978). For the spacedribs riblets, the expected
drag reduction compared to the smooth-wall ref-
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Figure 2: Nikuradse-type diagram for the investigated riblet geometries. Smooth-wall data
and Dean correlation Dean (1978) included for reference.

erence is evident with an optimum at Reb ≈
1.2 × 104 (corresponding to s+ ≈ 15 ). Due to
the larger physical size of the sawtooth riblets, the
drag-reducing regime is reached at the low end
of theReb-range of the windtunnel aroundReb ≈
1× 104. Both sets show a consistent behaviour in
the rough regime: A fully rough surface would
tend to a constant skin-friction coefficient from a
certain Reb onward (dependant on the individ-
ual roughness). Both riblet sets, however, reveal a
broad Reb region of almost constant Cf followed
by a Cf decrease with increasing Reb, thus not
reaching a fully rough behaviour in the current
measurement range. This decrease in Cf is more
pronounced for the sawtooth riblets which have a
larger physical size. Considering the 2-D char-
acter of the riblet geometries, hence lacking any
pressure drag, the lack of a fully rough regime
is somewhat expected. Gatti et al. (2020) discuss
the roughness behaviour for the spacedribs riblets
and their deviation from a “k”-type roughness
behaviour in detail. The present additional mea-
surement data for physically larger sawtooth ri-
blets nicely confirm this skin-friction drag behav-
ior of riblets in the rough regime.

For the local analysis of the velocity data ob-
tained from sPIV measurements, a different ap-
proach is taken to extract the wall-shear stress τw
(i.e. uτ ) expressed in viscous units: Instead of the
global pressure drop along the streamwise direc-
tion, the wall-normal total stress obtained from
sPIV measurements is fitted and evaluated at the
wall-normal origin (h‖ below the riblet tip). The
total stress and its contributions are exemplary
shown in figure 3 for the highest drag-reduction
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total
fit
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w

Figure 3: Total stress contributions for
spacedribs riblets at Reb = 1.2 × 104.
The fit (red dashed line) is used to ex-
tract the wall-shear stress τw.

case spacedribs riblets at Reb = 1.2 × 104. In the
bulk region, the expected linear trend of the total
stress is visible also proving the statistical con-
vergence of the sPIV results. Closer to the wall
(figure 3) y+ < 100), the limitations of the near-
wall resolution cause a deviation from the linear
behaviour. Thus, data from this region are dis-
carded for the fit.

Additionally to the shown Cf measurements,
the riblet’s global effect on the turbulent flow can
be assessed analysing the mean streamwise ve-
locity profiles in viscous units as shown in fig-
ure 4. The profiles are shown for all cases listed
in table 2 (markers defined there). A smooth-
wall DNS at Reτ = uτδ/ν = 2000 is included
for reference Hoyas and Jiménez (2008). Con-
sistent trends between the pressure-drop results
presented in figure 2 and the velocity profiles are
found: The shift of the riblet’s velocity profile
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Figure 5: Reynolds stresses uiu+j vs. y+ for spacedribs riblets atReb = 1.2×104 in comparison
to smooth-wall sPIV data. Left panel: Smooth-wall DNS at Reτ = 550 included for reference
Hoyas and Jiménez (2008). “lower” refers to a non-symmetric channel: lower channel side
equipped with a riblet plate, top of the channel smooth surface.

with respect to the smooth-wall reference case
∆U+ also quantifies the amount of drag reduc-
tion/increase. E.g. in the left panel of figure 4,
the upward shift of the riblet profile for Reb =
1.2 × 104 stems from the drag-reducing effect of
the riblets while with increasing Reb the riblet’s
velocity profiles tend to a bigger shift. Quantita-
tively, the drag increase/reduction ∆Cf/Cf0 de-
rived from sPIV measurements deviates less then
5 % from the pressure-drop measurements.

Figure 5 shows the velocity- and Reynolds
stress profiles for spacedribs riblets at Reb =
1.2 × 104 (highest drag reduction case). Here,
two configurations are shown for the same ri-
blet geometry: The term “lower” refers to a non-
symmetric channel where the lower channel side
was equipped with a riblet plate; while the top of
the channel had a smooth surface. These results
are presented alongside the “normal” symmetric
configuration, where top and bottom walls of the
channel are equipped with riblets (as in all the
other presented cases). From figure 5 it is evident

that the asymmetric configuration does not effect
neither the averaged statistics of streamwise ve-
locity u nor the relevant Reynolds stresses. Com-
pared to the smooth-wall case, only slight dif-
ferences can be detected when considering the
Reynolds stresses (right panel of figure 5): As
expected, uu+ and uv+ are slightly smaller com-
pared to the smooth-wall case due to the drag re-
ducing effect of the riblets. Again, DNS data by
Hoyas and Jiménez (2008) is included for refer-
ence. In general, a good match between the pro-
files for smooth-wall mean velocity and Reynolds
stress profiles is found.

Spanwise- wall-normal contours of the wall-
normal velocity component v for all riblet cases
are shown in figure 6, here normalized with the
centerline velocity UCl. On the left side of fig-
ure 6, the results for spacedribs riblets (the phys-
ically smaller riblets) are shown. Reb increases
from top to bottom. For spacedribs riblets, where
all measurements were conducted in or close to
the drag-reducing regime (in terms of Reb), no
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Figure 6: Time-averaged V/UCl contours for spacedribs (left) and sawtooth (right) riblets.

vertical velocity in the riblet’s near region can be
detected. A different picture arises in case of the
sawtooth riblets: With increasing Reb, an increas-
ing V/UCl magnitude in the riblet vicinity is de-
tected: Above the riblet’s tip, fluid is moved up-
wards, while in the valley fluid pushed down-
wards. This observation indicates the emergence
of secondary motions as the riblet’s drag penalty
increases. It is worth noting that the small phys-
ical size of the riblets poses a significant chal-
lenge for the measurement equipment. The vis-
ible time-averaged contour levels at some dis-
tance from the wall stem from nonphysical arte-
facts in the processing. Due to the very small in-
tensity of the secondary flow (V/UCl ≈ 0.2%),
the mean streamwise particle displacement is 3

orders of magnitude larger compared to the in-
plane motion. Thus, experimental detection of
such secondary flows is hard to achieve. Yet, the
presented results show clear evidence of the pres-
ence of secondary flows in the riblets’ vicinity in
agreement with the numerical findings of Mod-
esti et al. (2021).

The joint analysis of the Reynolds-number
dependence of the wall-friction and secondary
motions appears to be a promising approach to
shed further light on a possible explanation for
the observed friction behaviour.



4 Conclusions
Two sets of riblets installed in a fully-

developed turbulent channel flow were investi-
gated experimentally via pressure-drop and sPIV
measurements. The obtained skin-friction coeffi-
cient Cf reveals the expected ≈ 8% drag reduc-
tion at s+ ≈ 15. With increasing Reb, the ri-
blet’s drag-reducing regime breaks down while
Cf does not reach a fully-rough state, at least in
the investigated range up to Reb < 8.5× 104. The
obtained changes inCf are confirmed by the sPIV
measurements, i.e the the shift of the streamwise
velocity profiles in viscous units ∆U+ matches
the pressure-drop measurement results. An effect
of an asymmetric channel flow on the velocity-
and Reynolds-stress profiles could be ruled out
by comparing sPIV measurements of a symmet-
ric (riblets on lower and upper channel wall) and
asymmetric (riblets only on the lower wall, up-
per wall smooth) configuration. In order to gain
an understanding of the observed Cf vs. Reb
behaviour, the wall-normal velocity fields in the
vicinity of the riblet tips were analysed. This re-
vealed the emergence of secondary flow motions
with increasing roughness (i.e. drag-increasing)
effect of the riblets as recently shown by Mod-
esti et al. (2021) numerically. The approach of si-
multaneously performing skin-friction measure-
ments and local analysis of the secondary flows
can possibly contribute to the understanding of
the riblets’ drag-reducing regime breakdown.
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Abstract

Xiao & Jenny (2012) proposed an interest-
ing hybrid LES/RANS method in which they use
two solvers and solve the RANS and LES equa-
tions in the entire computational domain. In the
present work this method is simplified and used as
a hybrid RANS-LES method, a wall-modeled LES.
The two solvers are employed in the entire domain.
Near the walls, the flow is governed by the steady
RANS solver; drift terms are added to the DES
equations to ensure that the time-integrated DES
fields agree with the steady RANS field. Away
from the walls, the flow is governed by the DES
solver; in this region, the RANS field is set to the
time-integrated LES field. The disadvantage of
traditional DES models is that the RANS models
in the near-wall region – which originally were de-
veloped and tuned for steady RANS – are used as
URANS models where a large part of the turbu-
lence is resolved. In the present method – where
steady RANS is used in the near-wall region – the
RANS turbulence models are used in a context
for which they were developed. In this method, it
may be worth while to use an accurate, advanced
RANS model. The EARSM model is used in the
steady RANS solver. The new method is called
NZ S-DES . It is found to substantially improve
the predicting capability of the standard DES. A
great advantage of the new model is that it is in-
sensitive to the location of the RANS-LES inter-
face.

1 Introduction
DES (Detached-Eddy Simulation) uses unsteady
RANS near walls (URANS region) and LES fur-
ther away from walls (LES region). The resolved
turbulence in the URANS region is often larger
than the modeled part. But the RANS models
used in the URANS region were originally de-
veloped and tuned in steady RANS simulations.
Hence the accuracy and the validity of the RANS
models in the URANS region can be questioned.
In the present work, DES is coupled with steady

RANS near the walls. We denote the method NZ
S-DES (Non-Zonal approach using Steady RANS
coupled to DES).

Xiao & Jenny (2012), Xiao et al. (2013) pro-
posed a new method in which they solve both
the LES and RANS equations in the entire do-
main. The flow is in the near-wall region gov-
erned by the RANS equations and in the outer
region it is governed by the LES equations. This
is achieved by adding drift terms in the LES and
RANS equations. In the interface region(s), the
drift terms are modified by a linear ramp func-
tion. Drift terms are used in all equations in the
RANS equations (momentum equations, the pres-
sure equation (PISO is used)) and in the modelled
turbulent equations (k and ε). Two drift terms are
added in the LES momentum equations; one to
ensure than the mean velocity fields in the RANS
and LES equations are the same and one to en-
sure that the total turbulent kinetic energies are
the same.

In the present study, the steady RANS equa-
tions are solved. Here it makes sense to use
advanced RANS turbulence models, since these
models were developed for steady RANS. The
EARSM (Wallin & Johansson 2000) is used in the
RANS solver. The present method is in many as-
pects similar to that proposed by Xiao & Jenny
(2012), Tunstall et al. (2017) but it is simplified:
the RANS equations are used in steady mode, a
more advanced RANS turbulence model is used
and the present method includes fewer drift terms
and tuning constants.

2 Numerical solvers
The momentum equations with an added turbu-
lent viscosity read

∂v̄i
∂t

+
∂v̄j v̄i
∂xj

= δ1i −
1

ρ

∂p̄

∂xi
+

∂

∂xj

(

(ν + νt)
∂v̄i
∂xj

)

(1)
where the first term on the right side is the driv-
ing pressure gradient in the streamwise direction,
which is used in the fully-developed channel flow
simulations.

DES solver

An incompressible, finite volume code is used.
The convective terms in the momentum equations
are discretized using central differencing. Hybrid
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central/upwind is used for the k and ω equations.
The Crank-Nicolson scheme is used for time dis-
cretization of all equations. The numerical proce-
dure is based on an implicit, fractional step tech-
nique with a multigrid pressure Poisson solver and
a non-staggered grid arrangement.

RANS solver

An incompressible, finite volume code –
CALC-BFC – is used. The transient term in Eq. 1
(the first term on the left side) is not included.
The convective terms in the momentum equations
are discretized using the second-order bounded
scheme, MUSCL (van Leer 1979). Hybrid cen-
tral/upwind is used for the k and ω equations.
The numerical procedure is based on pressure-
correction method, SIMPLEC, and a staggered
grid arrangement.

3 The NZ S-DESmethod

Two sets of equations are solved (steady RANS
solver, see Fig. 1(a) and DES solver, see Fig. 1(b))
in the entire domain on identical grids. The steady
RANS solver may be two dimensional (as in the
present work). Drift terms are added in the DES
equations, SDES

i , in the wall region, see Fig. 1(a).
The drift terms in the DES velocity equations read

SDES
i =

〈vRANS
i 〉T − 〈v̄DES

i 〉T
τr

(2)

where τr = max(0.1k/ε,∆t) following Tunstall
et al. (2017). No drift term is used in the pressure
equation. 〈·〉T indicates integration over time, T ,

i.e.

〈φ(t)〉T =
1

T

∫ t

−∞

φ(τ) exp(−(t− τ)/T )dτ ⇒

〈φ〉n+1

T ≡ 〈φ〉T = a〈φ〉nT + (1− a)φn, (3)

where a = 1/(1 + ∆t/T ) and n denotes the
timestep number. Note that although the flow
cases in the present work include homogeneous di-
rection(s), no space averaging is made in Eq. 3.
It may be noted that although the velocity field
in the RANS solver is steady, it is time integrated
when used in Eqs. 2 and 4 because it varies slightly
in time. This time integration is probably not nec-
essary.

In the LES region, the RANS velocities are pre-
scribed as vRANS

i = 〈vLES
i 〉T by adding a large

source term, i.e.

SRANS
i =

〈vLES
i 〉T − 〈v̄RANS

i 〉T
ǫ

(4)

where ǫ = 10−10. The pressure is simply set as
p̄RANS = 〈pLES〉T and the pressure correction is
set to zero. This means that, in reality, the steady
RANS solver needs to be solved only in the wall
region. In the LES region, the momentum equa-
tions in the RANS solver are merely transporting
the turbulence quantities, k and ω, to ensure that
correct values of k and ω are transported into the
RANS region through the RANS-LES interface at
y = δI , see Fig. 1. The pressure, 〈p̄

LES
j+1 〉T , and the

streamwise velocity, 〈v̄LES
j+1 〉T , at the RANS-LES

interface are used as a boundary condition for the
RANS equations in the wall region, see Fig. 3.
The wall-normal velocity, v̄RANS

j , is solved for us-
ing the pressure at node j + 1. The RANS solver
is called every 10th time step.

The k − ω DES model

The Wilcox k−ω turbulence DES model reads

dk

dt
= P k +

∂

∂xj

[(

ν +
νt
σk

)

∂k

∂xj

]

− FDESCµkω

dω

dt
= Cω1

ω

k
P k − Cω2ω

2 +
∂

∂xj

[(

ν +
νt
σω

)

∂ω

∂xj

]

νt =
k

ω
(5)
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where d/dt = ∂/∂t + v̄j∂/∂xj (∂/∂t = 0 in the
RANS solver). The standard coefficients are used,
i.e. Cω1 = 5/9, Cω2 = 3/40, σk = σω = 2 and
Cµ = 0.09. The FDES function is computed as

FDES = max

{

Lt

∆

}

= max

{

k1/2/(Cµω)

∆

}

(6)

The LES length scale, ∆, is used from
DES (Spalart et al. 1997), i.e.

∆ = CDES∆max, ∆max = max{∆x,∆y,∆z} (7)

The DES equations are solved in the entire re-
gion, but they govern the flow only in the LES
region, see Fig. 1. The location of the interface
in the DES solver is defined in the same way as
between the RANS solver and the DES solver, i.e.
where FDES = 1, see Eq. 6.

The k − ω EARSM model in the RANS

solver

The steady RANS equations are solved in the
entire region, but they govern the flow only in the
RANS region, see Fig. 1. The k − ω in Eq. 5
is used with FDES = 1 and the transient terms
are set to zero. The Reynolds stresses, v′iv

′

j , are
computed from the two-dimensional explicit alge-
braic Reynolds stress model (EARSM) (Wallin &
Johansson 2000).

Initialization

The simulations are initialized as follows: first
the 2D RANS equations are solved. Anisotropic
synthetic fluctuations, (V ′

i)m, are then superim-
posed to the 2D RANS field which gives the ini-
tial LES velocity field. The initial time integrated
fields, 〈vLES

i 〉T and 〈vRANS
i 〉T , are also set from

the 2D RANS field.
In order to compute (V ′

i)m, synthetic fluctua-
tions, v′i,synt, are computed plane-by-plane (y−z)
in the same way as prescribing inlet boundary con-
ditions. The synthetic fluctuations in the y − z
planes are coupled with an asymmetric space fil-
ter

(V ′

i)m = a(V ′

i)m−1 + b(v′synt,i)m (8)

where m denotes the index of the x1 location and
a = exp(−∆x1/Lint) and ∆x1 and Lint denote the

100 102
y +

0

10

20

30

U
+

Figure 4: Channel flow. NZ S-DES compared with
standard DES. : DES solver in NZ S-DES ;

: RANS solver in NZ S-DES ; : Standard
DES; ◦: Reichardt’s law, U+ = 1

κ ln(1− 0.4y+) +
7.8 [1− exp (−y+/11)− (y+/11) exp (−y+/3)].

0.00 0.25 0.50 0.75 1.00
y

−1.00

−0.75

−0.50

−0.25

0.00

0.00 0.01 0.02 0.03
−1.00

−0.98

−0.96

−0.94

−0.92

−0.90

0.00 0.25 0.50 0.75 1.00
y

−1.0

−0.5

0.0

0.00 0.01 0.02 0.03
−1.0

−0.8

−0.6

Figure 5: Channel flow. Standard DES (left) and
NZ S-DES (right). Shear stresses scaled with u2

τ .
Vertical black dashed lines show predicted RANS-
LES interface. : resolved; : viscous +
modeled; : total. : viscous plus modeled
in RANS solver (EARSM) in NZ S-DES .

grid size and the integral length scale, respectively
(Lint = 0.2).

4 Results

Fully-developed channel flow

The first test case is fully developed chan-
nel flow with periodic boundary conditions in
streamwise (x) and spanwise (z) directions. The
Reynolds number, Reτ = uτh/ν, is 8 000 where
h denotes half-channel width. The size of the
domain is xmax = 3.2, ymax = 2 and zmax =
1.6. The mesh has 32 × 96 × 32 (x, y, z) cells.
∆z+ = 400 and ∆x+ = 800. The timestep is
set to ∆t̂ ≡ ∆tUb/h = 0.025 (Ub denotes bulk
velocity) which gives CFL < 0.4. In Davidson
(2019) the influence of the integration times, T
(see Eq. 3), was evaluated. It was found that it is
important that the sampling time is much larger
than the integration time, T . If it is too small,
it often gives an asymmetric time-averaged flow
field. Here, the sampling time, T , to reach fully
developed condition and sampling time are both
set to T̂ ≡ T Ub/h = 1000. The integration time
is set to T̂ ≡ TUb/h = 1. Values of up to T̂ = 50
were evaluated in Davidson (2019) with negligible
influence on the results.
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Figure 6: Channel flow. Standard DES (left) and
NZ S-DES (right). Forces in the 〈v̄1〉 equation
(normalized with u2

τ/δ). Thick black dashed line
shows the predicted RANS-LES interface. :
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∂x2

; :
∂

∂x2

(
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∂〈v̄〉

∂x2

)

; : Drift

term, SDES
1 , see Eq. 2.

Figure 4 compares the velocity profiles ob-
tained with NZ S-DESwith that of standard
DES. The velocity profiles predicted with NZ S-
DES agree very well with Reichardt’s law whereas
the standard DES exhibits the usual log-layer mis-
match.

Figure 5 shows the shear stresses. We find that
the magnitude of the resolved shear stress is much
smaller for NZ S-DES than for standard DES. As a
consequence, NZ S-DES also gives a much smaller
total shear stress. In fully developed channel flow,
the total (resolved, modeled and viscous) shear
stress is given by

τ+tot = τ+w

(

1−
y

h

)

. (9)

where subscript denotes scaling with u2
τ . Nor-

mally, τ+w = 1 because the driving pressure gra-
dient is equal to one (the first term on the right
side of Eq. 1). For standard DES (Fig. 5, left fig-
ure), the stresses and the driving pressure gradient
are in balance and as a result the total shear stress
varies linearly as dictated by Eq. 9. However, for
NZ S-DES the total shear stress does not exhibit
a linear behaviour (Fig. 5, right figure). Xiao
et al. (2013) also report that the drift term af-
fects the resolved shear stresses. In NZ S-DES the
wall shear stress, τ+w , balances not only the driv-
ing pressure gradient but also the drift term. As a
result, τ+w increases. Figure 6 presents the forces
acting in the streamwise momentum equation, i.e.
the gradient of the resolved, modelled and viscous
shear stresses, the driving pressure gradient – and
for NZ S-DES – also the drift term, SDES

1 , see
Eq. 2. Here we see the effect of the drift term
in the DES equations. The drift term drives (in-
creases) – as it should – the time-integrated DES
velocity, 〈v̄1〉T towards the RANS velocity. The
drift term is mainly balanced by the modeled shear
stress force (close to the wall it is balanced by the
viscous shear stress force). It may be noted that
they are very large; the modeled shear stress force
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Figure 7: Boundary layer flow. : NZ S-DES ;
: Standard DES; : RANS solver in NZ

S-DES .

is much much larger than that using standard DES
(see Fig. 6). It should, however, be recalled that
the large drift term is active in a thin region close
to the walls. The large shear stress force for the
NZ S-DES is understood by looking at the viscous
plus modeled shear stress in Fig. 5. In the URANS
region it changes from its wall value of −1 to ap-
proximately τ+I = −0.55. In the LES region, the
total shear stress for NZ S-DESbalances the pres-
sure gradient but the slope is different from that
in Eq. 9 (see Fig. 6). The form reads

τ+tot = τ+I

(

1−
y − yI

h

)

. (10)

where subscript I denotes the URANS-LES inter-
face. It may be pointed out that the drift term
has no physical meaning: its object is simply to
make the time-integrated DES velocity match the
RANS profile, see Eq. 2. Figure 5 also presents vis-
cous plus modeled EARSM shear stress for NZ S-
DES in the RANS solver (see inset). As expected,
it is much larger than the corresponding term in
the DES solver. The location of the interface is
furthermore indicated and it can be seen that NZ
S-DESputs the interface further away from the
wall than the standard DES simulation does (see
also Fig. 6).

Flat-plate boundary layer

The second test case is developing boundary
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Figure 9: Hump flow. : NZ S-DES ;
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layer along a flat plate. The mean inlet profiles are
taken from a 2D RANS solution at Reθ = 6100.
The mesh has 1024× 160× 64 cells (x, y, z) with
∆t = 0.002. The far-field mean velocity is one, i.e.
Ufree = 1. The spanwise extent of the domain is
zmax = 2δin. Twice that, i.e. 2zmax, has been
evaluated which confirms that zmax is sufficiently
large. The length (x) and height (y) of the domain
is 21δin and 112δin, respectively. ∆z+in = 85 and
∆x+

in = 280. Anisotropic, synthetic turbulence is
superimposed to the 2D RANS velocity profiles at
the inlet. The procedure is described in Davidson
(2016), Arvidson et al. (2018). The inlet turbulent
length scale is set to Lt = 0.3δin.

Figure 7 presents the skin friction and the
mean velocities which are both much better pre-
dicted with the NZ S-DESmodel than the stan-
dard DES model. It can be noted that the inter-
face is located too close to the wall (at y+ ≃ 100).
It was found in Deck et al. (2014) that when the
interface is located too close to the wall, the stan-
dard DES gives poor results.

Hump flow

The third test case is the flow over a two-
dimensional hump, see Fig. 2. The Reynolds num-
ber of the hump flow is Rec = 936 000, based on
the hump length, c = 1, and the inlet mean ve-
locity at the centerline, Uin,c = 1. The inlet is

located at x = −2.1 and the outlet at x = 4.0,
see Fig. 2. The mesh has 650× 110× 66 cells (x,
y, z) and it is based on the mesh from the NASA
workshop1 but it is refined upstream of the hump
and in the outlet region, see Fig. 8. The span-
wise extent of the domain is set to 0.3 so that
∆z = zmax/nk = 0.3/64 = 0.0047.

The inlet profiles are taken from a separate
2D RANS simulation with the same momentum
thickness as the boundary layer in the experi-
ments (Greenblatt et al. 2004, 2005). Anisotropic
synthetic fluctuations are superimposed to the in-
let velocity profile in the same way as for the
boundary-layer simulations. Periodic boundary
conditions are used in the spanwise direction (z).
The interface between the URANS and the LES
region as well at that between the steady RANS
solver and the DES solver is – as in the channel
flow and the boundary-layer simulations – defined
by Eq. 6.

The pressure coefficient and skin friction are
presented in Fig. 9. As can be seen, the agree-
ment with experiments is good for both NZ S-
DES and standard DES. The most obvious dis-
crepancy is the large skin friction predicted by NZ
S-DES at x ≃ 0.17 and that the standard DES
predicts slightly too low a skin friction upstream
of the hump (as was also seen for the boundary
layer flow, Fig. 7(a)). These two discrepancies are
probably connected: the under-predicted skin fric-
tion by the standard DES gives a smaller velocity
on the upstream part of the hump and hence a
smaller skin friction than NZ S-DES . Hence, the
fact that the skin friction is better predicted than
NZ S-DES at x ≃ 0.17 is probably fortuitous, due
to a poor predicted in-coming boundary layer.

Figure 10 compares the predicted velocity pro-
files with experiments. The NZ S-DESand stan-
dard DES give virtually identical velocity profiles.
The NZ S-DESpredicts somewhat too strong a
backflow (see Fig. 10, x = 0.80). The velocity pro-
files of the RANS solver are also included. The
RANS solver velocity profiles in the wall region
match those of the DES solver as they should. The
locations of the interface is shown with a red plus
sign. It may be noted that the location of the in-
terface at x = 1.3 is further away from the wall
compared to at x = 0.65, . . . , x = 1.1.

5 Conclusions
The paper presents a new non-zonal model based
on a steady RANS solver in the wall region cou-
pled with a DES solver which covers the entire
region. The steady RANS solver is called very
10th timestep. It could probably be called less fre-
quently. The RANS solver dictates the flow in the
wall – i.e. the URANS – region. A drift term in

1https://turbmodels.larc.nasa.gov/nasahump val.html
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the wall region in the DES solver forces the time-
integrated DES flow to match that of the RANS
flow. For the channel flow, this term is large as it
forces – as it should – the time-averaged LES field
to agree with the steady RANS field in the RANS
region,

The new model is evaluated in fully devel-
oped channel flow, flat-plate boundary layer and
the hump flow. The new model gives very good
agreement with experiments. It is found to sub-
stantially improve the predicting capability of the
standard DES. It is found (but not shown due to
space limitations) that when the DES length scale
in Eq. 7 is replaced by the IDDES length scale,
the RANS-LES interface is moved much closer to
the wall. But the new model still gives good re-
sults which shows that new model is insensitive
to the location of the RANS-LES interface which
is great advantage. Another advantage is that
it make sense to use advanced RANS turbulence
models since they in NZ S-DESare used in a con-
text (steady flow) for which they were developed.

The disadvantage is of course the complexity
it entails to use two solvers and the additional
CPU time. Since the time-averaged flow for all
test cases in the present work are two dimensional,
a two-dimensional RANS solver was employed and
hence the additional CPU time was negligible.
In three-dimensional flows, one could consider to
use the RANS solver only in the URANS region,
and solve the k and ω equations using the time-
averaged LES velocities, 〈v̄i〉T , see Eq. 3.
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C. Willert2, A. Schröder1, E. Schülein1, R. Hain3, and C. J. Kähler3

1 Institute of Aerodynamics and Flow Technology, DLR, Göttingen, Germany
2 Institute of Propulsion Technology, DLR, Köln, Germany
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Abstract
A modification of the SSG/LRR-ω model for tur-

bulent boundary layers in adverse pressure gradient is
presented. The modification is based on a new wall
law for the mean velocity at adverse pressure gradient.
The wall law is found from two new joint DLR/UniBw
experiments and from the analysis of a data base from
the literature. The mean velocity profile in the inner
layer is found to consist of a log-law region, which is
thinner than its zero pressure gradient counterpart, and
a half-power law region above the log law. An empir-
ical correlation for the wall-distance of the transition
from the log-law to the half-power law is presented.
Then a modification of the ω-equation to account for a
half-power law behaviour of the mean velocity is de-
scribed. The modified SSG/LRR-ω model is then ap-
plied to the two joint DLR/UniBw experiments. The
modification leads to a reduction of the mean velocity
in the inner part of the boundary layer and makes the
model more susceptible for flow separation, which is
in good agreement with the experimental data.

1 Introduction
The numerical prediction of separation of a tur-

bulent boundary layer on a smooth surface due to
an adverse-pressure gradient (APG) in the low-speed
regime is of fundamental importance for many techni-
cal applications, e.g. the flow around aircraft wings
during take-off and landing. However, there is still
no consensus in the research literature on the exis-
tence of a wall-law for the mean-velocity profile at ad-
verse pressure gradients, which only depends on local
flow parameters, see e.g. Alving and Fernholz (1995),
Johnstone et al. (2010). The knowledge of a wall law
could be used to improve RANS turbulence models.
There has been a noticeable research activity on turbu-
lent boundary layer flows in adverse pressure gradient
during the last decade. New experimental studies, e.g.
by Schatzman and Thomas (2017), and from direct nu-
merical simulations (DNS) by Coleman et al. (2018)

have been performed during the last years. The inter-
est in RANS turbulence modelling for flow separation
is also apparent from the memoranda by Slotnick et al.
(2014) and Bush et al. (2019).

The number of well-defined and documented val-
idation test cases at high Re is still small in the lit-
erature. Therefore, since 2011 a series of three new
boundary-layer experiments were designed and per-
formed in a joint work by DLR and the Universität
der Bundeswehr München (UniBw), funded mainly
within the DLR aeronautical program and in parts by
DFG. The first experiment was at moderately large
Reynolds numbers up to Reθ = 10000 of the in-
coming boundary layer before entering the APG re-
gion, see Knopp et al. (2014a). The DLR/UniBw exp.
II was performed at higher Reynolds numbers up to
Reθ = 30000 of the incoming boundary layer. The
adverse-pressure gradient was moderately strong and
the flow was remote from separation, see Knopp et al.
(2021). The DLR/UniBw exp. III was at a strong
adverse-pressure gradient, causing flow separation and
a thin separation bubble, see Knopp et al. (2018).

The goals of the experiments were to establish a
data base for the mean velocity at APG, and to provide
a new well-defined and documented test case for the
validation of RANS and hybrid RANS/LES methods
at APG.

The great question is the existence of a wall-law
for the mean velocity in the inner layer, which de-
pends only on local flow parameters. The present
work is based on the following ideas. The first idea is
that there still exists a logarithmic region under APG
conditions, which becomes smaller as the flow ap-
proaches separation, see Alving and Fernholz (1995),
and Knopp et al. (2021). The second idea is that there
is a systematic reduction of the extent of the log-law
region at APG, see Knopp (2016), which was found
for Couette-Poisseuille flow by Telbany and Reynolds
(1980). The next idea follows Perry et al. (1966), who
proposed that, above the log-law, a half-power law (or
square-root law) emerges, extending to the wall dis-



tance the log-law typically occupies at zero pressure
gradient. Experimental support for these hypotheses
was found from the results of the first and second joint
DLR/UniBw experiment, cf. Knopp et al. (2014b) and
Knopp et al. (2021), and from the analysis of the data
base in Coles and Hirst (1969), see Knopp (2016).

The status of work on the improvement of RANS
models for turbulent boundary layers at adverse-
pressure gradient is rare in the literature. One of the
few attempts to modify k-ω-type turbulence models
for APG was the proposal by Rao and Hassan (1998).
Their idea was to modify the equation for the turbu-
lent kinetic energy k, so that the modified model gives
the sqrt-law behaviour for the mean velocity at APG.
Rao and Hassan proposed to modify the model for the
turbulent diffusion of k by taking into account an ad-
ditional modeling term, which may be associated with
the diffusion due to pressure fluctuations and which
scales with the streamwise component of the mean
pressure gradient. This idea was studied and modified
in Knopp (2016) for the SST k-ω model by Menter
(1994), and for the SSG/LRR-ω model by Eisfeld et al.
(2016) in Knopp et al. (2018).

2 Wind-tunnel experiments
The experiments were performed in the Eiffel type

atmospheric wind tunnel (AWM) of UniBw in Munich
in the 22-m-long test section of cross section 1.8 m ×
1.8 m.

Experimental set-up
The two experiments used a contour model, which

was mounted on the side wall of the wind tunnel, to
generate an APG region in its rear part, see figure 1.
The first part of the APG region was a 0.75m long
curved element, which was used in both experiments.
In the DLR/UniBw exp. II (named RETTINA II), the
focus region was on a flat plate of length 0.4m at an
opening angle of 14.4◦ downstream of the first curved
element. In the DLR/UniBw exp. III (named VicToria,
after the corresponding DLR internal project), a sec-
ond curved element was added and the focus region
was on a flat plate of length 0.762 m at an opening
angle of 18.6◦, where a thin separation region occurs.
Both models are shown in figure 1. The flow param-
eters were changed by a variation of the flow velocity
and by changing the model in the rear part.

Flow conditions
The streamwise pressure gradient is shown in fig-

ure 2 for the DLR/UniBw exp. II and in figure 3 for
the DLR/UniBw exp. III.

For the DLR/UniBw exp II, some characteristic
boundary layer parameters for Ue,ref = 28.13 m/s
and Ue,ref = 43.29 m/s are given in table 1. The
flow is remote from separation. For the DLR/UniBw
exp. III, the boundary layer parameters are given for
Ue,ref = 35.5 m/s in table 2. Flow separation occurs
in the rear part of the flat plate.

Figure 1: Sketch of DLR/UniBw exp. II (named RETTINA
II) and of DLR/UniBw exp. III (named VicToria).

Figure 2: Distribution of cp for the DLR/UniBw exp II.

Figure 3: Distribution of cp for the DLR/UniBw exp III.



Table 1: Characteristic boundary layer parameters for the
DLR/UniBw exp. II at Ue,ref = 28.13 m/s and
Ue,ref = 43.29 m/s.

x Ue Reθ Reτ ∆p+s βRC

in m in m/s
8.12 28.13 24358 9304 -0.0002 -0.156
9.94 25.50 39822 6939 0.0185 27.06
8.12 43.29 35908 13214 -0.0001 -0.167
9.94 39.18 57363 9799 0.0114 26.37

Table 2: Characteristic boundary layer parameters for the
DLR/UniBw exp. III at Ue,ref = 35.5 m/s.

x Ue Reθ Reτ ∆p+s βRC

in m in m/s
8.63 35.5 22634 9308 -0.0004 -0.39
10.55 30.7 47576 4620 0.16 151.1

Measurement technique
For the measurement of the mean velocity and

of the Reynolds stresses, different techniques were
combined. A large scale overview measurement was
applied in the centerplane using 2D2C particle im-
age velocimetry (PIV) to measure the two compo-
nents (2C) of streamwise and wall-normal velocity in
the two dimensional (2D) plane of streamwise and
wall-normal direction. Moreover, in the adverse pres-
sure gradient region, different high-resolution particle-
tracking velocimetry (PTV) and Lagrangian particle-
tracking (LPT) approaches were applied, i.e., micro-
scopic long-range microscope 2D2C-PTV and 3D3C-
LPT. The wall-shear stress was measured using oil-
film interferometry for both experiments. For details
see Novara et al. (2016), Knopp et al. (2021), Knopp
et al. (2018).

3 Wall-law at adverse pressure gradient
The aim is to find a wall-law for the mean veloc-

ity at APG. First the results for the DLR/UniBw ex-
periments are considered. Then a data-base approach
using a large number of wind-tunnel experiments in
Coles and Hirst (1969) and DNS data is used.

Results from the DLR/UniBw experiments
From the two joint DLR/UniBw experiments, the

following results for the mean velocity were found.
The log-law in the mean velocity is a robust feature at
APG. The log-law region is thinner than its zero pres-
sure gradient counterpart, and does not extend up to
the outer edge of the inner layer at y = 0.2δ99. The ex-
tent of the log-law region is decreasing with increasing

∆p+s . A square-root law (or half-power law) emerges
above the log-law in a large part of the region occupied
by the log-law at zero pressure gradient.

Figure 4: Mean velocity profile for the DLR/UniBw exper-
iment II for at x = 9.944 m, ∆p+s = 0.0114 and
Reθ = 57363 (note that y+ < 0.5δ+99 is shown).

Data-base study
The mean-velocity profiles of the data base Coles

and Hirst (1969) were fitted in the inner layer by this
wall-law. The wall-law consists of a log-law region
in the inner part, and, above the log-law, a half-power
law extending up to around y = 0.2δ99. This is shown
for the flow by Schubauer and Klebanoff in figure 5.
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Figure 5: Mean velocity profile for flow 2134 by Schubauer
& Klebanoff at ∆p+s = 1.17 × 10−2 and Reθ =
53839, see Coles and Hirst (1969).

Two characteristics of this wall law are the extent
of the log-law region y+log,max and the intercept of the
log-law and the square-root law y+incpt. The data indi-
cate that both depend on the pressure gradient ∆p+s =
ν/(ρu3τ )dP/ds, on the Reynolds number δ+ = Reτ ,
and, as a higher-order effect, on the streamwise decel-
eration parameter ∆u+τ,s = ν/u2τduτ/ds.

For y+log,max, similar values were observed for dif-
ferent flows provided that ∆p+s , ∆u+τ,s and Re have
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similar values, see figure 6.
The values for y+incpt found in the analysis of the

mean-velocity profiles of the data-base are plotted as
y+incpt/(δ

+)1/2 versus ∆p+s in figure 7. It is found that
y+incpt/(δ

+)1/2 is slightly decreasing with increasing
values of ∆p+s . The range of Reθ-values in the fig-
ure is large, varying from Reθ = 900 for the DNS by
Manhart & Friedrich up to Reθ = 95000 for the flow
by Perry. The scatter in the results is expected to be in
part due to the uncertainty to determine y+incpt, δ, and
uτ , but could also depend on flow-physical parameters
not accounted for in this simple model. An empirical
correlation y+incpt/(δ

+)1/2 = 2.3(∆p+s )−0.2 is used as
to approximate the data points.
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Figure 7: Data base analysis: y+-position of the intercept
between log-law and half-power law.

4 RANS turbulence modelling
For RANS turbulence modelling, the SSG/LRR-ω

model is used. The transport equation for the Reynolds

stresses u′iu
′
j can be written in the form

∂

∂xk

(
Uku′iu

′
j

)
= Pij + Πij − εij +Dν

ij +Dt
ij

Here Pij denotes production, εij denotes dissipation,
and Dν

ij and Dt
ij denote the viscous and turbulent

transport of u′iu
′
j , see Eisfeld et al. (2016). The cor-

responding equation for the turbulent kinetic energy
k = 1

2u
′
iu
′
i can be written as

~∇ · (~Uk) = Pk − ε+Dν
k +Dt

k (1)

The equation for ω written in the form

~∇ · (~Uω)−Dν
ω −Dt

ω = Pω − εω (2)

with viscous and turbulent diffusion terms Dν
ω , Dt

ω ,
production term Pω and dissipation term εω .

Modification to account for the half-power law
The boundary layer analysis of the ω-equation at

APG uses the assumption that there exists a half-power
law region, where the mean velocity profile follows
a sqrt-law and the total shear stress is growing as
τ+ = 1 + λ∆p+s y

+, λ = 0.7. This was described in
Knopp (2016) and Knopp et al. (2018). It was shown
that the ω-equation is not consistent with the assumed
solution in the sqrt-law region at APG. From this anal-
ysis a model discrepancy term m+

ω for the sqrt-layer
was inferred. The discrepancy term can be expressed
using the pressure diffusion term Dp

k proposed for the
k-equation by Rao and Hassan (1998). The pressure
diffusion term for the ω-equation becomes

−Dp
ω = −ω

k

∂

∂xj

(
σk,P νt

∂P

∂xi

bij
ρ

)
if ∆p+s > 0

(3)
and is set to zero for ∆p+s ≤ 0. Here for the anisotropy
tensor bij the following definition is used

bij =
τij
ρk

+
2

3
δij , τij = −ρu′iu′j . (4)

The coefficients of the pressure diffusion term are

σω,P = σωλβ
−1
k , βk = 0.09 , λ = 0.7 (5)

The pressure diffusion term is only activated in the as-
sumed sqrt-law region. For this purpose, the blending
functions fb2 and fb3 are used, which are described in
detail in Knopp (2016). The modified ω-equation with
the additional pressure diffusion termDp

ω and with the
blending functions fb2, fb3 becomes

~∇ · (~Uω)−Dν
ω −Dt

ω − fb2fb3Dp
ω = Pω − εω (6)

The blending function fb2 describes the progres-
sive breakdown of the log-law in APG. It accounts for
the modelling hypothesis that the outer edge of the log-
law region is decreasing with increasing ∆p+s and is
based on y+incpt. The function fb2 has a value of zero



in the near wall region and in the log-law region, in-
creases in the transition region, and has a value of one
in the sqrt-law region. On the other hand, the function
fb3 has a value of one in the inner part of the boundary
layer and goes down to zero for y > 0.2δ99.

5 Results of RANS simulations

DLR/UniBw moderate APG exp. II
For the DLR/UniBw moderate APG exp. II, the in-

coming turbulent boundary layer at the ZPG reference
position x = 8.12 m is matched by the RANS results,
as shown here for the SSG/LRR-ω model in figure 8.
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Figure 8: Exp. II, case Ue,ref = 28.1 m/s: u+ at x =
8.12 m at the ZPG reference position.

In the APG region, the SSG/LRR-ω model over-
predicts the mean velocity for y < 0.05δ99 in the in-
ner layer, see figure 9. Using the sqrt-law modifica-
tion, the mean velocity is reduced and becomes closer
in agreement with the experimental data.
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Figure 9: Exp. II, case Ue,ref = 28.1 m/s: u+ in the ad-
verse pressure gradient region at x = 9.944 m.

The sqrt-law modification causes smaller values
for cf in the APG region, in better agreement with the
experimental data by OFI and microscopic PTV, see
figure 10.
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Figure 10: Exp. II, case Ue,ref = 28.1 m/s: cf -distribution.

DLR/UniBw strong APG exp. III
For the DLR/UniBw strong APG exp. III, the SA,

SST, and SSG/LRR-ω model were also found to over-
predict the mean velocity in the inner part of the inner
layer in the APG region, see figure 11. Using the sqrt-
law modification, the mean velocity is decreased and
in closer agreement with the experimental data. Figure
11 shows u+ in the APG region.

Figure 11: Exp. III, case Ue,ref = 35.5 m/s: u+ at x =
10.41 m in the APG region.

The sqrt-law modification causes smaller values
for cf in the APG region, in better agreement with the
OFI data, see figure 12.

6 Conclusions
A modification of the SSG/LRR-ω model for tur-

bulent boundary flows in adverse pressure gradient
based on a new wall law for the mean velocity at ad-
verse pressure gradients was presented. It accounts
for a half-power law region of the mean velocity in
a part of the inner layer. The modification gives
improved predictions for two DLR/UniBw turbulent
boundary layer experiments at moderate and strong
adverse pressure gradient without and with separation.



Figure 12: Exp. III, case Ue,ref = 35.5 m/s: cf -
distribution.
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Abstract
The present paper deals with the modeling of

wind gusts within large-eddy simulations (LES). The
method relies on a source-term approach and is eval-
uated based on a simple CFD case and a challenging
fluid-structure interaction (FSI) case of a membranous
hemisphere in a turbulent boundary layer.

1 Introduction
Wind gusts have garnered the attention of the en-

gineering community due to their devastating con-
sequences on structures (wind turbines, buildings,
bridges, aircrafts ...) or on the nature (e.g., forests)
as observable in Fig. 1. In order to prevent struc-
tural damages due to the wind, design standards are
prescribed such as the IEC-Standard 61400-21 for the
construction of wind turbines. These are based on
measurements and crude estimations, where the as-
sumptions made in these guidelines are rather sim-
plistic. Therefore, investigations on the proposed de-
sign under different wind conditions either in experi-
mental facilities or by the application of sophisticated
highly-resolved computational models (such as large-
eddy simulation) is a must in terms of validation and
optimization. In the following, the modeling of wind
gusts for CFD simulations, particularly for LES, is de-
scribed and tested on a pure fluid flow case and on a
fluid-structure interaction case.

2 Wind gust modeling
Considering a wind gust as a short but strong

variation of the fluid velocity in time and space,
two categories of wind gust modeling can be distin-
guished: The deterministic and the stochastic model-
based methods. This short review concentrates only on
the deterministic one, i.e., the gust is represented by a
mean shape defined by a mathematical function. For
example, two well-known shapes were proposed in the
IEC-Standard 61400-21 and prescribed by the Federal
Aviation Regulations: The Extreme Operating Gust
(EOG) also called Mexican Hat and the Extreme Co-
herent Gust (ECG) also denoted 1-cosine shape. The
representation of a gust by a prescribed mathematical
function is easy to realize computationally.

The velocity signal altered due to the wind gust

has to be taken into account in the simulation. The
classical method, denoted far-field boundary condition
(FBC), is to incorporate the wind gust at the inlet patch
as a boundary condition. This technique can be easily
implemented. However, the gust introduced at the inlet
induces a strong velocity perturbation. Thus, for an in-
compressible fluid it is necessary to dynamically adapt
the velocity at the inlet boundary far away from the
gust, so that the global inlet mass flow remains con-
stant. Moreover, the correct propagation of the wind
gust through the computational domain is highly de-
pending on the grid resolution. A coarse grid between
the inlet and the domain of interest may lead to the
complete numerical damping of the gust. In order to
solve this problem, a technique denoted Resolved Gust
Approach (RGA) combines a fine grid moving with
the gust with a fixed coarse grid (Heinrich, 2014). Al-
though the main grid is coarse, the use of overset grids
leads to a costly simulation.

Since the FBC and the RGA methods imply high
CPU costs, a low-cost approach called field veloc-
ity method (FVM) was proposed (Singh and Baeder,
1997). The underlying idea of the FVM is to alter the
convective fluxes by superposition of an additionally
prescribed velocity distribution varying in space and
time according to a gust profile. Since this additional
gust velocity is given, the gust can be arranged in the
computational domain such that it hits the structure
at the first time step of the simulation, avoiding addi-
tional CPU-costs for transporting the gust from the in-
let to the zone of interest. However, the fluid flow and
the structure itself cannot interact with the prescribed
wind gust and alter it. Thus, the feedback effect is not
taken into account, which is a major drawback of this
technique.

An improvement of the FVM method is the so-
called split velocity method (SVM), which introduces
additional gust related source terms into the governing
equations to include the feedback effect (Wales et al.,
2014).

To summarize, all existing methods are rather ac-
curate but highly CPU demanding, or cheap but with-
out considering the feedback effect of the structure on
the gust. In order to be able to use a standard grid
(fine near the zone of interest, coarse far away) and
to account for the feedback effect, a novel injection



(a) Extreme structural damages on wind tur-
bine (Hawbecker et al., 2017).

(b) Total destruction of a membrane roof
sport facility (David Woo, A., 2009).

(c) Examples of damages caused by wind gusts
(Gromke C. and Ruck B., 2018).

Figure 1: Examples of damages caused by wind gusts.

technique of wind gusts inside the zone of interest is
presented. Inspired by the preliminary work on the
injection of turbulent perturbations inside the compu-
tational domain (Schmidt and Breuer, 2017; De Nayer
et al., 2018) this new technique relies on additional
temporally and spatially varying source terms in the
Navier-Stokes equations (De Nayer and Breuer, 2020).
It is denoted ST in the following.

The governing equations solved for ST (with Sgrid

and V grid the current surface and the current volume of
a grid cell, respectively) are written based on the fluid
velocity ũj :

d

dt

∫
V grid

ρ dV +

∫
Sgrid

ρ ũj · nj dS = 0 ,

d

dt

∫
V grid

ρ ũi dV +

∫
Sgrid

ρ ũiũj · nj dS = SST
gust,i . . .

. . . −
∫
Sgrid

τ̃ij · nj dS −
∫
Sgrid

p · ni dS .

ρ is the density of the fluid, nj the normal vector of
the considered control volume. τ̃ij is the stress ten-
sor based on the flow velocity ũi. SST

gust,i denotes the
additional gust momentum source term based on the
total velocity u and formulated in the special local ba-
sis B1 = (O,g1, g2, g3) (see Fig. 2) as follow:

SST
gust

∣∣
B1

=

∫
Vgrid

(
u|B1

· ∇
) (
ρ u|B1

)
dV .

The vector of the total velocity u reads:

u = ũ + ug ,

where ũ is the flow velocity (solved during the sim-
ulation) and the imposed analytical gust velocity ug
defined as:

ug|B1
(t, ξ, η, ζ) = Ag ft(t) f1(ξ) f2(η) f3(ζ) g1 .

The functions ft, f1, f2 and f3 describe the temporal
as well as the spatial distributions of the gust velocity.

Rewritten in the classical Cartesian basis B0 =
(O, e1, e2, e3) (see Fig. 2) and considering only the
expulsion phase of the gust injection (i.e., ξ < ξg) the
additional source term for ST reads:

SST
gust

∣∣
B0
≈ ρ Ag ft(t)f2(tη(xcc, ycc, zcc)) . . .

. . . f3(tζ(xcc, ycc, zcc))
∂f1
∂ξ

∣∣∣∣
cc
V grid ug|B0,cc

Here the expression cc abbreviates the notation cell
center. The functions tη and tζ computes the local
coordinates η and ζ based on given Cartesian coordi-
nates. Finally, the vector ug|B0

is expressed as:

ug|B0
(t, x, y, z) = Ag ft(t) f1(tξ(x, y, z)) . . .

. . . f2(tη(x, y, z)) f3(tζ(x, y, z)) ng|B0

where ng|B0
is the user-defined unit vector defining

the direction of the gust in the Cartesian basis.
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Figure 2: Definition of the gust in the local basis B1 =
(O,g1, g2, g3).

In the following the functions for the spatial (f1,
f2 and f3) as well as the temporal (ft) distributions re-
lated to the gust imposed in the cases presented below
are described. Thus, the variable φ might be the co-
ordinates (φ = {x, y, z}) or the time t. The constant
φg is the central value of the gust distribution for the
corresponding φ and Lφg its length scale.

Adapted “1-cosine” shape (Extreme Coherent
Gust, ECG):

The original “1-cosine” shape found in the litera-
ture can be adapted introducing the central value φg.



That allows to achieve more control than the original
shape:

fφ(φ) =



1

2

(
1 + cos

(
2π (φ− φg)

Lφg

))
. . .

. . . for (φ− φg) ∈
[
−L

φ
g

2 ,
Lφ

g

2

]
0 else .

In the definition of SST
gust

∣∣
B0

, the first derivative
∂f1/∂ξ appears. In order to have a smooth continu-
ous source term, the ECG shape is slightly adapted to
deliver a C2-function as follows:

Modified C2-“1-cosine” shape (Extreme Coher-
ent Gust C2, ECG-C2):

fφ(φ) =



2

Lφg

(
φ−

(
φg −

Lφg
2

)
+ . . .

. . .
Lφg
4π

sin

(
4π (φ− φg)

Lφg
+ π

))
for

(
φ−

(
φg −

Lφ
g

4

))
∈
[
−L

φ
g

4 ,
Lφ

g

4

]

− 2

Lφg

(
φ−

(
φg +

Lφg
2

)
+ . . .

. . .
Lφg
4π

sin

(
4π (φ− φg)

Lφg
− π

))
for

(
φ−

(
φg +

Lφ
g

4

))
∈
[
−L

φ
g

4 ,
Lφ

g

4

]
0 else .

Figure 3 illustrates both distributions in case of
φ = t for a given scale Ltg and time tg.

t

tu L

tg

g

(a) Adapted “1-cosine”.

t

tu L

tg

g

(b) Modified C2-“1-cosine”.

Figure 3: Examples of typical shapes for the deterministic
gust models for a given scale Lt

g and time tg.

The duration of the gust Ltg is linked to the spatial
length scale of the gust in streamwise direction Lξg by
the expression:

Lξg = Ltg uconv
g ,

where uconv
g is an approximation of the convective ve-

locity of the wind gust in the surrounding flow field.
In the following, the default value is the free-stream
velocity uconv

g = u∞.

3 Computational framework
The flow is predicted based on the large-eddy sim-

ulation technique using an enhanced version of the
3D finite-volume fluid solver FASTEST-3D (Breuer et
al., 2012). The discretization is based on a curvilin-
ear, block-structured body-fitted grid with a collocated
variable arrangement. The filtered Navier-Stokes
equations are solved by a semi-implicit predictor-
corrector scheme. This projection method coupled
with standard discretization methods (mid-point rule
and blended central scheme, 3% upwind) leads to a
solver of second-order accuracy. Since LES is used,
the large scales of the turbulent flow field are resolved
directly, whereas the non-resolvable small scales have
to be taken into account by a subgrid-scale (SGS)
model. In the present study the standard Smagorinsky
SGS model is applied with Cs = 0.1.

For FSI this arbitrary Lagrangian-Eulerian fluid
solver was coupled with a finite-element and/or iso-
geometric solver for the structural part (Carat++,
Gallinger et al., 2009). This partitioned strategy re-
lies on an additional iterative loop during the time loop
leading to a strong coupling (Breuer et al., 2012). In
particular cases, as in the current work with the de-
formable hemisphere, only one data exchange between
both solvers per time step is required to reach the FSI
convergence. This is the so-called loose coupling.
Since the grids of both solvers are not matching at the
FSI interface, a special mortar method takes care of
the data mapping at this interface. Mapping and data
exchange are carried out by the open-source coupling
program EMPIRE (Wang et al., 2016). During the FSI
simulation the boundaries of the fluid computational
domain vary. The fluid mesh is adapted to fit the vari-
ations of the FSI interface using different techniques
such as a simple transfinite interpolation strategy or a
more complex hybrid method (Sen et al., 2017). The
concept was intensively tested and validated within
laminar and turbulent flows on quasi-2D geometries
(De Nayer et al., De Nayer and Breuer, 2014) and a
3D geometry (De Nayer et al., 2018; Apostolatos et
al., 2019).

4 Gust in a free-stream flow
Applying the new source-term method ST to a tur-

bulent free-stream flow at Re = ρ u∞ L/µ = 106,
a wind gust with its main characteristics such as the
shape (ECG-C2 in time and g1 direction, ECG in
g2 and g3 directions), duration (Ltg u∞/L = 0.5,
Lηg/L = Lζg/L = 0.25) and amplitude (Ag/u∞ = 1)
is studied. The gust is aligned with the streamwise
flow direction. For more details about the computa-
tional setup, please refer to De Nayer et Breuer (2020).

Figure 4 depicts two successive positions of the
wind gust based on the streamwise velocity compo-
nent (top) and the pressure (bottom). The left subfig-
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Figure 4: CFD case: Injected wind gust moving downstream in a turbulent free-stream flow (Top: dimensionless streamwise
velocity; Bottom: dimensionless pressure).

ures are taken at the end of the gust injection phase.
At this time the characteristic properties of the gust are
very similar to the desired values. The streamwise ve-
locity follows closely the prescribed shape. The pres-
sure shows two counterrotating vortices (low pressure
areas) on both sides of the gust. Based on the fully
3D gust modeling and injection, no spurious numeri-
cal artifacts in the velocity and pressure are observed
inside the domain. In the right subfigures, the injec-
tion phase is finished for quite some time and the gust
has moved downstream with a velocity higher than the
free-stream velocity of the flow, but lower than the
maximum gust velocity. As visible, the gust retains a
similar shape as just after the injection indicating that
unwanted numerical damping is avoided. Since the
gust is free to interact with the surrounding flow, its
shape is no longer perfectly symmetric in streamwise
direction. During the convection through the compu-
tational domain, the highest velocities present in the
gust tend to be in the front. Therefore, the stream-
wise velocity rapidly increases at the front, whereas in
the tail of the gust the slope of the velocity is not so
pronounced. Additionally, a second peak of smaller
amplitude is visible in the wake. Interestingly the con-
vergence of the fluid solver during the gust injection is
only marginally impacted leading to very limited addi-
tional CPU costs. Furthermore, it is worth to mention
that the ST method can be readily combined with the
source-term method for injecting synthetic turbulence.

5 Gust impacting a deformable body
The present FSI case is an air-inflated flexible

membrane in form of a hemisphere, which is exposed
to a turbulent boundary layer at Re = 100,000 (Wood
et al., 2018). This scenario is used to study the effect
of wind gusts on flexible structures. For this purpose,
wind gusts are injected using the present ST method.

The turbulent boundary layer without gust follows
the classical 1/7 power law. However, in order to get a

realistic inflow (without gust), synthetic perturbations
are injected into the computational domain upstream
of the body. These synthetic data are generated relying
on the digital filter concept of Klein et al. (2003) and
introduced into the domain based on the source-term
method detailed in Schmidt and Breuer (2017) and De
Nayer et al. (2018). For the generation of the synthetic
inflow data the time-averaged velocities and Reynolds
stresses measured in the experiment (see Wood et al.,
2018) are taken.

The setup of this FSI case is exactly the same as de-
scribed in De Nayer et al. (2018). The only additional
feature is the gust itself. As before this gust is oriented
in the streamwise direction and has the ECG-C2 shape
in time and in g1 direction and ECG in g2 and g3 di-
rections. The time scale is set to Ltg u∞/D = 0.5

and the spatial length scales to Lηg/D = Lζg/D =
0.25. The gust is injected in front of the bluff body at
x/D = −1.5 and at the height of the tip of the hemi-
sphere z/D = 0.5. Two amplitudes are tested lead-
ing to a weak gust in case of Ag/u∞ = 0.5 and to a
strong gust with Ag/u∞ = 1. The coupled FSI simu-
lation runs for 240,000 time steps with ∆t = 5×10−7.
It takes 36 hours walltime with 40 processors for the
fluid, 1 proc. for the structure and 1 proc. for the cou-
pling program.

In order to quantify the effect of the gusts, the force
coefficients obtained for the weak and the strong gust
are compared in Fig. 5 with those simulated by a FSI
simulation without gust. To interpret the observations
made based on the histories of the force coefficients,
six instants in time are selected to visualize the FSI
phenomenon occurring during the impact of the gust
on the flexible structure. Since the effect of the strong
gust is more pronounced, the results obtained for this
case are chosen and plotted in Fig. 6. For a compre-
hensive understanding of the flow field, the streamwise
velocity is shown in a horizontal z-plane located near
the bottom wall and in the symmetry plane y = 0.
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Figure 5: Streamwise and vertical force coefficients on the
air-inflated flexible membrane.

The FSI-interface is grey with some lighting effects
for a better representation of the membrane deforma-
tion. Since the wind gust is a short but strong variation
of the velocity, a good manner to visualize its struc-
ture is to plot an iso-surface of the streamwise velocity
(here u1/u∞ = 1.4).

It is clearly visible in Fig. 5 that the effect of the
weak gust on the evolution of the force coefficients is
very limited in both streamwise and wall-normal di-
rection. On the contrary, the strong gust largely modi-
fies the evolution of the coefficients. After its injection
the wind gust (in red in Fig. 6(a)) impacts the front of
the hemisphere at about t u∞ /D ≈ 1 leading to an
increase of the streamwise force coefficient cx. At this
first time instant the membrane is already deformed
due to the loads of the turbulent flow without gust (see
De Nayer et al., 2018), but the gust has no significant
effect on the deformation. Then, the gust moves down-
stream. When it hits the deformed membrane tip at
about t u∞ /D ≈ 1.8 (see Fig. 6(b)), the vertical force
coefficient cz reaches a maximum since the pressure
minimum is above the hemisphere. At the same time
cx drops because the projected y-z-area exposed to the
gust is small. However, due to the previous impact
of the gust the front of the membrane grows hollow.
When the wind gust detaches from the flexible body,
it leads to a strong increase of cx at t u∞ /D ≈ 2,
since the pressure minimum is now on the back side
of the structure. Moreover, the forming indentation at
the front gets larger and deeper as depicted in Fig. 6(c)
for t u∞ /D ≈ 2.45. Consequently, a certain delay
between the maxima of the total forces and the local
deformations is observed. In Figs. 6(d) and 6(e) the
gust is convecting downstream in the wake. The max-
imum of the deformation is reached in Fig. 6(d), when
the gust has already passed the hemisphere completely.

After this time instant the front indentation starts to de-
crease. Figure 6(e) shows how the passing of the gust
into the wake strongly alters the recirculation area be-
hind the hemisphere. As a consequence a pronounced
and relatively long drop of the streamwise force coef-
ficient combined with an increase of cz is observed. In
the last time instant represented in Fig. 6(f) the gust
vanishes, the turbulent flow around the bluff body is
back to the original state without gust. Consequently,
the deformation of the inflated hemisphere returns to
its original level. Regarding the evolution of the force
coefficients in time, in case of the simulation with the
strong gust cx returns to the level obtained by the refer-
ence case without gust after t u∞ /D = 4. However,
more time is required for cz to reach the original level
again.

The force coefficients used in the present study rely
on the global integral loads acting on the membrane.
In order to better understand the gust effects, local
loads and their correlations to the local deformations
will be investigated in the future.

6 Conclusions
In order to be able to investigate the deformations

and consequently the damages due to wind gusts on
deformable structures such as wind turbines or build-
ings, an efficient method for introducing the gusts into
the computational domain is proposed. The method
relies on a single source-term added to the right-hand
side of the momentum equation. The tests carried out
show a minor impact on the fluid solver convergence
during the injection of the gust. After the injection, as
soon as the gust is fully formed, no effect on the con-
vergence can be detected anymore. Afterwards, this
novel gust injection technique was applied to a chal-
lenging turbulent FSI case and worked as desired.
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and Wüchner R. (2009), A computational environment
for membrane-wind interaction, Int. Workshop on Fluid-
Structure Interaction: Theory, Numerics and Applications.
Kassel University Press GmbH; pp. 283–294.

Gromke C. and Ruck B. (2018), On wind forces in the
forest-edge region during extreme-gust passages and their
implications for damage patterns, Boundary-Layer Meteo-
rology, vol. 168(2), pp. 269–288.

Hawbecker P., Basu S. and Manuel L. (2017), Realistic
simulations of the July 1, 2011 severe wind event over the
Buffalo Ridge Wind Farm, Wind Energy, vol. 20(11), pp.
1803–1822.
Heinrich R. (2014), Simulation of interaction of aircraft and

gust using the TAU-code, New Results in Numerical and Ex-
perimental Fluid Mechanics IX, Notes on Numerical Fluid

Mech. and Multi. Design, vol. 124, pp. 503–511, Springer.
IEC-Standard, 61400-21 (2002). Measurement and Assess-

ment of Power Quality of Grid Connected Wind Turbines.
Klein M., Sadiki A. and Janicka J. (2003), A digital filter

based generation of inflow data for spatially-developing di-
rect numerical or large-eddy simulations, J. Computational
Physics, vol. 186, pp. 652–665.

Schmidt S., Breuer M. (2017), Source term based syn-
thetic turbulence inflow generator for eddy-resolving predic-
tions of an airfoil flow including a laminar separation bubble,
Computers & Fluids, vol. 146, pp. 1–22.

Sen S., De Nayer G. and Breuer M. (2017), A fast and
robust hybrid method for block-structured mesh deforma-
tion with emphasis on FSI-LES applications, Int. J. for Num.
Methods in Eng., vol. 111, pp. 273–300.

Singh R. and Baeder J. D. (1997), Direct calculation of
three-dimensional indicial lift response using computational
fluid dynamics, J. Aircraft, vol. 34(4), pp. 465–471.

Wales C., Jones D. and Gaitonde A. (2014), Prescribed
velocity method for simulation of aerofoil gust responses, J.
Aircraft, vol. 52(1), pp. 64–76.
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Abstract
In the present work Dynamic Mode Decomposi-

tion (DMD) and Koopman’s spectral analysis have
been applied to flat plate experimental data, thus al-
lowing to properly highlight the capability of both
techniques in isolating instability phenomena. Exper-
iments concerning separation-induced transition were
carried out in a test section allowing the variation of
Reynolds number (Re) and free-stream turbulence in-
tensity (Tu). Time-resolved PIV measurements are
acquired to characterize the boundary layer transi-
tion mechanism through mean and fluctuating velocity
data. The analysis accounts for two different Re and
two different Tu levels. It will be shown that Koop-
man’s spectral analysis is more accurate than DMD
in describing non-linear dynamical system evolution,
since this technique better captures unstable eigen-
modes leading to the separated flow transition mecha-
nism. This paper also shows how to make an effective
choice of observables in building Koopman’s operator
for shear flow instability phenomena.

1 Introduction
In various fluid dynamics applications involving

turbulence phenomena it is necessary to deal with
non-linear and high-order dynamical systems: these
two main characteristics make the study of such sys-
tems particularly complex. To face this issue the ap-
proach usually followed consists in acquiring as much
data as possible from the studied system, for example
by means of experimental measurements or numerical
simulations (Grenga et al. (2018); Deem et al. (2020);
Ohlsson et al. (2010); Sayadi et al. (2012)), and ex-
tracting from them the main features governing its dy-
namics. Extraction of main dynamical features is al-
lowed by data-driven techniques, therefore it is easy to
understand how using effective and robust numerical-
mathematical tools is of fundamental importance.
For this purpose, Dynamic Mode Decomposition
(DMD) (Schmid (2010)) and Koopman’s spectral
analysis (Mezić (2013)) have been developed in re-
cent years. DMD has the strong advantage of hav-
ing a particularly simple numerical architecture able
to extract both temporal and spatial information about

the linearized system. The ability to reconstruct
the system dynamics makes it more interesting than
the well-established Proper Orthogonal Decomposi-
tion (POD), which instead is able to optimally capture
the main components being present in the data set but
it doesn’t provide their temporal evolution (Tirungari
et al. (2012); Wu et al. (2019)). Moreover, POD can
be less performing than DMD if non-normal dynam-
ical systems are considered (Rowley et al. (2017)).
However, DMD also has some disadvantages, the main
one being strong dependence of the result on the size
and quality of the analyzed data set (Dawson et al.
(2016); Hemati et al. (2017)): in particular noise can
generate a bias error in DMD operator spectral prop-
erties. For this reason, in recent years the scientific
community has tried in different ways to make DMD
more robust by formulating new versions of the DMD
algorithm. Dawson et al. (2016) developed a Forward-
Backward DMD algorithm with the aim of reducing
noise influence: the results showed a reduction in
DMD eigenvalues variance so that their mean value
evaluation was more accurate. Instead, Hemati et al.
(2017) formulated a DMD algorithm based on Total
Least-Square method, in order to account for noise.
In a separation-induced transition scenario Alessandri
et al. (2019) demonstrated that the snapshot matrix
should be properly confined (both in space and time)
to obtain the correct stability property of the system.
Parallel to DMD, the scientific community has deep-
ened Koopman’s spectral analysis technique: it was
born from a theoretical point of view in the 1930s
(Koopman (1931)) but only recently it has been re-
fined and applied in practice. Koopman’s analysis
has the advantage of accurately capturing the non-
linear dynamics of the system without performing a
linearization of it (Williams et al. (2015)), as DMD
does. Koopman’s operator refers to the theory of in-
finite dimensional linear operators defined on Hilbert
spaces. However, under particular conditions Koop-
man’s analysis can be carried out through a numer-
ical procedure analogous to that of DMD (Chen et
al. (2012)), thus resulting in a simple implementation
which can provide more accurate results in compari-
son to that of DMD. Rowley et al. (2017) have under-
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lined how Koopman’s operator eigenfunctions allow
to determine coordinates in which a coupled and non-
linear system become linear and uncoupled, so that
Koopman’s analysis seems to be very promising for
fluid dynamics applications.
For the success of Koopman’s analysis the only dif-
ficulty is to appropriately choose the observables be-
ing linked to the state of the system: in this paper a
valuable and physical-based method to solve this is-
sue is presented considering shear flows instability. In
this work, DMD and Koopman’s analysis are applied
to PIV velocity measurements concerning separation-
induced transition. Variable Tu and Re have been
considered, so that an accurate performance evaluation
can be developed for both techniques.

2 Experimental Test Case
Measurements were carried out in the open-loop

low-speed wind tunnel of the Aerodynamics and Tur-
bomachinery Laboratory of the University of Genova.
A sketch of the experimental test section is shown in
figure 1: a flat plate is installed between two end-
walls having convergent-divergent shape in the front
and rear part of the test section, respectively.

Figure 1: Test section and PIV domain

The straight divergent endwalls are adjustable, so
their inclination can be modified in order to change the
adverse pressure gradient on the flat plate. The plate
is 300 mm long and 300 mm wide, so that the mean
flow at mid-span is approximately 2-D. The test sec-
tion throat is next to x/L=0.2 while the measurement
domain starts at around x/L = 0.27 and ends at x/L
= 0.81. PIV measurements were carried out by means
of a Dantec TR-PIV system at a sampling frequency of
3.1 kHz. The flat plate is gifted with an elliptic leading
edge with 4:1 semi-axes ratio to avoid separation. Tu
in the test section is controlled by means of different
grids collocated 500 mm upstream the plate leading
edge. The lowest Tu level being available (1.5%) is
associated with the turbulence intensity generated by
the wind tunnel without any grid. In this work two dif-
ferent Reynolds numbers (70000 and 150000) and two
different free-stream turbulence intensities (1.5% and
2.5%) have been considered, while a 12 opening angle
has been used to set a strong adverse pressure gradi-
ent inducing separation. More details about the exper-

imental data set and measurement techniques can be
found in previous works (Simoni et al. (2019); Della-
casagrande et al. (2020a)).

3 Mathematical procedures

DMD
Given a data set concerning a dynamical sys-

tem evolving in (x, y, t), DMD provides the spatio-
temporal evolution of the systems in terms of eigen-
vectors and eigenvalues of the matrix characterizing
the linearized system. In practice, DMD algorithm
consists in finding a linear mapping that advance in
time (or space) a snapshot to a successive one, lineariz-
ing a generic dynamical system defined in eq. (1):

xk+1 = F (xk) (1)

where F represents a generic non-linear dynamical op-
erator making the system evolve in time. In eq. (1)
xk+1 and xk are state vectors, sampled at time (or
spatial position) k + 1 and k, respectively. In fluid
dynamics applications, they represent for example 2-D
velocity components coming from PIV measurements
or numerical simulations (Rowley et al. (2017)). So
that xk+1 and xk ∈ Rn with n often being quite
large and arising from space discretization adopted in
experimental measurements or numerical simulations.
Given a generic dynamical system, DMD aims to find
a linear mapping A providing the best linear approxi-
mation of the original system described by eq. (1) in a
least-square sense:

xk+1 = Axk (2)

Arranging the state vectors in two snapshot matrices X
and X ′, shifted by one time (or spatial) step according
to eq. (3), the matrix A could be computed inverting
eq. (4) by means of pseudo-inverse.

X =

 | | |
x1 x2 . . . xm−1

| | |


X ′ =

 | | |
x2 x3 . . . xm

| | |

 (3)

where xk = [−uk − vk−]T .

X ′ = AX =⇒ X = UΣV T

=⇒ A = X ′X† = X ′V Σ−1UT
(4)

where X is the previous snapshot matrix, i.e. it con-
tains snapshots from time instant 1 to time instant
m − 1, while X ′ is the successive snapshot matrix,
i.e. it contains snapshots from time instant 2 to time
instant m. Instead, X† is the Moore-Penrose pseudo-
inverse of X . However, to reduce the dimension of



the problem a projection on the POD basis is first
recommended (Schmid (2010)): Ã = UTAU =
UTX ′V Σ−1.

Once A (or Ã) is known, its eigenvalues and eigen-
vectors can be computed. Because A represents the
dynamical matrix of a linearized dynamical system,
its eigenvalues are particularly important since their
real and imaginary part gives information about sta-
bility and spectral properties, respectively. In particu-
lar for an unstable shear flow, such as separation bub-
bles characterized by Kelvin-Helmholtz vortex shed-
ding, real and imaginary part of eigenvalues represent
growth rate and characteristic frequency of flow insta-
bility. Finally, DMD modes Φ can be found projecting
eigenvectors of A, W , onto the left singular vectors of
X (Schmid (2010)): Φ = UW . Eigenvalues Λ of the
matrix A and DMD modes Φ can be used to provide
the system evolution as:

xk+1 = Φe(Λtk+1)ΦTx1 (5)

Koopman’s analysis
The underlying idea of Koopman’s analysis is the

following: a non-linear dynamical system evolving in
a high (but finite) dimension functional space can be
approximated as a linear system in an infinite dimen-
sional space. In other words, Koopman’s analysis aims
to represent dynamical system evolution as in eq. (5)
but using a theoretically infinite number of modes Φ
and eigenvalues Λ. Following Mezić (2013) and Brun-
ton et al. (2016), the Koopman’s operator can be for-
malized as the operator advancing any observable of
the datum function governing the system:

Kg(xk) = g(F (xk)) = g(xk+1) (6)

where g is the vector of all possible observables that
can be used to infer K from data. From eq. (6) it
can be noted that Koopman’s operator is a linear op-
erator. Formally K is infinite dimensional and g as
well. Instead, from a practical point of view g is fi-
nite and generated by an augmented state-observable
vector with respect to DMD. Broadly speaking, Koop-
man’s operator is obtained adding other observables
to the state vector in the DMD algorithm (Brunton et
al. (2016)), so that (6) is analogous to (2): the only
difference is that state vectors are replaced by observ-
able vectors. Therefore, the DMD operator in eq. (4)
can be seen as the simplified smaller dimension ver-
sion of the Koopman’s operator: if the observables are
restricted to the state variables, then K coincides with
A. In fluid dynamics applications, the dimension of
functional space where DMD operator evolves can be
augmented considering other state variables in xk+1

and xk in addition to u and v provided by PIV mea-
surements or 2-D numerical simulation. In this work
several different observable vectors have been tested
in order to approximate Koopman’s operator in accu-
rate way. The most effective choice revealed to be

considering uv, i.e. the quadratic term related to the
Reynolds shear stress component, in addition to the
mere velocity components u and v. Other choices
for additional observables being tested are u2, v2 and
u2 + v2 + uv but they gave less satisfactory results,
therefore they will not be discussed in the following.
Arranging observable vectors in two matrices G and
G′, shifted by one time (or spatial) step according to
eq. (7), operator K can be computed inverting eq. (8):

G =

 | | |
g1 g2 . . . gm−1

| | |


G′ =

 | | |
g2 g3 . . . gm
| | |

 (7)

where gk = [−uk − vk − (uv)k]T .

G′ = KG =⇒ G = JΘY T

=⇒ K = G′G† = G′Y Θ−1JT
(8)

where G contains observable vectors from time instant
1 to time instant m − 1, while G′ from time instant 2
to time instant m. It can be clearly seen how equations
(7) and (8) are completely analogous to equations (3)
and (4), respectively. The only difference is that state
vectors are replaced by observable vectors. Also for
Koopman’s analysis, it is recommended to compute
the projection of K onto POD basis (K̃) instead of
full operator: K̃ = JTKJ .
Koopman’s modes Ψ can be found projecting eigen-
vectors of K, H , onto the left singular vectors of G:
Ψ = JH . Koopman’s eigenvalues Ω and modes Ψ can
be used to provide system evolution as:

g(xk+1) = Ψe(Ωtk+1)ΨT g(x1) (9)

Algorithm
In this work DMD and Koopman’s analysis are

performed on high-frequency PIV velocity measure-
ments of separated-flow transition mechanism. Both
techniques have been applied spatially in streamwise
direction, therefore each state vector relates to a sin-
gle streamwise position. Alessandri et al. (2019) and
Dellacasagrande et al. (2020b) applied DMD to sep-
arated flow transition considering only some portions
of the spatial domain. This choice implies that the fo-
cus was only on a part of the K-H instability process.
On the contrary, in this work DMD and Koopman’s
analysis have been applied including in the state vec-
tor the entire PIV spatial domain. This allows to study
in a more accurate way nonlinear evolution concern-
ing K-H rolls from where they are formed to where
they leave the measurement domain. On the other
hand, temporal domain extension has been taken as in
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Figure 2: Istantaneous wall-normal velocity fluctuations for Re = 70000, Tu = 1.5% case

Dellacasagrande et al. (2020b): nearly 10 K-H vor-
tex shedding periods have been chosen for each flow
condition. This temporal window has been observed
to best capture the K-H instability properties because
the phenomenon is statistically periodic in this range,
avoiding strong modulations that reduce the modal de-
composition ability.

4 Results
Figure 2 shows the distributions of wall-normal

velocity fluctuations at three successive time instants
for Re = 70000 and Tu = 1.5%. Contour lines of
time-mean streamwise velocity and velocity fluctua-
tion vectors are superimposed to the plots. The region
delimited by the zero-velocity contour line is char-
acterized by negative streamwise velocity and high-
lights the occurrence of a laminar separation bubble.
For this flow case, the separation, maximum displace-
ment and reattachment positions occur at x/L = 0.42
, x/L = 0.64 and x/L = 0.73, respectively. The
intersections of the zero-velocity contour line with the
plate surface are taken as the reference points for sepa-
ration and reattachment positions evaluation. The bub-
ble maximum displacement is evaluated at streamwise
coordinate where the bubble maximum height occurs,
i.e. where the distance between the zero-velocity con-
tour line and the wall reaches its maximum. Instead,
the contour maps show that wall-normal velocity fluc-
tuations are negligible in the fore part of the separated
shear layer while they become stronger only down-
stream of the bubble maximum displacement posi-
tion. Furthermore, the K-H vortex shedding process is
clearly traced by the instantaneous vector maps down-
stream of the bubble maximum displacement position.
Then, K-H rolls transport high momentum flow to-
wards the plate, so that boundary layer turbulent reat-
tachment takes place nearly at x/L = 0.73.

DMD and Koopman’s eigenvalues: effect of Tu vari-
ation

The aim here is testing DMD and Koopman’s anal-
ysis in describing the influence of Tu on the dy-
namic behaviour of the shear layer instability process:
in particular the sensitivity of eigenvalues describing
Kelvin-Helmholtz instability is investigated. Two dif-
ferent levels of Tu have been tested (1.5% and 2.5%)
while the Reynolds number is kept constant at 70000.
In figure 3 Ritz eigenvalues are reported in the com-
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Figure 3: DMD stable (black dots) and unstable (blue
crosses) Ritz’s eigenvalues together with Koop-
man’s stable (green dots) and unstable (red dot)
Ritz’s eigenvalues for Re=70000 Tu=1.5% case
(left side) and Re=70000 Tu=2.5% (right side)

plex plane (Re,Im) for Re = 70000, Tu = 1.5% (on
the left) and for Re = 70000, Tu = 2.5% (on the
right). Because both DMD and Koopman’s analisys
have been applied in the streamwise direction, imagi-
nary part of Ritz eigenvalues represents the streamwise
wavelength of vortical structures while real part their
growth rate in the streamwise direction. DMD eigen-
values are traced with black circles and blue crosses
for stable and unstable condition, while Koopman’s
eigenvalues are displayed in green and red dots for the
identification of stable and unstable evolution, respec-
tively. The most unstable eigenvalue for both DMD
and Koopman’s analysis is made bigger in order to bet-



ter identify those more involved in the dynamical be-
haviour of the system. It can be seen how DMD does
not find any unstable eigenvalue at Re = 70000 and
Tu = 1.5%, while it’s able to capture four unstable
eigenvalues for the case Re = 70000 and Tu = 2.5%.
On the other hand, Koopman’s analysis finds unsta-
ble eigenvalues in both flow conditions. This is an
important advantage of the Koopman’s analysis since
Kelvin-Helmholtz vortices are generated by an invis-
cid shear layer instability phenomenon taking place at
the bubble maximum displacement position for both
cases. Additionally, at high Tu level (diagram on the
right), it can be seen how the couple of unstable eigen-
values having real part next to 1 are nearly the same
for DMD and Koopman’s analysis. Therefore, both
procedures are able to track fluid structures having
nearly the same spatial wavelength. Generally, it can
be noticed that a higher Tu increases flow instability
because more unstable eigenvalues are found out by
both mathematical procedures. Indeed, at Tu = 2.5%
both DMD and Koopman’s analysis identify three un-
stable eigenvalues, while at low Tu level these pro-
cedures found zero and one unstable eigenvalues, re-
spectively. For Re = 70000 and Tu = 1.5% figure
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Figure 4: DMD (left) and Koopman’s (right) modes
linked to Kelvin-Helmholtz vortex shedding for
Re=70000 Tu=1.5% case

4 shows a comparison between DMD and Koopman’s
wall-normal velocity modes. For the sake of concise-
ness, modes in figure 4 are plotted only for three K-H
periods. For Koopman’s analysis, the mode related to
the unstable eigenvalue is considered, while for DMD
the mode related to the stable eigenvalue having the
biggest real part is chosen. Temporal distributions
shown in figure 4 make evident that the flow structures
captured by the two procedures are clearly different.
The streamwise wavelength of the mode is indicated
on the top left corner. It can be noticed that both DMD
and Koopman’s modes capture vortical structures: a
pair of alternating blue and red regions consists in a

roll evolving downstream the separation bubble. How-
ever, temporal extension of these vortical structures,
i.e. their temporal frequency, is significantly differ-
ent between the two techniques. Also by a stream-
wise wavelength point of view, DMD and Koopman’s
modes are very different: Koopman’s mode is asso-
ciated with bigger vortices while DMD mode with
smaller ones. As it will be shown later, the smaller
temporal frequency identified by the Koopman’s mode
is that properly characterizing the K-H instability. On
the other hand, DMD mode seems to be related to
the third harmonic since it is associated with one-third
wavelength and triple temporal frequency.

Table 1: Comparison between POD, DMD and Koopman’s
time frequency [Hz] associated to KH instability:
Tu and Re effect

Flow case POD DMD Koopman
Re=70k Tu=1.5% 71.3 232 73.9
Re=70k Tu=2.5% 71.3 73.9 73.9

Re=150k Tu=2.5% 274 137 285

As confirmation of this, table 1 shows results from
temporal FFT of both DMD and Koopman’s modes,
jointly with the FFT of the POD mode associated
with K-H instability (not shown here for brevity). For
both DMD and Koopman’s modes, FFT is performed
at many wall-normal coordinates where fluid struc-
tures are present and then results are averaged. Fre-
quency of the Koopman’s mode is in excellent agree-
ment with the Kelvin-Helmholtz vortex shedding fre-
quency obtained by POD. On the contrary, DMD mode
is characterized by a temporal frequency of 232 Hz,
closely related to the third harmonic. Therefore, for
this flow case, DMD is not able to find any unstable
eigenvalue, neither to capture the right temporal fre-
quency of K-H rolls. Figure 5 shows a comparison be-
tween DMD and Koopman’s modes for Re = 70000
and Tu = 2.5%. The mode associated with the
most unstable eigenvalue of figure 3 is considered for
both Koopman’s analysis and DMD. The streamwise
wavelength related to each mode is reported on the
top left corner of the diagrams. Results in figure 5
show an almost identical pattern. As was said before,
the most unstable eigenvalues captured by DMD and
Koopman’s analysis have nearly the same position in
the Ritz plane, therefore both DMD and Koopman’s
modes have nearly the same streamwise wavelength.
Furthermore, the streamwise wavelength and the tem-
poral frequency are very similar to those detected by
Koopman’s analysis for Re = 70000 and Tu = 1.5%,
therefore both modes should represent K-H rolls. As
confirmation, also the FFT values reported in table 1
are in close agreement with the POD results. There-
fore, including uv term in the state vector seems to be
an effective choice in describing the evolution of flow
instability also characterized by large scale (i.e non-
linear) velocity fluctuations due to vortical structures.
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Figure 5: DMD (left) and Koopman’s (right) modes
linked to Kelvin-Helmholtz vortex shedding for
Re=70000 Tu=2.5% case

DMD and Koopman’s eigenvalues: effect of
Reynolds number variation

In figure 6 DMD and Koopman’s eigenvalues
for the case Re = 150000 and Tu = 2.5% are
shown. DMD eigenvalues are traced in black circles
and blue crosses (for stable and unstable condition),
while Koopman’s eigenvalue are displayed in green
and red dots for the identification of stable and unsta-
ble evolution, respectively. The most unstable eigen-
value for Koopman’s analysis is made bigger as be-
fore.
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Figure 6: DMD stable Ritz’s eigenvalues (black dots)
and Koopman’s stable (green dots) and unsta-
ble (red dot) Ritz’s eigenvalues for Re=150000
Tu=2.5% case

It can be seen that DMD does not find any unsta-
ble eigenvalues at Re = 150000 and Tu = 2.5%
while it manages to capture five unstable eigenvalues
for the lowest Reynolds number as shown in figure
3. On the other hand, Koopman’s analysis finds un-
stable eigenvalues also for this high Reynolds num-
ber flow condition. Figure 7 shows a comparison
between Koopman’s mode being associated with the

most unstable eigenvalue and DMD mode associated
with the highest eigenvalue (even though stable) for
Re = 150000 and Tu = 2.5% case. Also in this
case, it can be noticed that DMD and Koopman’s
modes are very different from each other. Koopman’s
mode is characterized by a regular temporal pattern of
high-frequency alternating blue and red regions, while
DMD doesn’t. Physically, chaotic and low-frequency
structures captured by DMD can be hardly linked to
K-H vortex train, while Koopman’s mode could be.
By a streamwise wavelength point of view, DMD cap-
tures a wavelength far higher than that of K-H rolls ob-
served at Re=70000, while Koopman’s mode a lower
one. From literature concerning separated flows (Si-
moni et al. (2017)), it is well known that K-H rolls are
smaller and more frequently released by the bubble as
Reynolds number increases. Therefore, DMD results
about streamwise wavelength and temporal frequency
are in contrast with K-H properties, while Koopman’s
ones do not. This is further confirmed by the FFT
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Figure 7: DMD (top) and Koopman’s (bottom) modes
linked to Kelvin-Helmholtz vortex shedding for
Re=150000 Tu=2.5% case

values reported in table 1. Results for Koopman’s
mode provide a frequency in excellent agreement with
the Kelvin-Helmholtz vortex shedding frequency mea-
sured by means of POD (see table 1). On the other
hand, results for DMD mode gives a temporal fre-
quency equal to 137 Hz, which is different from the
K-H one. Therefore, also in this condition Koopman’s
operator performs significantly better thanks to the ad-
dition of uv term in state vectors.

5 Conclusions
The effectiveness of DMD and Koopman’s anal-

ysis in describing shear layer instability process has
been evaluated applying them to a separation-induced
transition test case. Two different Reynolds num-
bers and two different Tu levels have been consid-
ered. Among several choices of observables being



tested for Koopman’s operator finite dimensions ap-
proximation, only the best one is considered here and
consists in adding uv term in state vector. Compar-
ison between DMD and Koopman’s analysis showed
that DMD fails to capture unstable dynamics in low
Tu (Re = 70000, Tu = 1.5%) or high Re (Re =
150000, Tu = 2.5%) cases: all DMD eigenvalues
are stable with the mode closer to instability not re-
lated to Kelvin-Helmholtz vortices. Instead, for high
Tu and low Re (Re = 70000, Tu = 2.5%) DMD
captures unstable Kelvin-Helmholtz dynamics. On the
other hand, Koopman’s analysis manages to capture
all relevant physical properties (characteristic mode,
growth rate, streamwise wavelength, time frequency)
related to Kelvin-Helmholtz instability phenomenon
for all Tu and Re cases here inspected. This is mainly
due to the addition of uv term in state vector: the rel-
evance of Reynolds shear stresses in shear layer in-
stability mechanism appears evident. Therefore, this
work also shows how a physical-based choice of ob-
servables for Koopman’s analysis can be performed
effectively in future works about shear layer instability
phenomena.
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Abstract
Direct numerical simulation (DNS) of turbulent

channel flow controlled using the streamwise travel-
ing wave having a periodicity in both streamwise and
spanwise direcions, referred to as the wave-machine-
like traveling wave, is performed at Reτ = 180 and
360. The wave-machine-like traveling wave makes
flow field more uniform in the streamwise direction
and non-uniform in the spanwise direction. The large-
scale structures generated by the wall motion signif-
icantly suppress the turbulent component, while they
enhance the periodic component in the logarithmic re-
gion. According to the scaling of the mean velocity
profile similar to Nabae et al. (2020), at least 10–
20% drag reduction rate is predicted at practically high
Reynolds numbers, Reτ ∼ 105–106.

1 Introduction
The friction drag due to the viscosity of the fluid

is dominant in many applications. Thus, a practical
method for reduction of the friction drag is of great
importance for efficient energy use.

Among various flow control methods, a stream-
wise traveling wave-like wall deformation is one of
the most attractive control methods. Nakanishi et al.
(2012) investigated the control effect of the stream-
wise traveling wave-like wall deformation in a turbu-
lent channel flow under a constant flow rate condition
(Reb = 5600), and achieved the relaminarization ac-
companied by 69% drag reduction rate. Very recently,
Nabae et al. (2020) investigated the Reynolds number
effect of this control under a constant pressure gradient
condition (Reτ = 180), and predicted 20–25% drag
reduction rate at practically high Reynolds numbers by
scaling the mean velocity profile. Further, Suzuki et al.
(2019) confirmed the drag reduction effect by this con-
trol in a wind tunnel experiment using a rubber sheet
driven by a piezo-actuator.

However, it is still very difficult to make a device
which can generate a uniform streamwise traveling
wave on the scale required in practical applications.
In order to create a more realistic form of traveling
wave, we consider the traveling wave created by the
Shive machine (Shive, 1959), referred to as the wave-
machine-like traveling wave. As shown in Fig. 1(a),
this traveling wave has not only the streamwise trav-
eling wave but also the spanwise variations, and it can

(a)

(b)

�x�z

�x

Figure 1: Schematic of the traveling wave: (a) the wave-
machine-like traveling wave (present); (b) the
spanwise-uniform traveling wave (Nabae et al.,
2020).

be expected to generate this wave motion by placing a
limited number of actuators at the antinodes.

Therefore, the objective of this study is to investi-
gate the control effect of the wave-machine-like trav-
eling wave created by wall deformation in a turbulent
channel flow. First, using DNS, we investigate the drag
reduction mechanism and compare them with those by
the spanwise-uniform streamwise traveling wave as il-
lustrated in Fig. 1(b). Next, using the same method as
Nabae et al. (2020), we predict the drag reduction rate
at practically high Reynolds numbers.

2 Numerical methods
In the present study, in order to deal with the com-

plex deforming wall accurately, the coordinate trans-
formation proposed by Kang and Choi (2000), i.e.,

x = ξ1, y = ξ2 (1 + η) + ηd, z = ξ3, (1)

is applied, where ξi is the coordinate in the computa-
tional space, and the subscript 1, 2, and 3 represents
the streamwise, wall-normal, and spanwise direction,
respectively. Also, η = (ηu − ηd) /2 with ηu and ηd
denoting the displacement of the upper and lower sur-



faces. By defining ηd and ηu as

ηd = − a

kc
sin {k (x− ct)} · cos

(
2π

z

λz

)
, ηu = −ηd,

(2)

the wave-machine-like traveling wave is expressed.
The control parameters to determine the wave motion
are the velocity amplitude, a, the stremwise wavenum-
ber, k = 2π/λx, and the phasespeed, c. In this study,
the spanwise wavelength is fixed to λ+

z ≈ 1130, where
the superscript + indicates the wall units.

Based on this coordinate transformation, the gov-
erning equations are the incompressible continuity and
Navier-Stokes equations in the boundary-fitted coordi-
nates of Eq. (1), i.e.,

∂ui

∂ξi
= −S, (3)

∂ui

∂t
= − (uiuj)

∂ξj
− ∂p

∂ξi
+

1

Reτ

∂2ui

∂ξj∂ξj
− dP

dξ1
δi1 + Si

(4)

where S and Si are the source term due to the co-
ordinate transformation of Eq. (1) (see Kang and
Choi (2000) for details). All variables are made di-
mensionless by the friction velocity, u∗

τ , the channel
half-width, δ∗, and the fluid density, ρ∗, where the su-
perscript * denotes dimensional quantities. The fric-
tion Reynolds number is defined as Reτ = u∗

τδ
∗/ν∗,

where ν∗ is the kinematic viscosity. Periodic boundary
condition is applied in the streamwise (ξ1) and span-
wise (ξ3) directions. The velocity boundary condition
on the walls are set consistent with Eq. (2). The com-
putational condition is shown in Table 1.

All simulations are performed under constant pres-
sure gradient (CPG) conditions at Reτ = 180, 360,
and 720. Note that the DNS at Reτ = 720 is per-
formed for a single control parameter set in the max-
imum drag reduction case at Reτ = 180 and 360.
The governing equations are spatially discretized by
means of energy-conserving second-order finite differ-
ence scheme and temporally integrated by the third-
order Runge-Kutta/Crank-Nicolson scheme.

Drag reduction rate, RD, is defined as RD =

(Cf0 − Cf ) /Cf0, where Cf0 and Cf = 2/U+
b

2
are

the drag coefficient in the uncontrolled and controlled
cases, respectively. Since the bulk Reynolds number,
Reb = 2U∗

b δ
∗/ν∗, in the CPG condition is changed

by the control, Cf0 at the bulk Reynolds number of
the controlled flow is calculated using the approx-
imate formula between the bulk Reynolds number,
Reb, and the bulk-mean velocity of the the uncon-
trolled flow based on the Reynolds-Tiederman model
(Reynolds and Tiederman, 1967), U+

b,NC, i.e., U+
b,NC =

5.1904 logReb − 3.6741, similarly to Nabae et al.
(2020).
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Figure 2: Contour of the drag reduction rate, RD , in c+–k+

plane at a+ = 5 and Reτ = 360. Square, triangle,
and cross represent the drag reduction, little change
(|RD| < 10%), and drag increase cases, respectively.
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Figure 3: Visualization of flow field in the uncontrolled and
maximum drag reduction cases at Reτ = 360: (a)
the uncontrolled case; (b) wave-machine-like travel-
ing wave (present); (c) spanwise-uniform traveling
wave (Nabae et al., 2020). White, vortex core iden-
tified using Q criterion; color, streamwise velocity
(blue, low; red, high).

3 Results and Discussion
We perform a parametric study by using differ-

ent combinations of control parameters, (a, k, c).



Table 1: Computational conditions

Reτ L1 × L2 × L3 N1 ×N2 ×N3 ∆ξ+1 ∆ξ+2 ∆ξ+3
180 4π × 2× 2π 256× 96× 256 8.8 0.9− 6.0 4.4
360 2π × 2× π 256× 192× 256 8.8 0.9− 6.0 4.4
720 2π × 2× π 512× 384× 512 8.8 0.9− 6.0 4.4

The maximum drag reduction rate achieved is RD =
20.9% and 25.4% at Reτ = 180 and 360, respectively.
The control parameter set in the maximum drag re-
duction case is same as that for the case of spanwise-
uniform traveling wave, i.e., (a+, k+, c+) =
(10, 0.022, 30).

Figure 2 shows the contour of the drag reduction
rate in c+–k+ plane at a+ = 5 and Reτ = 360.
The drag reduction rate increases as the phasespeed
decreases. When the phasespeed is lower, i.e., c+ ≲
60, larger wavenumber results in higher drag reduc-
tion rate. On the other hand, when the phasespeed
is higher, i.e., c+ ≳ 60, the opposite trend is ob-
served. These trends is similar to those in the case
of the spanwise-uniform traveling wave (Nabae et al.,
2020). In other words, the relationship between the
control parameters and the drag reduction rate in the
present case is similar to that in Nabae et al. (2020).

Figure 3 shows the vortical structures identified us-
ing Q criterion at Reτ = 360. Compared with the case
of the spanwise-uniform traveling wave (Nabae et al.,
2020), the quasi-streamwise vortices (white region) is
more suppressed regardless of the fact that the maxi-
mum drag reduction rate in the present case is lower
than that in the case of the spanwise-uniform traveling
wave.

In order to distinguish the periodic component due
to the wavy wall, the three-component decomposition
(Hussain and Reynolds, 1970) is applied. By apply-
ing three-component decomposition, physical quanti-
ties are decomposed into three different components,
i.e., mean component, turbulent component, and pe-
riodic component. Hereafter, the turbulent and peri-
odic components are referred to as ’turbulent’ and ’pe-
riodic’, e.g., turbulent root-mean-square (RMS) veloc-
ity fluctuation and periodic RMS velocity fluctuation.

Figures 4 and 5 show the comparison of the tur-
bulence statistics at Reτ = 360. Here, overbar de-
notes the average in the ξ1–ξ3 plane and time. Double
prime and tilde denote the turbulent and periodic com-
ponents, respectively. As can be observed in Fig. 4
and Fig. 5(a), compared with not only the case of th
espanwise-uniform traveling wave but also the uncon-
trolled case, the turbulent RMS velocity fluctuations
and the turbulent Reynolds shear stress (RSS) are more
suppressed in the almost entire region. These are con-
sistent with suppression of the quasi-streamwise vor-
tices shown in Fig. 3. However, in the present case,
the positive periodic RSS in the logarithmic region can
be observed. This is due to the large-scale structures
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Figure 4: RMS of velocity fluctuations in the uncontrolled
and maximum drag reduction cases at Reτ = 360.
Circle, urms; square, vrms; triangle, wrms; black,
uncontrolled; blue, wave-machine-like traveling
wave (present); green, spanwise-uniform traveling
wave (Nabae et al., 2020).

generated by the wall motion. As shown in Fig. 6,
the large-scale structures along the streamwise direc-
tion are generated in just above the antinodes and in
the logarithmic region above the nodes. Similar to the
previous study (Canton et al., 2016), these large-scale
structures lead to significant suppression of the turbu-
lent component, while they lead to the drag increase
effect.

For further drag reduction mechanism, we investi-
gate the phase dependence of RSS in the streamwise
and spanwise directions. The RSS profiles in four dif-
ferent ϕx and ϕz planes, i.e., ϕx,z/π = 0, 0.5, 1.0,
and 1.5, are compared, where ϕx and ϕz are the phase
of the wave in the streamwise and spanwise directions,
respectively. The planes at ϕz/π = 0.5 and 1.5 have
no wall displacement, i.e., the nodes, while the planes
at ϕz/π = 0 and 1.0 have the maximum wall displace-
ment, η = a/(kc), i.e., the antinodes. Figure 7 shows
the RSS profile averaged in each phase plane. As can
be observed in Fig. 7, the dependence of the RSS pro-
files in the streamwise direction is small. On the other
hand, the RSS profiles averaged in each ϕz plane is
roughly classified into those in the node planes and
those in the antinode planes. In other words, the wave-
machine-like traveling wave makes the flow field more
uniform in the streamwise direction and more non-
uniform in the spanwise direction. In the node planes,
we can observe significant suppression of the turbu-
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Figure 5: Reynolds shear stress (RSS) in the uncontrolled
and maximum drag reduction cases at Reτ = 360:
(a) the turbulent RSS; (b) the periodic RSS. Black,
uncontrolled; blue, wave-machine-like traveling
wave (present); green, spanwise-uniform traveling
wave (Nabae et al., 2020).

lent RSS in the logarithmic region and the large neg-
ative periodic RSS in the buffer region. In contrast,
we can observe the positive periodic RSS in the log-
arithmic region. On the other hand, in the antinode
planes, the turbulent RSS in the near-wall region is
suppressed and that in the region around the channel
center is enhanced. These are due to the large-scale
structures shown in Fig. 6.

In order to quantitatively investigate the drag
reduction mechanism, we investigate the dynami-
cal contribution to the bulk-mean velocity by using
Fukagat-Iwamoto-Kasagi (FIK) identity (Fukagata et
al., 2002). The FIK identity in this study is same as

(a)

(b)

Figure 6: Three-dimensional visualization (upper) and con-
tour (lower) of the periodic RSS in the maximum
drag reduction case at Reτ = 360; The threshold
in (a) is −ũ ṽ = 0.35.

that in Nabae et al. (2020), i.e.,

U+
b =

Reτ
3︸︷︷︸

U l+
b

−
∫ Reτ

0

(
1− ξ+2

Reτ

)
(−u′′+v′′+)dξ+2︸ ︷︷ ︸

Ur+
b

−
∫ Reτ

0

(
1− ξ+2

Reτ

)
(−ũ+ṽ+)dξ+2︸ ︷︷ ︸

Up+
b

−1

2

∫ Reτ

0

ξ+2

(
ξ+2
Reτ

− 2

)
S+
1 dξ+2︸ ︷︷ ︸

Us+
b

. (5)

The first term, U l
b

+, represents the laminar contribu-
tion. The second term, Ur

b
+, and the third term, Up

b
+

represent the contribution from the turbulent RSS and
the periodic RSS, respectively. The fourth term, Us

b
+,

represents the contribution from the source term due
to the coordinate transformation of Eq. (1).

Figure 8 shows the contribution from each term of
right-hand-side (RHS) of Eq. (5) in the uncontrolled
and maximum drag reduction cases. In the case of
the wave-machine-like traveling wave, the contribu-
tion from the turbulent RSS is significantly decreased,
while the contribution from the periodic component,
i.e., the sum of the third term and the fourth term on
RHS of Eq. (5), decreases the bulk-mean velocity, i.e.,
the drag increase effect. Significant suppression of the
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Figure 7: Comparison of the RSS in the uncontrolled and
maximum drag reduction cases at Reτ = 360 in
four different ϕx or ϕz planes: (a, b) ϕx; (c, d)
ϕz; (a, c) the turbulent RSS; (b, d) the periodic
RSS. Black, uncontrolled; blue, ϕx,z/π = 0; red,,
ϕx,z/π = 0.5; green,, ϕx,z/π = 1.0; magenta,,
ϕx,z/π = 1.5.

turbulent RSS in the node planes results in decrease
of the contribution from the turbulent RSS, while the
large-scale structures observed in Fig. 6 lead to de-
crease of the bulk-mean velocity. On the other hand,
in the case of the spanwise-uniform traveling wave,

maximum
drag reduction

(wave-machine)
uncontrolled

maximum
drag reduction

(uniform)

-150

-100

-50

0

50

100

150

Figure 8: Contribution to the bulk-mean velocity, U+
b , from

each term of Eq. (5) in uncontrolled and maximum
drag reduction cases. Dotted line represents the
total of right-hand-side (RHS) in Eq. (5).

the contribution from the periodic RSS results in in-
crease of the bulk-mean velocity, i.e., the drag reduc-
tion effect. This is because the drag reduction effect
in the case of the wave-machine-like traveling wave is
smaller than that in the case of the spanwise-uniform
traveling wave.

Finally, similar to Nabae et al. (2020), we attempt
to predict the drag reduction rate at practically high
Reynolds numbers by the scaling of the mean velocity
profile.

The model proposed by Nabae et al. (2020), U+
f ,

is as follows:

U+
f

(
ξ+2

)
= w · (1− β) · U+

RT

(
ξ+2

)
+ β · U+

log

(
ξ+2

)
,

(6)

where w is the weighting coefficient and β is the
van Driest’s damping function. Also, U+

RT

(
ξ+2

)
and

U+
log

(
ξ+2

)
are the turbulent viscosity model proposed

by Reynolds and Tiederman (1967) and the logarith-
mic law with the law of the wake by Krug et al. (2017),
respectively. For concrete expressions of this semi-
empirical formula, readers are referred to Nabae et al.
(2020).

Figure 9(a) shows the comparison between the
mean velocity profile of DNS results and that of the
semi-empirical formula. Although the modeled profile
is underestimated compared with the DNS results, it is
in reasonable agreement with the DNS results. Using
this modeled profile, we attempt to predict the drag re-
duction rate at practically high Reynolds numbers. As
shown in Fig. 9(b), about 10–20% drag reduction rate
is predicted even at practically high Reynolds num-
bers, Reτ ∼ 105–106.

4 Conclusions
Direct numerical simulation (DNS) of turbulent
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Figure 9: (a) Comparison between the mean velocity pro-
file of the DNS results and that by using the semi-
empirical formula. (b) Drag reduction rate, RD ,
by DNS results and semi-empirical formula as a
function of the friction Reynolds number, Reτ .

channel flow controlled using the wave-machine-like
traveling wave is performed at Reτ = 180 and 360.
The relationship between the control parameters and
the drag reduction rate in this study is similar to that in
the case of the spanwise-uniform traveling wave.

The wave-machine-like traveling wave makes flow
field more uniform in the streamwise direction and
non-uniform in the spanwise direction. In the node
plane (ϕz/π = 0.5 and 1.5), the turbulent Reynolds
shear stress (RSS) in the logarithmic region is signifi-
cantly suppressed, while the positive periodic RSS in
the logarithmic region can be observed. This periodic
RSS is due to the large-scale structures generated by
the wall motion. According to the analysis by FIK
identity, the contribution from the turbulent RSS is
drastically decreased, while the contribution from the
periodic component significantly decreases the bulk-
mean velocity, i.e., the drag increase effect. Base on
the scaling of the mean velocity profile, about 10–20%
drag reduction rate is predicted even at practically high
Reynolds numbers, Reτ ∼ 105–106.

According to the present results, even if the stream-
wise traveling wave is not perfectly uniform in the

streamwise direction, the drag reduction effect in a
wide range of the Reynolds numbers. Therefore, it can
be expected that further development and practical im-
plementation of the devices using the traveling wave-
like wall deformation in a form similar to the present
one.
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Abstract
Modelling the near-wall region of wall-bounded

turbulent flows is a widespread practice to reduce the
computational cost of large-eddy simulations (LESs)
at high Reynolds number. As a first step towards a
data-driven wall-model, a neural-network-based ap-
proach to predict the near-wall behaviour in a tur-
bulent open channel flow is investigated. The fully-
convolutional network (FCN) proposed by Guastoni et
al. (2020b) is trained to predict the two-dimensional
velocity-fluctuation fields at y+target, using the sam-
pled fluctuations in wall-parallel planes located far-
ther from the wall, at y+input.The data for training and
testing is obtained from a direct numerical simula-
tion (DNS) at friction Reynolds numbers Reτ = 180
and 550. The turbulent velocity-fluctuation fields are
sampled at various wall-normal locations, i.e. y+ =
{15, 30, 50, 80, 100, 120, 150}. At Reτ = 550, the
FCN can take advantage of the self-similarity in the
logarithmic region of the flow and predict the velocity-
fluctuation fields at y+ = 50 using the velocity-
fluctuation fields at y+ = 100 as input with less than
20% error in prediction of streamwise-fluctuations in-
tensity. These results are an encouraging starting point
to develop a neural-network based approach for mod-
elling turbulence at the wall in numerical simulations.

1 Introduction
Turbulent flows in numerous engineering applica-

tions are characterized by a very high Reynolds num-
ber and currently, they cannot be simulated numer-
ically without introducing some form of modelling.
This is due to the computational cost arising from the
resolution requirements to simulate all the length and
time scales in turbulent flows. Large-eddy simulations
(LESs) address this issue by filtering out the small-
est turbulent scales and modelling the eddies that are
smaller than the filter size. This approach can be prob-
lematic in wall-bounded turbulent flows, where the
smaller scales characterize the flow and it becomes
computationally expensive to perform LESs at high
Reynolds number. This is due to the resolution re-

quirements for resolving the dynamically important
flow structures in the viscous and the logarithmic lay-
ers, which scale as O(Re2τ ) (Larsson et al. 2015),
where the friction Reynolds number is defined in terms
of reference length h and friction velocity uτ . Since
a wall-resolved LES can be prohibitively expensive
from the computational point of view, several meth-
ods have been proposed to model the near-wall region
and simulate complex flows at realistic Reynolds num-
bers. These wall models aim to reproduce the most im-
portant features of the inner-layer dynamics like (e.g.
streaks and streamwise vortices), without integrating
the Navier–Stokes equations in that flow region. A
classification of wall models with the corresponding
assumptions and error sources is presented in Piomelli
and Balaras (2002). A recent review of wall models
can be found in Larsson et al. (2015).

One notable approach was proposed by Mizuno
and Jiménez (2013): by taking advantage of the self-
similarity hypothesis, according to which the eddy
sizes scale linearly in the logarithmic region at high
Reynolds number, an off-wall boundary condition was
defined. In their work, the velocity field at the off-wall
boundary location is substituted by a re-scaled and a
shifted copy of an interior reference plane farther from
the wall. This allows the logarithmic region to be sim-
ulated without considering the near-wall dynamics.

In this work, a preliminary investigation is con-
ducted to a develop neural-network model that pre-
dicts the flow close to the wall based on information
farther from the wall, as a first step towards the defi-
nition of an off-wall boundary condition. Neural net-
works are deep-learning models that have started of-
fering new interesting opportunities to formulate effi-
cient data-driven wall models, as in Beck et al. (2019)
and Moriya et al. (2021). Once the model is trained,
the evaluation of the neural network is computation-
ally cheap and they can provide a valid alternative to
the models that are currently employed within numer-
ical simulations. In this study the neural-network ar-
chitecture of choice is the fully-convolutional network
(FCN) proposed by Guastoni et al. (2020b), which
was originally designed to predict the turbulent veloc-



ity field at a given wall-normal distance, using quanti-
ties measured at the wall as inputs. We test the per-
formance of the FCN architecture on a task that is
different, yet similar, to the one it was designed for,
analyzing the mean-squared error in the instantaneous
predictions and in the turbulent statistics as a function
of the distance between the input and target velocity
plane. This parametric study is performed at a lower
Reτ of 180, however a selected case is considered at a
higher Reynolds number, where self-similarity can be
exploited by the prediction model.

The assumption of self-similarity of the two wall-
normal planes at y/h = 0.2 and y/h = 0.1 (where
the length scales are proportional to y) at friction
Reynolds number Reτ ≈ 1000 was the starting point
to design an off-wall boundary condition in the model
by Mizuno et al. (2013). In this work, we perform pre-
dictions at a comparatively lower Reynolds number of
Reτ = 550, with the similar wall-normal planes in
scaled outer units. Defining the inner scaling in terms
of uτ and the viscous length l∗ = ν/uτ , where ν is
the fluid kinematic viscosity, such wall-normal planes
correspond to y+ = 100 and y+ = 50, respectively.

2 Methodology
The FCN proposed by Guastoni et al. (2020b) is

shown in figure 1. This architecture adopts convo-
lution operations in each layer (LeCun et al. 1998).
Convolutions are defined by their kernels (or filters),
which contain the learnable parameters, and the trans-
formed output is called feature map. Multiple feature
maps are usually stacked and followed by an element-
wise activation function to make each layer a non-
linear transformation. The stacked feature maps are
sequentially fed into another convolutional layer as in-
put, which allows the next layer to combine the fea-
tures individually identified in each map, thus enabling
the prediction of larger and more complex features for
progressively deeper networks. A batch normalization
is performed after each convolutional layer (except for
the last one).

The FCN network is trained to predict two-
dimensional velocity-fluctuation fields at the
given wall-normal location y+target, using velocity-
fluctuation fields farther from the wall, at y+input, as
inputs (y+input > y+target). The velocity-fluctuations
fields are sampled from a direct numerical simulation
(DNS) of an open channel flow, at Reynolds numbers
Reτ = 180 and Reτ = 550, performed with the
pseudo-spectral solver SIMSON (Chevalier et al.
2007). The reference length h for this flow case is
the open-channel height. The fields are sampled at
wall-normal locations, y+ = 15, 30, 50, 80, 100, 120
and 150 at Reτ = 180. For Reτ = 550, only the
fields at y+ = 50, 100 are considered. The resolution
of the fields is (Nx, Nz) = (192, 192) for Reτ = 180
and (512, 512) for Reτ = 550. The velocity fields are

stored with a constant sampling period of ∆t+s = 5.08
for Reτ = 180 and at ∆t+s = 1.49 for Reτ = 550.
The network was trained using 25,200 instantaneous
fields for Reτ = 180 and with 19,920 fields for
Reτ = 550, split into training and validation sets,
with a ratio of 4 to 1. The mean-squared error (MSE)
between the instantaneous DNS fields (uDNS) and the
predictions (uFCN) is used as the loss function for
training the FCN network. It can be written as:

L(uFCN;uDNS) =

1

NxNz

Nx∑
i=1

Nz∑
j=1

|uFCN(i, j)− uDNS(i, j)|2 . (1)

The performance of the network is evaluated based
on the quality of the instantaneous predictions in the
test dataset, the samples of which are obtained from
the simulations initialized with different random seeds
ensuring that the training and test dataset do not ex-
hibit unwanted correlations. A total of 1,600 samples
and 3,320 samples are used to obtain the converged
statistics for Reτ = 180 and Reτ = 550, respec-
tively. The sampling period for the test dataset is the
same as that used for the training. It should be noted
that the quality of instantaneous predictions improves
when the network is trained with less-correlated sam-
ples (i.e. higher ∆t+s ), provided that the network has
sufficient capacity (Guastoni et al. 2020a). The pre-
dictions are also evaluated from the statistical point of
view, namely considering the error in RMS quantities
of velocity fluctuations:

ERMS(u) =
|uRMS,FCN − uRMS,DNS|

uRMS,DNS
, (2)

and the instantaneous correlation coefficient between
the predicted and the DNS fields:

RFCN;DNS(u) =
〈uFCNuDNS〉x,z,t

uRMS,FCNuRMS,DNS
, (3)

with 〈·〉 corresponding to the average in space or time,
depending on the subscript. Finally, the pre-multiplied
energy spectra of the velocity components are com-
puted for the Reτ = 550 case, in order to verify how
the different length scales are predicted by the FCN.

Since the velocity profile does not exhibit a clear
logarithmic region, the self-similarity hypothesis used
by Mizuno et al. (2013) is not readily applicable at
Reτ = 180, however dataset generation and training
are computationally cheaper and the case can be used
to check the network implementation.

3 Results
In order to understand how the MSE is affected

by the separation distance, a total of 21 predictions
are performed with the velocity fields obtained at var-
ious wall-normal locations from the DNS simulation



Figure 1: Schematic representation illustrating the use of the FCN architecture. We indicate the number of kernels applied to
each of the layers. The kernels (not represented in the Figure) have size (5 × 5) in the first convolutional layer, and
(3× 3) in the subsequent layers.

and we refer to them as inner predictions, with differ-
ent separation distances defined as: ∆y+ = y+input −
y+target. The input velocity-fluctuation field closest to
the wall is located at y+ = 30 and the corresponding
target field at y+ = 15. The training of the FCN used
for inner predictions consisted of 30 epochs, where an
epoch identifies a complete pass through the data in
the training dataset.

The mean-squared error in the instantaneous pre-
dictions, the relative percentage error in the prediction
of root-mean-squared (RMS) fluctuations and the cor-
relation coefficient between the predicted fields from
FCN and the DNS fields are shown in figure 2, for the
streamwise component of velocity fluctuations. The
MSE grows almost linearly for smaller values of ∆y+,
whereas for larger values the slope is reduced. From a
qualitative analysis of the predictions, the performance
is significantly degraded for ∆y+ > 50. This is per-
haps more evident when the statistical error is consid-
ered. For larger separation distances, the error is above
30% and in particular, the intensity of the fluctuations
(uRMS,FCN) is severely under-predicted compared to
the DNS data (uRMS,DNS). One exception to this trend
is the prediction of the fields at y+ = 100 using infor-
mation at y+ = 150. However, these two planes are
both located in the wake region, where the variation of
the flow features is less pronounced than closer to the
wall, for a similar ∆y+. The correlation coefficient be-
tween the predicted and the DNS fields shows a trend
similar to that of the MSE. For smaller separation dis-
tances, the correlation coefficient is high and close to
1, then it rapidly decreases with ∆y+. From the ob-
servation of figure 2, we can conclude that a correla-
tion coefficient RFCN;DNS(u) ≈ 0.8 is the minimum
requirement to have convincing predictions. Out of
the three velocity components predicted by the FCN
network, the streamwise result is used as a reference
because it is the most energetic one, influencing most
of the overall network performance. The other two

velocity components predicted along with the stream-
wise one are typically worse in terms of both statistical
error and correlation coefficient.

When the input and the target fields are separated
by a large wall-normal distance (∆y+ > 50), it can be
difficult for the FCN to learn the relation between in-
put and output. One possible explanation for this is the
poor correlation between the input and the target fields
for larger separation distances. For smaller ∆y+, there
is a significant correlation between the flow features
while for larger ∆y+ the correlation drops drastically
and the quality of predictions is reduced. The study
by Sasaki et al. (2019) showed the lack of coherence
(analogous to correlation and defined in frequency do-
main) in the short wavelengths (i.e. in the small scales)
between the input and target velocity fields for large
∆y+. These observations indicate that for larger ∆y+,
it would be harder to predict the fields using FCN. Ad-
ditionally, the higher errors in the prediction of the tar-
get fields with larger separation distances can be at-
tributed to the limitation of the convolutional opera-
tion when it is used to predict the smaller scales in the
target plane (which is closer to the wall). This is be-
cause the convolutional operation acts as a filter on the
input data. Hence, it becomes difficult for the network
to predict the high-frequency content in the output.

If we consider the results at a given separation dis-
tance, the MSE in the streamwise component of ve-
locity fluctuation increases as the predicted velocity
field is closer to the wall. This is because the velocity-
fluctuation fields closer to the wall are characterized
by smaller scales and it is harder to predict them from
the input velocity fields that may not clearly exhibit
such behaviour. Additional complexity arises due to
the reduced variability of features in the receptive field
(the region of input field from which a single point
in the target is obtained) of the input velocity planes,
compared to the target velocity planes closer to the
wall. We verified this hypothesis by inverting the in-
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Figure 2: Variation of (top) mean-squared error normalized
with the square of the RMS, (middle) relative error
in prediction of RMS fluctuation, (bottom) corre-
lation coefficient between the predicted and DNS
fields for streamwise velocity component with re-
spect to separation distance for inner predictions.

put and target velocity fields (so that y+input < y+target)
and training the FCN model to predict the flow farther
away from the wall, using near-wall velocity fields as
inputs. These predictions are named outer predictions
and they are similar to the ones performed by (Guas-
toni et al. 2020b) except that the inputs are velocity-
fluctuation fields at a given wall-normal distance, in-

stead of the wall-shear stresses and the wall pressure.
The inner predictions are more complicated because
the convolutional layers filter the content of the input
fields and the smaller scales have to be inferred from
the larger ones. Indeed, FCN provides a lower MSE
in outer predictions compared to inner predictions due
to the wide range of small scales in the input velocity
fields closer to the wall.

From the previous results, we find that it is chal-
lenging for the FCN to find a non-linear transfer func-
tion between the input and output fields with larger
∆y+. At higher Reynolds number, despite the larger
range of scales in the flow field, this task becomes sim-
pler because it is possible to exploit the linear depen-
dence of eddy size with respect to the distance from the
wall within the logarithmic layer. To this end, we con-
sider the predictions at y+ = 50 (y/h = 0.1) using the
velocity-fluctuation fields at y+ = 100 (y/h = 0.2)
for Reτ = 550. These wall-normal locations are sim-
ilar to the boundary and the reference planes consid-
ered by Mizuno et al. (2013) for the studied Reτ . It
should be noted that the linear dependence was orig-
inally hypothesized at an asymptotic limit, at very
high Reynolds number but, it was also used for fi-
nite Reynolds numbers. In figure 3 we show a qual-
itative comparison of the streamwise, wall-normal and
spanwise velocity fluctuations predicted by the FCN,
compared with the reference DNS data. The quality of
prediction is quantitatively assessed using the perfor-
mance metrics introduced above and they are summa-
rized in table 1 for the predictions at y+ = 50. Since
the training procedure is stochastic, the reported errors
in the predictions are averaged over 3 different models
obtained with different initializations of the learnable
parameters of the network.

At y+ = 50, the relative error in the RMS stream-
wise velocity fluctuations from the FCN is less than
20%, much lower than the 35% error in the low Re
case. Also, the correlation between the predicted and
the DNS velocity-fluctuation field in the streamwise
direction is more than 80% as can also be observed in
table 1. Note that the FCN is not explicitly optimized
to reproduce the statistical behaviour of the flow, so
the results in this metric depend entirely on the ca-
pability of the neural network to predict the instan-
taneous velocity-fluctuation fields. From figure 3, it
can be observed that the large scales in the streamwise
velocity-fluctuation fields are well represented in the
predictions from FCN. The predictions in the smaller
scales are also in good agreement with the DNS refer-
ence. On the other hand, this is not true for the pre-
dictions of the wall-normal and the spanwise velocity-
fluctuation fields, which appear smoother than their
DNS counterpart, as if a low-pass filter was used. This
qualitative analysis is confirmed by the pre-multiplied
two-dimensional power-spectral density of the stream-
wise, wall-normal and spanwise fluctuations shown in
figure 4. From the spectra, it is possible to observe



Figure 3: (Top row) DNS velocity fluctuations at y+ = 100, (middle row) at y+ = 50 and (bottom row) corresponding
FCN predictions of the (left column) streamwise, (middle column) wall-normal and (right column) spanwise velocity
fluctuations at y+ = 50 for Reτ = 550. The fields are scaled with respect to the corresponding RMS values.

Table 1: Model-averaged errors in the prediction of y+ = 50 from y+ = 100 at Reτ = 550

i
Parameters u v w

L(iFCN; iDNS)/i2RMS 0.365 ± 0.005 0.548 ± 0.005 0.468 ± 0.006
ERMS(i) [%] 19.04 ± 1.17 31.8 ± 1.25 25.7 ± 1.18
RFCN;DNS 0.801 ± 0.003 0.681 ± 0.004 0.733 ± 0.004

how the energy content of the velocity fields is bet-
ter reproduced in the streamwise direction, although
all three velocity-component predictions lack energy
at the shortest wavelengths.

This result highlights that the self-similarity can
be implicitly utilized by the FCN in predicting the
velocity-fluctuation fields in the overlap region at
higher Reτ . These preliminary results indicate the ad-
vantage in incorporating the physical knowledge avail-
able for wall-bounded flows during the development of
prospective data-driven wall models for LES.

4 Conclusions
In this work, the possibility of predicting the

velocity-fluctuation fields closer to the wall using the
fluctuation fields farther from the wall by means of an
FCN is assessed. Several predictions were performed
to understand the implementation and the quality of
predictions at lower Reτ . The variation of the MSE

with respect to the separation distance between the
input and the target fluctuation fields shows a non-
linear behaviour and it also varies with respect to the
y+ location of the predicted fluctuation field. The re-
sults also indicate the capability of the FCN to predict
the non-linear transfer function between the velocity-
fluctuation fields that are separated by short distances.
For good predictions of velocity fields separated by
large wall-normal distances, auxiliary losses at inter-
mediate wall-normal distances can be helpful and fur-
ther investigation in this direction is required. How-
ever, additional data requirement would be a limitation
in such an approach.

Additionally, a higherReτ of 550 was also consid-
ered for the same predictions. At high Reynolds num-
ber, the self-similarity hypothesis in the logarithmic
layer can be exploited by the FCN. The neural net-
work is used to predict the velocity-fluctuation fields
at y+ = 50 using the fluctuation fields at y+ = 100
and it provides better instantaneous predictions than
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Figure 4: Pre-multiplied two-dimensional power-spectral
densities for Reτ = 550 at y+ = 50. The contour
levels contain 10%, 50% and 90% of the maximum
DNS power-spectral density. Shaded contours re-
fer to DNS data and dashed contour lines corre-
spond to FCN predictions.

the lower-Reynolds case. The fluctuation intensities
are also reasonably well predicted, where the error in
the streamwise RMS fluctuation is less than 20% com-
pared to the DNS statistics. Furthermore, the spectral
analysis of the predictions shows that the energy con-
tent at the different scales is well predicted, with the
exclusion of the smaller scales, which are not present
in the input flow field.

The present results highlight that the self-similarity
in the overlap region of the flow can be effectively uti-
lized by the FCN in predicting the velocity-fluctuation
fields at higher Reτ . Note that such similarity is not
explicitly enforced in the neural-network architecture.
While these preliminary results indicate the potential
of FCN as a computationally-effective tool to predict

turbulent velocity fields closer to the wall, other ar-
chitectures might be better suited for the task. As an
example, the recent explorations of generational ad-
versarial networks (GANs) applied to super-resolution
reconstruction of wall-parallel turbulent fields using
coarse data by Güemes et al. (2021), encourage the
use of this architecture also in the development of data-
driven wall models for LES, since the network is de-
signed to infer smaller features from larger ones.
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Abstract
The flames in a lean technically premixed burner

with different hydrogen concentrations are studied
with Large eddy simulations (LES). A fully compress-
ible LES approach is utilised to account for the self-
excited combustion dynamics. A transported proba-
bility density function (pdf ) approach is adopted to re-
produce the sub-grid scale (sgs) turbulence-chemistry
interaction, and the solution to the joint sgs − pdf
evolution equation of the scalars is obtained by the
stochastic field method. The flow dynamics, flame
topology and combustion instabilities are investigated
numerically and compared with experimental mea-
surements. The results revealed that as the concen-
tration of hydrogen increases, the flame is shortened
in the axial direction and more confined in the cross-
sectional direction, which is consistent with experi-
mental observations. The self-excited limit-cycle os-
cillations for both considered cases were successfully
reproduced, with the predicted peak frequencies of the
chamber pressure spectra in good agreement with the
measured values. The feedback loop of the oscilla-
tions in the combustion is successfully captured and
analysed with the temporal evolution of axial velocity
and heat release presented.

1 Introduction
Combustion instability problems are most con-

cerned with modern gas turbines, where swirl-
stabilised combustors operated under lean, premixed
conditions are often deployed for the benefits of en-
hanced stability and low NOx emissions [1]. Most
combustion instabilities are attributed to coupling
mechanisms between unsteady heat release rate and
acoustic pressure fluctuations, and still pose one of the
most challenging problems in the combustion commu-
nity [2]. Combustion of hydrogen has gained grow-
ing worldwide interest as a vital element for clean en-
ergy for the twenty-first century, however, the proper-
ties and combustion physics of hydrogen differ from
traditional fossil fuels, which brings its challenges in
terms of developing industrial-based applications of
hydrogen combustion. Compared to CH4, H2 has
a higher adiabatic flame temperature at stoichiomet-
ric condition, lower flammability and higher maxi-

mum adiabatic laminar flame speed. Hence changes
in the fuel by hydrogen enrichment can drastically
change the combustion characteristics, including lean
blowoff, autoignition, flashback and combustion insta-
bilities [3].

Figure 1: The experimental configuration of the PRECCIN-
STA burner [4] with a schematic of computational
mesh on the right.

Recently, lean premixed hydrogen-enriched flames
have been studied extensively with swirl burner con-
figurations. Lieuwen et al. [3] investigated the im-
pact of fuel composition on the operability of lean
premixed gas turbine combustors by studying different
fuel blends on combustor blowout, flashback, combus-
tion stability, and hydrogen addition was found to have
unique impacts on the flame behaviour. Dam et al. [5]
performed experimental studies on the effect of hy-
drogen content on flashback limits and found that hy-
drogen addition makes the flame more prone to flash-
back, due to the increased flame propagation speed.
Syred et al. [6] found two flashback phenomena in a
swirling combustors: at lower swirl numbers, flash-
back happens through the outer wall boundary layer;
at higher swirl numbers, the central re-circulation zone
extends backwards causing flashback to occur earlier
at higher velocities. Shanbhogue and Taamallah et



al. [7, 8] investigated experimentally the transitions
in the average flame shape and the thermo-acoustic
modes of hydrogen-enriched flames, and found out
hydrogen addition brings down the critical equiva-
lence ratio at which the transition occurs. Karlis et
al. [9] further examined the applicability of the extinc-
tion strain rate as a scaling parameter of the observed
combustion dynamics transitions in methane hydrogen
flames. Chterev et al. [4] examined hydrogen-enriched
flames in a premixed swirl stabilized burner under a
wide range of operating conditions, and found out that
hydrogen addition significantly affects the flame shape
and combustion instability limits, and the effect differs
with different equivalence ratios and thermal powers.

Despite all these experimental studies, to the best
of our knowledge, there have been only few relevant
computational works have been done in the context
of hydrogen-enriched flames in swirled burners. The
specific objective of this work is to study the effect
of hydrogen enrichment on a series of CH4/H2/Air
flames in terms of flame topology, velocity field and
combustion dynamic characteristics. The flames are
investigated experimentally by Chterev et al. [4] based
on the PRECCINSTA design [10, 11] in the Ger-
man Aerospace Centre (DLR), a schematic of which
is shown in fig. 1. To reproduce the self-excited
limit-cycle oscillations, a fully compressible LES-pdf
method [12] is employed, where the solution to the
temporal evolution of joint sgs-pdf equations is ob-
tained by the stochastic field approach. The stochas-
tic field method in conjunction with LES has proved
its predictive abilities for a variety of turbulent flames
[13–16], particularly in the configuration of premixed
swirling flames in gas turbine combustors [17, 18].

2 Numerical Methods
In LES, a spatial filtering operation is performed

to the conservation equations to separate the larger
resolved scales from the smaller unresolved scales.
In the present compressible LES scheme, the filtered
Navier-Stokes equations together with the modelling
strategy for the sgs stresses have the same implemen-
tation as those in previous works and details can be
found in [14].

Scalar Equations
The filtered conservation equations for the chemi-

cal species and total enthalpy are summarised as:

∂ρñα
∂t

+
∂ρñαũj
∂xj

= −∂Jα,j
∂xj

+
∂J sgs

α,j

∂xj
+ ρω̇α (1)

∂ρh̃

∂t
+
∂ρh̃ũj
∂xj

= −∂Jh,j
∂xj

+
∂J sgs

h,j

∂xj
+
∂p

∂t
(2)

Equation (1) and (2) are the filtered conservation
equations for the specific mole number of each of the
Ns chemical species (nα is the α -th species), and h
is the static enthalpy, p represents pressure and other

Figure 2: A view of the computational mesh.

symbols have their usual meanings. Fourier and Fick’s
law are adopted for the heat and species diffusion
fluxes:

Jα,j = −µ
σ

∂nα
∂xj

, Jh,j = −µ
σ

∂h

∂xj
(3)

The Prandtl and Schmidt numbers are assumed to be
equal and constant. Eqs (1) and (2) are not solved di-
rectly in the present work so models for the sub-grid
fluxes J sgs

α,j and J sgs
h,j are not required at this point.

Due to the difficulties encountered in evaluating
the filtered values of the chemical source terms, a joint
sgs (or filtered fine-grained) pdf evolution equation
formulation is adopted. An exact equation describing
the evolution of the pdf can be derived by standard
methods, e.g. by Gao and O’Brien [19]. Following
the approach of Brauner et al. [20] the resolved part
of the convection and ’molecular’ mixing are added to
both sides of the equation so that the modelled form
the equation becomes:

∂ρP̃sgs(ψ)

∂t
−
Ns+1∑
α=1

∂

∂ψα

[
ρω̇α(ψ)P̃sgs(ψ)

]
+
∂ρũjP̃sgs(ψ)

∂xj
+

Ns+1∑
α=1

∂Jj,α(φ)

∂xj

∂P sgs(ψ)

∂ψα

=
∂

∂xj

[(
µsgs
σsgs

)
∂P̃sgs(ψ)

∂ψα

]

− Cd
2τsgs

Ns∑
α=1

∂

∂ψα

[(
ψα − φ̃α(x, t)

)
ρP̃sgs(ψ)

]
(4)

where ψα is the sample space for the scalar φα. ω̇α(ψ)
is the net formation rate through a chemical reaction in
the case of chemical species and the pressure deriva-
tive ∂p

∂t for total enthalpy. The first term on the right-
hand side of (4) represents the closed sgs-pdf transport
using a Smagorinsky type gradient model with µsgs
and σsgs representing the sub-grid scale diffusion co-
efficient and Schmidt number respectively: and σsgs



Figure 3: (a)The averaged mid-plane streamline overlaid on the mean axial velocity contours for flame C1 and C3. (b)The
combined mean axial and radial velocity vectors of the flame C1 and C3 at 3 downstream positions along radius.

is assigned the value 0.7. The last term on the right-
hand side represents sgs micro-mixing which is closed
by the Linear Mean Square Estimation (LMSE) clo-
sure [21, 22], and the mixing time-scale is given by
τsgs = ρ∆2/µsgs. The sgs mixing constant Cd is as-
signed the value of 2.0 [14]. The main advantage of the
formulation is that the chemical reaction terms and the
pressure derivative appear in a closed form and that no
combustion regime dependent modelling assumptions
are invoked.

The equation describing the evolution of the pdf,
(4) is solved using the Eulerian stochastic field
method. P̃sgs(ψ) is represented by an ensemble of N
stochastic fields for each of the Ns + 1 scalars namely
ξnα(x, t) for 1 ≤ n ≤ N, 1 ≤ α ≤ Ns + 1. In the
present work the Itô formulation of the stochastic inte-
gral is adopted. The stochastic fields evolve according
to:

ρ̄dξnα + ρ̄ũi
∂ξnα
∂xi

dt− ρ̄ω̇nα(ξn)dt+
∂Jj,α
∂xj

=
∂

∂xi

[(
µsgs
σsgs

)
∂ξnα
∂xi

]
dt− Cdρ̄

2τsgs

(
ξnα − φ̃α

)
dt

+

(
2ρ̄
µsgs
σsgs

) 1
2 ∂ξnα
∂xj

dWn
i

(5)
where dWn

i represents increments of a (vector)
Wiener process, different for each field but indepen-
dent of the spatial location x.

Numerical Set-ups
The work presented in this paper is performed us-

ing the in-house, compressible LES code Boundary
Fitted Flow Integrator (BOFFIN-LESc). The chemi-
cal kinetics mechanism employed for the oxidation of
methane is the reduced mechanism purposed by Lu
et al. [23] based on GRI-Mech 3.0 mechanism. This
mechanism consists of 19 chemical species and 15 re-
actions and has been shown to be capable of predict-
ing a wide range of complex flame phenomena. The

performance of the GRI-Mech 3.0 chemical mecha-
nism when applied to methane-air mixtures has been
discussed in detail in [24] where it is shown that the
mechanism is capable of reproducing measurements
in CH4/H2 mixtures reasonably well. Also the re-
duced ARM mechanism, which is closely similar to
that currently used, performed in a similar fashion.

Non-reflective outflow boundary conditions [25,
26] are adopted to minimise flow distortion and nu-
merical reflection at the exit. The computational do-
main, as presented in fig. 2 includes the combustion
chamber and the air plenum to resolve the fuel-air
mixing since the perfect premixing assumption is not
appropriate when predicting self-excited instabilities
[27]. The computational structured mesh consists of
about 2.7 million cells clustered in the reaction zone
and the fuel-air mixing region. Non-adiabatic com-
bustion chamber walls are implemented to improve the
near-wall region predictions [28] and an approximate
near-wall model, based on the semi-logarithm law of
the wall, is applied at all solid boundaries. Further de-
tails can be found in [18].

3 Results and Discussions
In the present work, two cases, C1 and C3 with

H2/CH4 volume fraction 0% and 40% are investi-
gated. Both cases have a same thermal power Pth =
23kW and fuel/air equivalence ratio φ = 0.85.

Time-averaged fields
Figure 3 compares the mean velocity field of C1

and C3: fig. 3(a) shows the streamlines overlaid on
mean axial velocity contour plot; fig. 3(b) shows com-
bined velocity vectors of both flames at downstream
positions h = 5, 35 and 65mm. Due to the axial sym-
metry, only half of the velocity field of C1 is presented
on the left while the other half of C3 is presented on the
right. It can be found from fig. 3 that as the radius in-
creases, three flow regions can be found in both cases,



namely the inner recirculation zone (IRZ), the jet flow
in the middle, and outer recirculation zone (ORZ). The
width of each region and the expansions of the swirling
jets are found to be generally similar in both cases. C1
exhibits a higher reverse flow velocity in the IRZ es-
pecially near the nozzle exit plane, which is caused by
stronger vortex shedding in the IRZ; a higher reverse
velocity in the ORZ is found in C3, which is attributed
to the higher flame speed as a result of the more rapid
chemical reaction and kinetics associated with hydro-
gen addition.

Figure 4: Time-averaged Heat Release Rate (MW/m3) for
C1 and C3 on the central plane.

In addition, the flame topology is investigated and
compared with experimental observations. Figure 4
presents the mean heat release rate (HRR) on the cen-
tral plane for C1 and C3 flames. It can be observed
that hydrogen enrichment results in higher HRR on
general (as expected due to the increased flame tem-
perature), and the flame becomes more compact and
spreads less in the radial direction. This can be ex-
plained by the enhanced ORZ and suppressed IRZ as
discussed in the previous paragraph. The addition of
hydrogen also shortens the flame on average, which
is consistent with experimental observations [4] and is
likely due to the increased flame speed. The region
downstream the central core in C1 (IRZ) exhibits high
HRR, which indicates the flame experiences lift off
and on average an M-shape flame is observed. While

the low values of heat release rate in IRZ in C3 sug-
gest that the flame is attached to the nozzle most of the
time, and hence the flames present a V-shape config-
uration. Another observation is that on increasing the
hydrogen level, the flame is more prone to flashback,
which is revealed by the high heat release rate in the
nozzle, and this is a further impact of the increased
flame propagation speed.

Thermoacoustic features
The chamber pressure (Pc) and plenum pressure

(Pp) are recorded locally in all cases, corresponding to
the two microphones in the burner [10]. Figure 5 dis-
plays the oscillations of the pressure signals together
with the integrated HRR for C3. The two pressure
signals oscillate in phase at the same frequency, and
a nearly consistent phase lag is observed. This delay
results from the propagation time of acoustic pertur-
bations in the burner. The HRR oscillates at the same
frequency as the pressure fluctuations, which demon-
strates that the dynamic instability in C3 is caused
by a dynamic coupling of the flame and acoustics
fluctuations. A similar phenomenon is observed in
C1 (not shown here). These signal fluctuations indi-
cate that self-excited limit-cycle oscillations resulting
from thermoacoustic instabilities are successfully re-
produced by the LES.

Figure 6 shows the sample power spectral densi-
ties of the chamber pressures and integrated HRR in
C1 and C3 obtained using a fast Fourier transforma-
tion (FFT). A dominant frequency corresponding to
the longitudinal thermoacoustic oscillation is found
for both simulated cases, with a value of 310 and 390
Hz respectively. The corresponding peak frequencies
in the experiment are measured as 298 and 405 Hz
[4] and are denoted by the red star symbol in each
case. The simulated peak frequencies for C1 and C2
are very closed to the measurements (within 20 Hz),
while a better agreement is found for case C1. These
results demonstrate that hydrogen addition can notice-
ably raise the dominant frequency of the chamber pres-
sure signal, which is likely attributed to the increased
flame speed and higher acoustic propagation speed due
to the higher temperature. However, the peak am-
plitude in both cases are over-predicted compared to
the measurements. It is worth noting that the loosely
mounted quartz wall of the combustion chamber can
introduce a damping effect of the acoustic fluctuation
high as 13dB in the previous study [29]. However,
even with this damping effect taken into considera-
tion as shown by the red star symbols in fig. 6, the
peak amplitude is still over-predicted by about 8dB in
C1 and 18dB in C3. There are several possible rea-
sons for these discrepancies: the damping effect varies
with operating conditions and remains unknown in the
present case; a large extended domain downstream of
the combustion chamber is required to impose a proper
impedance on the combustor.



Figure 5: Temporal evolution of the oscillation of pressure in the air plenum and chamber and the integrated release rate for
flame C3.

Figure 6: Power spectral densities of combustion chamber
pressure and integrated heat release rate fluctua-
tion for flame C1 and C3. The measured peak fre-
quencies and peak amplitude of are shown by a
star symbol in each case for comparison.

4 Conclusions
The present study describes the preliminary results

of a computational study of the hydrogen enrichment
effect on flame topology and dynamics in a premixed
swirled burner. A fully compressible LES led to the
capture of self-excited limit-cycle oscillations. Three
cases are studied with increasing hydrogen concen-
tration. By comparing the mean velocities, hydro-
gen addition is found to weaken the inner recircula-
tion and enhance the outer one, which is likely due to
the corresponding increased flame speed. The flame

is also found to be shortened and more compact in
the hydrogen-rich case, which is consistent with ex-
perimental observations. The limit-cycle oscillations
for all cases were successfully reproduced by the sim-
ulation, and the dominant frequencies of the cham-
ber pressure spectra for all the cases are in excellent
agreement with measurements. Hydrogen addition is
found to increased the dominant frequency noticeably,
which results in a different thermoacoustic behaviour
of the flame. The peak amplitudes are over-predicted
in both cases, indicating stronger thermoacoustic os-
cillations in the simulation. To conclude, the present
results demonstrate the capability of the compressible
LES-pdf method in successfully simulating hydrogen-
enriched premixed swirling flames. The thermoacous-
tic instabilities are fully self-excited and no assump-
tion regarding any specific combustion regime is in-
voked, which makes the method an appealing strat-
egy for simulating combustion instability processes in
modern gas turbine combustors.
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[29] J. M. Lourier, M Stöhr, B. Noll, S Werner, and A
Fiolitakis. “Scale Adaptive Simulation of a thermoa-
coustic instability in a partially premixed lean swirl
combustor”. In: Combustion and Flame 183 (2017),
pp. 343–357.



A NEW APPROACH TO USING ARTIFICIAL NEURAL
NETWORKS IN LES-PDF SIMULATIONS: APPLICATION TO

SYDNEY FLAME L

T. Readshaw1, T. Ding1 and S. Rigopoulos1

1 Department of Mechanical Engineering, Imperial College London

s.rigopoulos@imperial.ac.uk

Abstract
Tabulation of chemical mechanisms with artificial

neural networks (ANNs) offers computational time
and memory savings over direct integration and con-
ventional tabulation respectively. Here, the general
applicability of the ANNs is increased in two ways.
The first is the use of randomly generated data to in-
crease composition space coverage and ANN robust-
ness. The second is that rather than splitting the com-
position space into smaller sections, a single ANN is
used for each chemical species over the entire con-
sidered composition space, increasing accuracy while
drastically reducing the number of ANN parameters
required. The resulting ANNs are applied to an LES-
PDF simulation of a non-premixed turbulent jet flame,
Sydney flame L. Excellent agreement is seen between
the simulation of Sydney flame L using ANNs and that
using direct integration of the reaction source term,
while the time taken to compute the reaction step is
reduced by eighteen times.

1 Introduction
Effective simulations of turbulent combustion are

essential to increase fuel efficiency and reduce pollu-
tant formation of combustion processes. The real time
integration of a chemical mechanism in such simula-
tions consumes the majority of the computational time
required. To reduce this computational burden the
chemical mechanism can be tabulated ahead of time,
with retrievals performed during a simulation. Tabula-
tion of a chemical mechanism can be performed using
artificial neural networks (ANNs), a class of machine
learning tools that are capable of function approxima-
tion. In this case, the function to be approximated
is the one implicitly defined by the chosen mecha-
nism, which describes the evolution of a given chemi-
cal composition over a time step due to reaction. The
ANN parameters required to approximate this function
are determined ahead of time through a data driven
non-linear optimisation process known as training.

This work focuses on improving the generalisation
capability of the ANNs. To achieve this, two strate-
gies are used. The first is that training data generated
from the canonical problem of 1-D laminar flamelets

is augmented with randomly generated data, further
increasing the abstraction of the training data from the
application. The second is that a single ANN is used
for each considered chemical species over the entire
composition space, which marks a departure from pre-
vious works that specialise to the training data through
subdivision of the composition space. The ANNs gen-
erated in this way are applied to an LES-PDF simula-
tion of Sydney flame L, with numerical solution via the
stochastic fields method. Section 2 explains the chem-
ical mechanism tabulation using the ANNs, while Sec-
tion 3 applies the ANNs to Sydney flame L.

2 Mechanism tabulation with ANNs
For an adiabatic isobaric reaction the evolution of

the mass fractions of chemical species, Yi, is given
by Equation 1, where h is the sum of the sensible
and formation enthalpies and f is a function implic-
itly defined by the chosen reaction mechanism. In this
case, the mechanism used is GRI 1.2, with 30 reactive
species as well as N2.

dYi
dt

= f(Yi, h) (1)

Numerical integration of Equation 1 over a time
step δt results in an input-output pair consisting of the
composition at a given time (h, Y ti ) and the change in
the composition over the time step (0, δYi). The ANNs
approximate f by learning to predict δYi given (h, Y ti )
as an input.

The first stage in the process is to generate training
data consisting of representative input-output pairs.
This data must be similar to that which will be en-
countered in the application to achieve good accuracy,
without being generated from the application itself as
this negates any time savings. As the target application
is a non-premixed flame, training data was generated
using the method of igniting/extinguishing CH4/air 1-
D laminar flamelets as has been done previously by
Chatzopoulos and Rigopoulos (2013) and Franke et
al. (2017). One hundred laminar flamelets were sim-
ulated with a time step of 1× 10−6 s and randomly
chosen strain rates between 1 s−1 and 1100 s−1. Fifty
of the flamelets were piloted by setting a small part of



the domain to equilibrium conditions, while the other
fifty were initialised with the entire domain set to equi-
librium conditions to collect more composition states
near equilibrium. Due to low reactivity, data with a
temperature below 500K or a mixture fraction outside
of the range 0.02 ≤ z ≤ 0.1 was not collected.

Data points were sampled randomly from the
flamelet simulations, with roughly 250,000 composi-
tion space data points recorded in total. These data
were then augmented with random data as detailed
in Readshaw et al. (2021) and Ding et al. (2021).
The motivation for this is twofold. Firstly, all of the
data collected from the flamelets will conform with
the flamelet equations (although the flamelet profiles
themselves are lost when the data are shuffled). There
is no reason to expect that in a general application en-
countered data will conform to the flamelet equations.
Therefore, adding random data increases the gener-
ality of the ANNs. Secondly, in an application, re-
acting points pass through the ANNs many times as
they progress through the domain. ANN predictions
inevitably introduce some error to the composition,
which accumulates as a simulation progresses. The
main way these errors manifest themselves is through
varying the element ratios of reacting points in the do-
main. Therefore, the addition of random data with var-
ied element ratios will increase the robustness of the
ANNs to their own prediction errors.

Because of the difficulty of randomly generating
realistic combustion data in a 32 dimensional space,
the random data is generated using the flamelet data
as a starting point. Each data point from the flamelet
simulations is taken in turn, with h and YN2 adjusted
linearly using Equation 2:

p = pf + a

(
max(pf )−min(pf )

)
8

(2)

where p is the randomly generated value, pf is the
value of either h or YN2 taken from the flamelet data
and a a uniform random number between -1 and 1.
The other species mass fractions were individually ad-
justed using Equation 3:

p = 10(L+
bL
10 ) where L = log10(p

f ) (3)

where pf is again the relevant value from the flamelet
data and b a uniform random number between -1 and
1. The resulting mass fractions were normalised to en-
sure summation to unity. Each generated composition
then went through an acceptance-rejection process to
ensure that the variation in element ratios were accept-
able. Table 1 gives the acceptable molar ratio range of
H/C, O/N and mixture fraction.

Any point which failed any of these conditions was
rejected, with different values of a and b generated un-
til the point was accepted. The random data was com-
bined with the original flamelet data and shuffled to

Table 1: Acceptable element ratios ranges for random data.

Quantity Range
H/C 3.8 - 4.2
O/N 0.254 - 0.274
z 0.02 - 0.10

create a data set of roughly 500,000 input composi-
tions, before being integrated according to the chemi-
cal mechanism using the VODE solver over a time step
of 1× 10−6 s, with δYi recorded to generate the input-
output pairs. Figures 1 and 2 show the effect of the
random data generation on the original flamelet data.
In Figure 1 clear patterns from the flamelet sampling
can be seen, while in Figure 2 no such patterns can
be seen. The overall bounds of the composition space
accessed have not changed appreciably from Figure 1
to 2, showing that the random data generation method
targets a realistic area of the composition space.

Figure 1: Enthalpy against CO mass fraction from the data
collected from laminar flamelet simulations.

Before ANN training takes place the training data
is scaled so that each input and output variable shares a
common range: in this case [-1, 1]. This is performed
using Equations 4 and 5 for the input and output vari-
ables respectively:

qα = −1 + 2
pα −min(pα)

max(pα)−min(pα)
(4)

rα = −1 + 2
δpα −min(δpα)

max(δpα)−min(δpα)
(5)

A single multi-layer perceptron (MLP) was trained
to predict each of the reacting species with no clus-
tering of the composition space undertaken. MLPs
are made up of layers of basis units, or neurons, con-
nected by small numerical values known as weights.



Figure 2: Enthalpy against CO mass fraction from the ran-
domly generated data.

The neurons can contain non-linear activation func-
tions, which allows the MLPs to approximate non-
linear functions. It is the value of the weights which
determine which function the MLPs will approximate;
these are determined at training time by presentation
of the training data. In this case, all 30 of the MLPs
used had one hidden layer of thirty neurons, and were
trained using the Levenberg-Marquardt method with
six cross-validation steps used for stopping.

3 Application to Sydney flame L
The MLPs were then applied to an LES-PDF sim-

ulation of the non-premixed turbulent flame, Sydney
flame L which was studied experimentally by Masri et
al. (1988). The PDF transport equation was solved for
numerically using the stochastic fields method. Each
stochastic field has its own reaction source term so the
need to reduce the computational time spent on the re-
action step is even greater.

Using the in-house LES code BOFFIN, a compu-
tational domain of 25 x 10 x 10 cm was represented
using a Cartesian finite volume grid of roughly 3.2 mil-
lion cells, arranged 224 x 120 x 120 and split into 288
sub-domains. Each sub-domain was assigned a CPU,
with reaction source computations additionally paral-
lelised to share them evenly across all CPUs. Cell
widths were approximately 0.4 mm near the exit of
the burner, with a smooth expansion in the radial and
downstream directions. Eight stochastic fields were
used, which has been found to be adequate for pre-
dicting mean quantities by Mustata et al. (2006). Un-
steady inflow profiles were generated using the digital
turbulence method of Di Mare et al. (2006). The sim-
ulation time step was fixed at 1× 10−6 s, which is the
time step that the MLPs were trained for.

The MLPs were used from the beginning of the

simulation, with time mean and RMS statistics col-
lected over eight flow through times based on the jet
velocity once the simulation had reached statistical
steady state. Figure 3 shows radial profiles from the
LES-PDF simulation using the ANNs and one using
conventional DI for temperature and CO2, H2O and
CO mass fractions at three axial locations, where x
is the downstream position and D the jet diameter,
7.2mm. Extremely good agreement is seen between
the MLP simulation and the one using DI, while Table
2 shows the time required for the computation of the
reaction source term when using the ANNs compared
to conventional DI using the VODE solver. For ease of
comparison the times are normalised to the time taken
to compute the reaction source term with DI. It can be
seen that the time required for computation of the re-
action source term is reduced eighteen times, while the
overall simulation time is reduced threefold.

Table 2: Time taken for reaction source term integration us-
ing ANNs and DI, normalised to the time taken for
the DI reaction source term.

Reaction Total Reaction/Total [%]
DI 1 1.411 70.9

ANNs 0.056 0.467 12.0

4 Conclusions
A method of tabulation of chemical mechanisms

using ANNs has been presented which focuses on the
capability of the ANNs to generalise. Data collected
from 1-D igniting/extinguishing laminar flamelets was
augmented with randomly generated data to form the
ANN training set, with the aim of increasing compo-
sition space coverage and increasing the robustness of
the ANNs to their own prediction errors. Rather than
splitting the training data into regions of similarity and
training an MLP to each, a single MLP was trained for
each species over the entire considered composition
space. This increases accuracy in the application while
drastically reducing the number of ANN parameters
required. The ANNs were then applied to an LES-
PDF simulation of Sydney flame L using the stochastic
fields method for numerical solution. Excellent agree-
ment was observed between the ANN and DI simula-
tions. The time required for the solution of the reac-
tion step was reduced by a factor of eighteen while the
overall simulation time was reduced threefold.



Figure 3: Comparison of radial mean and RMS profiles at axial locations x/D = 10, 20, 30 for the simulations using ANNs
and DI, as well as measured experiment values, for temperature, and CO2, H2O and CO mass fraction.
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Abstract
A set of direct numerical simulations is used to

analyse the application of the so-called parametric
forcing approach (PFA), which allows computation-
ally cheaper simulations, instead of high-resolution
immersed boundary method (IBM) for modelling of a
homogeneous and inhomogeneous rough surface. It is
observed that while the PFA delivers excellent agree-
ment for homogeneous case, the agreement between
IBM and PFA is rather limited for the inhomogeneous
roughness. While secondary motion topology can be
successfully reproduced with the PFA approach, the
modification of the mean velocity profile and hence
integral flow properties cannot be entirely matched be-
tween the two approaches. It is shown that the appli-
cation of homogeneous forcing to an inhomogeneous
configuration might lead to deviation of the introduced
forcing in the regions where topographical transition
occurs so the global drag is altered.

1 Introduction
Formation of secondary motions of Prandtl’s sec-

ond kind is observed in turbulent boundary layer flows
subjected to a spanwise inhomogeneity of the near-
wall flow field [2]. The spanwise inhomogeneity alters
local turbulent properties of the flow and introduces
distinct gradients into the Reynolds stress distribution,
which eventually manifests in the presence of large-
scale vortex pairs occupying the entire boundary layer
thickness and significantly modifies the mean velocity
profile [7]. The presence of secondary flow translates
into an enhancement of momentum and heat transfer,
which is of great interest from atmospherical, geolog-
ical and technical point of view. However, in spite of
the seemingly straightforward formation mechanism
behind this phenomenon, its physical interpretation,
reliable prediction and impact on the local distribu-
tions of friction and heat transfer on the wall surface
are still being discussed in literature.

Due to the vast parameter space and flow complex-
ity it is still impossible to establish a direct link be-
tween the surface topography and corresponding sec-
ondary flow. Besides that, investigations of flow over
surface structuring pose further difficulties: while on

*Corresponding authors Email: alexander.stroh@kit.edu

(a)

z

x
y

δ

4δ

8δ

ūz
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Figure 1: Schematic of the numerical domain with rough-
ness stripes at the walls.

the experimental side it is challenging to capture the
flow dynamics associated to secondary motion forma-
tion in the vicinity of structuring, the direct numer-
ical simulations (DNS) are often limited by the re-
quirements of fine resolution meshes and hence are
extremely expensive from the computational point of
view. In order to overcome these limitations and avoid
high-resolution meshes a simplified roughness mod-
elling can be utilized: a rough surface can be repre-
sented as a wall boundary condition [9] or as an addi-
tional forcing term in the near-wall region [1].

In the present contribution we perform DNS with
a simplified parametric forcing approach (PFA) pro-
posed by Busse & Sandham [3] and further extended
by Forooghi et al. [5] for a simulation of inhomo-
geneous roughness stripes and compare the results
to fully-resolved roughness DNS results reported by
Stroh et al. [8] in respect to global flow properties and
secondary motion formation.

2 Methodology
The secondary motion are studied in a DNS of a

fully developed turbulent open channel flow driven by
constant pressure gradient (CPG). However, since the
introduction of various rough surfaces alters the chan-
nel cross-sectional area and hence the effective chan-
nel half height δeff, the pressure gradient Px = τeff/δeff
is adjusted to maintain the friction Reynolds number
Reτ = uτδeff/ν = 500 across all cases. In stream-
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Figure 2: Introduced variation of the smooth wall elevation
with resolved (a) and modelled (b) roughness and
parametric forcing functions A and B (c).

wise (x) and spanwise direction (z) periodic bound-
ary conditions are used and the wall-normal direction
(y) is bounded by no-slip condition at the lower do-
main (y = 0) and symmetry boundary condition at the
upper domain (y = δ) as shown in Figure 1(a). The
Navier-Stokes equations are integrated by the spectral
solver SIMSON [4] with the elevated smooth surfaces
represented by the immersed boundary method (IBM)
proposed by Goldstein [6].

The width of one alternating smooth and rough
wall pattern amounts L = δ, where the roughness
width is W = 0.5δ. In Figure 2(a) the three different
rough and smooth surface combinations from Stroh et
al. [8] are presented with the position of the smooth
wall at h = 0, representing a protruding roughness, at
0.97k̄, mimicking a roughness which consists of equal
contributions of deposition and erosion and at 1.70k̄,
a roughness generated by erosion or corrosion. In Fig-
ure 2(b) shows the corresponding configuration, where
the parametric forcing is used to represent the rough
stripes. For the resolved cases roughness stripes are in-
troduced by the immersed boundary method, while for
the cases with modelled roughness stripes the paramet-
ric forcing approach by Forooghi et al. [5] is utilized.
The parametric forcing model augments the Navier-
Stokes equations with an additional forcing term ac-
tive in the area below the plane of the highest rough-
ness peak and represents the average resistance force
of the particular roughness topography. The forcing
term is fi = −A(y)ui − B(y)ui |ui|, where the wall-
normal distribution A(y) and B(y) represent viscous
and inertial resistance, respectively. The functions
A(y) andB(y) as shown in Figure 1(c) are determined
for the homogeneously rough case based on the ge-
ometrical definition provided in Forooghi et al. [5].
Both functions are iteratively tuned via introduction
of a constant prefactor for each function, A(y) and
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Figure 3: Mean velocity profile of smooth and rough simu-
lations.

Table 1: Integral flow properties for the considered rough-
ness configurations.

case Reb U+
b cf/c

s
f

smooth high res 9051 18.09 1.00
smooth low res 9045 18.09 1.00
h = 0 resolved 5756 11.52 2.47
h = 0 modelled 5909 11.82 2.34

h = 0.97k̄ resolved 5982 11.96 2.29
h = 0.97k̄ modelled 6005 12.01 2.27
h = 1.70k̄ resolved 6050 12.10 2.24
h = 1.70k̄ modelled 5961 11.93 2.30

rough resolved 5241 10.47 2.99
rough modelled 5229 10.45 3.00

B(y), until the skin friction coefficient cf = 2u2τ/U
2
b

of the modelled case coincides with the resolved rough
case. Botch functions remain constant for all consid-
ered simulation with modelled roughness stripes. It
has to be noted that the distributions depend only on y
and remain homogeneous within the rough stripe area
in spanwise and streamwise direction.

The domain size is (Lx×Ly×Lz) = (8δ×δ×4δ)
with 384 × 201 × 384 grid nodes (referred to as low
resolution grid) utilized for the parametric forcing sim-
ulations instead of 768×301×384 grid nodes (referred
to as high resolution grid) originally utilized in the ref-
erence simulations by Stroh et al. [8]. The simulations
carried out with parametric forcing on the low reso-
lution grid are also compared with their counterpart
on high resolution grid in order to check the resolu-
tion dependency. It is confirmed that the deviation be-
tween high resolution and low resolution simulations
does not exceed 1% for the intergral flow properties
like cf or Ub.

3 Results

Mean Flow Properties
Figure 3 shows the smooth reference simulation

at two grid resolutions and the homogeneously rough
simulation in resolved and modelled case. The plot
confirms the independence of the achieved solution on
the resolution and highlights the satisfactory choice
of the forcing distribution functions A and B, which



enables a very good agreement for the mean velocity
profiles in the resolved and modelled rough simula-
tions. Table 1 shows the global flow properties for
these cases. A negligible deviation (max 0.3%) be-
tween the resolved and the modelled cases in the re-
sultant Reb, cf and U+

b is observed for the entire-
surface rough simulations. The deviation for striped
cases varies from 1 − 3% for Reb, U+

b and 1 − 6%
for the ratio cf/csf – the highest deviation is observed
for h = 0. The modelled roughness simulations con-
sistently overpredict the bulk mean velocity, Ub, and
hence underestimate the skin friction coefficient for
h < k̄ in comparison to the resolved ones. In this re-
gion, the cf values are closer to the asymptotic case
with extremely wide stripes at W = 0.5L , where
cf = 0.5(csf + crf ) = 2.00csf is expected to be ful-
filled. The discrepancy can be traced back to the local
difference in the turbulent and dispersive stress distri-
butions (not shown here).

Secondary Motion
Figure 4 presents the comparison of the secondary

motion and mean velocity distribution for the fully
resolved and the modelled roughness stripes. It can
be observed that the parametric forcing approach can
qualitatively reproduce the large-scale secondary mo-
tion and its rotational direction, hence capturing the
switch in the sense of rotation, which occurs between
h = 0 and h = 1.70k̄. The modelled rough stripes
also show the trends of mean velocity deformation
with upward bulging at h = 0. The strong down-
ward bulging observed at h = 1.70k̄ for the resolved
case, however, is not captured in the modelled sim-
ulation - the bulging can be barely observed for this
simulation (Figure 4 (c) vs. (f)). It has to be noted
that the case at h = 0.97k̄ shows the largest deviation
in the secondary motion topology compared to its re-
solved counterpart. This case, however, experiences
the weakest secondary motion due to the same mean
roughness height on smooth and rough area and hence
expected to be very sensitive to the roughness forcing
distribution.

In order to further elucidate the topology
transition we carried out additional simulations
with the parametric forcing approach at h =
0.50k̄, 1.25k̄, 1.50k̄, 2.00k̄ and 2.50k̄. The results of
the parameter variation is shown in Figure 5. In
this figure we can observe two characteristic topology
maps – a more complex topology with three counter-
rotating vortex pairs with upward streamwise velocity
bulging rather corresponding to the ridge-type rough-
ness (h = 0 − 0.97k̄) and a single large-scale vortex
pair with downward bulging known to be characteris-
tic for the strip-type surfaces (h = 1.70k̄ − 2.50k̄).
Two cases in the middle show the transition between
those two states (h = 1.25k̄, 1.50k̄). It can be seen
that the case at h = 2.00k̄ topologically rather corre-
sponds to the resolved case h = 1.70k̄, which indi-
cates that the parametric forcing approach in induces

a slightly different effect on the turbulent flow prop-
erties. Based on the comparison one might hypoth-
esize that the parametric forcing approach introduces
a slightly higher roughness layer and hence a smooth
wall at higher position is needed to obtain similarly
strong bulging of the mean velocity profile.

Figure 6 summarizes the resulting skin friction co-
efficient from the entire set of simulations as a func-
tion of smooth wall elevation h. It is observed that
the modelled roughness cases in the transitional state,
where the weakest secondary motion is formes (h =
1.25k̄, 1.50k̄) show the lowest skin friction coefficient,
while the strip- and ridge-type roughness cases below
h = k̄ and above h = 1.70k̄ with rather strong sec-
ondary motion show a higher skin friction coefficient.
Due to the limited amount of resolved simulations the
profile for cf shows a decreasing trend for h up to
1.70k̄.

Forcing Comparison
Figure 7 demonstrates the comparison of the

streamwise (fx), wall-normal (fy) and spanwise (fz)
mean force exerted by the immersed boundary method
and the parametric approach for h = 0.97k̄. For the
resolved streamwise component fx we observe a dif-
fuse forcing region resembling the shape of the rough-
ness elements. It has to be emphasized that the diffuse
are extends down to the lower wall. This is linked to
the fact that in the IBM case the roughness consists
of locally distributed elements, hence the local surface
force is also distributed in the wide range within the
roughness layer. Interestingly, the wall-normal forcing
fy for IBM shows a distinct negative region around
the top of the roughness elements, while the lower
part is rather positive. This is related to the fact that
the IBM approach enforces the flow to follow the cur-
vature of the introduced geometry, so a deflection to-
wards the wall is imposed on the element peaks, while
the positive area represents the windward side of the
elements, where a wall-normal deflection away from
the wall must be imposed. The spanwise forcing fz
represents the flow deflection around the roughness el-
ements and also resembles the introduced geometri-
cal shape of the roughness. It has to be noted that the
negative streamwise forcing is around 5 times stronger
than the forcing observed for wall-normal and span-
wise direction. For the PFA the force is applied only
to streamwise and spanwise velocity component, so fy
is zero. The streamwise force is rather concentrated in
the area y > k̄, while for y < k̄ it barely shows any
presence of forcing. Due to the spanwise homogene-
ity of the PFA we also observe a very homogeneous
distribution for fx within the roughness region. The
spanwise component of the force fz shows two peaks
concentrated around the corners, where the transition
from the smooth to rough and vice versa occurs. At
this point it is obvious, that the two approaches, IBM
and PFA, produce different force distribution when the
rough region is combined with a smooth wall in the
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Figure 4: Mean velocity profile at different elevation of the smooth stripes for resolved roughness (a-c) and modelled roughness
(d-e). Black lines indicate time-averaged streamlines of secondary motion in y-z-plane, red solid lines mark the
isolines of the streamwise mean velocity distribution.
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Figure 5: Evolution of secondary flow topology for parametric forcing approach with increasing smooth wall position.

0 1k̄ 2k̄
2.2

2.3

2.4

2.5

2.6

h

c f
/c
f
,s

resolved / high res
modelled / low res

Figure 6: Skin friction coefficient dependency on the smooth
wall height h for IBM (resolved) and PFA (mod-
elled) approach.

same configuration.

In Figure 8 we compare the streamwise mean force
introduced by IBM and PFA in the corner regions,
in the middle of the rough region at h = 0.97k̄ and
the force for homogeneous rough case. It is observed
that for both approaches the striped configurations pro-
duces a slightly stronger forcing in the middle of the
roughness stripes (dashed vs. solid lines), however,
the distribution of the forcing remains similar to their
homogeneous counterpart. In the corner regions at
z = 0.26δ the resolved approach introduces almost
the same forcing distribution as in the middle of the
rough surface at z = 0.5δ, while the parametric forc-
ing induces significantly stronger forcing at the cor-
ners (around two times larger magnitude) in compar-
ison to the position in the middle of the rough area.
This might indicate that the parametric forcing acts in
a different manner in an inhomogeneous configuration
and cannot capture the entire flow alteration effects in-
troduced by the resolved roughness.
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Figure 7: Comparison of the mean force fik̄/u2
τ exerted by

the IBM and PFA approach at h = 0.97k̄. Dashed
vertical lines mark the position of forcing com-
pared in Fig. 8.
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Figure 8: Comparison of the exerted local forcing at h =
0.97k̄ in the middle of rough stripe at z = 0.5δ
(solid), close to the corner at the position z =
0.26δ (dashed) between IBM (resolved) and PFA
(modelled) approach. Forcing for the homoge-
neous roughness is also shown for comparison
(dotted).

4 Conclusion & Outlook
A parametric forcing approach is used to model

rough surfaces in a DNS of a turbulent open chan-
nel flow. It is found that while the model performs
well for the homogeneous roughness, an application of
the model with the same forcing distribution used for
inhomogeneous roughness case can acceptably repro-
duce the secondary motions topology and magnitude.
However, a discrepancy in the resultant bulk mean ve-
locity and skin friction coefficient is observed. The
analysis of exerted forcing for IBM and PFA confirms
several differences in the forcing distributions, which
are specifically present at the corner regions where
the topographical transition from smooth to rough sur-
face occurs. Future investigations on PFA will aim
at providing a deeper understanding of drag genera-
tion mechanism related to the introduced forcing and
secondary motion with a long-term goal to provide a
forcing correction able to improve the prediction of in-
tegral flow properties.
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Abstract
The effects of surface slope and skewness on rough

wall turbulence were systematically investigated by
means of the direct numerical simulations (DNSs).
Three-dimensional irregular rough surfaces with vary-
ing effective slope and skewness factor were consid-
ered. An increase in the skin friction coefficient is
pronounced for the surface with larger effective slope
and positive skewness values, suggesting that peak-
dominated steep roughness elements particularly con-
tribute to the increase in the skin friction. We in-
vestigated the physics mechanisms on the increase in
the roughness function, and found that the viscous
drag dominantly contributes to the roughness function
when the effective slope value is small. In contrast,
for the surface with the large effective slope value,
the pressure drag is the dominant mechanism that in-
creases the roughness function; however, the negative
contribution due to a reduction in the Reynolds shear
stress by the wall roughness partly cancels the pos-
itive contribution by the pressure drag. As a result,
the roughness function does not significantly increase
with the effective slope when the effective slope value
is large.

1 Introduction
Predicting a turbulent flow over a rough surface is

an important prerequisite for the engineering design
and machine maintenance because the wall-roughness
generated due to erosion, corrosion, or fouling pro-
cess leads to substantial performance degradation. The
most important roughness effect on a turbulent flow
is a downward shift in the inner-scaled streamwise
mean velocity profile, known as the roughness func-
tion, which results from an increase in the skin friction
coefficient at the rough surface. It is well established
that the roughness function can be predicted by the
equivalent roughness. Thus, considerable effort has
been devoted to estimating the equivalent roughness
based on topological parameters of the rough surface.

The pioneering work is based on roughness den-
sity of roughness elements (Schilichting 1937, Dirling

1973), and it was demonstrated that the combina-
tion of the roughness density and shape parameter
yielded a reasonably good prediction for the equivalent
roughness (Dirling 1973, Sigal and Danberg 1990).
The recent numerical investigation by (Napoli et al.,
2008) also suggested the importance of the roughness
density. They found that the effective slope value,
which was closely related to the solidity parameter,
was a promising parameter in predicting the rough-
ness function. The other important topological pa-
rameter in determining the roughness effect is known
to be the skewness factor (Musker 1980, Flack and
Schultz 2010). This is defined as the statistical mo-
ments of the surface elevation, and it characterizes
whether the surface of interest has peak-dominated or
valley-dominated nature.

Although the importance of the effective slope and
skewness factor has been well established, the com-
bined effects of those parameters on rough wall turbu-
lence are yet to be investigated systematically. This
study performs the DNSs for the rough surfaces in
which the effect slope and skewness factor were sys-
tematically varied to clear the combined effects of the
effective slope and skewness factor on rough wall tur-
bulence. We also attempt to shed light on the phys-
ical mechanisms of the effect of those characteristic
parameters on the drag increasing.

2 Numerical set up
A schematic of a rough-walled open channel flow

configuration is shown in Fig.1 wherein the computa-
tional domain size (Lx, Ly, Lz) was (6δ, δ, 3δ) in the
streamwise, wall-normal, and spanwise directions, re-
spectively. The bottom wall was the three-dimensional
irregular rough surface while a slip boundary was con-
sidered for the top wall at y = δ. Periodical bound-
ary conditions were applied to the streamwise and
spanwise directions. The flow was driven by a con-
stant streamwise pressure difference, and the friction
Reynolds number based on the effective half-channel
height, δe = δ − hm with hm being the mean rough
surface height, was fixed at Reτ = 600. Here, the fric-
tion velocity uτ is given by the averaged wall shear
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Figure 1: Schematic of flow geometry of a rough-walled
open channel flow.

stress uτ =
√

τw/ρ, which is computed by the stream-
wise momentum balance between the pressure drop
∆P in the streamwise direction and the wall shear
stress offered by the reference plane:

∆PSyz = τwA, (1)

where A = LxLz is the area of the reference plane,
Syz = Vf/Lx is the averaged fluid phase y − z plane
area with Vf being the volume of the fluid phase,
which can be prescribed as Syz = δeLz (Kuwata and
Nagura 2020, Kuwata and Kawaguchi 2019). This
yields

τw = δe
∆P

Lx
. (2)

Note that the τw given by Eq.(2) is equivalent to the
x − z plane-averaged total shear stress at the location
of the mean roughness height.

For the numerical method, we used the D3Q27
multiple-relaxation-time lattice Boltzmann method
(D3Q27 MRT-LBM) which was extensively validated
in a turbulent channel flow and confirmed that pre-
dicted turbulence statistics including the turbulent ki-
netic energy budgets and energy spectra perfectly
agree with those obtained by the spectral method
(Suga et al., 2015). For the DNS of rough wall tur-
bulence, the grid resolution should be fine enough not
only to correctly resolve the turbulence motions in the
vicinity of the rough surface but also to exactly rep-
resents the geometry of the rough surface. This de-
mands prohibitively high computing resources for the
LBM which is discretized based on a regular grid with
equal spacing because the entire computational do-
main should be discretized by sufficiently fine grid res-
olution. Hence, to solve this problem, we applied the
local grid refinement technique proposed by Kuwata
and Suga (2016). The grid resolution near the rough-
wall region was determined such that the grid spac-
ing in wall units is less than 2.0, as in the previous
lattice Boltzmann DNS studies (Kuwata and Nagura
2020, Kuwata and Kawaguchi 2019). The resulting to-
tal number of grid points was approximately 293 mil-
lion.

(a)                                          (b)                                           

(e)                                         (f)                                

x

z

(c)                                         (d)

(g)                                         (h)

Figure 2: Geometry of the rough surfaces together with the
effective slope value and the skewness factor. The
surface enclosed by a dashed line indicates a single
unit tile. 2× 2, 4× 4, 6× 6 tiles are used for (b,f),
(c,g), and (d,h), respectively.

3 Rough surfaces
In this study, we considered 8 rough surfaces in

which the Sk and ES values were systematically var-
ied while the roughness height scales remained fixed.
The skewness factor Sk, which is related to the prob-
ability density function of the roughness elevation,
quantifies the asymmetry of the PDF of the roughness
height elevation. It is defined as follows:

Sk =
1

h3
rmsLxLz

∫
x

∫
z

(h(x, z)− hm)
3
dxdz, (3)

where h(x, z) is the roughness height, and hrms is the
root-mean-square roughness height:

h2
rms =

1

LxLz

∫
x

∫
z

(h(x, z)− hm)
2
dxdz. (4)

The effective slope, which represents the wavelength
of the surface undulation or solidity of the roughness
elements, is defined as

ES =
1

LxLz

∫
x

∫
z

∣∣∣∣∂h(x, z)∂x

∣∣∣∣ dxdz. (5)

In this study, we first generated the base surface with
Sk = +0.5 and ES = 0.1 as shown in Fig.2 (a), the
other surfaces with different Sk and ES values (Fig.2
(b-h)) were generated by transforming the base surface



in Fig.2 (a). The sign of the Sk value was changed by
inverting the surface height as hp−h(x, z) with hp be-
ing the maximum roughness peak, which transformed
the surface peaks of the original rough surface into sur-
face valleys in the reversed surface as can be seen in
Fig.2(a,c). Note that this transformation did not affect
the hrms and ES values but modified the Sk value.
On the other hand, the ES value was increased by re-
ducing the surface width in the streamwise and span-
wise directions while preserving the surface height.
This process can be found in Fig.2 (a,b); when we re-
duced the width of the original surface (Fig.2 (a)) in
the streamwise and spanwise directions by a factor of
2 and 2 × 2 reduced surfaces were remapped, the ES
value is doubled as shown in Fig.2 (b). This procedure
altered the wavelength of the surface undulation but
kept the hrms and Sk values. Following this proce-
dure, we generated 8 surfaces in which the ES value
was varied (0.1, 0.2, 0.4 to 0.6) for each of the surfaces
with Sk = +0.5 and Sk = −0.5. It should be noted
that the above transformation only alters the Sk and
ES values while the surface height scales such as the
root-mean-square roughness and peak-to-valley height
remain unchanged.

4 Results and discussion
We first present profiles of the streamwise mean

velocity to discuss how the ES and Sk values affect
the mean velocity profiles. Profiles of the inner-scaled
x − z plane-averaged streamwise mean velocity ⟨u⟩+
are presented in Fig.3. Here, the time-averaged value
of a variable ϕ is denoted as ϕ, and the bracket ϕ indi-
cates the superficial x−z plane-averaged value. In the
figure, we use the effective wall-normal distance ye:

ye =

∫ y

0

φdy, (6)

proposed by Kuwata and Kawaguchi (2019) for the
distance from the rough wall. Notably, ye becomes
zero at the bottom of the deepest valley but returns to
y − hm above the maximum roughness crest y > hp

(Kuwata and Kawaguchi 2019). For comparison, the
DNS result for the smooth-wall case (Iwamoto et al.
2002) is also included. Since the present DNS consid-
ers the open-channel flows, the present DNS results
for the smooth wall case slightly deviates from the
reference data from Iwamoto et al. (2002). Never-
theless, the present DNS is in perfect agreement with
the reference data near the wall region, thus indicat-
ing that the present grid resolution is sufficient to re-
solve the viscous sublayer near the wall. The figure
confirms that the profiles of ⟨u⟩+ for the rough-wall
cases are shifted downward due to an increase in the
skin friction coefficient of the rough wall. The down-
ward shifts values in the logarithmic region, which is
referred to as the roughness function ∆U+, is found
to be larger for the surfaces with the positive skewness

(a)

(b)

Figure 3: Inner-scaled x − z plane-averaged streamwise
mean velocity profiles: (a) for the cases with Sk =
+0.5, and (b) for the cases with Sk = −0.5. The
DNS data for smooth wall case from Iwamoto et
al. (2002) is included.

value Sk = +0.53, which is consistent with the obser-
vations of previous studies (Flack and Schultz 2010,
Kuwata and Kawaguchi 2019, Kuwata and Nagura
2020). As for the influence of the ES values, ∆U+

increases with the ES value: ∆U+ substantially in-
creases as ES increases from 0.1 to 0.4, while this
trend slows down when ES increases from 0.4 to 0.6.

The aforementioned trend is evident from Fig.4,
where ∆U+ is plotted against the ES value. For
a comparison, we include the LES data for two-
dimensional irregularly corrugated walls (Napoli et al.
2008), the DNS data for three-dimensional sinusoidal
roughness (Chan et al. 2015), and the experimental
data for closely packed pyramids (Schultz and Flack
2009). Note that the inner-scaled roughness height
scales for the three-dimensional sinusoidal roughness
(Chan et al. 2015) (h+

rms ≃ 5) and the closely packed
pyramids (Schultz and Flack 2009) (h+

rms ≃ 8.5)
are rather close to the values in the present study
(h+

rms = 8.4), whereas it is much larger in the two-
dimensional irregularly corrugated wall (Napoli et al.
2008) (h+

a = 19.5) in comparison with the present
study (h+

a = 6.7). The figure confirms that ∆U+

steeply increases with the ES value for the wavy sur-
face regime of ES < 0.3 (Schultz and Flack 2009);
however, the increase trend slows down when the ES
value further increases, which is in line with the find-
ings of previous studies (Napoli et al. 2008, Schultz



Figure 4: Roughness function against the ES value. The
DNS data for the 2D irregularly corrugated walls
from Napoli et al. (2008), 3D sinosoidal rough-
ness from Chan et al. (2015), and the closely
packed pyramids from Schultz and Flack (2009)
are included.

and Flack 2009). It is found that the values of ∆U+

in the present study are close to the values reported
by Chan et al. (2015); Schultz and Flack (2009), but
considerably smaller than the results of Napoli et al.
(2008). The discrepancy is responsible for the differ-
ence in the the inner-scaled roughness height scales.
Indeed, Chan et al. (2015) reported that ∆U+ depends
on some measure of the viscous roughness height as
well as the ES value. Another important observation
from the figure is that the dependence of the ES value
is generally similar irrespective of the Sk value; how-
ever, the influence of Sk on ∆U+ is more pronounced
for the surfaces with the large ES value.

To better understand the physical mechanisms of
the drag increasing by the wall roughness, the momen-
tum transfer near the rough surfaces is discussed by
analyzing the plane and Reynolds (double) averaged
momentum equation.

⟨uj⟩
∂⟨ui⟩f

∂xj
= −

φ

ρ

∂⟨p⟩f

∂xi
+

∂

∂xj

(
ν
∂⟨ui⟩
∂xj

)

−
∂

∂xj

⟨
ũiũj

⟩︸ ︷︷ ︸
Tij

+
⟨
u′
iu

′
j

⟩
︸ ︷︷ ︸

Rij



−

 1

ρA

∫
L
p̃nidℓ︸ ︷︷ ︸

fpi

−
ν

A

∫
L
nk

∂ũi

∂xk
dℓ︸ ︷︷ ︸

fvi


− ν

∂φ

∂xj

∂⟨ui⟩f

∂xj︸ ︷︷ ︸
Gi

, (7)

where L represents the obstacle perimeter within an
averaging x − z plane, ℓ represents the length scale
defined as ℓ = dAf/dy, and nk is its unit normal vec-
tor pointing outward from the fluid to solid phase. The
variable ⟨ϕ⟩f denotes the x − z plane averaged vari-
able in which the variable ϕ is averaged over x − z

plane occupied by the fluid phase. Hence, there is a
relation between the superficially and intrinsically av-
eraged value: ⟨ϕ⟩f = φ⟨ϕ⟩ through the plane poros-
ity φ. The second moments Tij and Rij are the
plane-dispersive covariance and the plane-averaged
Reynolds stress, respectively. The plane-dispersive co-
variance Tij consists of the mean velocity dispersion
ũi = u − ⟨ũ⟩f , and arises due to the inhomogeneity
of the time-averaged velocity in a x − z plane. The
additional term Gi is the inhomogeneous roughness
density term, which has non zero contribution below
the roughness crest. The terms fpi and fvi respec-
tively represent the x− z plane-averaged pressure and
viscous drag forces acting on the rough surface.

Integrating Eq.(7) with respect to ye and subtract-
ing the corresponding terms for smooth wall case,
we can derive the contribution terms to the rough-
ness function after some manipulations (Kuwata and
Nagura 2020):

∆U+ = ∆U+
sm +∆U+

dv +∆U+
dp +∆U+

ir ,

∆U+
sm =

∫ 100

0
R+

12dy
+
e

∣∣∣∣
smooth

−
∫ 100

0

(
R+

12 + T +
12

)
dy+e ,

∆U+
dv =

∫ h+
p

0
y+e f+

vxdy+,

∆U+
dp =

∫ h+
p

0
y+e f+

pxdy+,

∆U+
ir =

∫ h+
pe

0

(
G+

x − ⟨u⟩f+
∂φ

∂y+

)
dy+e , (8)

where hpe is the maximum roughness crest evaluated
by ye, and the contributors ∆U+

sm, ∆U+
dv , ∆U+

dp, and
∆U+

ir represent the contribution by the second mo-
ment, viscous drag, pressure drag, and inhomogeneous
roughness density terms, respectively. It is noticeable
that the viscous and pressure drag contributions are
respectively expressed as the weighted integral of the
viscous drag fvx and pressure drag fpx in terms of ye.

The contributors in Eq.(8) are shown in Fig.5. The
figure confirms that ∆U+ is dominated by the pressure
and viscous drag effects (∆U+

dv and ∆U+
dp), whereas

the second moment ∆U+
sm exhibits a negative contri-

bution. For the surfaces with ES = 0.1, the viscous
drag ∆U+

dv dominates ∆U+, and the viscous drag
∆U+

dv and the pressure drag ∆U+
pd are found to be in-

sensitive to the Sk values. As the ES value increases,
∆U+

dp dramatically increases while ∆U+
dv does not

change significantly, which supports the findings by
Napoli et al. (2008), who showed that the contribu-
tion of the pressure drag to the friction drag increased
with an increasing ES value. A comparison between
the results for the case with Sk = +0.53 and that with
Sk = −0.53 suggests that ∆U+

dp is consistently larger
for the peak-dominated surface with Sk = +0.53 and
that this is the dominant mechanism leading to the
larger ∆U+ for the peak-dominated surface. It is also



Figure 5: Contribution terms to ∆U+: ∆U+
sm, ∆U+

dv ,
∆U+

dp, and ∆U+
ir represent the contribution by the

second moment, viscous drag, pressure drag, and
inhomogeneous roughness terms, respectively in
Eq.8.

found that ∆U+
sm acts as a negative contribution, and

decreases with increasing the ES value. The negative
contribution of ∆U+

sm reflects the fact that the sum of
the inner-scaled second moments −(R12+T12)+ is re-
duced by the wall roughness, and is generally smaller
than −R12 for the smooth wall (Kuwata and Nagura
2020). Another notable observation from Fig. 5 is
that the negative contribution by ∆U+

sm for cases with
ES ≥ 0.4 partly cancels the positive contributions by
∆U+

dv and ∆U+
pd, which explains why ∆U+ does not

significantly increase with the ES value for the rough-
ness regime (ES ≥ 0.4) as observed in Fig.4.

Finally, to obtain better understanding of the role
of the viscous and pressure drag terms, Figs.6 and
7 present profiles of the weighted drag force terms
y+e f

+
px and y+e f

+
vx against ye/δe and y∗ = (y −

hm)/hm. Note that the integral of the weighted
drag force y+e f

+
px (y+e f

+
vx) with respect to y+ corre-

sponds to the contributors to the roughness function
∆U+

dp (∆U+
dv) as in Eq.8. In Fig.6, the weighted

pressure drag force y+e f
+
px attains the maximum peak

value above the mean roughness height 1 < y∗ <
2. As the ES value increases, the maximum peak
value increases and the maximum peak location tends
to moves away from the mean location of the sur-
face. The pressure drag y+e f

+
px steeply decreases as

it approach the bottom of the rough surface, whereas
y+e f

+
px above the mean location of the surface consid-

erably increases with increasing the ES value. This
suggests that the increase in ∆U+

pd with the ES value
is responsible for the increase in f+

px
above the mean

location of the surface. A comparison of f+
px

for
the case with Sk = +0.53 against the case with
Sk = −0.53 confirms that the maximum peak value
of y+e f

+
px is the same or larger for the case with Sk =

−0.53; however, the region where y+e f
+
px has a mean-

ingful value is much narrower for the case with Sk =
−0.53. As a results, the integral of y+e f

+
px with respect

to y+ is smaller for the case with Sk = −0.53. This is

Figure 6: Weighted pressure drag force y+
e f+

px against ye/δe
and y∗ = (y − hm)/hm: (a) for the cases with
Sk = +0.5, and (b) for the cases with Sk =
−0.5.

the reason why ∆U+
pd for the case with Sk = +0.53

is larger than that for the case with Sk = −0.53 as
shown in Fig.5.

As for the weighted viscous drag y+e f
+
vx in Fig.7,

y+e f
+
vx exhibits the maximum peak value above the

mean roughness height 1 < y∗ < 3, whereas the in-
crease in the maximum peak value of y+e f

+
vxwith the

ES value is not substantial in comparison with that of
y+e f

+
px. As the ES value increases, y+e f

+
vx in y∗ < 1

considerably decreases and eventually takes a negative
value. This is due to a reduction in the streamwise
mean velocity near the rough surface: the flow field
for the surface with the large ES value is dominated
by the dead water region where the mean positive or
negative flow is sufficiently weak to interact with outer
flows. Hence, the local wall shear stress at the rough
surface around y∗ ≃ 0 is small or even takes a negative
value resulting from the reversal mean flow behind the
roughness crest. This explains the reason why ∆U+

vd

is not significantly affected by the ES value as shown
in Fig.5.

5 Conclusion
We performed the direct numerical simulation of

turbulence over three-dimensional irregular rough sur-
face in which the ES and Sk values were systemati-
cally varied in the range of Sk = ±0.53 and 0.1 ≤



Figure 7: Weighted viscous drag force y+
e f+

vx against ye/δe
and y∗ = (y − hm)/hm: (a) for the cases with
Sk = +0.5, and (b) for the cases with Sk =
−0.5.

ES ≤ 0.6, while roughness height scales remained
fixed. An increase in the skin friction coefficient is
pronounced for the surface with larger effective slope
and positive skewness values, suggesting that peak-
dominated steep roughness elements particularly con-
tribute to the increase in the skin friction. The depen-
dence of the roughness function on the ES value is
found to be larger for the surfaces with the positive
Sk value. We analyzed the plane- and time-averaged
momentum equation to understand the physics mech-
anisms leading to the increase in the roughness func-
tion. For the wavy surface in which the ES value
is small, the viscous drag dominantly contributes to
the roughness function. In contrast, for the surface
with the large effective slope value, the pressure drag
is the dominant mechanism that increases the rough-
ness function; however, the negative contribution due
to a reduction in the Reynolds shear stress by the wall
roughness partly cancels the positive contribution by
the pressure drag. As a result, the roughness function
does not significantly increase with the effective slope
when the effective slope value is large. As for the ef-
fect of the Sk on the roughness function, the maxi-
mum peak value of the weighted pressure drag is not
significantly affected by the Sk value; however, the re-
gion with the weighted pressure drag acts is narrower
for the surface with the negative skewness. This is the

reason why the roughness function for the negatively
skewed surface is smaller than that for the positively
skewed surface.
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Abstract
The turbulent heat transfer over surfaces with reg-

ularly distributed hemisphere roughness at the friction
Reynolds number of 660 is studied by means of the
direct numerical simulation. This investigation sys-
tematically varies the arrangement of the hemisphere
roughness to reveal the influence of the roughness ar-
rangement and density on the heat and momentum
transfer. It is found that the rough surface with a
largest projected frontal area yields the maximum heat
and momentum transfer augmentations, while the aug-
mentations of heat and momentum transfer are small-
est for the surface with streamwise aligned rough-
ness protrusions. This trend is found to be more pro-
nounced when the roughness density increases. Al-
though the momentum and heat transfer are enhanced
due to the wall-roughness, the enhancement of the mo-
mentum transfer is more substantial compared with
that of the heat transfer, suggesting that the wall rough-
ness causes the dissimilarity between the momentum
and heat transfer. The dissimilarity is due to the role of
the pressure which significantly affects the flow fields
but has little effect on the scaler fields.

1 Introduction
It is widely known that the presence of wall-

roughness leads to a considerable increase in momen-
tum, mass and heat transfer. As for the momentum
transfer, a considerable effort has been devoted to un-
derstanding and predicting flows over the rough sur-
faces, and several correlation functions for estimating
the equivalent sand-grain roughness from the surface
characteristics have been proposed to date (Flack et
al., 2010). On the other hand, the heat transfer aug-
mentation by the wall roughness has not received the
same amount of attention despite the fact that the arti-
ficial wall roughness is frequently created to increase
the heat transfer performance. Concerning the heat
transfer, most of the experimental and numerical stud-
ies reached a consensus that there is the dissimilarity
between the effects of the roughness on momentum
and heat transfer: the increase in the skin friction co-

efficient was greater than the associated increase in
heat transfer (Dipprey and Sabersky1963, Kays and
Crawford 1993, Bons 2002, Forooghi et al., 2018).
A semi-analytical expression for the Stanton number
at the rough surface was derived based on the law of
the wall similarity Dipprey and Sabersky (1963) who
modeled the unknown term in the correlation func-
tion by using experimental data for sand-grain rough-
ness. They demonstrated that that the Stanton num-
ber was expressed as a function of the Prandtl num-
ber, skin friction coefficient, and inner-scaled equiv-
alent sand-grain roughness. This expression was fur-
ther extended by Kays and Crawford (1993); Wassel
and Mills (1973); Bons 2002, and the validity of this
expression has been widely established by the recent
direct numerical simulation study (MacDonald et al.
2016). To predict the Stanton number at the rough sur-
face, the recent direct numerical simulations study by
Forooghi et al. (2018) related the inner-scaled equiva-
lent sand-grain roughness to the Reynolds analogy fac-
tor, which is expressed as a ratio of the Stanton number
to the skin friction coefficient. Many other attempts
have been made to predict the augmentation of the
turbulent heat transfer due to the wall-roughness, the
underlying mechanism of the occurrence of the dis-
similarity is not fully established. Hence, this study
performs a series of the direct numerical simulations
(DNSs) of turbulent heat transfer over surfaces with
regularly distributed hemispheres. The focus of this
study is an impact of the arrangement of the hemi-
sphere on the dissimilarity, and to reveal primary fac-
tor that causes the dissimilar between the momentum
and heat transfer.

2 Rough surface
A schematic of a open channel flow over a wall

roughened by hemisphere protrusions is shown in
Fig.1, and the rough surfaces under consideration are
shown in Fig.2. The hemisphere height was fixed
k = 0.3δ, wheres the distances between two neigh-
boring hemispheres in the streamwise and spanwise
directions were systematically varied. The streamwise
and spanwise pitches (px and pz , respectively) ranged



///////////////////////////////

Figure 1: Computational geometry of a rough-walled open
channel flow.

2.5             5.0                10                20

2.5

5.0

10

20

Flow

20x2.5z

20x5z10x5z

5x10z 10x10z

2.5x20z 5x20z

Figure 2: Arrangement of the hemispheres for the rough sur-
faces.

from 2.5k to 20k, and we considered two groups of
the different number density of the hemisphere pro-
trusion. The rough surface was named according to
NxMy where N and M stand for the the distances be-
tween two neighboring hemispheres in the streamwise
and spanwise, respectively. The number density of
the protrusion for the cases 20x5z, 10x10z, and 5x20z
was pxpz/k2 = 100 while the value was doubled for
the cases 20x2.5z, 10x5z, 5x10z, and 2.5x20z. Case
10x10z (px = 10k, pz = 10k) in Fig. 2 is an isotropic
arrangement in the streamwise and spanwise direc-
tions where the drag coefficient offered by the hemi-
sphere protrusions does not depend on the flow direc-
tions. In contrast, the roughened wall in case 20x2.5z
(px = 20k, pz = 2.5k) at the top right in Fig. 2 has
a substantial blocking effect for the streamwise flow
while the blocking effect for the streamwise flow in
case 2.5x20z (px = 2.5k, pz = 20k) at the bottom left
in Fig.2 is minimum.

3 Numerical set up
we chose a rough-walled open-channel flow con
figuration as shown in Fig.1 to simulate the tur-

bulence modification near a rough surface with fewer
computational resources. The computational domain
size (Lx, Ly, Lz) was (6δ, δ, 3δ) in the streamwise,
wall-normal, and spanwise directions, respectively.
For cases 2.5x20z and 5x20z, the spanwise domain
length was extended to 6δ to reproduce the rough sur-
face. The bottom wall was roughened by regularly
distributed hemispheres as shown in Fig.2 while a
slip boundary conditions were considered for the top
boundary face at y = δ. Periodical boundary con-
ditions were applied to the streamwise and spanwise
directions. A flow was driven by a constant stream-
wise pressure difference, and the friction Reynolds
number based on the effective half channel height:
δe = δ − hm, with hm being the mean rough surface
height, was fixed at Reτ = 660. The fluid Prandtl
number was 0.71 assuming an air flow, and we as-
sumed a passive scalar by neglecting the buoyancy ef-
fect. The bottom wall and roughness protrusions were
uniformly heated by a constant heat flux while adia-
batic boundary conditions were applied to the top wall.

The DNSs were conducted by the lattice Boltz-
mann method (LBM). The LBM for the flow fields
solves the time evolution of the particle density distri-
bution function while the time marching of the energy
density distribution functions are solved for the ther-
mal LBM. Although several possible choices for the
discrete velocity models and collision operators, we
employed the D3Q27 multiple-relaxation-time LBM
(Suga et al., 2015) for the flow fields, whereas the
D3Q19 regularized LBM (Suga et al., 2017) was used
for the scale fields. Note that the LBM approach has
been extensively validated against fundamental turbu-
lent flows (Suga et al., 2015) and applied to simu-
late the turbulent heat transfer of complicated flow ge-
ometries (Suga et al., 2017; Nishiyama et al., 2020;
Kuwata and Nagura, 2020).

For the LBM, the computational grid is uniform
with equal spacing in all directions. The number of
grid points across the half channel height was designed
to 270 such that the resolution in wall units is compa-
rable to those used in the lattice Boltzmann DNS stud-
ies (Kuwata and Kawaguchi 2019). The number of
grid point is 765millions for cases 2.5x20z and 5x20z
while it is 369millions except the cases 2.5x20z and
5x20z.

4 Results and discussion
Profiles of the inner-scaled x − zplane averaged

streamwise mean velocity, U+, are presented in Fig.3
where the effective wall-normal distance, ye, proposed
by Kuwata and Kawaguchi 2019 is used as the dis-
tance from the rough wall. Notably, ye becomes zero
at the bottom of the deepest valley but returns to y−hm

above the maximum roughness crest y > hp. Hence,
ye above the roughness crest corresponds to the wall-
normal distance from the virtual origin in which the
mean roughness height is assumed for the virtual ori-



Figure 3: Inner-scaled x − z plane-averaged streamwise
mean velocity.

Figure 4: Inner-scaled x− z plane-averaged mean tempera-
ture.

gin. For comparison, a log-law profile for a smooth
wall is also included in the figure where the von
Kármán constant κ = 0.41 and the log-law intercept
for a smooth B = 5.2 are used. Since the roughness
height occupies the large portion of the half-channel
height, a slope of the mean velocity profile in the log-
arithmic region is affected by the roughness arrange-
ment. However, it is evident from the figure that the
U+ profiles for the rough wall cases are shifted down-
ward in the logarithmic region due to an increase in the
skin friction coefficient of the rough wall. The maxi-
mum downward shift value is attained for case 20x2.5z
in which the frontal area to the streamwise direction is
the largest as shown in the top right in Fig.2. In con-
trast, the downward value is found to be the smallest
for case 2.5x20z in which the roughness protrusions
are aligned in the streamwise direction in the bottom
left in Fig.2. Another observation is that the effect
of the roughness arrangement is more noticeable for
the cases with the larger number density: the differ-
ence in the profiles between the cases of 2.5X20Z and
20X2.5Z is significantly larger than that between the
cases of 5X20Z and 20X5Z.

The inner-scaled x−z plane-averaged temperature
profiles, Θ+, as shown in Fig.4 are also shifted down-
ward relative to the log-law profile for a smooth wall.
This is due to an increase in the Stanton number by the
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Figure 5: (a) Skin friction coefficient, (b) Stanton number.

wall roughness. The noticeable observation in Figs 3
and 4 is that the downward shift value of U+ is sub-
stantially larger than that of the Θ+. In addition, it is
also noticeable that the mean velocity profiles depends
more strongly on the arrangement of the hemispheres,
suggesting that the roughness arrangement affect the
momentum transfer more than the heat transfer. An-
other findings from Fig.4 that the profiles of Θ+ is af-
fected by the roughness density rather than the rough-
ness arrangement: the Θ+ profiles for cases 20x5z,
10x10z, and 5x20z are close to each other, and they
are larger than those for cases 20x2.5z, 10x5z, 5x10z,
and 2.5x20z.

To discuss the impact of the roughness arrange-
ment on the augmentations of heat and momentum
transfer, Fig.5 present the skin friction coefficient Cf

and Stanton number St. What we can immediately
found from the figure is that the trends of Cf and
St are quite similar: both Cf and St increase as
the streamwise hemisphere pitch px increases (pz de-
creases). This trend is prominent when the roughness
density is increased, e.g., Cf for case 20x2.5z is larger
by a factor 2.69 than that for case2.5x20z while the
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Figure 6: Reynolds analogy factor.

factor is reduced to 1.15 when we compare the results
between cases 20x5z and 5x20z. Another important
observation in the figure is that the influence of the
roughness arrangement on Cf is more substantial than
that on St: the ratio of the maximum Cf value to the
minimum Cf value is 2.69 while the ratio for St is
1.61.

To better understand the dissimilarity between
the momentum and heat transfer, we introduce the
Reynolds analogy factor RA which is defined as a
ratio of the doubled Stanton number to the skin fric-
tion coefficient: RA = 2St/Cf . Fig.6 presents the
Reynolds analogy factor RA normalized by the cor-
responding value for the smooth wall case RA0. The
figure confirms that the Reynolds analogy factor are
below 1.0 for all rough wall cases. This indicates that
the augmentation of the momentum transfer is larger
than that of the heat transfer, and the Reynolds analogy
does not hold, which is consistent with the findings
from Dipprey and Sabersky(1963), Kays and Craw-
ford (1993), Bons (2002), Forooghi et al. (2018). It is
interesting to note that the Reynolds analogy factor is
found to decrease as px increases (pz decreases). This
is an opposite trend for Cf and St in Fig.5; that is, the
dissimilarity between heat and momentum transfer is
more pronounced as the roughness effect is more sub-
stantial.

To explore the underlying mechanisms leading to
the dissimilarity, Fig.7 depicts the contribution of the
pressure drag to the skin friction coefficient. The fig-
ure confirms that the contribution by the pressure drag
dominates Cf for case 20x2.5z, while the contribu-
tion is considerably reduced to 46% doe case2.5x20z.
The the contribution by the pressure drag closely cor-
relate to the Cf value, suggesting that the increase in
Cf can be attributed to the pressure drag. However,
for the heat transfer, the corresponding pressure terms
do no explicitly appear in the energy equation; thus,
the corresponding mechanism of the augmentation of
Cf is not present in the heat transfer. This principally
causes the dissimilarity between the momentum and
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Figure 7: Contribution of the pressure drag to the skin fric-
tion coefficient.

Figure 8: Reynolds analogy factor against the equivalent
roughens.

heat transfer, which is consistent with the statements
of (Bons 2015, MacDonald et al, 2019).

Finally, to explore the scaling of the Reynolds
analogy factor, Fig.8 plots the Reynolds analogy fac-
tor against the inner-scaled equivalent roughness k+s .
The figure shows that the Reynolds analogy factor de-
creases as k+s increases and can be simply expressed
as a function of the single parameter k+s . This obser-
vation supports the findings by (Forooghi et al.,2018)
who reported that the Reynolds analogy factor could
not be reasonably parametrized by the physical rough-
ness parameters but the equivalent roughness was the
best possible choice for scaling the Reynolds analogy
factor using a single parameter.

5 Conclusion
We performed the direct numerical simulations of

turbulent heat transfer over surfaces with regularly dis-
tributed hemisphere roughness. The simulations are
performed at the friction Reynolds number of 660, as-
suming an air flow at Prandtl number of 0.71. This
investigation systematically varies the arrangement of
the hemisphere roughness to reveal the influence of
the roughness arrangement and density on the heat



and momentum transfer. It is found that the rough
surface with a largest projected frontal area yields
the maximum heat and momentum transfer augmenta-
tions, while the augmentations of heat and momentum
transfer are smallest for the surface with streamwise
aligned roughness protrusions. This trend is found to
be more pronounced when the roughness density in-
creases. Although the momentum and heat transfer
are enhanced due to the wall-roughness, the effects of
the wall roughness on the momentum transfer is more
substantial than that on the heat transfer. In addition,
the momentum transfer depends more strongly on the
arrangement of the hemispheres. The dissimilarity is
due to the role of the pressure which significantly af-
fects the flow fields but has little effect on the scaler
fields. It is also found that the Reynolds analogy fac-
tor, which is the ratio of the doubled Stanton number
to the skin friction coefficient, can be expressed as a
function of the inner-scaled equivalent roughness.
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Abstract 
We present a further application of the method 

for regenerating high-frequency components in the 
actual meteorological field to the significant ty-
phoon Jebi (2018) and an analysis of strong winds 
and gust occurrences in central part of Osaka City 
by LES using the data of finely resolved flow struc-
tures of typhoon boundary. We also discuss theoret-
ical aspects of the LES formulation of high-
frequency component in relation to compressibility 
and thermal stability of the real weather. 

 
1 Introduction 

In computational fluid dynamics simulations for 
wind engineering purposes, more accurate replica-
tion of actual atmospheric properties, such as the 
flow structures of severe storms, is gradually gain-
ing attention. In the past few years, many major cit-
ies in Japan belonging to the temperature zone ex-
perienced the most violent gust or the strongest sus-
tained wind in decades due to continual approaches 
of tropical cyclones with unusual intensity, and a 
great number of houses and large modern buildings 
were affected. Some works, including Tsuboki et al. 
(2015) and Mei (2015), have indicated that warmer 
sea surface temperature in the future probably in-
creases tropical cyclone intensity. Therefore, it is 
crucial to analyse the characteristics of strong winds 
in urban area and examine the adequacy of the cur-
rent building codes and safety practices, in light of 
recent events and possible near-future scenarios. 

The flow in severe storms is different in many 
ways from the flow in an ordinary steady-state tur-
bulent boundary layer. For instance, the vertical 
wind speed profile in a tropical cyclone's eyewall 
shows a pronounced maximum at around 500 m or 
lower, as reported in Franklin et al. (2002). Near the 
centre of a tropical cyclone, the wind profile and di-
rection can change significantly in less than an hour 
as it moves.  

In addition, many previous studies have reported 
various small-scale flow structures inside tropical 
cyclone systems, and it has been suggested that 
some structures may lead to localized strong winds 
and potentially concentration of damage on the 
ground. Wurman and Winslow (1998) observed 
bands of alternating high and low wind speeds in 
the boundary layer with high-resolution Doppler ra-

dar and hypothesized that vertical momentum trans-
portation by horizontal roll vortices was the cause. 
Ito et al. (2017) carried out a high-resolution large 
eddy simulation (LES) of an entire typhoon system 
and examined several types of horizontal rolls found 
in the typhoon boundary layer and evaluated their 
effect on the near-ground wind speed. Meanwhile, 
Mashiko and Shimada (2021) analysed the observa-
tion data during Typhoon Goni (2015) and present-
ed that the vertical mesovortices found in the eye-
wall caused periodic high winds on the ground. 
They also pointed out that filament-shaped smaller 
flow structures at the inner edge of the eyewall sig-
nificantly intensified wind gusts.  

However, very little is known about how the 
formation of strong winds and gusts in urban areas 
is affected by such unsteady nature of the meteoro-
logical process, non-typical boundary layer wind 
profile, and various small-scale flow features as 
well as convection of different sizes in the severe 
storm. The establishment of a method to evaluate 
peak wind speed and pressure by LES coupled with 
meteorological model simulations is expected to 
provide a more accurate understanding of flow dy-
namics in urban areas and a more reliable risk anal-
ysis during extreme weather events. 

Recently, Kawaguchi, Tamura, et al. (2019) 
have proposed an LES method for regenerating high 
frequency components of atmospheric turbulence 
simulated by the meteorological model while taking 
into account the effects of heat. This method can be 
applied to multi-scale LES of urban areas under real 
weather conditions for wind engineering purposes. 
The above study, as an example, presented the re-
sults of analyses of the interaction between a torna-
do vortex and near-ground turbulent vortices. Suc-
cessively, Kawaguchi, Tamura, et al. (2020) used 
this method to investigate numerically building 
damage in an actual significant tornado event. 

In this paper, we apply the above turbulence re-
generating method to the analysis of a strong wind 
event caused by Typhoon Jebi (2018), in which at 
least 77,000 houses and buildings sustained damage 
in Osaka City and neighbouring municipalities in 
Osaka Prefecture. We also discuss theoretical as-
pects of the proposed LES formulation of the high-
frequency component regarding compressibility and 
thermal stability. 



 

 

2 Simulation scheme 
    To perform a LES of the urban area coupled with 
the meteorological model simulation, three different 
simulations were conducted in series, as shown in 
Figure 1, following the methodology of the previous 
tornado studies. Firstly, a meteorological model was 
performed to simulate the movement and detailed 
structure of the typhoon. A fully compressible nu-
merical solver is required to reproduce development 
of cumulonimbus clouds. Secondly, high frequency 
components in the meteorological field were regen-
erated using the LES method by Kawaguchi, Tamu-
ra, et al. (2019) focusing on the near-ground region 
around the target area.  Finally, LES of the actual ur-
ban area was carried out by a LES solver designed 
for large-parallel computation using the finely-
resolved meteorological field obtained in the previ-
ous simulations. 

Figure 1: Meteorological model/engineering LES hybrid 
approach 

 
3 Meteorological model 
3.1 Overview of the typhoon 
    Typhoon Jebi (2018) was a significant typhoon 
which obtained the lifetime minimum central pres-
sure of 915 hPa. It made landfall on Shikoku Island 
around noon on 4 September Japan Standard Time 
(JST = UTC +9h) with a central pressure of 950 hPa 
and the maximum wind speed of 45 m/s, passed over 
Osaka Bay and made landfall on Honshu Island 
around 2 pm without much weaking (955 hPa and 45 
m/s). It eventually entered the Sea of Japan around 3 
pm, according JMA Best Track Data. Of the approx-
imately 930 observation points across the country, 
100 recorded the all-time highest instantaneous wind 
speeds. In Osaka City, 10-min mean wind speed of 
27.4 m/s and 3-s instantaneous wind speed of 47.4 
m/s were measured. It was the highest record in Osa-
ka City since Typhoon Nancy made landfall in 1961. 
According to the Fire and Disaster Management 
Agency, Typhoon Jebi caused 14 fatality and 965 in-
juries along with damage to more than 100,000 hous-
es and buildings across Japan. 
 
3.2Numerical model and configurations 

Simulation of the typhoon was performed using 
Japan Meteorological Agency nonhydrostatic model. 
(JMA-NHM). Detail description of the model is in 
Saito et al. (2006). Surface fluxes were calculated by 

a bulk method based on Beljaars and Holtslag (1991). 
Subgrid turbulent mixing was modelled by the 1.5-
order TKE-based eddy diffusivity closure by 
Deadroff (1980). Cloud microphysical processes 
were reproduced by a model calculating six water 
species by Ikawa et al. (1991).  

As for the model domains, three domains focus-
ing on the Osaka City were employed (Figure 2). 
Grid resolution of Domains 1 to 3 (D1 to D3) is set to 
1 km, 250 m, and 50 m, respectively. Each domain 
has 1401  1401 horizontal grid points and a terrain 
following vertical coordinate system was adopted. 
D1 has 92 vertical grid points, while both of D2 and 
D3 have 100 vertical points. The grid spacing at the 
surface was 10 m. 

The simulation of D1 started at 18:00 on 3 Sep-
tember. For initial and boundary data for D1, JMA 
mesoscale reanalysis data was used. The simulation 
of D2 and D3 were started at 12:00 and 14:00 on 4 
September, respectively. For those child domains, the 
data was one-way nested from their parent domain. 

Domain 1               Domain2                   Domain3 
Figure 2: Model domains  

 
3.3 Result 
    The simulation reproduced the observed track very 
well as shown in Figure 3. It was slightly shifted to 
east, but less than 15 km during the closest approach 
to Osaka City. The movement of the simulated ty-
phoon was delayed about 25 minutes from the actual 
case. The comparison of the central pressure reveals 
that the simulation fairly reproduced the central pres-
sure for the maximum wind period in Osaka with an 
accuracy of 5 hPa. 
 

  
Figure 3: Simulated track (red) and observed track (black; 

JMA Best Track)  
 
Figure 4 shows the time series of simulated wind 

speed and direction at the points corresponding the 
ground observation sites indicated in Figure 5. In 
both sites, wind speed and direction were considera-
bly consistent with the observations. It should be note 
that, the simulation result is shifted 25 min earlier for 
the purpose of comparison.  



 

 

Figure 4: Time series of the simulated wind speed and di-
rection. (top) JMA Osaka, 24 m above ground level, (bot-

tom) Osaka lighthouse, 53 m AGL. 

Figure 5: Location of observation points and  
Model domains for turbulence regeneration and engineer-

ing LES   

Figure 6: Wind speed at different altitudes in D3 
 at 14:15 (showing only part of the domain)  

  
Figure 7: Simulated vertical 10-min mean wind profile  

at the location of Osaka Lighthouse 
  

Figure 6 shows the horizontal distributions of 
wind speed at different altitudes from 10 m to 2,030 
m above ground level (AGL). The horizontal section 
at 298 m AGL reveals existence of evident bands of 
alternating high and low wind speeds along the swirl 
in the typhoon boundary. The field at 53 m AGL 
shows that even finer fluctuations were generated 
possibly due to the topography and friction on the 
surface, and they are superimposed to the above-
mentioned bands of wind speed fluctuations. The 
sections at different height reveal that the location of 
maximum wind shifted with hight. 

The simulated 10-min mean wind profile at the 
location of Osaka Lighthouse is plotted in Figure 7. 
The profile has a pronounced peak below 500 m. It 
varied with time and descended to the level below 
200 m for about 20 minutes. 

 
 4 Turbulence regeneration 
4.1 Description of the model 

It is known that fine turbulent structures, typically 
finer than 5 to 7 times the grid resolution, are prone 
to attenuate and difficult to resolve in meteorological 
models as discussed in Skamarock et al. (2004) and 
Rai et al. (2017). It may be attributed to inevitable 
dissipation due to numerical schemes used to simu-
late realistic weather condition over complex terrain 
using the compressible governing equations.  

 However, it is highly important to evaluate the 
peak pressure and peak wind speed occurred in tur-
bulent flows from the viewpoint of wind engineering.  

To the field of Typhoon Jebi simulated in the 
meteorological model, turbulence regeneration 
method by Kawaguchi, Tamura, et al. (2019) was 
applied. In essence, the method proposed the equa-
tion of the high frequency components of velocity 𝑈 
and temperature 𝛩 which are not resolvable with a 
coarser grid system such as of meteorological model, 
but which should be resolved with a finer grid sys-
tem, for which were solved using LES techniques. 
If we denote the physical quantities in the coarser 
grid system with a tilde (𝑈 and 𝛩) and the quantities 
in the finer grid with an overline (𝑈 and 𝛩), these 
high frequency components 𝑢  and �̅�  can be ex-
pressed as 𝑢 𝑈 𝑈 (1) �̅�  𝛩 𝛩 (2) 



 

 

Therefore, the equations for those components can 
be expressed in a form of the difference of the gov-
erning equations at different grid resolution levels. 𝜕𝑢𝜕𝑡 𝜕𝜕𝑥 𝑈 𝑈 𝑈 𝑈 𝜕𝜕𝑥 𝑃 𝑃  

𝜕𝜕𝑥 𝜏 τ 𝛽𝑔 𝛩 𝛩 𝛿 𝑓  
(3) 

𝜕�̅�𝜕𝑡 𝜕𝜕𝑥 𝛩𝑈 𝛩𝑈 𝜕𝜕𝑥 ℎ ℎ  (4) 

where, 𝜏 is SGS stress terms at each grid resolution, 
and ℎ is SGS heat fluxes. 𝑓 is additional feed-back 
forcing term based on Goldstein et al. (1993) to 
converge the time average of 𝑢 to zero.  

Turbulence in the meteorological field was re-
generated by the equations (3) and (4), assigning the 
calculation result of the meteorological model to the 
variables with a tilde. The variables with an over-
line are calculated using the equations (1) and (2). 

 
4.2 Compressibility and thermal stability 

This calculation focuses on only the region low-
er than approximately 2 km, which is considerably 
lower than the scale hight H ~ 10km, and density, 
pressure and temperature perturbations from the hy-
drostatic state is small. In this case, Boussinesq ap-
proximation is valid and Navier–Stokes equation 
can be expressed as if it was incompressible except 
for the buoyancy term. 

The equations (3) and (4) represents dynamics of 
only the high frequency component of velocity and 
temperature. Small-scale fluctuating flow structures 
are expected to be influenced by the localized tem-
perature perturbation in that scale. 

As for temperature 𝛩, we used equivalent poten-
tial temperature in this typhoon case to evaluate 
buoyancy correctly. It conserves in moist adiabatic 
process, where release of heat from both of adiabatic 
expansion and vapor condensation, while neither of 
potential temperature nor temperature is conserved. 
In this analysis of typhoon in the closest approach pe-
riod, most part of the calculation domain is saturated 
with vapor, and precipitation is not so often signifi-
cant. In Figure 8, the potential temperature field in 
the vertical direction reveals that temperature in-
crease due to vapor condensation is superimposed in 
vertical direction. 

 
Figure 8: potential temperature (left) and equivalent potential tem-

perature (right) in the vertical section of D3 of meteorological 
model 

 
4.3 Calculation conditions 

Calculation conditions for the turbulence regener-
ation are listed in Table 1. The location of the model 
domain is shown in Figure 5. The components 𝑢 and 

�̅� were initially set to zero in the whole domain and 
Neuman condition was applied to the boundary. 

As for the SGS terms, scale similarity model by 
Bardina et al. (1980) is adopted for the coarse grid 
system (meteorological model), while Smagorinsky 
model was employed for the finer grid system. 

 The filter size used in the scale similarity model 
calculation is set 8.5 times as large as the grid size of 
the turbulence regeneration, considering the effective 
resolution of the flow simulated in the meteorological 
model. 

   
Table 1: Calculation conditions for turbulence regeneration 

Model  
domain  

7 km (N-S) 6 km (W-E) 
2.3 km (vertical: 132m – 2.34 km) 

Horizontal grid  
resolution 

25 m  

Spatial 
discretisation 

4th order central difference (velocity) 
2nd order central difference (temperature) 

Time integration 2nd order Adams–Bashforth 
Time range 14:05:00 – 14:20:00 JST 
Time step 0.02 s 
Poisson solver SOR   
4.4 Result 

The time series of wind speed at centre of the 
domain at 194 m above sea level (ASL) before and 
after regeneration is shown in Figure 9. 

Finer fluctuations were regenerated for both of 
horizontal and vertical wind speed without giving 
any long-period tendency. The peaks in the time se-
ries after regeneration is sharper and velocity changes 
more rapidly. Visualizations of horizontal sections of 
wind speed is shown in Figure 10. 

 
 
 

(a) 
 
 

 
 

(b) 
 
 

Figure 9: Time series of velocity before (blue) and after (black) the 
regeneration. (a) Horizontal wind speed. (b) Vertical wind speed 

 

 
Figure 10: Horizontal section at 400 m ASL (enlarged view of central 
part of the domain) of wind speed before (upper left) and after (lower 

left) the regeneration. The regenerated component (right) is also shown. 



 

 

5 Engineering LES 
5.1 Calculation conditions 

Incompressible flow solver CUBE developed by 
RIKEN R-CCS was used to perform LES of the ur-
ban area under the influence of simulated Typhoon 
Jebi. As CUBE incorporates multiblock hierarchical 
Cartesian grid system and immersed boundary meth-
od, it has great advantage for balancing loads in 
large-scale computations and calculating flows over 
complex geometries like urban area as discussed in 
Tsubokura et al. (2014). Calculation conditions are 
listed in Table 2.  

In this study, we focused on the period in which 
meteorological model reproduced particularly fine 
wind fluctuations in order to analyse strong winds 
most obviously affected by the structure of the 
weather field. Therefore, The 10 minutes between 
14:06:20 and 14:16:20 JST were chosen for the anal-
ysis period, which is about 10 minutes earlier than 
the peak wind time of the simulation of the meteoro-
logical model.   

Central area of Osaka City was selected for the 
target of the analysis. The domain location is shown 
on the map in Figure 5. The surface model and the 
computational grids are shown in Figure 11. The sur-
face geometry is notably heterogeneous. Low-rise 
housing districts and mid-rise building districts coex-
ist. Buildings taller than 100 m and wide-open spaces 
are also found in the domain. In addition, the terrain 
has moderate undulations. 

 
Table 2: Calculation conditions for LES of the urban area 

Calculation  
domain  

4 km (N-S) 2 km (W-E) 
2 km (vertical: 0 m – 2 km) 

Time range 14:05:20 – 14:16:20 JST  
(The analysis starts at 14:06:20) 

Time step 0.005 s 
Min. grid size 2 m 
Total cell number Approx. 124 million 
Spatial 
discretisation 

2nd order central difference 
(+ 5 % 1st order upwind for convective term) 

Time integration Crank–Nicolson  
SGS model  Dynamic Smagorinsky  
Poisson solver Red/black SOR 

 

 

 
Figure 11: Surface model and computational grid 

5.2 Validation of near-ground wind speed 
Wind speed was observed at the location of JMA 

Osaka at 24m AGL in a low-rise residential area. Ta-
ble 3 lists ground observed wind speed for 30 
minutes including the maximum wind time. With 
these values, the wind speed simulated at two differ-
ent locations in open spaces, where the roughness 
length is expected to be close to the observation site, 
was compared. Table 4 shows wind speed statistics 
for the 10-min analysis period at those points. The 
simulated 10-min mean wind and 3-s maximum gust 
were comparable to those observed 10 minutes be-
fore the maximum wind. 

  
Table3: Ground observation at JMA Osaka (24 m AGL) 

Time 10-min mean wind 
speed [m/s] 

3-s max. gust 
wind speed [m/s] 

Gust 
 factor [-] 

14:00 20.9 40.5 1.93 
14:10 27.3 47.4 1.73 
14:20 21.2 40.6 1.91 

Table 4 Simulated wind speed. (24 m AGL) 

Location 
10-min mean 
wind speed 

[m/s] 

max. 3-s gust 
wind speed [m/s] 

Gust  
factor [-] 

Naniwa_N 20.5 38.3 1.87 
Osaka_Castle 23.3 40 1.72 

 
Figure 12: Probe point locations.   

5.3 Characteristics of the near-ground 
winds in the typhoon boundary layer 
   Roll-shaped circulations in various scales were 
confirmed across the vertical section of instantaneous 
velocity as exemplified in Figure 13. The horizontal 
section at a lower level indicated that narrower and 
more straight strong wind patterns were generated 
from the meteorological fluctuations with the influ-
ence of surface friction effect and shear flow of the 
building. The mean wind direction veered in counter-
clockwise direction as altitude decrease. 

Figure 14 is part of time series at several altitudes 
at two different locations inside mid-high rise, high-
density urban areas. It reveals wind speed fluctuation 
of building height, typically at 50 m AGL, is consid-
erably correlated to those at higher altitudes, which is 
strongly affected by the flow structures originated 
from the typhoon system. In open spaces, fluctuation 
at as low as 10 m AGL indicated clear correlation to 
the winds aloft. It is noteworthy that, although the 
wind gust is defined by 3-s mean wind speed in this 
paper, higher frequency fluctuation is sometimes ex-
tremely intense at certain locations and certain hight, 
e.g. Tani_N at 50m AGL. 

Vertical profiles of mean wind and maximum 
gust are shown in Figure 16. At some locations, wind 
speed above 100 m is confirmed to have exceeded 



 

 

the value prescribed in Japanese winds codes. Figure 
15 shows the maximum gust in 10 minutes at each 
grid points. Innumerable stochastically generated 
narrow and straight traits of strong winds in different 
directions were observed at the height of the taller 
buildings. Meanwhile, wind speed locally and signif-
icantly increased around the high-rise buildings at 10 
m AGL, which exemplifies the importance of prob-
ing in plane and volume using CFD. 

 
Figure 13: Instantaneous wind speed in the vertical and hori-
zontal cross-sections. (Colour range is from 0 m/s to 60 m/s.) 

     Tani_N                                            Gov 
Figure 14: Time series of wind speed between 180 s and 360 s 
(Thick red, blue lines show 20-s, 3-s mean wind speed. Pale blue 

line shows instantaneous velocity without moving average.) 

 
Figure 16: Profiles of 10-min mean wind and 3-s maximum gust. 

 
Figure 15 Distribution map of 3-s maximum wind gust. 

6 Conclusion 
A strong wind event in central part of Osaka 

City in Typhoon Jebi (2018) was analysed using the 
meteorological model and the turbulence regenerat-
ing method applicable to actual meteorological phe-
nomena. Influence of the meteorological field to 
formation of near-ground winds was evidenced and 
evaluated. Theoretical aspects of the turbulence re-
generation method were also discussed in relation to 
compressibility and thermal stability. 

 Whole picture of the effects caused by typhoon 
boundary structure and building damage estimation 
in the entire event are the subject of further study. 
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Abstract
The statistical behaviours of the invariants of

the velocity gradient tensor and flow topologies for
Rayleigh-Bénard convection of Newtonian fluids in
cuboidal enclosures have been analysed using Direct
Numerical Simulations (DNS) for a range of different
values of Rayleigh (i.e. Ra = 107 − 109) and Prandtl
(i.e.Pr = 1 and 320) numbers. The behaviours of sec-
ond and third invariants of the velocity gradient tensor
suggest that the bulk region of the flow at the core of
the domain is vorticity-dominated whereas the regions
in the vicinity of cold and hot walls, in particular in the
boundary layers, are found to be strain rate-dominated
and this behaviour has been found to be independent
of the choice of Ra and Pr values within the range
considered here. Accordingly, it has been found that
the focal topologies S1 and S4 remain predominant in
the bulk region of the flow and the volume fraction
of nodal topologies increases in the vicinity of the ac-
tive hot and cold walls for all cases considered here.
However, remarkable differences in the behaviours of
the joint probability density functions (PDFs) between
second and third invariants of the velocity gradient ten-
sor (i.e. Q and R) have been found in response to the
variations of Pr. The classical teardrop shape of the
joint PDF between Q and R has been observed away
from active walls for all values of Pr, but this behav-
ior changes close to the heated and cooled walls for
high values of Pr (e.g. Pr = 320) where the joint
PDF exhibits a shape mirrored at the vertical Q-axis.
It has been demonstrated that the junctions at the edges
of convection cells are responsible for this behaviour
for Pr = 320, which also increases the probability of
finding S3 topologies with large negative magnitudes
of Q and R. By contrast, this behaviour is not ob-
served in the Pr = 1 case.

1 Introduction
Rayleigh-Bénard configuration is one of the most

well-known natural convection problems in enclosed
spaces where buoyancy-driven fluid motion takes

place between differentially heated horizontal walls
with the heated bottom wall. This configuration has
been widely analysed because of its conceptual sim-
plicity and relevance to several applications ranging
from astrophysics, geophysics and meteorology to
process industries.

The flow becomes turbulent for high values of
Rayleigh number Ra = ρ2cpgβ∆TL3/µk where
ρ, cp, β, µ and k are density, specific heat, volume ex-
pansion coefficient, viscosity and thermal conductiv-
ity, respectively and g, ∆T and L are the accelera-
tion due to gravity, temperature difference between hot
and cold walls and the enclosure height, respectively
in the Rayleigh-Bénard convection. In the aforemen-
tioned applications, turbulent Rayleigh-Bénard con-
vection is obtained for fluids with different Prandtl
numbers Pr = µ cp/ k (e.g. Pr ≈ 1 is relevant to
weather predictions, whereas Pr � 1 is relevant to
geophysics and process industries).

The relative thicknesses of hydrodynamic and ther-
mal boundary layers is dependent on Pr, which is
known to affect the scalar spectrum and it is possible
to obtain roll-off of the scalar spectrum in the iner-
tial range and an inertial-diffusive range is obtained
for Pr < 1. By contrast, the roll-off of the scalar
spectrum is obtained for the length scales smaller than
the Kolmogorov length scale and a viscous-diffusive
range is observed for the scalar spectrum for Pr � 1.
As the temperature distribution in turbulent flows is
affected by Pr, it can be expected that the velocity
distribution in natural convection will also be affected
by Pr because the flow is induced by the temperature
difference.

The Prandtl number has indeed been shown to af-
fect the turbulent kinetic energy spectrum in a recent
analysis by the present authors (Yigit et al., 2020).
However, the Prandtl number of the fluid does not
only affect the distribution of turbulent kinetic energy
in Rayleigh-Bénard convection but also has the po-
tential to alter the distribution of flow topologies, as
they can be categorised in terms of the invariants of



the velocity gradient ∂ui/∂xj tensor (i.e. P,Q and R)
where ui is the ith component of the velocity vec-
tor. Depending on the values of the invariants of the
velocity gradient ∂ui/∂xj tensor, 8 different topolo-
gies (i.e. S1-S8 topologies) can be identified in the
three-dimensional P,Q,R phase space. The velocity-
gradient tensor can be split into symmetric and skew-
symmetric parts: Aij = ∂ui/∂xj = Sij +Wij , where
Sij = 0.5(Aij + Aji) and Wij = 0.5 (Aij −Aji)
are the symmetric and skew-symmetric components,
which are referred to strain rate and rotation rate, re-
spectively. Three eigenvalues, λ1, λ2 and λ3, of Aij

can be obtained from solutions of the characteristic
equation λ3 + Pλ2 + Qλ + R = 0 where P,Q,R
are the invariants of Aij :

P = − (λ1 + λ2 + λ3) ; (1)

Q = 0.5
(

(P 2 − SijSij) + (W ijWij)
)

; (2)

R = (−P 3 + 3PQ− SijSjkSki − 3WijWjkSki)/3
(3)

The characteristic equation’s discriminant, D =[
27R2 +

(
4P 3 − 18PQ

)
R+ 4Q3 − P 2Q2

]
/108,

divides the P − Q − R phase-space into two re-
gions depending on the sign of the discriminant.
For D > 0 (D < 0), a focal (nodal) topology is
obtained and the velocity gradient tensor exhibits
one real eigenvalue and two complex conjugate
eigenvalues for focal topologies, whereas three
real eigenvalues are obtained for nodal topolo-
gies. The solutions of D = 0 are given by two
surfaces in P − Q − R phase space: r1a =

P
(
Q− 2P 2/9

)
/3 − 2

(
−3Q+ P 2

)3/2
/27 and

r1b = P
(
Q− 2P 2/9

)
/3 + 2

(
−3Q+ P 2

)3/2
/27.

For a positive discriminant (i.e.D > 0), theAij tensor
has purely imaginary eigenvalues on the surface r2,
which are given by R = PQ. The surfaces r1a, r1b
and r2, divide the P −Q−R phase space into 8 flow
topologies. The first invariant P = −∂ui/∂xi of the
velocity gradient tensor vanishes for incompressible
fluids, and therefore only topologies S1-S4 are ob-
served for P = 0, as shown in Fig. 1. Therefore, in
Rayleigh-Bénard convection of incompressible fluids
the flow topologies are determined by the behaviours
of the second and third invariants (i.e. Q and R) of
the velocity gradient tensor and only S1-S4 topologies
can be seen.

The flow structures associated with S1-S4 topolo-
gies are schematically shown in Fig. 1 (c). One aspect
of this work focuses on flow topologies close to the
active walls and therefore only the upper part (above
the horizontal plane crossing the origin of the coordi-
nate system) of the velocity field is shown in Fig. 1,
representative of a situation close to the lower wall,
but in principle it can be mirrored at the horizontal
plane. It has been demonstrated that S4 topologies
are obtained predominantly for positive values of Q,

whereas topologies S2 and S4 are predominantly ob-
tained in the regions away from the wall in boundary
layer flows. The teardrop structure in the joint prob-
ability density function (PDF) between Q and R has
been demonstrated by Chong et al. (1990). The analy-
sis by Ooi et al. (1999) suggested that the same quali-
tative behaviour is observed in a range of different in-
compressible turbulent flows indicating some degree
of universality in the joint PDFs between Q and R.
The theoretical justifications of the teardrop shape of
the Q − R joint PDF for incompressible flows have
been provided by Elsinga & Marusic (2010) and the
loss of teardrop structure was shown to be a mark of
intermittency in some previous analyses. The flow
topology distributions in Rayleigh-Bénard convection,
where temperature and velocity fields are intrinsically
coupled, are yet to be analysed in detail in comparison
to the vast body of literature on other wall-bounded
flows.

The analyses by Dabbagh et al. (2020) revealed the
existence of the teardrop shape in the bulk region away
from the walls in Rayleigh-Bénard convection but the
small-scale structures in the vicinity of the hot and
cold walls have not been discussed there in terms of
Q and R. Another recent analysis revealed that large-
scale circulation in Rayleigh-Bénard convection is af-
fected by Prandtl number (van der Poel et al., 2013).
However, the effects of Prandtl number on the flow
topology are yet to be analysed and the present work
addresses this gap in the existing literature. In this re-
spect, the main objectives of the present analysis are:
(a) to demonstrate and explain the effects of Prandtl
number on the statistical behaviours of Q and R and
their joint PDFs and (b) to indicate the implications
of the above findings on flow topology distribution for
Rayleigh-Bénard convection of Newtonian fluids. It is
worth noting that Pr = 320 corresponds for example
to silicone oil at 20oC.

The simulation configuration is schematically
shown in Fig. 1(a) which demonstrates that the dif-
ferentially heated horizontal walls are subjected to
constant wall temperature boundary conditions (i.e.
T = TH at x2 = 0 and T = TC at x2 = L where
TH > TC). All the other walls are considered to be
adiabatic (i.e. ∂T/∂x1,3 = 0 at x1,3 = 0, L). Finally,
no-slip and impermeability conditions are specified for
all walls (i.e. u1,2,3 at x1,2,3 = 0, L).

2 Methods
The governing equations of mass, momentum

and energy conservation for unsteady incompressible
Newtonian fluids have been solved in a finite-volume
framework using the open-source CFD package Open-
FOAM. For these computations pressure-velocity cou-
pling has been addressed by the use of the PIMPLE al-
gorithm. The convective and diffusive fluxes are eval-
uated using second-order central difference schemes.
The temporal advancement has been carried out us-



Figure 1: (a) Schematic diagram of the simulation domain.
(b) Classification of topologies S1-S4. (c) Graph-
ical representation of topologies S1-S4. Symbols
correspond to UF = unstable focus; UN = unsta-
ble node; SN = stable node; SF = stable focus; C
= compressing; S = saddle; ST = stretching. The
blue circles indicate the origin of the blue stream-
lines.

ing the second-order Crank-Nicolson scheme in con-
junction with adaptive time-stepping for the sake of
computational economy. It has been ensured that the
Courant number is always below unity so that the
simulations have enough temporal resolution. The
grid size ∆x for DNS of Rayleigh-Bénard convection
should ideally satisfy ∆x < min(〈ηK〉, 〈ηB〉) where
〈ηK〉 is the Kolmogorov length scale and 〈ηB〉 is the
Batchelor length scale. Here, relaxed resolution crite-
ria proposed by Groetzbach (1983) and Shishkina et al.
(2010) have been used for determining the initial non-
dimensional mesh size (∆x/L), resulting in Cartesian
grids of 2503, 4603 and 7003 (1503, 2303 and 4903)
for Pr = 1 (Pr = 320) simulations of Ra = 107,
Ra = 108 and Ra = 109, respectively.

3 Results
The instantaneous distributions of non-

dimensional temperature θ = (T − TC)/(TH − TC),
non-dimensional horizontal velocity component
U = u1L/α and non-dimensional vertical velocity
component V = u2L/α in the x1 − x2 midplane are
exemplarily shown in Fig. 2 for Ra = 108 in the case
of Pr = 320 and 1 where α = k/(ρ cp) is thermal
diffusivity of the fluid. It can be seen from Fig. 2
that strong thermal gradients exist only within the
thermal boundary layer close to the active walls and

the temperature within the interior of the enclosure
remains mostly uniform and close to θ = 0.5. This
behaviour is indicative of strong turbulent heat trans-
fer in the bulk region of the domain and contrasts with
a stratification with isotherms parallel to horizontal
walls in the case of pure conduction (not shown here).
Moreover, thermal plumes from the active hot and
cold walls can be discerned in the Pr = 320 case,
whereas this tendency is less prevalent for the Pr = 1
case where a large-scale circulation is evident. The
strong convective transport within the cavity can be
substantiated from the distributions of U and V in Fig.
2, which reveal that the lighter hot fluid in the vicinity
of the hot bottom wall rises in the vertical direction
and moves in the horizontal direction while transfer-
ring the heat to the cold wall and eventually sinks in
the downward direction because of its higher density
in comparison to fluid underneath in the vicinity of the
hot wall. Furthermore, Fig. 2 shows that for Pr = 320
the flow is mushroom-shaped plume-dominated with
large scale vertical velocity structures, whereas more
mixed (i.e. stronger turbulent) fluid flow prevails
with a superimposed large scale circulation in the
distributions of U and V for Pr = 1. The turbulent
flow strengthens with decreasing value of Pr for given
value of Ra in the Rayleigh-Bénard convection. This
actually can be explained by the increasing Grashof
number (Gr, dimensionless number which indicates
the ratio of buoyancy to viscous forces acting on a
fluid) with decreasing Pr values for given value of
Ra (i.e. Gr = Ra/Pr). Thus, higher values of Gr
signify the relative augmentation of the buoyancy
forces in the fluid domain.

Figure 2: Instantaneous distributions of non-dimensional
temperature θ (left column), non-dimensional hor-
izontal velocity component U (middle column)
and non-dimensional vertical velocity component
V (right column) in a x1−x2 plane for (a) Pr = 1
(top row), (b) Pr = 320 (bottom row) at Ra =
108.

The distributions of Q and R normalised by their
standard deviations Q+ = Q/σ (Q) and R+ =
R/σ (R) in the central x1 − x2 plane for Ra =
107 and 109 are shown for both Pr = 1 and 320
in Fig. 3. For incompressible fluids Q is given by



Q = 0.5 (−SijSij +WijWij) and thus a positive
(negative) value of Q is indicative of the vorticity-
dominated (strain rate-dominated) regions. It can be
seen from Fig. 3 that the vorticity-dominated regions
(i.e. Q+ > 0) are predominantly obtained in the cen-
tral core of the enclosure away from the wall. By con-
trast, the strain rate dominated (i.e. Q+ < 0) regions
are predominantly concentrated in the vicinity of the
wall within the boundary layer.

Figure 3: Instantaneous distributions of Q+ and instanta-
neous distributions of R+ for different Pr values
at (a) Ra = 107 and (b) Ra = 109 in the central
x1 − x2 plane.

For P = 0, the third invariant R takes the
form R = (−SijSjkSki − 3WijWjkSki)/3 =
(−SijSjkSki)/3 − ωiωjSij/4 where ωi is the ith

component of vorticity. It is important to note
that (SijSjkSki) contributes to dissipation rate E =
(2µ /ρ)SijSij = τij(∂ui/∂xj)/ρ generation (with τij
being the component of viscous stress tensor), whereas
(ωiωjSij)/4 contributes to the production rate of en-
strophy (i.e. Ω = ωiωi/2). A comparison between
Q+ and R+ fields in Fig. 3 reveals that in partic-
ular large negative values of Q+ are mostly associ-
ated with large positive values of R+ in the bulk re-
gion of the enclosure for both Pr = 1 and 320 and
this is particularly prominent for Pr = 1. How-

ever, the near-wall behaviour is different for differ-
ent Prandtl numbers. In order to demonstrate this
behaviour, the contours of joint probability density
functions Q+ and R+ in the bulk region (defined
as Vbulk = {(x1, x2, x3) | 0.1 ≤ x1/L ≤ 0.9 &
0.1 ≤ x2/L ≤ 0.9 & 0.1 ≤ x3/L ≤ 0.9}) and at
the heated and cooled boundaries (i.e. in the volumes
Vboundary = {(x1, x2, x3) | 0.1 ≤ x1/L ≤ 0.9 &
0.1 ≤ x3/L ≤ 0.9 & (x2/L ≤ 0.1 or x2/L ≥ 0.9)})
are exemplary shown for Ra = 108 in Fig. 4 in the
case of both Pr = 1 and 320. Although Fig. 4 shows
the expected and well-known teardrop shape suggest-
ing predominance of S4 and S2 (and to some extent
S1) topologies both in the bulk region away from the
walls and at the hot and cold boundaries for Pr = 1,
the conventional teardrop shape is obtained only in the
bulk region for Pr = 320 and the lower tail of the joint
PDF flips from an unstable node-saddle-saddle S2
topology towards a stable node-saddle-saddle topol-
ogy S3 at the hot and cold walls. These differences
in joint PDFs between Q and R are expected to have
implications on the distribution of the flow topologies
within the enclosure.

Figure 4: Contours of joint probability density functions of
Q+ and R+ on a logarithmic scale in the bulk re-
gion (1st column) and at the heated and cooled
boundaries (2nd column) are exemplary shown for
Ra = 108 in the case of (a) Pr = 1, (b) Pr =
320.

The variations of the volume fraction V F of flow
topologies averaged in x1 − x3 planes in the verti-
cal direction (i.e. x2-direction) are shown in Fig. 5 for
Ra = 107 and 109 in the case of both Pr = 1 and
320. It can be seen from Fig. 5 that Pr = 320 (and
to a lesser extent for Pr = 1), the volume fraction of
obtaining each of the S1 and S4 topologies is about
40% in the bulk region, whereas the volume fraction
of obtaining S2 and S3 is about 10% each within the
bulk region of the domain regardless of Ra values.
However, it is worth mentioning that the sum of both



unstable and both stable topologies always seems to
be very close to 50% for all values of Pr and Ra.
This behaviour is consistent with the theoretical esti-
mates by Hasslberger et al. (2019) based on symmetric
population in Q − R space. Close to the boundaries
the volume fraction of nodal topologies (S2,S3) in-
creases, whereas the volume fractions of focal topolo-
gies (S1,S4) decreases.

Figure 5: Variations of the volume fraction V F of flow
topologies averaged in x1 − x3 planes in the ver-
tical direction (i.e. x2-direction) are shown for
Ra = 107 (1st column) and 109 (2nd column) in
the case of (a) Pr = 1 and (b) Pr = 320.

Although results are shown only for Ra = 108 in
Fig. 4, the distributions of Q−R joint PDFs are quali-
tatively similar for the range of Rayleigh numbers con-
sidered in this study (107 ≤ Ra ≤ 109). This can be
substantiated from the distributions of flow topologies
in the central x1 − x2 plane for Ra = 107 and 109 at
Pr = 1 and 320, which are shown in Fig. 6. It can
be seen from Fig. 6 that the focal topologies S1 and S4
are predominantly obtained in the bulk region at the in-
terior of the domain, whereas the nodal topologies S2
and S3 are dominant in the vicinity of the hot and cold
walls. This behaviour does not change with the varia-
tion in Rayleigh number withinRa = 107−109 range
considered here. However, the topology distribution in
Fig. 6 suggests that the small-scale structures become
more frequent for larger values of Rayleigh number
and smaller values of Prandtl number which implies
an increasing Grashof number.

In order to analyse the origin of the flipping of the
tail of the joint PDF between Q and R towards the S3
quadrant, the region close to the bottom heated wall
at x2 = 0 is investigated further. The iso-surfaces of
non-dimensional temperature θ = 0.65 (for better vis-
ibility of the structures θ = 0.65 is used in Fig. 7(a))
coloured by non-dimensional vertical velocity V for
Ra = 107, 108 and Pr = 1, 320 are shown in Fig.
7 (first row) together with the corresponding distribu-
tions Q+ and R+ and flow topologies on the θ = 0.85
isosurface (second to fourth row). The ridge like struc-

Figure 6: Distributions of flow topologies in the central x1−
x2 plane for Ra = 107 and 109 at (a) Pr = 1 and
(b) Pr = 320.

tures for Pr = 320 correspond to plume regions with
large wall normal velocities directed away from the
wall. The peaks where two ridges meet each other will
subsequently be called junction points and a compari-
son with the flow topologies reveals that the junctions
can be associated with topology S3. However, it can
be seen that the S3 topology can also be seen in the val-
leys in between the ridges. In order to identify the ori-
gin of the reverse tail of the joint PDF betweenQ+ and
R+ it is instructive to identify the regions with large
negative values ofQ+ andR+ and these quantities are
mapped onto the iso-surfaces of non-dimensional tem-
perature θ = 0.85 as well in Fig. 7. It becomes obvious
from Fig. 7 that for Pr = 320 there is a one-to-one re-
lation between the junctions and the locations respon-
sible for exhibiting S3 topology which is observed for
the lower-left tail of the joint PDF between Q+ and
R+ (i.e. for large negative Q+ and R+).

Figure 2 reveals that isolated plumes drive the con-
vection process in the Pr = 320 case, whereas fre-
quent roll ups in the Pr = 1 case are indicative of
a large-scale circulation. Figure 7 further reveals that
it is rare to obtain simultaneous occurrences of large
negative values of Q+ and R+ in the near wall region
for Pr = 1, and accordingly the S3 topology is rare
(and S2 is dominant, cf. V F profiles) in the vicinity
of the wall in particular in connection with large nega-
tive values of Q+ and R+. An extraction of local flow
structures with large negative values of Q+ and R+

(not shown here) reveals that the local flow structures
responsible for the S3 tail of the joint PDF can indeed
only be found in the vicinity to the active walls for
Pr = 320 and such structures are entirely absent for
Pr = 1. A comparison between the schematic flow
diagram in Figs. 1 and 7 reveals that the plumes in the
Pr = 320 case are representative of the S3 topology



Figure 7: (a) Iso-surface of non-dimensional temperature
θ = 0.65 coloured by non-dimensional vertical
velocity V for Ra = 108 in the case of Pr = 1
(1st column) and Pr = 320 (2nd column). Dis-
tributions of (b) Q+ (second row), (c) R+ (third
row) and (d) flow topologies (fourth row), on the
θ = 0.85 iso-surface for Ra = 108 in the case
of Pr = 1 (1st column) and Pr = 320 (2nd col-
umn).

and thus the occurrence of S3 with large negative val-
ues ofQ+ andR+ are more likely for this value of Pr,
which is also reflected in the flipping of the tail of the
joint PDF between Q+ and R+ to the quadrant of S3
topology. As the convection is driven by large-scale
circulation in the Pr = 1 case, the occurrences of S3
topology with large negative values of Q+ and R+ are
either rare or absent.

4 Summary
The statistical behaviours of the invariants of the

velocity gradient tensor and flow topologies in tur-
bulent Rayleigh-Bénard convection of Newtonian flu-
ids in cuboidal enclosures have been investigated us-
ing three-dimensional Direct Numerical Simulations
(DNS) for a range of different Rayleigh (i.e. Ra =
107 − 109) and Prandtl numbers (i.e. Pr = 1 and
320). It has been found that the convection in the case
of large values of Pr is plume-dominated, whereas a
large-scale circulation in the enclosure has been found
for Pr = 1. The focal topologies S1 and S4 have been

found to be the two dominant topologies in the bulk
region, whereas the probabilities of obtaining nodal
topologies S2 and S3 increase in the vicinity of the
active hot and cold walls. The proportion of differ-
ent flow topologies in the bulk region has been found
to be consistent with a previous analytical study (Has-
slberger et al., 2019) based on symmetric population in
the two-dimensional phase space based on second and
third invariants of the velocity gradient tensor (i.e. Q
and R). The classical teardrop shape of the joint PDF
between Q and R has been observed away from active
walls, but this behavior changes close to the heated and
cooled walls where the joint PDF depicts a shape mir-
rored at the vertical Q-axis for large values of Prandtl
number (e.g. Pr = 320). It has been demonstrated
that junctions, at the edges of convection cells aris-
ing from plume-dominated convection, are responsi-
ble for this behavior for Pr = 320. This behaviour is
not present in the Pr = 1 case due to the convection
driven by a large-scale circulation.
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Multiphase flows with a large number of bubbles induce frequent bubble-bubble and bubble-wall
interactions. These interactions introduce new length scales to the flow which are typically orders
of magnitude smaller than the scales of other processes taking place in the flow. Fully resolving
these newly introduced scales requires huge computational grids, which form a new challenge
to simulations. In the present study, bubble-wall collisions are studied in-depth and the results
are presented as validation material and benchmark for future studies of the interaction between
bubbles and objects. The case describes a rising bubble colliding head-on with a wall, with
material parameters chosen such that the situation resembles an air bubble in water at room
temperature. The results are compared for various computational grids. Qualitative results
are presented to visualize typical bubble shapes and flow patterns during the collision process.
Quantitative results are presented to determine the accuracy of the obtained numerical results.

Method. The simulations were performed using the TBFsolver [Cifani et al., 2018], which uses
the volume of fluid (VOF) method along with the one-fluid formulation to simulate two-phase
flows. The governing equations are the Navier-Stokes equations and the incompressible continuity
equation:

ρ

(
∂u

∂t
+∇ · (uu)

)
= −∇p+

1

Fr2
ρĝ +

1

Re
∇ · (2µD) +

1

We
knδ (1)

∇ · u = 0 (2)

Here u is the velocity, t is the time, p is the pressure, ρ is the density, µ is the viscosity, k
is the curvature, ĝ is the normalized gravity vector, D is the deformation tensor and n is the
normal vector to the bubble interface. The dimensionless numbers are the Froude number Fr, the
Reynolds number Re, and the Weber number We. The material properties and interfacial terms
are accounted for using a marker function f which denotes the percentage of a computational
cell that is occupied by the bubble. Given N bubbles, the marker functions are advected via

∂fi
∂t

+ u · ∇fi = 0, i = 1, . . . , N

Case investigated. The domain is a cubic box with an edge length of 12.8R in each direction,
where R denotes the radius of the initial spherical bubble. The bubble is placed such that the
distance between the wall and the center of the bubble equals 11.3R in the direction of gravity.
A solid wall is simulated in the direction of the bubble motion by applying a no-slip boundary
condition for the velocity and employing a contact-angle model [Afkhami and Bussmann, 2009]
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for the volume fraction field. Periodic boundary conditions are applied in the directions normal
to the bubble motion. The considered grids are uniform Cartesian grids and consist of 1283,
2563 and 5123 computational cells, corresponding to 10, 20, and 40 grid sizes per bubble radius,
respectively.

ρ1/ρ2 µ1/µ2 Mo Ga Eo Re
845 48.1 2.50× 10−10 145 0.480 306

Table 1: Dimensionless numbers defining the case. The subscript 1 and 2 denote the fluid
and the bubble, respectively. The Morton number, the Galilei number and the Eötvös num-
ber are denoted by Mo, Ga, and Eo and are defined as Mo = gµ4

1(ρ1− ρ2)/(ρ21σ
3), Ga =

ρ1
√
|ρ2/ρ1−1|gD3/µ1, and Eo = (ρ1−ρ2)gD2/σ with the equivalent diameter D. The Reynolds

number is defined as Re = Dρ1vmax/µ1 and approximately equals 306 on the finest grid.

Results. The results on the grids agree with each other quite well qualitatively, as depicted in
figure 1. A qualitative evolution of the flow and the bubble shape in the course of the collision
is shown in figure 2. During the approach of the bubble to the wall, fluid is forced out of the
volume between the bubble and the wall. The pressure build-up between the bubble and the
wall leads to a dimpled shape of the bubble interface at the period of ‘collision’ with the wall.
The rebound of the bubble induces flow into the area between the bubble and the wall. Looking
in more detail at the results, we observe that the coarsest grid does not capture the deformation
of the bubble as well as the finer grids.
Quantitative measures are used to better assess the quality of the DNS data, shown in figure 3.
Bubble motion is measured here by tracking the center of mass of the bubble and the velocity
normal to the wall. Bubble deformation is measured using the diameter of the bubble in the
direction parallel to the wall. These quantities show second order convergence before the collision
takes place, confirming asymptotic error behaviour as anticipated. The extrema of the center of
mass and the wall-normal velocity of the bubble closely agree on the 2563 and 5123 grids after
the collision, the results of the former lying within 2.5% and 5.5% of the latter, respectively. The
extrema on the coarsest grid differ from the results on the finest grid, respectively lying within
9.7% and 8.5% of the finest grid. This gives us confidence that the 2563 grid is sufficiently fine
to accurately capture the bubble movement under the selected flow conditions. The diameter of
the bubble also shows qualitative convergence to the result on the 5123 grid, and quantitative
measures will be presented in subsequent work. These results can serve as a good estimate for
the bubble deformation.

Summary. High-resolution numerical simulation of a bubble-wall collision were performed,
without the use of additional models. Qualitative results have shown that the dominant processes
that take place during a bubble-wall collision are well-captured, even though the smallest length
scales that appear display residual sensitivity to spatial resolution. Quantitative results show
convergence for the bubble movement and give a good estimate for the bubble deformation during
the collision process. Moreover, the qualitative convergence of quantities of interest indicates that
the unresolved scales can tolerate some level of approximation with little consequence.

The results indicate that typical processes such as the formation of the dimpled bubble shape are
captured well, while the smallest scales of the flow that appear between the bubble and the wall
during the collision would benefit from yet smaller meshes or external modeling. The quantitative
results will be used to assess engineering models for bubble collision. In particular, the model
proposed by [Heitkam et al., 2017] will be analysed and compared against the simulation data,
along with experimental findings.

2



(a) t∗ = 3.5 (b) t∗ = 3.7 (c) t∗ = 3.9 (d) t∗ = 4.1

Figure 1: Bubble contours passing through the center plane z = 6.4R for different grids as the
bubble approaches and interacts with the wall. The dimensionless time is defined as t∗ = t

√
g/D.

(a) t∗ = 3.5 (b) t∗ = 3.7 (c) t∗ = 3.9 (d) t∗ = 4.1

Figure 2: Bubble interacting with a wall on a 5123 grid with the corresponding velocity fields
and bubble contour passing through the center plane z = 6.4R. One velocity vector for each 8
grid points is shown, the magnitude of the velocity is given by the colored contour lines.

Figure 3: Quantities of interest on three grids. Left: Distance between the wall and the bubble
center of mass. Center: Wall-normal velocity of the bubble. Right: Diameter of the bubble in
the x-direction.
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Abstract 

A three-dimensional compressible detailed chem-

istry Direct Numerical Simulation (DNS) analysis has 

been carried out to compare head-on quenching of sta-

tistically planar stoichiometric methane-air and hydro-

gen-air flames. For head-on quenching of stoichio-

metric methane-air flames, the absence of OH at the 

wall leads to the accumulation of carbon monoxide in 

the near-wall region during flame quenching because 

CO cannot be oxidised anymore. Furthermore, it has 

been found that low-temperature reactions give rise to 

accumulation of HO2  and H2O2  at the wall during 

flame quenching for both stoichiometric methane-air 

and hydrogen-air flames. These low temperature reac-

tions are responsible for non-zero heat release rate at 

the wall during flame-wall interaction and this effect 

is particularly strong for the head-on quenching of 

stoichiometric hydrogen-air premixed flame. The 

minimum Peclet number (i.e. normalised flame 

quenching distance) and the normalised wall heat flux 

magnitude are found to be smaller in the stoichio-

metric hydrogen-air flame than in the stoichiometric 

methane-air premixed flame. Moreover, it has been 

found that the flame quenching distance tends to de-

crease under turbulent conditions for the head-on 

quenching of the stoichiometric hydrogen-air pre-

mixed flame but the quenching distances for laminar 

and turbulent conditions remain comparable for the 

stoichiometric methane-air premixed flame. The usual 

Flame Surface Density (FSD) based reaction rate clo-

sures do not adequately predict the mean reaction rate 

of reaction progress variable in the near-wall region. It 

has been found that recently proposed near-wall cor-

rections for the mean reaction rate closures based on 

a-priori DNS analysis of simple chemistry data per-

form satisfactorily also for the detailed chemistry case 

both away from and close to the wall without any ad-

justment to the model parameters.  

 

1 Introduction 

     The flame-wall interaction in industrial combustors 

determines the heat transfer through the wall, effi-

ciency loss due to flame quenching and unburned fuel 

emission. Hydrogen is becoming increasingly popular 

as an alternative fuel for the future and thus it is im-

portant to compare flame-wall interaction for hydro-

gen-air flames with hydrocarbon-air (e.g. methane-air) 

flames under similar conditions so that the differences 

in behaviours can be utilised to design future genera-

tion combustors to be run based on high hydrogen con-

tent fuels. However, a comparison of flame-wall inter-

actions for H2-air and hydrocarbon-air flames under 

similar conditions is rarely found in the existing liter-

ature.  The present paper will address this void in the 

existing literature by carrying on three-dimensional 

detailed chemistry DNS of head-on quenching of sta-

tistically planar flames for stoichiometric H2 −air and 

CH4 −air mixtures for identical values of normalised 

turbulence intensity 𝑢′/𝑆L and integral length scale to 

flame thickness ratio 𝑙/𝛿th away from the wall where 

𝑢′ is the root-mean-square value of velocity, 𝑆𝐿 is the 

unstrained laminar burning velocity, 𝑙 is the integral 

length scale of turbulence and 𝛿th = (𝑇ad − 𝑇0)/
max|∇𝑇|L  is the thermal flame thickness with 𝑇, 𝑇0 

and 𝑇ad being the instantaneous, unburned gas and ad-

iabatic flame temperatures, respectively. The DNS 

data has been utilised to compare the normalised wall 

heat flux magnitudes, wall Peclet number (i.e. flame 

quenching distance normalised by flame thickness) 

and near wall flame dynamics between head-on 

quenching of both laminar and turbulent statistically 

planar stoichiometric premixed H2 −air and CH4 −air 

flames by an inert cold wall.  

 

2 Numerical Implementation 

     The detailed chemistry DNS has been conducted 

using a three-dimensional compressible code 

SENGA2 (Cant, 2012). The domain is taken to be a 

cube of each side equal to 7.65 mm which is 

discretised by a uniform grid of dimension 256 ×
256 × 256, which ensures 15 grid points across the 

thermal flame thickness 𝛿th. The spatial differentia-

tion has been carried out using a 10th order central dif-

ference scheme for the internal grid points, but the or-

der of differentiation gradually decreases to a one-

sided 2nd order scheme at the non-periodic boundaries. 



 

 

The time advancement is carried out using an explicit 

low-storage 4th order Runge-Kutta scheme. The nega-

tive 𝑥1-direction is taken to align with the mean direc-

tion of flame propagation. The left-hand boundary in 

the 𝑥1-direction is taken to be an inert isothermal wall 

which is kept at the unburned gas temperature 𝑇0 , 

which is taken to be 300 K for this analysis. The 

boundary opposite to the wall is taken to be partially 

non-reflecting and is specified using the Navier Stokes 

Characteristic Boundary Conditions (NSCBC) tech-

nique (Poinsot & Lele, 1992). The transverse direc-

tions are taken to be periodic. A skeletal chemical 

mechanism (Li et al., 2004) involving 9 species and 19 

reactions has been used for simulations of hydrogen-

air premixed flames (case A). By contrast, a chemical 

mechanism involving 16 species and 25 reactions 

(among these 10 reactions are reversible) for atmos-

pheric pressure combustion (Smooke & Giovangigli, 

1991) has been considered for simulations of methane-

air premixed flames (case B). The thermo-physical 

properties such as viscosity, thermal conductivity are 

taken to be functions of temperature and CHEMKIN 

(Kee et al., 2000) polynomials have been used to ac-

count for temperature dependence of these physical 

properties. Mixture-averaged transport is adopted for 

the current analysis for both methane-air and hydro-

gen-air flame simulations. A steady state planar stoi-

chiometric premixed flame under atmospheric pres-

sure is used for initialising the reacting species and 

temperature fields. A homogeneous isotropic velocity 

field, generated using a standard pseudo-spectral 

method (Rogallo, 1981), is used for the initialisation 

of turbulent fluid motion away from the wall. The ini-

tial values of normalised root-mean-square (rms) tur-

bulent velocity fluctuation 𝑢′/𝑆L, integral length scale 

to flame thickness ratio 𝑙/𝛿th , Damköhler number 

Da = 𝑙𝑆L/𝑢′𝛿th , and Karlovitz number Ka =
(𝑢′ 𝑆L⁄ )1.5(𝑙 𝛿th⁄ )−0.5  (with 𝑆L , 𝛿th, 𝑇ad  and 𝑇0  being 

the unstrained laminar burning velocity, thermal flame 

thickness, adiabatic flame temperature and the un-

burned gas temperature, respectively) away from the 

wall are summarized in Table 1. The velocity compo-

nents (i.e. 𝑢1, 𝑢2 and 𝑢3) are specified to be zero on 

the wall due to a no-slip condition and the diffusive 

mass fluxes are considered to be zero in the wall nor-

mal direction. The initial turbulent flow is allowed to 

evolve for an integral eddy turn-over time before the 

reactive simulation is initiated.  

 

Table 1: Initial turbulence parameters away from the 

wall 
 

Case Chemical 

Mechanism 

𝒖′/𝑺𝑳 𝒍/𝜹𝒕𝒉 Da Ka 

A 

H2-air 

9 species, 

19 reactions 

5.0 2.5 0.5 7.0 

B 

CH4-air 

16 species, 

25 reactions 

5.0 2.5 0.5 7.0 

 

The simulations for head-on quenching have been 

conducted until the maximum and the minimum wall 

heat fluxes approach each other, which corresponds to 

18 initial eddy turnover times (i.e. 18𝑙/𝑢′) for cases A 

and B. The value of 𝑥+ = 𝑢𝜏∆𝑥/𝜈 (where 𝑢𝜏 =

√𝜏w/�̅� is the friction velocity, ∆𝑥 is the grid spacing  

and 𝜈 is the kinematic viscosity with 𝜏w and �̅� being 

the mean wall shear stress and mean gas density re-

spectively) remains smaller than unity during the 

course of simulation for both cases A and B.  

 

3 Results & Discussion 

3.1 Flame-wall interaction 

The iso-surfaces of reaction progress variable 

based on fuel mass fraction 𝑐 = (𝑌F,u − 𝑌F)/(𝑌F,u −

𝑌F,b) (where 𝑌F is the fuel mass fraction and subscripts 

u and b are used to refer to values in the unburned gas 

and fully burned products, respectively) and non-di-

mensional temperature 𝑇 = (�̂� − 𝑇0)/(𝑇ad − 𝑇0)  at 

different time instants are exemplarily shown in Fig. 1 

for cases A and B.  

 
Figure 1. Distributions of 𝑐 (based on fuel mass frac-

tion) and non-dimensional temperature 𝑇 at different 

time instants for (1st -2nd column) case A (stoichio-

metric hydrogen-air premixed flame), (3rd -4th column) 

case B (stoichiometric methane-air premixed flame).  

 

It can be appreciated from Fig. 1 that the distribu-

tions of 𝑐 and 𝑇 are qualitatively similar away from 

the wall but become significantly different at the vi-

cinity of the wall for both cases A and B because the 

boundary conditions for temperature and fuel mass 

fraction are different at the wall. The wall normal com-

ponent of the mass diffusion flux of the reaction pro-

gress variable vanishes at the wall, whereas the iso-

thermal boundary condition is imposed for the temper-

ature. The inequality between 𝑐 and 𝑇 is particularly 

stronger for the stoichiometric H2-air premixed flame 

case (i.e. case A) than in the case of the stoichiometric 

CH4-air premixed flame (i.e. case B) and the signifi-

cant inequality between 𝑐  and 𝑇 can be observed in 

case A even when the flame is away from the wall due 

to differential diffusion of heat and species induced by 



 

 

light species such as H and H2. This decoupling be-

tween 𝑐 and  𝑇 is reflected also in their Favre-aver-

aged counterparts �̃�  and �̃� , where �̃� = 𝜌𝑞̅̅̅̅ /�̅�  and �̅� 

denote the Favre-averaged and Reynolds averaged 

values of a general quantity 𝑞, respectively.  

 

 
(a) 

 
(b) 

Figure 2. Variations of (a) 𝑐̃ and (b) �̃� with 𝑥1/𝛿th at 

different time instants for (left column) case A and 

(right column) case B.  

 

 
(a) 

 
(b) 

Figure 3. Variations of (a) Ω̅𝑐 = �̅̇�𝑐 × 𝛿th/𝜌0𝑆L  and 

(b) Ω̅𝑇 = �̅̇�𝑇 × 𝛿th [𝜌0𝑆L𝐶𝑝0𝑇0]⁄  with 𝑥1/𝛿th  at dif-

ferent time instants for (left column) case A and (right 

column) case B. 

 

This can be substantiated from Figs. 2a and 2b 

where the variations of �̃� and �̃� with the normalised 

wall-normal distance 𝑥1/𝛿th  are shown at different 

time instants, respectively. The corresponding varia-

tions of the mean normalised reaction rate of progress 

variable Ω̅𝑐 = �̅̇�𝑐 × 𝛿th/𝜌0𝑆L  and the mean heat re-

lease rate Ω̅𝑇 = �̅̇�𝑇 × 𝛿th (𝜌0𝑆L𝐶𝑝0𝑇0)⁄  (where �̇�𝑇 =

− ∑ �̇�𝑖ℎf,𝑖
0𝑁

𝑖=1  is the dimensional heat release term with 

�̇�𝑖 , 𝐶𝑝0  and ℎf,𝑖
0  being the reaction rate, mixture spe-

cific heat at constant pressure in the unburned gas and 

enthalpy of formation of species i, respectively and 𝑁 

is the total number of species) in the wall-normal di-

rection are shown in Figs. 3a and 3b, respectively at 

different time instants for both cases A and B. A com-

parison between �̃� and �̃� distributions in Fig. 2 reveals 

that �̃� vanishes at the wall (i.e. 𝑥1 𝛿th⁄ = 0), whereas 

the value of �̃� increases from �̃� = 0  at the wall with 

time during the flame-wall interaction. This behaviour 

is a result of isothermal wall boundary condition and 

vanishing of the wall-normal diffusive flux of the re-

action progress variable definition. A comparison be-

tween Figs. 2 and 3 reveals that Ω̅𝑐 either vanishes in 

case B or assumes negligible values in case A at the 

wall even when a non-zero value of �̃� is obtained at 

the wall. Thus, the increase in 𝑐̃  at the wall in case B 

does not arise due to chemical reaction but originates 

due to the diffusion of the unutilised fuel pockets from 

the quenching sites to the burned gas side. To explain 

higher �̃� values at the wall in case A than in case B, it 

is worthwhile to consider the variations of Ω̅𝑐  in the 

wall-normal direction. It can be seen from Fig. 3a that 

Ω̅𝑐 vanishes in the vicinity of the wall in the stoichio-

metric CH4 -air flame-wall interaction in case B, 

whereas Ω̅𝑐  decreases as the wall is approached but a 

non-zero value is obtained at the wall during the 

flame-wall interaction in the stoichiometric H2 -air 

premixed flame case (i.e. case A).  This non-zero value 

of Ω̅𝑐  leads to higher values of 𝑐̃ at the wall in case A 

than in case B where Ω̅𝑐 vanishes at the wall. It can 

further be seen by comparing Figs. 3a and 3b that  Ω̅𝑇 

does not vanish at the wall in both cases A and B even 

when Ω̅𝑐  assumes vanishingly small values in the 

near-wall region. A comparison between Figs. 2 and 3 

indicates that Ω̅𝑇  remains vanishingly small at the 

wall at early times when the flame is away from the 

wall for both cases but Ω̅𝑇  assumes significant non-

zero values at later times when the flame reaches the 

vicinity of the wall. This behaviour is particularly 

strong for the stoichiometric H2-air premixed flame 

case (i.e. case A) where the magnitude of Ω̅𝑇 at the 

wall during flame-wall interaction becomes compara-

ble to the peak values of Ω̅𝑇 when the flame is away 

from the wall. By contrast, in the stoichiometric CH4-

air flame case (i.e. case B), the magnitude of Ω̅𝑇 at the 

wall during flame-wall interaction remains much 

smaller than the peak values of Ω̅𝑇 when the flame is 

away from the wall. However, a comparison between 

Figs. 2 and 3 reveals that high values of Ω̅𝑇 are ob-

tained at high-temperature locations in case A when 

the flame is away from the wall, whereas at some 

stages of flame-wall interaction the peak value of Ω̅𝑇 

can be found at the wall where the temperature is the 

lowest. Thus, the mechanism behind the high magni-

tudes of Ω̅𝑇 at the wall is expected to be significantly 

different to that that leads to large values of Ω̅𝑇 within 

the flame. To explain the mechanism for heat release 

rate at the wall the variations of major and important 

intermediate species mass fractions in the wall-normal 

direction at different time instants for cases A and B 

are shown in Figs. 4 and 5, respectively. It can be seen 

from Figs. 4 and 5 that both H2 and CH4 are depleted 

in the vicinity of the wall in cases A and B, respec-

tively which is reflected in the increase of �̃� at the wall 

with time in Fig. 2, whereas �̃� remains zero at the wall 

due to Dirichlet’s boundary condition. 

 

3.2 Near wall chemical kinetics 



 

 

The mass fractions of CO, OH and H remain small 

in the unburned gas, but they assume peak values 

within the flame before decreasing weakly towards the 

burned gas side in the case of the stoichiometric pre-

mixed methane-air premixed flame case (i.e. case B) 

when the flame is away from the wall. The mass frac-

tions of OH and H remain small at the wall when the 

flame is away from the wall, but these mass fractions 

increase in the wall-normal direction for both cases A 

and B. The OH radical is responsible for CO oxidation 

according to CO+OH→CO2+H in case B, which also 

leads to the production of H, and this is crucial for 

chain branching reactions (e.g. H+O2→OH+O; 

O+H2O→OH+OH) at high temperature. The absence 

of OH and low temperature in the near-wall region at 

the advanced stage of flame quenching give rise to the 

accumulation of CO in this region, where the CO oxi-

disation process becomes slower, and production of H 

from this chain stagnates. Figures 4 and 5 show that 

the mass fractions of HO2 and H2O2 exhibit significant 

increases at the wall during advanced stages of flame 

quenching for cases A and B. However, this tendency 

is particularly prevalent in the stoichiometric H2-air 

premixed flame-wall interaction. The reaction steps 

O2+H+M→HO2+M and 2HO2→H2O2+O2 can take 

place at a low temperature, and these reaction steps are 

responsible for the considerable rise of HO2 and H2O2 

concentrations at the wall. In the stoichiometric H2-air 

premixed flame-wall interaction, the reactions 

H2+OH→H2O+H and H2+O→OH+H can take place 

at relatively low temperatures if OH and O are sup-

plied, and eventually, H is consumed in several inter-

mediate chemical reactions (e.g. O2+H+M→HO2+M, 

H+O+M↔OH+M, H+OH+M↔H2O+M) which can 

take place at low temperature during flame-wall inter-

action when O and OH diffuse to the near-wall region 

from the flame. This can be substantiated by the in-

creases in H and H2O concentration at the wall as the 

flame approaches the wall in the case of flame-wall 

interaction of the stoichiometric H2 -air premixed 

flame (i.e. case A). This consumption of H2 at the wall 

in case A is reflected in the non-zero value of �̃� and 

non-zero value of Ω̅𝑐 at the wall. 

 
Figure 4. Variation of Favre-averaged mass fractions 

of H2, O2, H2O, O, OH, H, HO2  and H2O2  with 𝑥1/𝛿th 

for head-on quenching of a turbulent stoichiometric 

case A.See Fig. 3 for the colour keys for case A. 

 

The percentage shares of a given species 𝛼 on the 

total mean heat release rate at the wall (i.e. %HR =
−�̇�𝛼

̅̅ ̅̅ ℎ𝑓𝛼
0 /�̅̇�𝑇 × 100 = �̇�𝛼

̅̅ ̅̅ ℎ𝑓𝛼
0 × 100/ ∑ �̇�𝛼

̅̅ ̅̅ ℎ𝑓𝛼
0𝑁

𝛼=1 )  

at different time instants are shown in Figs. 6a and 6b 

for cases A and B, respectively. Figure 6 indicates that 

the heat release at the wall in case A arises principally 

due to H and H2O, which is consistent with the in-

creases of the concentration of these species at the wall 

with the progress of flame-wall interaction. Further-

more, the importance of O2+H+M→HO2+M, 

H+O+M↔OH+M, H+OH+M↔H2O+M is reflected 

in the principal role played by H and H2O on the near-

wall heat release rate in case A. The chemical reac-

tions H+O2↔OH+O, H2+O↔OH+H, H2 + OH↔H2O 

+H and H2O + O↔OH+OH remain active for high 

temperatures, which includes chain branching reac-

tions (e.g. H+O2→OH+O; H2O+O→OH+OH) and 

they are responsible for the heat release rate within the 

flame. At early times when the flame is away from the 

wall, H, OH, O are not available in the near-wall re-

gion (see Fig. 5) and thus the reactions 

O2+H+M→HO2+M,H+O+M↔OH+M,H+OH+M↔

H2O+M,H+HO2↔2OH cannot take place at the wall. 

However, as time progresses and the flame comes in 

the vicinity of the wall, the chemical reactions such as 

O2+H+M→HO2+M,H+O+M↔OH+M,H+OH+M↔

H2O+M,H+HO2↔2OH can take place in the presence 

of O and OH and accordingly lead to the heat release 

at the wall. It can be seen from Fig. 6b that the heat 

release at the wall in the case of stoichiometric CH4-

air flame originates principally due to HO2 and H2O2 

due to low-temperature chemical reactions 

O2+H+M→HO2+M and 2HO2→H2O2+O2. 

 

 

 
Figure 5. Variation of Favre-averaged mass fractions 

of CH4, O2, CO2, H2O, OH, H, HO2, H2O2  and CO with 

𝑥1/𝛿th for case B. See Fig. 3 for the colour keys for 

case B. 

 

3.3 Flame quenching statistics 

The near-wall behaviour of Ω̅𝑐 and Ω̅𝑇  influences 

the heat flux and the minimum wall-normal distance 

of the flame surface in the case of flame quenching. In 



 

 

this configuration, the flame-wall interaction can be 

characterised by the maximum value of the normalised 

wall heat flux magnitude Φ (i.e. Φmax) and the mini-

mum value of the Peclet number (i.e. Pemin), which 

are defined as Φ = |𝑞w|/[𝜌0𝑆L𝐶𝑝0(𝑇ad − 𝑇0)]   and  

Pe = 𝑋/𝛿th, whereas, 𝑞w = −𝜆 (𝜕�̂�/𝜕𝑥1)w is the in-

stantaneous wall heat flux with 𝜆  being the thermal 

conductivity, and 𝑋 is the wall-normal distance of a 

predetermined 𝑇 value (e.g. the non-dimensional tem-

perature for which either the maximum value of reac-

tion rate of 𝑐 or the maximum heat release rate is ob-

tained) for a 1-D unstretched freely propagating pre-

mixed flame. The maximum value of Ω𝑐 is obtained at  

𝑇 ≈ 0.5 , whereas the maximum value of Ω𝑇  is at-

tained at 𝑇 ≈ 0.3 for a 1D unstretched stoichiometric 

H2 −air premixed flame, whereas the maximum val-

ues of Ω𝑐 and  Ω𝑇  are obtained at 𝑇 ≈ 0.7 for a 1D un-

stretched stoichiometric CH4 − air premixed flame. 
The minimum Peclet number for laminar head-on 

quenching of the stoichiometric CH4 −air premixed 

flame (i.e.  (Pemin)L) is found to be 1.54 based on the 

wall-normal distance of the 𝑇 = 0.7  isosurface, 

whereas the minimum value of the Peclet number 

Pemin for the turbulent simulation has been found to 

be 1.70. The minimum Peclet number for 1D laminar 

head-on quenching of the stoichiometric H2 −air pre-

mixed flame based on the wall-normal distance of the 

𝑇 = 0.3 (𝑇 = 0.5) isosurface is 0.13 (0.38). However, 

the minimum Peclet number 𝑃𝑒𝑚𝑖𝑛 based on the 𝑇 =
0.3 (𝑇 = 0.5) isosurface during head-on quenching of 

turbulent stoichiometric H2 −air flame is found to be 

0.11 (0.24). 

In head-on-quenching, the instant when the mini-

mum Peclet number is obtained coincides almost with 

the attainment of the maximum value of the normal-

ised wall heat flux Φmax. The maximum value of the 

normalised wall heat flux Φmax for 1D laminar head-

on quenching for the stoichiometric CH4 − air pre-

mixed flame has been found to be 0.47, whereas a 

comparable value (i.e. Φmax = 0.48) is obtained dur-

ing the flame-wall interaction of the corresponding 

turbulent flame. In the turbulent head-on-quenching 

case, there are more flame surface elements in the vi-

cinity of the wall due to flame wrinkling and thus the 

maximum heat flux value can be greater than the cor-

responding value for the 1-D head-on-quenching sim-

ulation. The value of Φmax for head-on quenching of 

the turbulent stoichiometric H2 −air premixed flame 

case (i.e. case A) is found to be 0.15, whereas the value 

in the corresponding case of laminar 1-D head-on 

quenching is 0.12.  

 
3.4 Reaction rate closure modelling 

The differences in thermo-chemistry and heat 

transfer characteristics between the head-on-quench-

ing of stoichiometric CH4 − air and stoichiometric 

H2 −air premixed flames revealed by the foregoing 

discussion are likely to have implications on the near-

wall modelling of mean reaction rate. The mean reac-

tion rate �̅̇�𝑐 in turbulent premixed flames away from 

the wall is often modelled with the help of generalised 

FSD 𝛴gen = |∇𝑐|̅̅ ̅̅ ̅ (Boger et al., 1998) as:  

�̅̇�𝑐 ≈ (𝜌𝑆d)̅̅ ̅̅ ̅̅ ̅
s𝛴gen   (1) 

where (𝑄)̅̅ ̅̅ ̅
s = 𝑄|∇𝑐|̅̅ ̅̅ ̅̅ ̅/𝛴gen indicates a surface-averag-

ing operation, and 𝑆d = (D𝑐/D𝑡)/|∇𝑐| is the displace-

ment speed. The quantity (𝜌𝑆d)̅̅ ̅̅ ̅̅ ̅
𝑠 is often modelled as 

(𝜌𝑆d)̅̅ ̅̅ ̅̅ ̅
s ≈ 𝜌0𝑆L  (Boger et al., 1998). 

 
    (a) 

 
(b) 

Figure 6. Percentage of the overall heat release at the 

wall arising from different species at different time 

instants for (a) case A and (b) case B. 

 

 
Figure 7. Variations of Ω̅𝑐  (▬▬),  𝜌0𝑆𝐿Σgen × 𝛿𝑡ℎ/

𝜌0𝑆𝐿 (▬ ▬), and the prediction of Eq. 5 (▬○ ▬), with 

normalised wall normal distance 𝑥1/𝛿th  at different 

time instants for case A and case B. 

 

The temporal evolutions of (𝜌0𝑆L 𝛴gen) × 𝛿th/

𝜌0𝑆𝐿 in the wall-normal direction are compared to Ω̅𝑐 

in Fig. 7, which shows that 𝜌0𝑆L 𝛴gen overpredicts �̅̇�𝑐 

in the near-wall region and predicts a non-zero value 

of the mean reaction rate at the wall for both cases A 

and B. This behaviour is also consistent with previous 

findings based on simple chemistry (Sellmann et al., 

2017). It can be noted that in the derivation of Eq. 1 it 

is assumed that the mean molecular diffusion rate 



 

 

∇ ∙ (𝜌𝐷∇𝑐)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  remains negligible in comparison to the 

mean reaction rate �̅̇�𝑐 (i.e. �̅̇�𝑐 ≫ ∇ ∙ (𝜌𝐷∇𝑐)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) but this 

is not necessarily the case in the near-wall region in 

the case of head-on quenching because �̅̇�𝑐  vanishes 

but ∇ ∙ (𝜌𝐷∇𝑐)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  does not in the flame quenching zone. 

Sellmann et al. (2017) proposed a model expres-

sion for the FSD based �̅̇�𝑐  closure based on simple 

chemistry in the following manner: 

�̅̇�𝑐 = 𝐴1𝐿𝑒−1𝜌0𝑆L𝛴gen             (2) 

where 𝐴1 = 0.5[erf (𝑥1 𝛿𝑍⁄ − 0.7Π ) + 1]  and Π =
(𝑃𝑒min)L𝛿th/𝛿𝑧[erf(8Le − 6.0) + 1]/2. Here, Le re-

fers to the Lewis number of the species based on which 

𝑐 is defined, (𝑃𝑒min)L is the Peclet number evaluated 

based on the wall-normal distance of 𝑇 = 0.3 (𝑇 =
0.7) isosurface for case A (case B) according to the 

previous discussion on the minimum Peclet number. 

Figure 10 shows that Eq. 2 satisfactorily predicts the 

variation of �̅̇�𝑐 both away from and close to the wall 

for both cases A and B.  

 

4 Conclusions 

The statistical behaviour of the head-on quenching 

of a stoichiometric H2 −air premixed flame by an in-

ert isothermal wall is compared to that in the case of a 

stoichiometric CH4 −air premixed flame under both 

laminar and turbulent conditions with the same turbu-

lence intensity and length scale ratio away from the 

wall. The inequality of the reaction progress variable 

and the non-dimensional temperature has been found 

to prevail in the near-wall region for both methane-air 

and hydrogen-air premixed flames. However, the ex-

tent of this inequality is relatively greater in the hydro-

gen-air flame than in the methane-air flame and this 

inequality is obtained also away from the wall for the 

stoichiometric hydrogen-air premixed flame. It has 

been found that the mean heat release rate does not 

vanish at the wall in head-on quenching of both me-

thane-air and hydrogen-air premixed flames even 

when the mean reaction rate of reaction progress vari-

able defined based on fuel mass fraction assumes van-

ishingly small values in the near-wall region. This be-

haviour is particularly strong for the stoichiometric 

hydrogen-air flame case where the mean heat release 

rate at the wall could become comparable to the corre-

sponding value within the flame when it is away from 

the wall. It has been found that the heat release at the 

wall in the case of the stoichiometric CH4 -air pre-

mixed flame arises principally due to HO2 and H2O2 

due to low-temperature chemical reactions 

O2+H+M→HO2+M and 2HO2→H2O2+O2 and the 

lack of OH in the vicinity of the wall gives rise to a 

high concentration of CO in the near-wall region, as a 

result of the absence of CO+OH→CO2+H. It has been 

found that HO2 and H2O2 exhibit significant increases 

in concentration at the wall during advanced stages of 

flame quenching for both stoichiometric methane-air 

and hydrogen-air premixed flames, and this tendency 

is particularly prevalent in the stoichiometric H2-air 

premixed flame-wall interaction. In the stoichiometric 

H2 − air premixed flame case, the reactions 

H2+OH→H2O+H and H2+O→OH+H can be sus-

tained at relatively low temperatures if OH and O are 

supplied, and eventually, H is consumed in several in-

termediate chemical reactions which can take place at 

low temperature during the flame-wall interaction 

when O and OH diffuse to the near-wall region from 

the flame. These low-temperature reactions lead to 

heat release rate at the wall for the head-on quenching 

of the stoichiometric H2-air premixed flame. The min-

imum Peclet number and the normalised wall heat flux 

magnitude are found smaller in the stoichiometric H2-

air premixed flame than in the stoichiometric CH4-air 

premixed flame. Moreover, it has been found that the 

flame quenching distance tends to decrease under tur-

bulent conditions for the head-on quenching of the 

stoichiometric H2-air premixed flame but the quench-

ing distances for laminar and turbulent conditions an-

alysed here remain comparable for the stoichiometric 

CH4-air premixed flame. The mean reaction rate clo-

sures modified for capturing the near-wall behaviour 

using single-step chemistry DNS data in the past [8] 

have been found to perform reasonably well for the 

head-on quenching of both stoichiometric CH4-air and 

H2-air premixed flames. 
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Abstract
Conditional averages are used to evaluate the ef-

fect of sweeps and ejections on amplitude modulation.
This is done numerically with a direct numerical sim-
ulation (DNS) of a channel flow at friction Reynolds
number Reτ = 1000 in a minimal steram-wise unit
(MSU). The amplitude-modulation map of such DNS
is also compared to the one of a regular channel flow
in a longer streamwise domain (LSD), in order to as-
sess its validity for this study. The cheaper MSU is
found to provide a good representation of the modu-
lation phenomena in the LSD. As for conditional av-
erages, the amplitude-modulation coefficient is condi-
tioned on the sign of the large-scale fluctuations. Care
must be exerted in defining such a coefficient, as the
conditioned large-scale fluctuation has non-zero aver-
age, indeed as a consequence of conditioning. Both
sweeps and ejections (positive and negative large-scale
fluctuation events) are found to have a positive con-
tribution to amplitude modulation in the buffer layer,
and a negative one in the outer layer. The negative-
modulation region is found to shrink in case of ejec-
tions, so that the positive-modulation region extends
farther away from the wall. Two more conditional
statistics are used to provide an alternative represen-
tation of amplitude modulation and insights into the
characteristics of the large-scale structures.

1 Introduction
Velocity statistics in wall turbulence are well

known to scale in viscous units (Pope, 2000); viscous
scaling is meant as a non-dimensionalisation with ei-
ther the friction velocity uτ =

√
τw/ρ (τw being the

mean wall shear stress, ρ the density) or its corre-
sponding length scale ` = ν/uτ . All quantities in this
paper are scaled in such way. This scaling however
fails e.g. for all Reynolds normal stresses due to the
arisal of (very-)large-scale motions at high Reynolds
number (Hutchins and Marusic, 2007b), which inter-
act with the smaller, near-wall ones, distorting them.
Such interaction phenomena are usually depicted in
terms of large-scale superposition, amplitude modu-

lation and frequency modulation (Baars et al., 2017).
Large scales usually have a high energetic imprint

in the outer section of the flow, away from the wall
(Lee and Moser, 2015); nevertheless, their presence
also excites the low wave-number modes in the wall
proximity (Hutchins and Marusic, 2007a). This phe-
nomenon goes under the name of superposition; su-
perposition is also thought to be responsible for the
two remaining phenomena, namely amplitude and fre-
quency modulation (Baars et al., 2017; Agostini and
Leschziner, 2019). The velocity signal of a flow can
be decomposed into a small- and a large-scale part by
appropriate filtering; by doing so, it is found that the
amplitude of the small-scale signal appears to increase
when the large-scale fluctuation is positive, whereas
it decreases when large scales experience a negative
fluctuation (Mathis et al., 2009). The same applies to
frequency (Baars et al., 2017).

As in Dogan et al. (2019), many filtering tech-
niques are available for the scale decomposition of the
signal, either based on Fourier modes or data-driven
approaches such as the Empirical Mode Decomposi-
tion (EMD); moreover, many quantities based on ei-
ther correlations or variances have been defined in lit-
erature to reveal the presence of amplitude modula-
tion. The same authors report no qualitative difference
among the results yielded by each of these approaches.

Traditionally, amplitude modulation has been in-
vestigated by the means of single-point correlations
(Mathis et al., 2009); by doing so, amplitude modu-
lation is found to occur in the near-wall region up un-
til the buffer layer (y ≈ 10, y being the wall-normal
coordinate in viscous units), where the amplitude-
modulation correlation is positive; the correlation then
changes sign in the logarithmic layer to show negative
values in the outer layer. Thus in the outer layer small
scales are reduced in amplitude in presence of positive
large-scale fluctuations and vice versa, reverting the
near-wall scenario; this has been linked to both inter-
mittency (Mathis et al., 2009) and the sign of the large-
scale velocity gradient, which then interferes with the
production of energy at small scales (Agostini and
Leschziner, 2019). One-point amplitude-modulation



coefficients are intimately related to the skewness of
the velocity probability distribution function (PDF, see
Mathis et al., 2011), to the point that the physical in-
terpretation of such one-point statistics as measures of
amplitude modulation has been questioned (Schlatter
and Örlü, 2010). This issue can be worked around
by using two-point, non-local correlations (or covari-
ances) to quantify the phenomenon, as in Bernardini
and Pirozzoli (2011). By computing the covariance
between the large-scale signal and the envelope of the
small scales at different wall-normal positions, the au-
thors detect a second, off-diagonal positive peak in the
amplitude-modulation covariance map, in addition to
the commonly observed diagonal one corresponding
to the one in one-point statistics. Such a second peak
indicates that the envelope of small scales in the buffer
layer (y ≈ 10) correlates well with the large-scale sig-
nal farther away from the wall, namely at y ≈ 100.
Moreover, the second peak appears not to be related to
the skewness of the velocity signal, so that its physi-
cal interpretation is (hopefully) unambiguous. Agos-
tini et al. (2016) have questioned this two-peaks inter-
pretation, still reporting a wide, relatively flat positive
correlation region extending away from the diagonal,
in substantial agreement with Bernardini and Pirozzoli
(2011).

One more intrinsical feature of amplitude mod-
ulation is its asymmetry with respect to sweeps or
ejections (Agostini and Leschziner, 2014). Ejections
of low-speed fluid from the near-wall region towards
the channel core are associated with negative large-
scale fluctuations, whereas sweeps of high-momentum
fluid from the core to the wall involve positive large-
scale fluctuations; one-point variances and the PDF of
small-scale velocity change asymmetrically with re-
spect to positive or negative large-scale fluctuations.

In this paper, we investigate the effects of such
an asymmetry directly on the amplitude-modulation
map. To do this, we define a two-point amplitude-
modulation covariance analogous to the one of Bernar-
dini and Pirozzoli (2011); then, we calculate its value
conditioned on the sign of the large-scale fluctuation.
Additional understanding is gained by conditionally
computing further statistics, namely two-points co-
variances of the large- and small-scale signals.

2 Methodology
This investigation is performed on a direct numer-

ical simulation (DNS) of an incompressible turbulent
channel flow at a friction Reynolds number Reτ =
1000, where Reτ = huτ/ν and h is the channel half-
height. Conditional amplitude-modulation maps have
been calculated on a minimal streamwise unit (MSU)
simulation (Abe et al., 2018) with a streamwise do-
main length Lx = 0.4h and a spanwise width of Lz =
2πh. MSUs have several advantages with respect to
conventional simulations (here referred to LSD, as in
long streamwise domain). First and foremost, they

are consistently less expensive (both in terms of com-
putation and postprocessing); moreover, outer-layer
large-scale structures are energised with respect to the
LSD case, so that large-small scale interactions are
more pronounced and easier to detect. Finally, large-
scale structures become essentially two-dimensional,
appearing in the outer layer in anti-symmetric pairs.
This orderly pattern contrasts with the meandering of
LSDs, and simplifies the discussion of the role of such
large scales. Comparing the two cases allows for a dis-
cussion of the effects of meandering.

As for the quantification of amplitude modulation,
we use a scale-decomposed two-point skewness C∗

AM

(Eitel-Amor et al., 2014; Mathis et al., 2011; Bernar-
dini and Pirozzoli, 2011):

C∗
AM = 〈u2SS(ySS)uLS(yLS)〉 , (1)

where uSS(ySS) is the high-pass-filtered streamwise
velocity fluctuation signal at wall-normal position
ySS , whereas uLS(ySS) the low-pass-filtered equiv-
alent at a second wall-normal position yLS . Both sig-
nals are evaluated at the same streamwise and span-
wise positions, i.e. no streamwise shifting is used. The
filtering is carried out in the spanwise statistically ho-
mogeneous direction; based on previous investigations
(Eitel-Amor et al., 2014; Dogan et al., 2019) and on
the scrutiny of current data, a sharp Fourier filter with
a cutoff wavelength of λz,c = 500 is used.

Such amplitude-modulation covariance is then
conditioned on the sign of the large-scale signal,
uLS(yLS), meaning that it is calculated on a sample
in which uLS(yLS) has always the same sign. This
leads to the definition of two conditioned C+

AM and
C−
AM , corresponding respectively to sweeping events

(uLS(yLS) > 0) and ejections (uLS(yLS) < 0). Prac-
tically speaking, the conditioning effect is obtained by
setting to zero elements of the sample that do not ful-
fill the condition; by letting f be a generic function, its
conditional average is defined as:

〈f(ySS , yLS) |uLS(yLS) > 0〉 =

〈f(ySS , yLS) kp(yLS)〉 ,

kp(yLS) =

{
1 if uLS(yLS) > 0;
0 otherwise.

(2)

Averages on negative events are similarly defined, nat-
urally with suited adjustments on signs of the inequal-
ity.

From now on, the dependence of fluctuation sig-
nals on the spatial coordinate will be dropped for the
sake of readability; unless explicitly specified, the sig-
nals uSS and uLS are evalued at ySS and yLS respec-
tively, as in equation (1). Care must be exerted in
defining the conditioned C+

AM and C−
AM covariances:

suppose, for instance, that one conditioned expression
(1) as it is. All of the uLS values in the sample would
have the same sign, implying that 〈uLS |uLS > 0〉



Figure 1: Premultiplied spanwise spectra kzhΦuu of
streamwise velocity fluctuations for a channel
flow at Reτ = 1000. Panel (a) refers to the LSD,
while (b) to the MSU case. Viscous units.

would be positive (and 〈uLS |uLS < 0〉 negative), as
opposed to the fact that the unconditioned uLS fluctu-
ation signal has zero average by definition. Since u2SS
has a positive average regardless of the sign of condi-
tioning, C+

AM would have an unphysical positive bias
given by 〈u2SS |uLS > 0〉〈uLS |uLS > 0〉; instead,
C−
AM would have a negative one. This can be circum-

vented by adopting the following definitions:

C+
AM =

〈(
u2SS − 〈u2SS〉

)
uLS |uLS > 0

〉
, (3)

C−
AM =

〈(
u2SS − 〈u2SS〉

)
uLS |uLS < 0

〉
. (4)

Notice that both of the factors appearing in (3) and (4)
still have non-zero conditional average; nevertheless,
the sign of the product of their averages is now physi-
cally representative of modulation. Moreover, the two
definitions satisfy

C∗
AM = C+

AM + C−
AM (5)

thanks to the definition (2) of the conditional average,
so that C+

AM can be interpreted as the effect of sweep-
ing events on the total amplitude-modulation covari-
ance (and C−

AM the effect of ejections).
Further insights can be gained by considering the

conditional autocovariances of uLS and u2SS , namely

〈uLS(ySS)uLS(yLS) |uLS(yLS) ≷ 0〉 (6)

and 〈
u2SS(ySS)u2SS(yLS) |uLS(yLS) ≷ 0

〉
; (7)

note the wall-normal position at which the signals are
evaluated. The former provides information about the
structure of large-scale fluctuations. The latter is a
different way of investigating amplitude modulation:
positive large-scale fluctuations are expected to cor-
respond to an increased small-scale activity, and vice
versa.

3 Results

(a) C∗
AM -map, LSD. Viscous units.

(b) C∗
AM -map, MSU. Viscous units.

Figure 2: C∗
AM -map for the channel flows at Reτ = 1000.

Panel 2(a) refers to LSD, while 2(b) to MSU.

The MSU simulation is validated in figures 1 and
2 against the corresponding LSD case, with same Reτ
and Lz , but different streamwise domain length Lx =
4πh. Panels 1(a-b) show the premultiplied spanwise
spectrum kzhΦuu of streamwise velocity fluctuations;
as expected, the weak, secondary peak of the spectrum
at y > 100 and λz ≈ 1000 of the LSD case is signifi-
cantly amplified in the MSU domain. Panels 2(a) and
2(b) contain maps of the amplitude-modulation indica-
tor C∗

AM . Qualitative agreement for the positive am-
plitude modualtion region is found for the MSU and
LSD cases, suggesting that the MSU is also represen-
tative of the physics of a larger channel flow; once
again, peaks ofC∗

AM are more pronounced in the MSU
case as a consequence of the increased large-scale ac-
tivity. Both cases are in agreement with the results
of both Bernardini and Pirozzoli (2011) and Agostini
et al. (2016), although the latter uses a correlation in-
stead of the skewness here chosen as C∗

AM . Differ-
ently from the latter, we report the presence of two sep-
arate peaks as in Bernardini and Pirozzoli (2011) and
Eitel-Amor et al. (2014) - albeit this difference might
indeed be caused by the choice of indicator C∗

AM . The
first diagonal peak lies at yLS ≈ ySS ≈ 10, whereas
the second one lies at ySS ≈ 10, yLS ≈ 100. The
main difference between the MSU and LSD cases is
given by the boundaries of the outer-layer negative am-



(a) C+
AM -map (positive events, or sweeps). Viscous units.

(b) C−
AM -map (negative events, or ejections). Viscous units.

Figure 3: Conditional maps of the amplitude modulation in-
dicator C∗

AM for a MSU channel flow at Reτ =
1000.

plitude modulation region. This has an almost straight
contour at ySS ≈ 100 in the MSU case; interestingly,
such boundary happens to be at the same wall-normal
distance as the large-scale position of the off-diagonal
peak. By contrast, the same contour appears to be
more rugged in the LSD case, possibly as a conse-
quence of the meandering of the large scales - which
is absent in a MSU.

Figure 3 reports the conditional amplitude-
modulation covariances for the MSU as of equation
(3) and (4). Both positive and negative large-scale
events (sweeps and ejections) contribute to both the
inner, positive modulation and the outer, negative cor-
relation regions. This is in agreement with the con-

(a)
〈
u2
SS(ySS)u

2
SS(yLS) |uLS(yLS) > 0

〉
. Viscous units.

(b)
〈
u2
SS(ySS)u

2
SS(yLS) |uLS(yLS) < 0

〉
. Viscous units.

Figure 4: Two-points conditioned autocovariance maps of
u2
SS for a MSU channel flow at Reτ = 1000.

jecture of Agostini and Leschziner (2019), stating that
modulation is an indirect phenomenon mediated by the
gradient of the large scales. Indeed, they found that
an increased large-scale gradient locally increases the
production of small scales, and vice-versa, thus yield-
ing the modulating effect. Also, the large-scale signal
of a channel flow tends to have the same sign as its
gradient in the proximity of the wall, and opposite sign
at the channel center, this being valid for both sweeps
and ejections: the reversal in sign of modulation in
the outer layer is hence explained. This local inter-
pretation surely is reasonable for the diagonal peak of
C∗
AM , although its validity has to be verified for the

non-diagonal one due to the non-local nature of the
latter.



The current data corroborates the idea of am-
plitude modulation as an asymmetric phenomenon
(Agostini and Leschziner, 2014), as sweeping events
(figure 3(a)) seem to provide a stronger contribution
to modulation in both the inner and the outer re-
gions, whereas ejection events (figure 3(b)) have more
confined maxima and minima. However weak, the
positive-modulation region associated with ejection
events is larger: for instance, the straight, horizon-
tal portion of the zero-modulation isoline shifts from
ySS ≈ 130 in figure 3(a) to a farther wall-normal
position y ≈ 180 in figure 3(b). This effect is even
more evident on the diagonal, where the negative-
correlation region penetrates up until ySS ≈ yLS ≈ 70
for sweeping events, whereas it remains above ySS ≈
yLS ≈ 200 for ejections.

A different way of detecting amplitude modulation
is presented in figure 4, which shows the two-point
autocovariance of the u2ss signal conditioned on the
sign of the large-scales at point yLS . Surprisingly,
both the results in figures 4(a) and 4(b) appear to be
symmetric with respect to the diagonal line, in spite
of the fact that conditioning is done with respect to
the yLS value only. Sweeping events are associated
with an increased small-scale activity as can be seen
on the diagonal of figure 4(a); conversely, ejections
are associated with reduced small scale activity (figure
4(b)). This is once again the exact idea behind am-
plitude modulation. Not only is the small-scale signal
more intense in case of sweeps, but the peak in its in-
tensity also spreads over a wider segment of the diago-
nal. Higher off-diagonal values can also be noticed in
case of sweeps, meaning that the small scale envelopes
at two different wall-normal positions correlate better
with respect to the case of ejections. Hence the co-
herence of the envelope of small scales increases as
sweeps occur, while it decreases in case of ejections.

As can be seen on the diagonal of both panels in
figure 4, small-scale activity peaks (as expected) in the
buffer layer, roughly at the same position ySS ≈ 10 of
the diagonal C∗

AM peak. Conversely, large-scale ac-
tivity has a much more elongated peak, which has its
maximum in the outer layer and penetrates down to the
buffer layer. This can be observed in figure 5, showing
the two-point autocovariance of the large scale fluctu-
ation uLS , once again conditioned on the sign of the
large scales at yLS . Hence the off-diagonal C∗

AM peak
corresponds to a ySS value of peaking small-scale ac-
tivity, and to a yLS of high intensity of the large-
scales: the presence of the C∗

AM peak might thus be
a consequence of peaking small- and large-scale activ-
ities. Nevertheless, strong, positive modulation is ob-
served in such off-diagonal region also when normal-
isingC∗

AM with the magnitude of u2SS and uLS (Agos-
tini et al., 2016), meaning that the peak is present as a
consequence of matching phases between the signals
(or, in other words, amplitude modulation).

As a final comment, large scales show an increased

(a)
〈
u2
LS(ySS)u

2
LS(yLS) |uLS(yLS) > 0

〉
. Viscous units.

(b)
〈
u2
LS(ySS)u

2
LS(yLS) |uLS(yLS) < 0

〉
. Viscous units.

Figure 5: Two-points conditioned autocovariance maps of
uLS for a MSU channel flow at Reτ = 1000.

wall-normal coherence in correspondence of sweeping
events, as highlighted by the high off-diagonal values
of figure 5(a); moreover, higher large-scale intensi-
ties are reached with respect to sweeping events (fig-
ure 5(b)). Fluctuations associated with sweeps also
seem to penetrate deeper in the near-wall region, al-
beit marginally.

4 Conclusions
Amplitude modulation was here investigated in a

turbulent channel flow in a minimal streamwise unit;
such reduced computation domain is found to be rep-
resentative of the large-small scale interactions of a
larger, regular domain. Minor differences in theC∗

AM -
maps of the two domains are possibly due to the me-
andering of large-scales, which is absent in the small
domain.

By conditionally averaging the two-point
amplitude-modulation covariance C∗

AM , it is found
that both sweeps and ejections contribute to the
two inner, positive-modulation peaks and to the
outer, negative-modulation region. Sweeps provide
more intense contributions to both positive- and
negative-modulation regions, whereas the C∗

AM -map
corresponding to ejections is flatter with narrower
peaks. The inner, positive-modulation region is seen



to reach farther towards the outer layer when the flow
is subject to ejections; this is more evident on the
diagonal of the amplitude-modulation map, where the
negative-modulation region shrinks significantly. The
differences between sweeping and ejection events,
associated with opposite signs of the large-scale
signal, corroborate the idea that amplitude modulation
is an asymmetric phenomenon.

Finally, the off-diagonal peak of C∗
AM is found

to correspond to locations of high intensity for both
large- and small-scale signals. An alternative way of
investigating amplitude modulation consists in condi-
tionally computing the autocovariance of the u2SS sig-
nal; positive large-scale events correspond to increased
small-scale activity, and vice versa.
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Abstract 

A new artificial neural network (ANN) method-

ology is proposed for speeding up chemical reaction 

computations in simulations of turbulent combustion, 

which is often computationally intensive if the reac-

tion is explicitly solved using direct integration 

method. In this work, a hybrid flamelet/random data 

method is proposed for generating the training set, 

which significantly enhanced the generalisation ca-

pacity of ANNs. In addition, a multiple multilayer 

perceptron (MMP) approach is developed in order to 

improve the accuracy of ANN predictions. The ap-

proach is applied on large eddy simulation (LES) of 

CH4/air piloted flames Sandia D, E and F using Eu-

lerian stochastic field method. The ANN simulation 

results show very good agreement with those ob-

tained from direct integration, and a speed-up ratio of 

12 is attained for the reaction step. 

 

1 Introduction 

In the simulation of turbulent reacting flows, 

when using a detailed chemistry mechanism, the 

calculation of chemical kinetics via direct integration 

(DI) is very computationally intensive and often 

accounts for most of the total simulation time, espe-

cially when using DNS or PDF methods without 

tabulation of the reaction step. One method to reduce 

the computation time is to use Artificial Neural 

Networks (ANNs) to represent chemical reactions. 

For a given chemical mechanism, the species con-

centrations after a reaction time step are functions of 

initial species concentration, temperature and pres-

sure. The ANN can be used as a function fitting tool 

to approximate the function implicitly defined by the 

integration of chemical kinetics. Therefore, ANNs 

can be used for chemistry tabulation. 

Although many studies have been done to de-

velop the ANN tabulation method and some of them 

have shown promising results, many issues remain to 

be solved. In many studies, the simulations used for 

training data generation are the same as or similar to 

those used to test the ANNs. This cannot show the 

generalization capability of ANNs, which means that 

the performance of ANNs on other different simula-

tions is unknown and the ANNs may produce poor 

results. Furthermore, in many studies ANNs are used 

in conjunction with flamelet-based methods. The 

coupling of ANNs with methods that require re-

al-time integration of the reaction source term, such 

as DNS and PDF, has great potential for speeding up 

these computationally expensive methods. 

In order to improve the generalization and test 

ANNs, Chatzopoulos and Rigopoulos (2013) pro-

posed a method of generating training dataset via an 

abstract problem and then apply the ANNs to the 

RANS-PDF simulations. Later, this method was 

further consolidated by Franke et al. (2017) with an 

LES-PDF simulation. 

In this work, the ANNs chemistry tabulation 

method has been further developed. The data gener-

ation method in Chatzopoulos et al. (2013) and 

Franke et al. (2017) is further improved and a new 

multiple MLP method is proposed. The large eddy 

simulation (LES) of Sandia CH4/air flame D, E and 

F with a detail GRI 1.2 mechanism is used in this 

work to test the ANN approach. The ANN simulation 

results show good agreement with those obtained 

from direct integration, and the computation of 

chemical reactions using ANN method proposed 

here is about 12 times faster than direct integration. 

 

2 Methodology 

ANN structure and training dataset 

The ANN model used in this work is multilayer 

perceptron (MLP). In the simulation, the pressure and 

time step are fixed (P = 1 atm and dt = 10-6 s), so the 

inputs to the network are species concentration and 

total enthalpy. The output of the network is the con-

centration change of a certain species. The GRI 1.2 

mechanism is used in this work, which involves 31 

species. Since the influence of N2 is very small and 

their concentration does not change in the reaction, 

they will not be considered in our MLPs. Therefore, 

the MLP has a total of 31 inputs (30 species + en-

thalpy). The MLPs used in this work has 2 hidden 

layers, each containing 40 neurons. Bayesian Regu-

larization algorithm is employed to train the MLPs. 

The training data for the MLP is generated via a 

hybrid flamelet/random method. An ensemble of 1D 

laminar flamelet is first simulated to generate a 

flamelet dataset. Then, a new random dataset is gen-

erated based on the flamelet dataset. For each sample 

in the flamelet dataset, the following equations are 

used to generate a new random composition sate: 

  (1) 

  (2) 



 

 

  (3) 

where h and yj are the enthalpy and species concen-

tration of the flamelet sample while h’ and yj’ are the 

generated random composition state. The variable c is 

a random number in the (-1,1) range. Equation (3) is 

employed here to ensure that the mass fractions sum to 

unity.  Once the random dataset has been obtained, all 

data goes through a single reaction step using direct 

integration, in order to calculate the target outputs for 

ANN training. Some data which are outside the 

flammability range are discarded. Finally, about 

900,000 random data are generated in our work for 

ANN training. 

 

ANN training method 

Most ANN training algorithms use the sum of 

square error of all outputs as the loss function. This 

will make all ANN outputs have similar absolute 

errors. For a target output with a large magnitude, the 

absolute error is small, so the MLP output is accurate. 

For a target output with a small value, the absolute 

error may be of the same order of magnitude, which 

leads to a large relative error. In order to solve this 

problem, multiple MLPs are trained for different 

magnitude of outputs in this work. 

The training process is demonstrated here using 

CH4 as an example. First, 200K data are randomly 

chosen from the initial dataset to train the network. 

After that, the ANN is tested on the whole dataset 

and the ANN outputs are plotted against their target 

outputs in Figure. 1a. Overall, the ANN result looks 

good, but when zoomed in to the range [-10-5 10-5] 

(Figure. 1b), obvious error between ANN prediction 

and target outputs can be seen. In order to further 

improve the accuracy of the data with low output 

magnitude, a new MLP can be trained using these 

data. Figure. 1c shows the training results, it can be 

seen that the accuracy is greatly improved compared 

with that in Figure. 1b. Similarly, the output with low 

magnitude in Figure. 1b can also be used to train a 

new MLP in order to further improve the accuracy.  

In this work, 30 species are predicted by the 

MLPs, with each using 3–5 MLPs. A total of 97 

MLPs are trained and then used in the turbulent 

combustion simulation. 

 

   
(a) ANN predictions vs Targets  (b) Partial enlargement of (a) (c) Predictions of the new ANN 

 

Figure 1 ANN performance 

 

3 Results 

 In this work, The LES-PDF simulations of Sandia 

flame D, E and F are used to demonstrate the ANN 

methodology. The PDF method employed is the Eu-

lerian stochastic field method and eight stochastic 

fields were used in our simulations. The implementa-

tion of the stochastic field method is identical to that in 

the work of Jones et al. (2010). The dimension of the 

simulation domain is 36 × 7.5× 7.5 cm, with a Carte-

sian grid of 300 × 100 × 100 cells. For each flame, two 

simulations are implemented, with one using ANNs to 

compute the reaction and another one using direct in-

tegration. For each flame, all statistical quantities were 

collected for a period of more than 5 flowthrough 

times (based on jet velocity) after the flame was fully 

developed. 

 The mean and rms values of species mass fractions 

and temperature are collected at two axial locations: 

X/D = 15 and 30, where D is the jet diameter. The 

corresponding radial profiles are plotted for compar-

ison in Figures. 2–4. The radial distance in these fig-

ures is scaled by the jet diameter. Figures. 2, 3 and 4 

show the results of both major species and minor 

species for flames D, E, and F respectively. It can be 

seen that the ANN results are in excellent agreement 

with the DI results for both major species and minor 

species. 

 

4 Conclusions 

In the present paper, an ANN method was devel-

oped for the tabulation of comprehensive chemical 

kinetics. The training data are obtained via a hybrid 

flamelet/random data generation method, which en-

dows the ANNs with increased capacity for general-

isation. Multiple MLPs are trained for different output 

ranges, in order to improve the accuracy of predictions. 

The LES-PDF simulations of Sandia flame series 

were then implemented to evaluate the capacity of the 

proposed approach. The ANN simulation results were 

compared with those obtained via direct integration 

and very good agreement for both major species and 

minor species was achieved. 



 

 

 
(a) major species at X/D=15 

 

 
(b) major species at X/D=30 

 

 
(c) minor species at X/D=15 

 

 

(d）minor species at X/D=30 

 

Figure 2 Simulation results of flame D 

 



 

 

 
(a) major species at X/D=15 

 

 
(b) major species at X/D=30 

 

 
(c) minor species at X/D=15 

 

 
(d) minor species at X/D=30 

 

Figure 3 simulation results of flame E 

 



 

 

 
(a) major species at X/D=15 

 

 
(b) major species at X/D=30 

 

 
(c) minor species at X/D=15 

 

 
(d) minor species at X/D=30 

 

Figure 4 simulation results of flame F 
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Abstract
A Direct Numerical Simulation (DNS) of Turbu-

lent Boundary Layer (TBL) subjected to a moderate
Adverse Pressure Gradient (APG) was performed up
to Reθ ' 8000. A large database was collected to
extract Reynolds stress statistics. Large-scale coher-
ent structures have been investigated using two-point
spatial correlation. A comparison with a zero pressure
gradient case at equivalent Reynolds number allows
us to investigate the effect of APG on the shape
and the inclination of coherent attached structures.
Different velocity scales were presented to understand
the behavior of mean velocity and Reynolds stress
profiles. A scaling based on the momentum flux is
shown to collapse the Reynolds stress profiles for
different Reynolds numbers.

1 Introduction
Numerous studies were performed to understand

the physics of wall-bounded flows and to propose uni-
versal models for these flows. Most of the detailed
studies on wall-bounded flows at significant Reynolds
number are usually conducted on internal flows, i.e.
channel and pipe flow, but the boundary layer with the
free-stream region as well as its growth in the stream-
wise direction are more challenging cases to simulate.
However several studies focus on coherent large-scale
motions. Previously, the coherent structures have been
introduced as turbulent eddies [1, 11, 20]. Different
types of coherent (or quasi-coherent) structures are
summarized in the literature, which are located along
the boundary layer covering a wide range of length
scales.

Streaks of high- and low-speed fluid were observed
in the near-wall region of wall-bounded turbulent
flows using a hydrogen bubble generating wire [11].
Kim et al. [9] using experimental data showed the im-
portance of low-speed streaks in generating turbulent
energy. The streaks motions are generally moved far
from the wall and finish by ejection of fluid toward

the outer layer. This exchange is related to the in-
teraction between near-wall and outer coherent struc-
tures. Corino and Brodkey [5] noticed that the ejec-
tion motions always terminate with fluid entering from
upstream towards the wall called the sweep event.
The ejections and sweeps were related to a negative
Reynolds shear stress [21].

At large Reynolds numbers, large-scale motions of
low and high streamwise velocity fluctuations extend-
ing up to the outer region were identified and were
found to have a footprint down to the inner layer [7].
With the increasing capability of DNS and measure-
ment techniques like PIV and tomo-PIV, detailed and
accurate studies of wall-bounded flows are now possi-
ble. A DNS can provide highly resolved 3D+time data
that are invaluable for detailed analyses of coherent
structures and their role in the turbulent kinetic energy
transfer and dissipation. However it is still difficult
to study a wide range of scales with experiments that
are useful for investigating the effect of high Reynolds
numbers.

Datasets from DNS of zero pressure gradient tur-
bulent boundary layers at fairly high Reynolds num-
bers have been used to analyze in great detail the
dynamical behavior of near-wall coherent structures
(streaks, ejections, sweeps) as well as very large-scale
motions located in the outer region. These large-scale
motions were investigated in the case of zero pressure
gradient [12, 18, 22] but much less with an adverse
pressure gradient. The effect of an adverse pressure
gradient on turbulent boundary layers was first stud-
ied in the 1950s and tested mainly on experimental
datasets (see [3, 4, 19]).

Experiments of the boundary layer over a ramp
such as in [6] provide some useful data to confront
various scaling theories. The use of DNS of adverse
pressure gradient turbulent boundary layer is more
recent and still limited to moderate Reynolds num-
bers. Kitsios et al. [10] performed a DNS of strong
APG TBL at the edge of separation with Reθ up to
13600. Only a few DNS of adverse pressure gradient



Figure 1: Spanwise vorticity in a streamwise wall-normal plane on the full simulation domain. The coordinates are normalized
with the momentum thickness at the reference streamwise position θref such that Reθ = 7200.

turbulent boundary layers at significant Reynolds
number are available and do not cover an extensive
range of parameters encountered in real problems with
or without curvature [10, 12, 23]. The validation of
models for APG TBL requires a large variety of high
Reynolds number datasets with different intensity and
history of a pressure gradient.

2 Numerical simulation
In order to contribute filling this gap, a DNS of

APG turbulent boundary layer on a flat plate was per-
formed on a fairly large domain with a Reynolds num-
ber up to Reθ ∼ 8000. The DNS was simulated us-
ing inlet condition extracted from a precursor DNS of
zero pressure gradient TBL at Reθ ∼ 2200 [18]. The
moderate APG (β = δ1/τwdPe/dx = 2 − 3.2) is ob-
tained by applying a prescribed wall-normal velocity
estimated from a potential flow solution [10] and Neu-
mann boundary condition for the streamwise velocity
deduce to impose a zero spanwise vorticity at the top
of the computational domain. The pressure gradient
was chosen to be comparable with an adverse pres-
sure gradient turbulent boundary layer experiment on
a ramp in the LMFL wind tunnel at a higher Reynolds
number [6].

The present DNS has been simulated using the
open-source code INCOMPACT3D1. Sixth-order com-
pact finite difference schemes are used for the spa-
tial discretization and third-order Adams-Bashforth
scheme for the time advancement using a time step
∆t+ = 0.0125 based on friction velocity at the outlet.
A fringe region is applied at the outlet of the domain
(which represents 3% of the whole domain) to ensure
the laminarity of the outgoing flow and prevent some
stability problems. The spanwise vorticity in a stream-
wise - wall-normal (x-y) plane on the full simulation
domain is shown in Fig. 1. The dimensions of the
domain were normalized by the momentum thickness
computed at a reference streamwise position such that

1http://www.incompact3d.com/

Reθ = 7200. This location corresponds to the middle
of the small black rectangle in Fig. 1. The DNS was
performed on more than 8 billion nodes using 2048
cores and has used∼ 4 million CPU hours. The spatial
resolution and the extent of the computational domain
in three dimensions are summarized in table 1.

Due to a homogeneous spatial resolution in the
streamwise direction, the simulation is well resolved
on the full domain and highly resolved on the down-
stream part of the domain and on the full bound-
ary layer thickness (∆y+δ ∼ 4.7 in the downstream
part of the flow). The wall-parallel grid spacing is
in agreement with those used in the literature [8].
This allows us to perform detail and accurate statis-
tics of both large scales and small dissipative scales.
A large database of more than 100 TB was built with
the results on 45 large scales characteristic times T =
δmax/U∞ after the transient part. It is composed of
three-dimensional velocity and pressure fields as well
as time evolution (every 1.37 wall unit time) of a 3D
restricted domain in the downstream region of the flow
(6818 < Reθ < 7582), which will be useful for both
spatial and temporal analysis.

The evolution of the adverse pressure gradient
is presented in Fig. 2, using the pressure gradient
parameter β. The value of β presents increases
from 2.2 to reach a maximum at Reθ ∼ 5000 cor-
responding to 20 boundary layer thickness (obtained
by integration of the local boundary layer thickness
δ(x)). Due to this non-constant pressure gradient
parameter, the APG TBL is not in equilibrium. The
shape factor H evolves similarly with a maximum
of 1.82 which is shifted downstream. The value of
shape factor H ' (1.7 − 1.8) is usually associated in
the literature to a moderate adverse pressure gradient.
One of the objectives of this databases is to study the
effect of the Reynolds number as well as the pressure
gradient influence on the very large scale structures
but the evolution of the turbulence statistics will be
investigated first.



Table 1: Parameters of the TBL normalized by the quantities (δmax, uτ ) at the outlet. Nx, Ny and Nz are the number of grid
points in the streamwise, normal and spanwise direction, Lx, Ly and Lz are the dimensions of the domain and ∆y+δ
is the grid spacing at the edge of boundary layer.

Reθ Reτ Nx ×Ny ×Nz (Lx, Ly, Lz)/δmax ∆x+,∆y+min,∆y
+
δ ,∆z

+

2200− 8000 750− 1400 6401× 1025× 1280 23.3, 2.9, 2.33 5.1, 1.0, 4.7, 2.4

Figure 2: Evolution of the non-dimensional pressure gradi-
ent β = δ1

τw

dPe
dx

(top) and the shape factor H =
δ1 / θ (bottom). θref is the momentum thickness
at the streamwise position such that Reθ = 7200.

3 Turbulence statistics
The mean streamwise velocity profile is plotted in

Fig. 3 (top) at several streamwise positions including
at the inlet (red line) which corresponding to a ZPG
case. The APG profiles are compared with ZPG ones
at similar Reynolds numbers (bothReθ andReτ ) from
the DNS of Sillero et al. [16, 17].

The velocity profiles are collapsed in the near-
wall region using the wall-unit scaling and follow the
U+ = y+ equation. The comparison with ZPG clearly
shows the effect of adverse pressure gradient on the
logarithmic layer. The profile at Reθ = 2200 which
is very close to the inlet and experiences a fast transi-

tion between ZPG inlet condition and APG exhibits a
much steeper log layer. However, moving downstream
at Reθ > 4500, which is close to the maximum of
β, the log layer recovers a similar slope as for ZPG.
As already observed for APG TBL the departure from
log-layer to the wake region, also identified as square
root region by Nickels [15], is stronger with APG.

In Fig. 3 (bottom), we presented the streamwise
velocity fluctuations at the same streamwise positions
than the mean velocity profiles. The position of the
near-wall peak is not affected by the APG and is
located at y+ ' 12. The intensity of the near-wall
peak seems slightly increased as compared to the ZPG
at equivalent Reynolds number. However, the main
effect of the APG is to generate a second peak in the
outer layer which increases by moving downstream up
to Reθ ' 6500 before stabilizing despite the increase
of Reynolds number. A deeper analysis shows that the
position of the outer peak seems to stabilize at 0.45δ
which also corresponds to 1.3 displacement thickness
δ1. If this strong outer peak is associated with an en-
hancement of attached eddy structures, it is expected
that these structures have an impact down to the buffer
region and participate in the increase of the inner
peak as it does for extreme Reynolds numbers ZPG
TBL. It can be shown that the outer peak observed in
APG cases is related to an excess in the production
rate of turbulent kinetic energy which exceeds the tur-
bulent dissipation rate at the position of the outer peak.

4 Velocity scaling
Several scaling of Reynolds stress profiles have

been proposed in the last few decades but none of them
seems to be perfectly adapted to wall turbulence. The
wall-unit scaling based on the viscous forces success-
fully scales the mean velocity and the Reynolds stress
profiles in the buffer region. The main challenge con-
sists in finding an appropriate scale for the outer part
for a large enough Reynolds number. Different veloc-
ity scales have been proposed. Castillo and George [2]
argue, based on similarity analysis, that the proper
outer velocity scale in TBL at infinite Reynolds num-
ber is the free streamwise velocity Ue. But at finite
and intermediate Reynolds numbers, scaling with Ue
is no longer valid for the entire outer layer. Zagarola
and Smits (ZS) [24] have also introduced a velocity
scale in pipe flows for the velocity deficit. This scaling
was observed to better collapse the velocity profiles at
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Figure 3: Evolution of the mean velocity profiles (top) and
streamwise velocity fluctuations at several posi-
tions (bottom). Profiles from a zero pressure gra-
dient TBL of Sillero et al. [16, 17] at similar
Reynolds numbers (Reτ = 1307, Reθ = 4000)
and (Reτ = 2000, Reθ = 6500) are shown for
comparison.

different Reynolds numbers into a single curve in the
outer region. The ZS scaling was generalized for all
wall-turbulent flows as.

UZS = Ue
δ1
δ

(1)

This scaling is able to better scale the streamwise
fluctuating velocity profiles of the current APG TBL
than the scaling based on the external velocity Ue.
However, it fails to collapse all the velocity profiles
of this APG TBL which is out of equilibrium into a
single curve.

On the other hand, Lozano-Durán and Bae [14]
have hypothesized in their work that the mean mo-
mentum flux and mean shear control the momentum-
carrying eddies with no explicit reference to the dis-
tance to the wall. As a consequence, they proposed
the following characteristic time, velocity and length
scales

t∗ ≡
(
∂〈u〉
∂y

)−1
; u∗ ≡

√
−〈uv〉; l∗ ≡ u∗t∗

(2)

This scaling has been validated on standard
channel flows at Reτ = 550 as well as forced
channel flows to prescribed parametric mean velocity
profiles [14]. For all these cases u∗ was shown to
collapses successfully the turbulence intensity profiles
into a single curve. The characteristic velocity u∗

based on the Reynolds shear stress i.e. on the mean
production rate of turbulent kinetic energy shows that
the production rate is common in the three Reynolds
stresses. The scaling u∗ was tested on the three tur-
bulence intensities for the present DNS of APG TBL.
The three components of the velocity fluctuations
are presented in Fig. 4 at four streamwise positions
corresponding to Reθ = 4500, 5500, 6500 and 7600
within a streamwise range where the pressure gradient
is not constant. Fig. 4 (top) shows the evolution of
Reynolds stresses normalized by u∗ as a function
of wall-normal distance scaled with the outer length
scale δ. Each velocity fluctuations normalized by u∗

collapse for different Reynolds numbers and have a
constant value from the upper part of the log region
(y+ > 100) up to the top of the boundary layer for
u and w and up to 0.8δ for v. These constant values
are 2, 1.3 and 1.8 for the streamwise, wall-normal
and spanwise Reynolds stress respectively. The same
quantities were plotted in Fig. 4 (bottom) as a function
of wall-unit distance y+ in order to focus on the
efficiency of u∗ scaling in the buffer region. The
scaling is not as accurate in this region except for the
normal fluctuating velocity.

5 Effect of APG on Large scale motions
The two-point correlation is commonly used to in-

vestigate large-scale structures. The two-point corre-
lation function of the streamwise fluctuating velocity
〈u(x−x0, y−y0)u(x, y)〉was calculated and averaged
over the homogeneous spanwise direction and time. In
Fig. 5, the results for the present APG TBL are com-
pared to the same statistics for the DNS of ZPG TBL
over a flat plate atReθ ' 2000 used to generate the in-
let conditions [18]. The reference point (x0, y0) of the
APG case is located at the reference streamwise po-
sition (Reθ = 7200) and at the wall-normal position
y0 = 0.1δ. Contours levels correspond to iso-values
from 0.1 to 0.9 of the correlation function normalized
by the relevant streamwise Reynolds stress at the ref-
erence point u(x0, y0).

From the comparison between the APG and ZPG
correlation functions, one can notice that large-scale
motions subjected to an APG are more inclined from
the wall than those in the ZPG case. The angle of in-
clination relative to the wall was found to be approxi-
mately 8◦ for the ZPG case and 15◦ for the TBL sub-
jected to an APG. These results are in agreement with
Lee et al. [13], where the inclination angle of vortices
packets is found to be 13◦ for ZPG and 18.5◦ for APG.
Kitsios et al. [10] have also compared the two-point
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correlations from DNS of ZPG and APG TBLs. They
found that the inclination of the major axis of the el-
liptical shape of these streamwise structures has an ap-
proximate angle of 7◦ for the ZPG case, 14◦ for the
mild APG, and 27◦ for the strong APG TBL.

The extend of the two-point correlation is asso-
ciated with the large-scale motions. According to
the comparison of Fig. 5, the largest scale structures
scaled with δ extend more downstream for the APG
case than for the ZPG one. The tail observed in the
near-wall region upstream of the fixed point (xo, yo)
for the ZPG case is associated with the near-wall
low- and high-speed streaks. In the APG case, the
junction of the tail due to near-wall streaks and the
main correlation ellipse shape is much sharper than
for the ZPG case. This indicates that the upstream part
of the large-scale motion seems to be modified under
the effect of APG. It is however important to point
out that the results of ZPG and APG are reported at
different Reynolds numbers and can explain part of
the differences between the two correlation functions.

6 Conclusions
A new DNS of turbulent boundary layer flows with

mild adverse pressure gradient has been conducted.

The pressure gradient is not in equilibrium which
makes this case interesting to test velocity scaling
proposed in ZPG and APG in equilibrium. Both
outer scaling and Zagarola and Smits scaling fail to
collapse the mean velocity profiles. However, it is
shown that the Reynolds Stress profiles normalized by
the velocity u∗ based on the momentum flux exhibit
constant values in a wide range of the outer layer. The
effect of the large-scale motion has been investigated
by means of two-point correlation functions. The size
of the largest scales is slightly increasing as compare
to the ZPG case. A detailed investigation of individual
large-scale motions of streamwise fluctuating velocity
will complete the current studies.
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[8] Jiménez, J., Hoyas, S., Simens, M.P. and Mizuno, Y.
(2010), Turbulent boundary layers and channels at mod-
erate reynolds numbers. J. Fluid Mech., 567:335360.

[9] Kim, H., Kline, S.J. and Reynolds, W.C. (1971), The
production of turbulence near a smooth wall in a turbu-
lent boundary layer. J. Fluid Mech., 50(1):133160.



−3 −2 −1 0 1 2 3
(x− x0)/δ

0.0

0.4

0.8
y
/δ

0.1
0.15
0.2
0.3
0.4
0.6
0.9

Figure 5: Full lines: two-point spatial correlation of the streamwise velocity fluctuations of APG TBL at wall distance y0 =
0.1δ and x0 is located at the streamwise position such that Reθ = 7200. Dash lines: same correlation for ZPG TBL
at Reθ = 2100. The iso-values are corresponding to the correlation function normalized by the relevant streamwise
velocity fluctuations at the reference point u(x0, y0).

[10] Kitsios, V., Sekimoto, A., Atkinson, C., Sillero, J.A.,
Borrell, G., Gungor, A.G., Jiménez, J. and Soria, J.
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Abstract
Numerical simulations of turbulent reacting flows

using detailed chemistry mechanisms require signif-
icant computational power, especially if hydrocar-
bons are involved. Although pre-tabulated chemistry
databases are commonly used to speed-up the compu-
tation, they can require a large memory footprint. In
this work, flamelet tables are replaced by deep neural
networks. The Multilayer Perceptron (MLP) and the
Residual Neural Network (ResNet) are investigated,
exploiting training datasets based on non-adiabatic
flamelets. Network performances are evaluated over
three CPU-based inference implementations. An addi-
tional Large Eddy Simulation (LES) of a methane/air
partially-premixed flame aims to assess the scalability
of the OpenFOAM solver on multiple cores. A ResNet
showing moderate complexity is chosen for LES, re-
porting the best trade-off between storage size and ac-
curacy reached in the training phase. Intel’s Open-
VINO shows the best scalability when deploying the
ResNet using a CPU-based OpenFOAM solver.

1 Introduction
The computational effort required by detailed

chemistry simulations of turbulent flows can easily ex-
ceed the available resources. In fact, detailed chem-
istry mechanisms for combustion of hydrocarbons
could involve hundreds of species and thousands of re-
actions. If more species in quasi-steady state and reac-
tions in partial equilibrium are involved, the chemistry
time scales can be several orders of magnitude smaller
than the flow time scale, leading to a computational
bottleneck in the evaluation of the chemistry system
of Ordinary Differential Equations (ODE). A com-
mon solution to this problem is tabulating the thermo-
chemical system in advance, using for example the
flamelet model of Peters (1984), or its further exten-
sions for premixed and non-premixed regimes. De-
pending on the dimensionality of the table, its mem-
ory allocation could easily grow up to several hun-
dreds of megabytes (MB). In parallel computations,
such large memory footprint can be reduced by us-
ing shared memory options [Weise and Hasse (2015)]

or by optimizing the memory allocation dynamically
[Weise et al. (2018)]. This work is based on a dif-
ferent method instead, where the storage reduction is
achieved by implementing Artificial Neural Networks
(ANN). The tabulated thermo-chemistry data deriv-
ing from the flamelet model can be used as training
dataset for the ANN, as previously done by, for exam-
ple, Flemming et al. (2005) or Franke et al. (2017).
Here, the solution exploiting a single Deep Neural
Network (DNN) to describe the whole output vector
is used, as proposed by Hansinger et al. (2020). The
DNN was previously validated on an LES of a partially
premixed flame [Barlow et al. (2015)] using the soft-
ware OpenFOAM 1, where a significant reduction in
memory footprint was observed compared to the stan-
dard tabulation method. However, the usage of a sin-
gle GPU due to the limited availability did not allow
an assessment of the solver scalability. Several CPU-
based inference solutions for multi-core inference are
investigated in this work and integrated into the in-
house OpenFOAM solver. In a first step, two network
architectures are used in the training phase, for the
later assessment of the performance of the frameworks
OpenVINO 2 and TensorFlow 3 on a CPU platform.
Flamelet tables including enthalpy losses are used as
training dataset. In a second step, the libraries are
integrated in OpenFOAM and the same test case of
Hansinger et al. (2020) is selected for the scalability
study on multiple cores.

2 Training Datasets
In order to replace the original tabulation method

in the CFD solver, the DNN must be capable of pre-
dicting the output vector with satisfactory accuracy.
For turbulent reactive flows, the output usually in-
cludes the species mass fractions Yk, the reaction rate
of any progress variable and the thermophysical prop-
erties. In this work, it is represented by the vector
~Ψ = [Y1,. . . ,Yk,T]T , with T being the mixture temper-

1https://openfoam.org/download/4-1-source
2OpenVINO v. 2019 r1 https://software.intel.com/

en-us/openvino-toolkit
3TensorFlow v. r1.12 https://github.com/

tensorflow/docs/tree/r1.12/site/en/api_docs

https://openfoam.org/download/4-1-source
https://software.intel.com/en-us/openvino-toolkit
https://software.intel.com/en-us/openvino-toolkit
https://github.com/tensorflow/docs/tree/r1.12/site/en/api_docs
https://github.com/tensorflow/docs/tree/r1.12/site/en/api_docs


ature. The choice of a 13-species chemical mechanism
from Sankaran et al. (2007) reduces the number of out-
puts to be retrieved at run-time to 14. The number of
input parameters corresponds to the variables spanning
the multidimensional tables used as training dataset.
The validation of the DNN architectures is performed
on a database of non-adiabatic flamelets, previously
used for the simulation of a single-injector CH4/O2

combustion chamber at the pressure of 20 bar [e.g.
Breda and Pfitzner (2021)]. The flamelet database is
based on counterflow diffusion flames. A fuel (CH4)
and an oxidizer stream (O2) are injected separately
into the domain, blowing against each other. The flame
structure can be described by a single coordinate f, the
mixture fraction, which represents the degree of mix-
ing and characterizes the flamelet problem. In order to
apply the flamelet collection to combustion chamber
applications subjected to wall heat losses, it is nec-
essary to include enthalpy losses into the database.
The reader is pointed to the work of Ma et al. (2017)
for further details on the non-adiabatic flamelet model
used in this work and to Zips et al. (2019) for its im-
plementation in OpenFOAM. The input parameters for
the flamelet tables include the mixture fraction f, its
variance f

′′2 and the normalized enthalpy loss hn and
are referred as 3D databases in the next sections. A
fourth input parameter, the scalar dissipation rate χ, is
usually added in order to account for flame strain ef-
fects, generating a 4D database. The flamelet tables
used as training dataset for the next paragraph consist
of about 2.5 ·106 grid points.

3 Network Architectures
Two network topologies are investigated in the

next sections, namely the MLP and the ResNet (RES
in the plots). Fig. 1 shows a comparison of the two
architectures. The representative MLP (1a) has two
stacked hidden layers (gray) between the input and the
output (blue). Each layer is constituted of multiple
neurons. A single neuron can perform two operations,
a weighted sum of inputs from the neurons of the pre-
vious layer and the evaluation of the non-linear activa-
tion function. Therefore. the following relation can be
written between the input ~x and the output ~y vector of
a hidden layer n:

~y(n) = σ (W (n) ~x(n) + ~w
(n)
0 ) (1)

where W(n) is the weight matrix of the n-th layer,
σ the activation function and w(n)

0 is the offset bias.
The operation is applied likewise until the output layer
is reached. Neuron connections to and from each
neuron of the previous and subsequent layer gener-
ate a densely connected network. A DNN is cre-
ated when its depth is further increased. Bengio
(2009), Simonyan and Zisserman (2015) and Szegedy
et al. (2015) showed that the prediction accuracy gen-
erally improves for an increasing number of hidden

Input Output

Hidden Layers

Skip Connection

Block

(a) (b)

Figure 1: Network topologies: MLP (a) and ResNet
(b)

layers when complex datasets are used. However, the
accuracy of MLPs tends to saturate and decrease be-
yond a certain amount of hidden layers, as observed
by He et al. (2015). A DNN as the one in Fig. 1b
can overcome this issue. The so-called ResNet has a
structure similar to the MLP, but the two hidden layers
belong to a single residual block. The skip connection
represents an identity mapping. If ~x is defined as the
input of two or more stacked layers in a MLP configu-
ration, a mapping functionH(~x) can be fitted by these
layers. A residual functionF(~x) =H(~x) - ~x can be also
defined in this configuration. The assumption behind
residual learning is that F(~x) can be learned instead of
H(~x), by introducing the identity mapping skip con-
nection. The residual block n can be therefore defined
as:

~y(n) = F(~x(n),W (n)) + ~x(n) . (2)

This approach allows to adjust the weights of the non-
linear layers in between the skip connections towards
zero, if the identity mapping is the best possible solu-
tion.

A supervised learning process is applied for train-
ing, using the datasets presented in Section 2. For each
dataset, the MLPs were created by combining 2, 4, 8
layers with 100, 200, 500 neurons. The ResNets were
created with 5, 10 residual blocks and 250, 500, 1000
neurons. All combinations are listed in the first col-
umn of Tables 1 and 2. A 5 % share of the data is re-
tained for the test phase, the rest being used for train-
ing. Another 10 % of the training dataset is used in
each epoch as validation set. A rectified linear unit
(ReLU) activation function was used for all layers ex-
cept for the output, using a linear activation function.
The optimization problem of researching the optimal
weights and biases of the neurons involves the mini-
mization of the loss function, chosen in this work as
the sum of the mean square errors (MSE) between the
values predicted by the network and the target values
of the training dataset. A backward propagation al-
gorithm in combination with the mini batch gradient
descent optimization method updates the weights and
biases, with the mini batch set to 1024 samples [cf.



Table 1: MLP Networks
Name ttrain [h] C Size [MB]

2MLP100 3.2a 3.1b 11,914a 12,014b 0.05
2MLP200 3.1 3.2 43,814 44,014 0.18
2MLP500 3.1 3.1 259,514 260,014 1
4MLP100 3.8 3.8 32,114 32,214 0.13
4MLP200 3.9 3.7 124,214 124,414 0.5
4MLP500 3.7 3.4 760,514 761,014 3
8MLP100 5 4.5 72,514 72,614 0.23
8MLP200 5 4.8 285,014 285,214 1.1
8MLP500 5 4.7 1,762,514 1,763,014 7.1
atrained on the 3D database
btrained on the 4D database

Table 2: ResNets
Name ttrain [h] C Size [MB]

5RES250 5.3a 5.3b 632,014a 632,264b 2.5
5RES500 5.5 4.9 2,514,014 2,514,514 10.1

5RES1000 8.5 8.2 10,028,014 10,029,014 40.1
10RES250 8 7.8 1,259,514 1,259,764 5.1
10RES500 8.5 7.7 5,019,014 5,019,514 20.1
10RES1000 14.5 14.6 20,038,014 20,039,014 80.2
atrained on the 3D database
btrained on the 4D database
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Figure 2: Training validation loss over network com-
plexity for the MLP (first row) and ResNet (second
row) configurations, based on the 3D (first column)
and 4D databases (second column)

Ioffe and Szegedy (2015)]. All networks are trained
over 1000 epochs on a Nvidia GeForce RTX 2080 Ti
GPU. The script was implemented in a Python envi-
ronment using Tensorflow and Keras 4 as backend.
The training time ttrain in hours, the complexity C and
the storage size in MB of each network are listed in Ta-
bles 1-2. The network complexity represents the total
number of trainable parameters of each network, ac-
cording to the definition of Schumann and Liu (2010).
Each sub-column of ttrain and C represents respec-
tively the case with the 3D- and 4D-dataset used for
training. It is clear how an increase in network com-
plexity also increases the training time and the storage
size of the final network.

A quantitative evaluation of the network topologies
is given in Fig. 2, where the logarithmic behaviour of
the validation loss is shown over the network complex-
ity. The validation loss is calculated as the MSE over

4Keras: The Python Deep Learning Library. https://
keras.io/

Table 3: R2 coefficients for selected networks
Name R2

T [%] R2
OH [%] R2

CO2 [%]
4MLP500a 99.9989849 99.998671 99.99817774
5RES500a 99.9977358 99.9974277 99.996993
10RES500b 99.99686666 99.998671 99.9962088
atrained on the 3D database
btrained on the 4D database

all batches of validation data. The MLPs are given
in the first row, the ResNets in the second. The tags
for the 3D and 4D databases locate the correspond-
ing set of data. It is confirmed that increasing the net-
work complexity helps to reduce the validation loss.
The network 2MLP100 with 4 inputs is not suitable to
correctly describe the combustion database, becuase
the validation loss is too high. The networks trained
on the 3D-dataset reach a lower loss within the same
training epochs, compared to the ones trained on the
4D-dataset. As expected, using the ResNet blocks al-
lows to further reduce the validation loss compared to
the MLP solutions, over the same number of training
epochs. However, the network complexity and there-
fore its storage size is considerably increased (cf. last
column of Tables 1-2). The R2 coefficient is used to
quantify how close the network prediction is to the real
value, where a coefficient of 1 corresponds to a perfect
prediction. The function r2 score of the scikit-learn
library 5 is used for the evaluation. Selected percent-
ages of R2 are shown for T, CO2 and OH in Table 3,
all approaching 100%.

4 CPU-based Inference Solutions
This section investigates the performance of se-

lected CPU-based inference solutions for all networks.
This serves as first assessment for the computational
cost of the network inference performed by the Open-
FOAM solver. Library packages for a total of nine li-
braries were previously compiled and tested in Open-
FOAM [Trautner (2019)6]. Hereby we restrict the in-
vestigation to the libraries listed in Table 4. For case
C1, the library package of TensorFlow 1.14 was com-
piled from source to use the SSE4.1, SSE4.2, AVX,
AVX2, and FMA extensions. The same extensions are
also supported by the libraries of C2 and C3. The
reader is referred to any detailed computer sciences
textbook, e.g. Kusswurm (2014), for further compre-
hension. For case C2, an Intel-optimized version of
the TensorFlow library package was compiled from
source, additionally using the primitives provided by
Intel’s Math Kernel Library for Deep Neural Networks
(MKL-DNN). Case C3 instead uses the libraries cre-
ated during the default installation of Intel’s Open-
VINO, automatically enabling all supported exten-
sions of the Instruction Set Architecture (ISA) previ-

5scikit-learn v. 0.22.1 https://scikit-learn.org/
stable/index.html

6https://github.com/el1995/
CPU-Inference-Thesis/blob/master/Trautner_
2019.pdf

https://keras.io/
https://keras.io/
https://scikit-learn.org/stable/index.html
https://scikit-learn.org/stable/index.html
https://github.com/el1995/CPU-Inference-Thesis/blob/master/Trautner_2019.pdf 
https://github.com/el1995/CPU-Inference-Thesis/blob/master/Trautner_2019.pdf 
https://github.com/el1995/CPU-Inference-Thesis/blob/master/Trautner_2019.pdf 


Table 4: CPU-based Libraries used for Inference
Case Version Specifications
C1 TensorFlow 1.14 C API from library package
C2 TensorFlow 1.12 C API from library package,

optimized using MKL-DNN
C3 OpenVINO 2019 R1.1 Default installation

ously listed for C1.
For the evaluation of the overall network perfor-

mance, a 24-core node with two Intel Xeon E5-2670
v3 CPUs was selected. The mean inference time tinf
was calculated over 120 inference steps, where the 20
worst statistical outliers were removed before averag-
ing. The results are shown as a function of the floating
point operations count (#FLOP), a common metric
to quantify the computational effort during inference.
Compared to the network complexity C, the FLOP
count also captures the influence of the dimensional-
ity and size of the input tensor, including the batch
size. In fact, the combination of the network archi-
tecture and the input tensor results in a defined FLOP
count, specifying the number of floating point opera-
tions which have to be performed during each single
inference. For this investigation, the ratio # FLOP/C
is found to be constantly near to 1.9946·B, B being
the batch size. The estimation of the inference time is
hereby related to the FLOP count and not to C. Since
the throughput is the decisive factor for the implemen-
tation in OpenFOAM, a targeted investigation is car-
ried out with a batch size of 154600, thus the mesh
size of the OpenFOAM domain used for the LES us-
ing 24 cores for parallelization.

The mean inference time for each network re-
quired to perform one inference using the problem-
specific batch size of 154600 is shown in Fig. 3 over
the network-specific FLOP count. Starting from the
top, in the first logarithmic graph all networks created
from the 3D-database are presented, grouped by col-
ors. Due to the negligible difference in FLOP counts
and complexity C, the results obtained for the net-
works based on the 4D-database are almost identical
and therefore not reported. The relationship between
the inference time and the FLOP count is found to be
quasi-linear for all inference solutions (cf. Table 5). It
is also interesting to note how the inference time of the
OpenVINO solution diverges more from the linear be-
haviour for the MLPs. According to the tinf of Table
5, the best performance for the ResNet architectures is
obtained in the order by solutions C3, C2 and C1, iden-
tifying OpenVINO as the best inference option when
using complex DNNs. When using a smaller network
like MLP, the lowest latency is reported in the order by
solutions C1, C2 and C3.

5 Parallelization in OpenFOAM
The selected test case for validation is a pi-

loted jet flame with inhomogeneous inlets [Barlow et
al. (2015)]. An inner pipe provides CH4, while a co-
axial pipe provides air supply. The main burner pipe
has a diameter of D = 7.5 mm, with a flow bulk veloc-
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Figure 3: Mean inference times shown over the
network-specific FLOP counts using a full batch size
of 154600. Only the networks trained on the 3D-
database are shown

Table 5: ResNet latency based on 3D-database
Case #FLOP t∗inf,C3 t∗inf,C2 t∗inf,C1

5RES250 195·109 4128.8 4358.2 4353.0
5RES500 776·109 13658.2 13941.3 14696.8

5RES1000 3,099·109 46820.4 47083.8 50624.8
10RES250 389·109 7922.9 8490.8 8460.0
10RES500 1,551·109 26654.5 27440.0 29052.5

10RES1000 6,194·109 92522.2 93432.3 100630.1
∗in milliseconds
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Figure 4: Temperature snapshot of flame FJ200-5GP-
Lr75-57

ity of 57 m/s. A surrounding pilot of hot gases having
a bulk velocity of 26.6 m/s ignites the mixture. A par-
tially premixed flame mode is observed for the chosen
configuration, FJ200-5GP-Lr75-57. Fig. 4 shows the
instantaneous temperature field.

A block-structured mesh with 3.6·106 volume cells
is used, having a total length of 500 mm in axial direc-



tion and 50 mm in radial direction. The OpenFOAM
pressure-based in-house solver was modified to allo-
cate the inference calls for each computational cell,
using the libraries of Table 4. The numerical schemes
are second order accurate in space, with a van Leer to-
tal variation limiter for the convective terms. The im-
plicit Euler method is used for time integration, with
the maximum Courant-Friedrichs-Lewy number set to
0.25.
The assessment of the OpenFOAM solver scalability
is done using the 4RES500 architecture from the pre-
vious work of Hansinger et al. (2020). There, a single
GPU was used to perform inference, while 24 CPU
cores were used by the OpenFOAM solver. The reader
is referred to their work for the discussion of the accu-
racy of the network predictions compared to the exper-
imental data and the original flamelet database. The
solver scalability is tested here over 24, 48, 120, 240
and 480 CPU cores, the CPUs having the same archi-
tecture reported in Section 4. Five parameters were
identified, in order to evaluate the solver performance.
The inference time required to get one prediction over
the 3710400 cells and faces of the mesh, tinf , is cal-
culated as an average over 50 time steps of the CFD
solver. Each simulation is run over 250 time steps with
fixed dt = 5·10−7 s, sampling the values each 5 steps.
The execution time required by the OpenFOAM solver
to complete one time step is averaged and stored as
tsolver. The network throughput is an indicator for the
number of batches processed by the network within a
certain amount of time. It is calculated over the mesh
size as τinf = (ncells + nfaces)/tinf and has dimen-
sions batches/ms. The solver throughput τsolver in-
stead is calculated as the inverse of tsolver, and is mea-
sured in time steps per hour. The last parameter is the
inference time share, defined as tinf,% = tinf/tsolver.
It represents the fraction of execution time for a single
time step, in which the OpenFOAM solver is busy with
the evaluation of the network predictions.

The inference time and throughput for the CPU-
implementations are shown in the first two rows of
Fig. 5. The use of a logarithmic scale is useful to de-
termine the deviation of each solution from the ideal
linear scalability (dashed black line). In all plots, the
values calculated for the simulation on a single GPU
unit of Hansinger et al. (2020) are shown for compar-
ison (black dot). The GPU-based solution on a sin-
gle device provides a tinf comparable to a CPU-based
solution on 24-cores. However, doubling the number
of CPU cores is already sufficient to outperform the
GPU solution. Regarding the investigated CPU-based
libraries, the OpenVINO solution (C3 in red) shows
for each point the lowest tinf . The Intel-optimized
TensorFlow solution (C2 in blue) does not scale as
well as C3 for a number of cores greater than 120.
The worst performance is given by the second Ten-
sorFlow solution (C1 in black), whose deployment is
not optimized for Intel CPUs. In all cases, the devia-
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Figure 5: Solver scalability. From the top to the bot-
tom: inference time, OpenFOAM solver time, infer-
ence throughput and OpenFOAM solver throughput.
Inference libraries of Table 4. Dashed line: ideal lin-
ear scaling

tion from the ideal linear scalability increases with the
number of cores. The third plot of Fig.5 represents
the number of cells and boundary faces processed by
the network within one millisecond. The results re-
flect what was discussed for the inference time, with
the OpenVINO solution providing the highest network
throughput. The solver time and throughput parame-
ters are shown in the second and fourth row of Fig 5.
The 1-GPU inference of Hansinger et al. (2020) does
not perform better than the 24-CPU inference imple-
mentations of this work, when parallelizing the Open-
FOAM case on 24 cores. This is likely due to the com-
munication latency between the CPU and GPU, which
is not optimized in this work. The scalability of the
tsolver and τsolver on the CPU-based solutions con-
firm the previous observations.
The last parameter investigated is the inference time
share over the total computing time, reported in Fig. 6
for all cases. The time share of the single GPU solu-
tion was found to be 48.2 % and it is not shown in the
plot for the sake of clarity. The CPU-based solutions
have a share spanning between 81.2 % and 85.8 %.
The CPU-based libraries might scale better than the
OpenFOAM solver. This could explain why the time
share appears to reduce when exceeding 240 cores: the
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Figure 6: Solver share quote required for inference

OpenFOAM solver time simply decreases slower than
the inference time due to a communication bottleneck.
To conclude, the OpenVINO solution shows the
the best performing CPU-based inference for Open-
FOAM. Its installation also requires less effort
from the user compared to compiling the Tensor-
Flow libraries, which marks this solution almost as
implementation-ready.

6 Conclusion
In this work, artificial neural networks were used

in numerical simulations of turbulent reacting flows,
in the attempt of reducing the memory footprint ob-
served by conventional tabulated chemistry solvers.
The networks were trained on the original flamelet ta-
bles having 3D and 4D inputs. Two network archi-
tectures were investigated, namely MLP and ResNet,
over a variety of number of layers and neurons. Three
solutions for retrieving the network prediction were in-
vestigated, based on the available OpenVINO and Ten-
sorFlow packages. The dependency of the network la-
tency on the FLOP count was first investigated for all
architectures on a full batch input. An almost linear
relationship was obtained, which allows to estimate
the expected time for loading and running the network
a priori. As a consequence, a compromise between
network complexity and accuracy, as well as storage
size, could be assessed during the training phase. All
three CPU-based inference solutions showed a rea-
sonable scalability also on multiple nodes, when us-
ing the software OpenFOAM to perform an LES of
a partially-premixed CH4/Air flame. OpenVINO re-
vealed the best performance for more complex ResNet
architectures. Since these were previously seen capa-
ble of capturing the thermo-chemical properties of the
database with a higher accuracy compared to the MLP,
their combined use with the OpenVINO inference so-
lution is therefore suggested for further CFD simula-
tions of turbulent reactive flows.
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Abstract 

In this study, a coupled DNS-PBE solver (Tang, 

et al. 2020) is employed in simulating an unseeded 

continuous nanoparticle precipitation experiment 

(Schwarzer & Peukert, 2004) where Barium Sulphate 

(BaSO4) particles are precipitated from mixing Bari-

um Chloride (BaCl2) and Sulphate acid (H2SO4) in a 

T-mixer. The particle size distribution (PSD) at the 

exit is compared with the measurements with good 

agreement (Fig.1). Thanks to the high spatial and 

temporal resolution of the supersaturation and spe-

cies concentration fields, detailed kinetics and PSD 

information are retrieved that allows understanding 

on turbulent precipitation process through different 

aspects.  

 

 

1 Introduction 

Precipitation is a process that forms small parti-

cles from the reaction between ionic solutions. The 

quality of the precipitated particles usually corre-

lates with their particle size distribution (PSD) and 

therefore right mixing conditions is crucial for 

achieving desired range for specific application. In 

the context of turbulent precipitation, the mixing-

precipitation interaction could result in inhomoge-

neity in the reaction zone and in the supersaturation 

distribution. The nonlinear kinetics also led to com-

plex interaction effects in the evolution of PSD. As 

the reaction is instantaneous, this information is 

hardly measurable with experiments. Numerical 

simulation with DNS and discretised population 

balance (DPB) is used in this study to obtain a data-

base for investigating the mixing-precipitation in-

teractions. 

 

 

2 Methodology 

Direct Numerical Simulation 

Our work uses DNS to resolve all flow scales 

from the largest one down to the Kolmogorov scales. 

The flow field and the transport of scalars in are 

computed with our inhouse DNS code PANTARHEI, 

which uses the finite volume discretisation method 

and the fractional step scheme to handle the pressure-

velocity coupling. A third-order backward difference 

scheme (BDF3) is used for time advancement. Or-

thogonal diffusion terms are treated implicitly while 

the convection and non-orthogonal diffusion terms 

are treated explicit with third-order extrapolation 

(EXT3).  

 

Population Balance Modelling  

The evolution of the PSD in each cell is governed 

by a set of transported PBE as in Eq.(1). The source 

terms in this equation were discretised with a finite 

volume method. We also discretise the distribution 

into 45 intervals with a mixed-uniform-exponential 

grid to capture the characteristics of different precipi-

tation mechanisms. The particle formation and 

growth source terms are coupled with the reaction 

sources in the reactant transport equation to ensure 

conservation. Together with the reactant transport 

equation, the PBE is discretised with the BDF3-

EXT3 scheme and solved explicitly. 

 

 

 

(1) 

 

where n is the number density, defined as the number 

of particles per unit volume of particle in the volume 

domain v and unit volume of solution. G and B are 

the growth and nucleation terms that vary with the 

reactants concentration vector C and Sc is the 

Schmidt number. 

 

Nanoparticle precipitation in a T-mixer 

A study is conducted for the unseeded continuous 

precipitation of BaSO4, which is precipitated from 

Barium Chloride (BaCl2) and Sulphate acid (H2SO4). 

A T-mixer is considered where two jets of BaCl2 and 

H2SO4 are impinged to form turbulent flow. We fol-

low the geometry and process conditions of the T-

mixer as described by Schwarzer et al. (2004) and 

Gradl et al. (2006). Only the nucleation and growth 

mechanisms are considered due to the test case con-

ditions. The precipitation kinetics is taken from 

Mersmann (2001). The flow and mixing are fully re-

solved via DNS, while the particle size distribution is 

retrieved from the discretised PBE. This allows ex-

ploring the effect of mixing on particulate processes 

and understanding of the influences of different pa-

rameters on the PSD. 

 

 



 

 

3 Results 

The 3D flow domain is discretised using 21 mil-

lion Cartesian cells which resolves the flow down to 

Kolmogorov scale. The mixing channel has Reynolds 

number of 1135. Statistically steady state was 

reached before collecting the statistics. As the PBE 

and species transport are solved, we obtain very de-

tail information on the entire process. Kinetics inter-

mittency, conditional statistics, correlation maps, 

time and length scales are studied to investigate the 

interplay of turbulence and precipitation. Selected 

key results are presented below 

 

Validation 

The coupled approach provides individual PSD 

information at every point in the domain. Temporal 

and ensemble averages are computed to predict the 

average PSD at the outlet. Both the hydrodynamics 

and the PSD are validated by comparing with exper-

imental measurements. The flow field computed on a 

scaled-up T-mixer with DNS has shown good agree-

ment with the measurements by Schwertfirm, et al. 

(2007). On the other hand, the predicted normalised 

PSD successfully the predicted mean size and the 

general shape of the distribution given by Gradl et al. 

(2006). This validation has been presented in our 

previous work (Tang, et al. 2020). 

 

 
Time and Length Scales 

Nucleation and growth are two separate mecha-

nisms that lead to solid formation, and each has its 

own precipitation time scale. The Damköhler number 

for each mechanism can therefore be defined. In the 

studied case, both nucleation and growth are highly 

comparable to the mixing timescales (i.e. Damköhler 

numbers of both mechanism are close to unity), indi-

cating the process is neither mixing- nor kinetic-

controlled. Length scales of nucleation site are also 

measured and compared with Kolmogorov scale to 

show the importance of resolving nucleation burst 

thickness. In particular, the study on the time and 

length scales lead to modelling implications on mi-

cro-mixing models, where the inherent assumptions 

(e.g. scale separation, timescales, etc.) in some mod-

els could lead to incorrectly interpreted rate determin-

ing aspects.  

 

 

Dominant Mechanism 

The nonlinearity of the nucleation and growth ki-

netics to supersaturation level leads to different dom-

inant mechanisms locally that control the shape of the 

PSD. The local dominant mechanism is identified 

from the precipitation timescale ratio and a map 

showing the rate determining mechanism is drawn. 

Good matching is found between the dominant 

mechanism map and supersaturation contour (figure 

1) despite of the reduced correlation with between 

supersaturation and growth consumption at high su-

persaturation due to lack of growth site. Since the 

formation of the PSD is a result of the competing 

mechanisms, the role of mixing is on determining the 

distribution of each dominant zone.  

 

 

 

Figure 1.  Dominant zone map (a), and its mapping with the 

supersaturation field (b) 
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Abstract
The use of temporal filtering in hybrid methodolo-

gies is highly desirable to develop hybrid RANS-LES
approaches on a solid theoretical foundation, as dis-
cussed by Manceau (2018). In this way, the devel-
opment of the Hybrid Temporal LES (HTLES) model
paves the path to a consistent bridging between RANS
and LES models.

In the present paper, continuing the assessment of a
new formulation of HTLES proposed by Duffal et al.
(2021), a sensitivity study of the hybrid approach to
the closure model is performed. The HTLES approach
is applied to the k–ω SST and, for the first time, to the
BL–v2/k. An upgraded version of the model is used
to improve its behavior in near-wall regions, including
a two-fold shielding function. The validation process
is carried out on channel and periodic-hill flows. The
sensitivity of the hybrid approach to the closure is em-
phasized.

1 Introduction
For the past two decades, the use of hybrid RANS-

LES approaches in industrial applications has been
growing, since these approaches offer the best poten-
tial to reach the compromise between the accuracy and
the cost of calculations. On the one hand, LES cap-
tures large-scale structures in regions of interest, re-
solving the most energetic part of the turbulent spec-
trum. On the other hand, the transition to RANS mode
drastically reduces the numerical cost in regions where
LES is too CPU-demanding, notably in the vicinity of
the wall.

Within this hybrid framework, a major concern is
the control of the energy partition between modeled
and resolved scales. To provide a continuous transition
from a RANS statistical description to a LES filtered
description, Fadai-Ghotbi et al. (2010) and Manceau
(2018) showed that the use of temporal filtering in lieu
of spatial filtering is particularly suitable to ensure the
consistency of the filtering operator with the statisti-
cal averaging. Indeed, in the case of statistically sta-

tionary inhomogeneous flows, statistical averaging is
equivalent to long-time averaging, i.e. temporal filter-
ing in the limit of an infinite filter width. In contrast,
the consistency with spatial averaging is only valid un-
der the restrictive hypothesis of homogeneous flows.
For non-stationary flows, consistency is ensured be-
tween unsteady RANS (URANS) and temporal LES
(TLES), as shown by Manceau (2018).

In this context, Manceau (2018) developed the Hy-
brid Temporal Large Eddy Simulation (HTLES), a
consistent continuous hybrid approach based on tem-
poral filtering. Following the analytical development
of the Partially Integrated Transport Model (PITM)
by Chaouat and Schiestel (2005), the HTLES ap-
proach is derived from the temporal version TPITM
proposed by Fadai-Ghotbi et al. (2010), applying a
Hybrid-Equivalence criterion introduced by Friess et
al. (2015). The control of the energy partition is
achieved via a modification of the dissipation term in
the energy equation, enforcing the robustness of the
method compared to TPITM.

In this paper, recent work on HTLES is presented.
Following Duffal et al. (2021), the development of a
new formulation of the HTLES model is recalled, re-
fining its theoretical foundations. The sensitivity of
the hybrid methodology to the closure model is stud-
ied by applying the HTLES approach to the k–ω SST
of Menter (1994), and, for the first time, to the BL–
v2/k of Billard and Laurence (2012), benefiting from
its particular modeling effort in the vicinity of the wall.
Shielding functions are used in order to improve the
behavior of the model in near-wall regions. The model
is finally validated in channel and periodic-hill flows.

2 A new formulation of HTLES
In the framework of k–ε models, the HTLES ap-

proach is analytically derived from TPITM by trans-
ferring the hybridization function from the dissipation
equation to the energy equation (favorable in term of
robustness), while preserving a Hybrid-Equivalence
criterion between the approaches : two hybrid ap-



proaches lead to the same partition of energy for the
same filter width, and tend to the same RANS model
when the filter width goes to infinity (Friess et al.,
2015). Hence, the energy partition is controlled by the
hybridization function ψ(r) in the destruction term of
the energy equation.

In this case, Duffal et al. (2021) emphasized that
the second transported variable ε∗m does not corre-
spond to the modeled dissipation rate εm, but rather
that εm = ψ(r)ε∗m is the dissipation rate of km.

Thereafter, the H-Equivalence analysis is con-
ducted in various situations in a way similar to the
original HTLES (for details, see Duffal et al., 2021).
In all the situations, the analysis leads to the exact
same formulation of the hybridization function ψ(r),
which was not the case in the analysis of Friess et al.
(2015). Using a k–ε closure, the new formulation of
HTLES is based on the following equations for the tur-
bulent viscosity νm, the modeled energy km and ε∗m,

νm = Cµ
k2m

ψ(r)ε∗m
, (1)



Dkm

Dt
= Pm +Dkm −

km

Tm︸︷︷︸
ψ(r)ε∗m

,

Dε∗m
Dt

= Cε1
ε∗m
km
Pm +D∗εm − Cε2

ε∗m
2

km
,

(2)

where Pm stands for the modeled part of production,
andDkm andD∗εm stand for the diffusion of km and ε∗m,
respectively. The destruction term ψ(r)ε∗m of the km-
equation is rewritten by introducing a modeled time
scale Tm. These terms are driven by the ratio of mod-
eled to total energy r = km/k, where the total en-
ergy (k) is the sum of the modeled (km) and the re-
solved (kr) parts, such that

Tm =
km

εm
=

r

ψ(r)

k

ε∗m
, (3)

ψ(r) =
Cε2

Cε1 + r(Cε2 − Cε1)
, (4)

where, ψ(1) = 1 implies that ε∗m = εm, i.e. the hybrid
model tends to the exact k–ε in RANS mode.

In practice, the major difference with the original
HTLES approach lies in the definition of νm (Eq. 1),
which now involves the ψ(r) function.

Following Manceau (2018), the energy ratio r is
explicitly linked to the cutoff frequency ωc of the tem-
poral filter, and using an equilibrium Eulerian spec-
trum assumption, after Tennekes (1975), yields

rK =
1

k

∫ ∞
ωc

ET (ω)dω

=
1

β0

(
Us√
k

)2/3(
ωc

k

ψ(r)ε∗m

)−2/3 (5)

ωc = min
[
π

dt
,
Usπ

∆

]
, (6)

where β0 is a coefficient. The cutoff frequency ωc is
either linked to the Nyquist frequency of the temporal
discretization dt, or to the cutoff wavenumber of the
spatial discretization ∆ (defined by the cubic root of
the cell volume) involving the sweeping velocity Us.

Finally, since it is the time-dependent equations of
ksfs and ε∗sfs that must be solved in a hybrid RANS-
LES model, the relations found for the statistically-
averaged quantities km = ksfs and ε∗m = ε∗sfs are used
to derive a model for the subfilter quantities, following
Chaouat and Schiestel (2005).

3 Derivation of the HTLES approach
with various closures

HTLES can be applied to any RANS model, but it
is worth noting that the definition of the hybridization
function ψ(r) is dependent on the closure, as detailed
below. Two near-wall eddy-viscosity models are used
herein: the k–ω SST of Menter (1994), and the BL–
v2/k of Billard and Laurence (2012).

The formulation of the k–ω SST HTLES model
was analytically developed by Duffal et al. (2021),
leading to

νsfs =
ksfs

ψ′(r)ω∗sfs
, (7)

Dksfs

Dt
= Psfs +Dksfs −

ksfs

Tm
,

Dω∗sfs

Dt
= γω

ω∗sfs

ksfs
Psfs +D∗ωsfs − βωω∗sfs

2 + C∗ωsfs,

(8)
where Psfs is the production term, Dksfs and D∗ωsfs
stands for the diffusion of ksfs and ω∗sfs, respectively,
and C∗ωsfs is the cross-diffusion term. γω and βω are
the usual coefficients of the k–ω SST model. Tm and
ψ′(r) are evaluated as

Tm =
r

ψ′(r)

k

Cµkmω∗m
, (9)

ψ′(r) =
βω

Cµγω + r(βω − Cµγω)
. (10)

Note that a clear similarity is observed between ψ(r)
(Eq. 4) and ψ′(r) (Eq. 10), using a k–ε and a k–ω SST
closure, respectively.

The BL–v2/k of Billard and Laurence (2012) is an
eddy-viscosity model, which combines the develop-
ments of a v2–f approach with the elliptic blending
of Manceau and Hanjalić (2002) to improve the near-
wall behavior of the model. The analytical derivation
of the BL–v2/k HTLES formulation leads to

νsfs = Cφµφsfs
ksfsT

∗
sfs

ψ(r)
, (11)

Dksfs

Dt
= Psfs +Dksfs −

ksfs

Tm
− Esfs,

Dε∗sfs

Dt
= Cε1

Psfs

T ∗sfs
+D∗εsfs − CTε2

ε∗sfs

T ∗sfs
,

Dφsfs

Dt
= −φsfs

ksfs
Psfs +Dφsfs +

2

ksfs

νsfs

σk

∂φsfs

∂xj

∂ksfs

∂xj
+ fsfs,

(12)



fsfs =
(
1− α3

)
fwsfs + α3fhsfs, (13)

α− L2
sfs∇2α = 1, (14)

Lsfs = CL

√
k3sfs

(ψ(r)ε∗sfs)
2

+ C2
ηr

3

(
ν3

ψ(r)ε∗sfs

)1/2

,

T ∗sfs =

√
k2sfs

ε∗sfs
2 + C2

T

ν

ψ(r)ε∗sfs
. (15)

D∗εsfs and Dφsfs stands for the diffusion of ε∗sfs and
φsfs, respectively. The E term is an additional dis-
sipation term activated in the buffer layer (treated in
RANS mode herein). The modified coefficient CTε2
is originally designed to decrease in the defect layer,
but it was chosen to preserve CTε2 = Cε2 when the
LES mode is activated. The variable fsfs (Eq. 13) is
decomposed between quasi-homogeneous (fhsfs) and
near-wall (fwsfs) models, depending on the elliptic co-
efficient α (Eq. 14). The Durbin length (Lsfs) and time
(T ∗sfs) scales, including Kolmogorov limiters, are mod-
ified to take into account the transition to LES mode,
following the discussion in Fadai-Ghotbi et al. (2010).
The usual coefficients (Cφµ , Cε1 , Cε2 , Cη , CT , ...) of
the BL–v2/k are preserved.

Regarding the hybridization terms, since the model
is originally based on a k–ε closure, the analytical de-
velopments lead to same expressions than equations
(3) and (4).

Finally, a sensitivity study to the coefficient β0
(Eq. 5) is conducted in order to evaluate the prediction
of the energy cascade in decaying isotropic turbulence,
ensuring that the subfilter dissipation compensates for
the lack of resolved dissipative scales. The best pre-
dictions are obtained with β0 = 0.48 with k–ω SST
and β0 = 0.42 with BL–v2/k (not shown here). These
values are very close to the theoretical definition of
β0 = 2/(3CK) = 0.44.

4 Improvement of the HTLES model for
boundary layer-like flows

Since in most hybrid approaches the RANS-to-
LES switch occurs in the near-wall region, the behav-
ior of the model in boundary layer-like flows is a major
concern.

In that respect, channel flows are investigated at
Reτ = 590, 1000, 5200, 20000, in comparison with
reference DNS (Moser et al., 1999; Lee and Moser,
2015) and a k–ω SST RANS calculation at the high-
est Reynolds number. HTLES is performed using the
open-source CFD software code saturne developed by
EDF (https://www.code-saturne.org/). The grids used
are refined in the wall normal direction such that ∆+

y

= 1, but a fixed refinement is used in the x and z-
direction, (∆x,∆z) = (0.1δ,0.05δ) as recommended in
the context of hybrid approaches, which corresponds
to (∆+

x ,∆+
z ) from (60,30) to (2000,1000) depending

on Reτ . Note that this tangential grid resolution is de-
termined by the geometry, independently ofReτ , such

that the scaling of the numerical cost drastically de-
creases compared to LES.

In order to avoid the switching to LES in the
very-near-wall region when ambiguous grids are used,
the shielding function fs introduced by Duffal et al.
(2021) is added to the model,

r = (1− fs)× 1 + fs ×min[1, rK ]. (16)

This shielding function was first designed to fulfill
the following expectations: the thickness in wall units
of the shielded region is independent of the closure,
the grid refinement, and the Reynolds number. This
function fs(ξK) is based on the length-scale ratio ξK
comparing the Kolmogorov length scale with the dis-
tance to the wall dw, such that

fs(ξK) = 1− tanh [ξK
p1 ] , (17)

ξK = C1

(
ν3/ε

)1/4
dw

. (18)

As shown in Figure 1-a, fs(ξK) provides a constant
protection in wall-units (up to y+ = 100 with cali-
brated coefficients C1 = 45 and p1 = 8), independent
of the Reynolds number or the grid refinement. How-
ever, at high Reynolds numbers, Figure 1-b shows that
the RANS-to-LES transition occurs very close to the
wall.

Moreover, since cells are usually very elongated
in the vicinity of the wall, the transition criterion (5)
based on the cell volume can drive the simulation to-
wards LES while the cells are not fine enough in the x
or z-direction, which is at the origin of a log-layer mis-
match. Consequently, a second shielding function is
added, depending on the maximum cell size ∆max, in
order to adapt the RANS-to-LES transition when the
grid is too coarse in any of the directions. Hence, the
LES mode is activated in a region where the cells are
suitable to resolve the near-wall turbulent structures.
As discussed by Duffal et al. (2021), the transition
takes place where dw = ∆max, such that

fs(ξD) = 1− tanh [ξD
p2 ] , (19)

ξD = C2
∆max

dw
, ∆max = max(∆x,∆y,∆z), (20)

with the calibrated coefficient C2 = 1.2 and p2 = 6.
In Figure 1-b, it is verified that fs(ξD) imposes

exactly the same transition region from 0.1δ to 0.2δ,
based on the maximum cell dimension ∆x = 0.1δ.

The two-fold shielding function fs(ξK , ξD) (corre-
sponding to min[fs(ξK), fs(ξD)]) is finally well suited
since the shielding function fs(ξD) protects the re-
gions where the cells are too anisotropic to prop-
erly resolve the turbulent structures, notably at high
Reynolds numbers, while the complementary shield-
ing function fs(ξK) enforces the RANS mode in the
viscous and buffer layers when the grid is overly re-
fined, ensuring the robustness of the formulation by
activating the LES mode in the log layer.



Figure 1: Channel flows: shielding function profiles.

In Figure 2, the energy ratio r (Eq. 16) used in
the HTLES formulation and the effective modeled-to-
total energy ratio km/k are compared. In the near-wall
RANS region (r = 1), extended up to y = ∆max =
0.1δ using fs(ξK , ξD), the ratio km/k is lower than
unity, because resolved fluctuations coming from the
outer LES region penetrate into this zone (kr > 0). To
remain consistent with the theoretical assumption than
kr = 0 in this RANS region, i.e. to disregard the con-
tribution of resolved fluctuations in the formulation of
the time scale Tm (Eq. 3 or 9), the internal consistency
constraint (ICC) introduced by Duffal et al. (2021) is
applied to the model :

Tm =
r

ψ(r)

km + crkr

ε∗m
=

r

ψ′(r)

km + crkr

Cµkmω∗m
, (21)

cr =

{
0 if r = 1,
fs if r < 1.

(22)

At the center of the channel, where the LES mode is
activated (r < 1), a slight discrepancy appears be-
tween r and km/k, using the k–ω SST closure. In con-
trast, using the BL–v2/k closure, the estimated ratio r
matches the computed ratio km/k perfectly, emphasiz-
ing the interest of applying the hybrid approach to the
BL–v2/k.

5 Validation
The validation process is first carried out on the

channel flows, presented in the previous section. Fig-
ure 3 shows that the velocity profiles are well pre-
dicted, using both k–ω SST and BL–v2/k closures.
The log-layer mismatch is erased over a large range
of Reynolds numbers, using the shielding function
fs(ξK , ξD) (Eq. 17 and 19).

Figures 4 and 5 show that the shear stress and the
kinetic energy are in good agreement with the refer-
ences, especially in the LES zone. Furthermore, the
BL–v2/k closure provides better energy profiles in the
RANS zone than the k–ω SST, benefiting from the ac-
curate prediction of the modeled turbulent energy at
the wall. These results show that it is interesting to
associate HTLES with RANS models with particular
modeling effort in the vicinity of the wall.

Figure 2: Channel flow at Reτ = 5200: profiles of the en-
ergy ratio r and the effective ratio km/k. k–ω SST
and BL–v2/k HTLES simulations.

Figure 3: Channel flows: velocity profiles. k–ω SST and
BL–v2/k HTLES simulations.

Figure 4: Channel flows: resolved + modeled shear stress
profiles. k–ω SST and BL–v2/k HTLES simula-
tions.



Figure 5: Channel flow: resolved + modeled kinetic energy
profiles. k–ω SST and BL–v2/k HTLES simula-
tions.

Then, the periodic-hill flow at Reb = 10600, a
standard benchmark test case consisting of a separat-
ing and reattaching flow in a periodically constricted
plane channel, is evaluated against experimental data
(Rapp and Manhart, 2007) and LES results (Breuer
and Jaffrézic, 2005). Figure 6 shows that LES results
using the Smagorinsky model fairly reproduce the skin
friction on the lower wall using a fine grid M0 with
2 million cells, but are completely discrepant using a
coarse grid M1 with 0.25 million cells. Using RANS
models, the BL–v2/k predictions are in better agree-
ment with the reference than the k–ω SST results, but
some discrepancies are still observed, notably regard-
ing the reattachment location.

In contrast, using coarse grid M1, the k–ω SST and
BL–v2/k HTLES results are in good agreement with
the reference LES, as shown in Figure 7. It is worth
noting that the introduction of the shielding functions
and the internal consistency constraint are necessary
to recover a correct behavior at the wall, as illustrated
by the HTLES results without the near-wall improve-
ments.

Indeed, Figure 8 shows that, without shielding
function, the energy ratio r = min[1, rK ] drives the
simulation towards LES very close to the wall, where
the cells are too anisotropic to properly resolve the
turbulent fluctuations. Using the shielding function,
the transition of r (Eq. 16) occurs far away from the
wall, at the same location for both closures (note that
fs(ξK , ξD) = fs(ξK) herein). A plateau is reached in
the LES region, and the value of r is slightly higher
with the BL–v2/k closure.

Using the upgraded formulation of the model, the
velocity profiles are well predicted, as shown in Fig-
ure 9 and 10. Focusing on the kinetic energy, the shape
of the profiles is qualitatively reproduced, but the peak
in the detached shear layer is overestimated. Some mi-
nor differences are observed between the k–ω SST and
BL–v2/k HTLES predictions, but the results remain in
close agreement with each other.

Figure 6: Periodic-hill flow: skin friction on the lower wall.
LES Smagorinsky, RANS k–ω SST and BL–v2/k
simulations.

Figure 7: Periodic-hill flow: skin friction on the lower wall.
k–ω SST and BL–v2/k HTLES simulations, using
coarse grid M1.

Figure 8: Periodic-hill flow: profiles of the energy ratio.
k–ω SST and BL–v2/k HTLES simulations, using
coarse grid M1.



Figure 9: Periodic-hill flow: streamwise velocity profiles.
k–ω SST and BL–v2/k HTLES simulations, using
coarse grid M1.

Figure 10: Periodic-hill flow: normal velocity profiles.
k–ω SST and BL–v2/k HTLES simulations, us-
ing coarse grid M1.

6 Conclusion
In conclusion, a new formulation of the HTLES ap-

proach has been developed, ensuring a better theoreti-
cal foundation of the model. In order to properly con-
trol the RANS-to-LES transition in boundary layer-
like flows, an upgraded version of the model is used,
including a two-fold shielding function and the inter-
nal consistency constraint. In this paper, the HTLES
approach is applied to the k–ω SST and to the BL–
v2/k closures. The sensitivity to the closure model
is investigated, showing the benefit of the BL–v2/k
model in the vicinity of the wall to predict the kinetic
energy profiles, which is promising in the context of a
thermal extension of the model. The predictive accu-
racy of HTLES on channel and periodic-hill flows is
assessed using relatively coarse grids, offering a cost-
saving alternative to LES.
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Abstract
The chemistry reduction in the context of a turbu-

lent non-premixed syngas oxy-flame in the vicinity of
a cooled wall is here achieved by the training of arti-
ficial neural network (ANN) [1]. The training is con-
ducted prior to the simulation with a turbulent micro-
mixing based canonical problem featuring heat losses
and computed with detailed chemistry. The trained
ANN considers 11 species and allows for a dramatic
reduction of the CPU cost (25 times faster than the de-
tailed chemistry and 3 times faster than a classically
reduced chemistry). The validation of the approach is
first addressed with the Direct Simulation of a simpli-
fied geometry with an in-house low-Mach solver by
comparison with a detailed and a reduced mechanism.
Then, this ANN methodology for handling detailed
chemistry is introduced into the open-source software
Code Saturne. Large Eddy Simulation of a configura-
tion of industrial interest is performed to demonstrate
the potential of ANN reduced chemistry for industrial
design.

1 Introduction

The industrial production in Europe is concerned by
decarbonation and must evolve to be less harmful for
the environment in the future. An option consists in
recycling the gases from the system exhaust. These
recycled hot gases enter then the composition of a new
pre-heated syngas which will burn with pure oxygen
for efficiency and control of the NOx production. This
novel approach comes with some challenges: oxy-
combustion reaches very high temperature, which may
lead to the destruction of the materials; complex heat
losses are present along the chain and have to be ac-
counted for in the simulation and chemical mecha-
nism reduction for syngas combustion with strong and
localized heat losses is not trivial. To get a mod-
elling chain accurate, with a light footprint in term of
cpu time and well suited to CFD software capable of
handling very complex geometries, poses a challenge

which can be alleviated by approaches based on ma-
chine learning.

In that context, a recent approach based on ma-
chine learning, is employed [1]. The chemistry reduc-
tion in the context of a turbulent non-premixed syn-
gas oxy-flame in the vicinity of a cooled wall is here
achieved by the training of artificial neural network
(ANN). The training is conducted prior to the simu-
lation with a turbulent micro-mixing based canonical
problem featuring heat losses and computed with de-
tailed chemistry.

The validation of the approach is first addressed
with the Direct Simulation of a simplified geome-
try. The governing equations for the gas mixture are
solved with a low-Mach number in-house DNS/LES
code [2, 3]. DNS results with three descriptions of
combustion chemistry are analysed. The first serves
as reference and is obtained with a detailed chemi-
cal scheme (GRI-3.0) [4] without NOx (217 elemen-
tary reactions and 35 chemical species). The second
is an automatically reduced and optimised scheme in-
volving 11 species and 23 reactions, obtained apply-
ing the ORCh (Optimised and Reduced Chemistry)
approach [5]. In the third approach, artificial neu-
ral networks (ANNs) are trained for predicting the 11
species chemical sources prior and aside from DNS,
using canonical 0D simulations based on an Euclidian
minimum spanning tree micro-mixing closure. Thus
offering a novel standalone approach to machine learn-
ing chemistry reduction for turbulent flame simulation.
This ANN methodology for handling detailed chem-
istry has then been introduced into the open-source
software Code Saturne to perform Large Eddy Sim-
ulation of syngas injection lance.

2 DNS test case

A turbulent non-premixed oxy-flame under an elevated
pressure of 341.3 kPa with side-wall effects is con-
sidered in a mixing layer case. A representative syn-
gas composition is injected from the upper inlet over



Upper inlet Lower inlet
Bulk velocity [m/s] 50 100
Temperature [K] 1223 298
Mass fraction [-]
H2 0.0085 0
CO 0.7852 0
CO2 0.0514 0
N2 0.1549 0
O2 0 1.0

Table 1: Operating conditions of the syngas oxy-flame
(IGAR ADEME project).

a width of 2 mm, while pure oxygen is supplied at
the lower inlet over 10 mm. A 0.2 mm splitter plate
separates these fuel and oxidizer inlets. The corre-
sponding boundary conditions (velocity, temperature
and species mass fractions) are summarized in Ta-
ble 1. A preliminary simulation of a turbulent period-
ical 3D channel flow initialized with the oxygen bulk
velocity serves as a database to impose a proper tur-
bulent inflow for the lower oxygen stream. A lami-
nar channel flow inlet profile is imposed for the close-
to-wall fuel stream. A non-slip wall is placed at the
top of the computational domain, while a symmetrical
boundary condition is employed at the bottom. Con-
vective boundary condition is used for the outlet of
the domain. Periodic boundary conditions are used
in the spanwise z direction. The temperature of the
upper wall Tw(x,t) is non-uniform and calculated so
that the heat flux locally reaching the wall is evacu-
ated mimicking water cooling, with a convective heat
transfer h = 3300 Wm−2K−1 and a water tempera-
ture To = 353 K (i.e., h(Tw −T0) = λ(∂T/∂nW )gas ,
where nW is the wall normal direction toward the gas).

The physical dimensions of the computational
domain are Lx = 100 mm, Ly = 12 mm and
Lz = 7.68 mm. One-dimensional canonical strained
non-premixed flames simulations were conducted to
calibrate the grid resolution. It was also verified
through a non-reacting simulation that the structure
of the wall boundary layer agrees with what is ex-
pected (viscous sub-layer, buffer layer and log-law).
The mesh composed of 66.44M cells is uniform in the
streamwise x and spanwise z directions, with the grid
spacing hx = hz = 60 µm. In the vertical y direction,
the mesh keeps a fine resolution of 20 µm for the up-
per region close to the wall (y > 10 mm), where the
flame is located. As y decreases from 10 to 0 mm, the
mesh gets coarser to reach a grid spacing of 100 µm
at the bottom of the domain. The first point off the top
wall is at y+ = 0.55, where the superscript ‘+’ de-
notes usual dimensionless near-wall quantities. There
are 9 grid points within y+ = 10 to resolve the viscous
layer near the wall [6]. The time step is fixed at 0.3
µs (CFL ≈ 0.8) with sub-iterations in a stiff-chemistry
ODE solver (CVODE).

The governing equations for the gas mixture are

solved with a low-Mach number in-house code [2, 3].
In the present study, the Lewis number is assumed
to be unity for all the species. 3D (Fig. 1) and 2D
simulations have been performed, in the present paper
only the 2D results are presented (for more details see
ref. [1]).

Figure 1: 3D DNS instantaneous iso-surface of Q criterion
coloured by gas temperature, Q = 107 s−2. Top
graph: distribution of instantaneous wall tempera-
ture along the centreline.

3 Machine learning chemistry re-
duction methodology

The training database for the ANN chemistry is built
from a turbulent non-adiabatic non-premixed micro-
mixing canonical problem, which was first discussed
for process control of selective non-catalytic reduction
(SNCR) [7, 8] and then extended to automated chem-
istry reduction [5].

As in the DNS of the non-premixed oxy-flame, two
inlets are considered and stochastic particles evolve
from initial conditions characterized by these inlets
given in Table 1. The number of stochastic particles
per inlet (i.e., the mass flow rates of the inlets [7]) are
organized so that the overall system operates under the
stoichiometric condition. Here, a total number of 1000
stochastic particles are employed in the reactor, at ini-
tial time 660 particles are assigned to the composition
and enthalpy of the fuel inlet and 340 particles to that
of the oxygen inlet.

From the initial condition at time t = 0, the species
mass fraction Yi(t) and sensible enthalpy hps(t) of
each stochastic particle evolve according to the follow-
ing equations:

dY p
i (t)

dt
= MIXp

i (τT ) + ω̇p
i , (1)

dhps(t)

dt
= MIXp

hs
(τT )+ ω̇

p
hs

−αloss (T − To) , (2)

where ‘MIX’ denotes the stochastic turbulent micro-
mixing closure for the diffusive budget, which is
here the well-established Euclidean minimum span-
ning tree (EMST) mixing model [9, 10]. τT denotes
the micro-mixing time and ω̇p

i and ω̇p
hs

are the species



and enthalpy chemical sources, respectively. The lin-
ear sink term αloss (T − To) in Eq. 2 represents con-
vective heat loss effects, as previously done in [11] in
the derivation of reduced chemical schemes devoted to
flame wall/interaction. To = 353 K is the temperature
of the cooling water in the DNS configuration. αloss is
the heat loss coefficient

(
W · kg−1 ·K−1

)
.

The value of the micro-mixing time is chosen in
line with the global turbulent mixing characteristics of
the shear layer. According to the inlet conditions, `T ,
the integral length scale in the fully developed zone
can be expected of the order of a few millimeters. Tak-
ing `T ≈ 3 mm and velocity fluctuations u′ of the or-
der of a few meters per second, τT ≈ `T /u

′ ∼ 0.3 ms.
Accordingly, the micro-mixing time is set at 0.3 ms
while the time step is 0.3µs, with sub-iterations to
solve for the stiff-chemistry part of the problem us-
ing CVODE. In fact, as soon as it does not prevent
ignition or favor very fast chemistry, varying the value
of τT was not found to have a major impact on the
results (see [5] for a discussion on the impact of τT
value on chemistry reduction using a similar stochas-
tic formulation). In the present case, the most cru-
cial point is to cover with Eqs. 1 and 2 the full range
of chemical responses starting from frozen flow mix-
ing, followed by ignition and fast oxy-flame burn-
ing, to end up with burnt products ubsequently sub-
jected to heat-loss. Equations 1 and 2 are solved using
the CANTERA package[12]. The reference GRI- 3.0
methane/air detailed mechanism [4] without NOx (35
chemical species and 217 elementary reactions) serves
as reference to test the reduction methodology.

The generated database has 18000 snapshots each
containing 1000 data. 2.7% of the data have a tempera-
ture below 320 K, these points with negligible sources
are dropped out, which leads to a final database of
17.5× 106 data.

Figure 2: Sketch of the ANN training process from the
micro-mixing database.

Figure 2 shows the overall ANN training proce-
dure from the micro-mixing database. The input of the
ANNs are the vectors φ(t) of the 10 species mass frac-
tions and temperature (N2 not included). The “target”
(or “label”) of each input vector is the corresponding
reaction rates ω̇i = (φi (t+ δto)− φi(t)) /δto, with
δto = 0.3 µs, the time step of flow simulations in the
present work (close to the shortest chemical time scale

Layer type Activation function Output Shape
Input − (None, 11)
Dense ReLU (None, 512)
Dense ReLU (None, 256)
Dense ReLU (None, 128)
Dense ReLU (None, 64)
Dense ReLU (None, 16)
Dense (Output) − (None, 11)

Table 2: Structure of the sequential ANNs used.

observed for the intermediate species retained in the
mechanism). Organizing the sources in this form is
convenient for the subsequent coupling with flow sim-
ulation following two options: In the case where a spe-
cific time integration method for stiff differential sys-
tems is preferred, the source can be used directly. If
sub-iterations take place with the time step δt > δto,
interpolations will be needed to estimate ω̇i(t). A sec-
ond option for the coupling with the flow, is to di-
rectly read from the ANNs φi(t + δt). Here again, if
δt > δto, sub-iterations will be required to secure ac-
curacy. The second option is used thereafter and since
δt = δto in our flow simulation, sub-iterations are not
performed. The chemical sources of the reduced set
of Nr

S = 11 species (source of N2 is set to zero) are
computed from the detailed chemical scheme with the
NS = 35 species.

Within the information from the stochastic parti-
cles containing 17.5 × 106 data, 3.5 × 106 (20%)
of them are randomly selected to form the testing
database, while the remaining 14 × 106 (80%) con-
stitute the training database. All data contributing to
the “input vectors” and to the “targets” are normalized
by their respective maximum absolute value over the
entire database, and these maximum levels are stored.

The exact structure of the sequential ANNs1is
summarized in Table 2 . Five fully connected dense
layers are employed between the input and output lay-
ers. Each neuron of the dense layers2 (see green cir-
cles in Figure 2) performs the following two opera-
tions: a weighted sum of inputs from all the neurons of
the previous layer and the subsequent calculation of a
non-linear activation function. In the present study, the
popular rectified linear unit (ReLU) activation func-
tion is used:

ReLU(x) = max(x, 0) . (3)

The training of the ANNs is performed using
the TensorFlow Python library with GPU support
(www.tensorflow.org). The neural weights are ad-
justed during the training process until a satisfying
minimal error is obtained between the ‘target” sources

1In a sequential ANN, each layer has exactly one input tensor
and one output tensor.

2dense layer is driven by the same formulas as the linear lay-
ers, but the end result is passed through a non-linear function called
’Activation function’.



and the ones predicted by the ANNs. The network is
trained for 500 epochs to reach convergence, which re-
quires for the main ANN about 3.2 hours on an Nvidia
GeForce GTX 1080 Ti GPU.

The performance of the ANNs has been first eval-
uated a-priori on the testing database containing 3.5×
106 data unseen during training. The mean-square er-
ror between the ANN predictions and the targets is
9.2× 10−7.

4 Reference reduced-scheme

Combining a directed relation graph analysis
(DRGEP) [13] with a genetic algorithm[5], an 11
species reduced scheme was previously derived with
the simple pairwise Curl mixing model [14] and
validated for the syngas oxy-flame considered here
[1] (see ref. [1] for the reduced mechanism details).
Both the GRI-3.0 and this reduced-scheme will serve
as references thereafter. The most important species
found: O, O2, H, H2, OH, HO2, H2, O, H2, O2,
CO, CO2 and N2 and the temperature are retained
to constitute the reduced set of thermochemical
variables.

5 Detailed, reduced and ANN-
reduced chemistry in 2D simu-
lations

The comparison of the 2D DNS results between the
detailed GRI-3.0, the 11-species reduced mechanism
and the ANN chemistry are shown in Fig. 3 and
4 (streamwise and spanwise distributions). Statisti-
cal averages have been collected for 10 flow-through
times after the flow is fully established.

Until the position x ≈ 8 mm along the planar fuel
jet centerline (Fig. 3), the averaged streamwise veloc-
ity distribution decreases. At this streamwise location,
the non-premixed syngas/air mixture starts to ignite,
as indicated by the increase in temperature, while CO
and H2 decrease to produce CO2 and H2O (Fig. 3). At
15 mm from the nozzle inlet, approaching the cooled
wall, the chemistry slows down (x = 0 in Fig. 4).
From this streamwise position the flame progressively
spreads, to approach the close vicinity of the wall and
the plate progressively heats up (Fig. 4(c)). Overall,
the system is fuel-lean and the mass fraction of O2 in-
creases along the centerline. Comparing against the
simulation with the reference detailed GRI-3.0 chem-
istry mechanism (circles in Figs. 3 and 4), velocity,
temperature and all the major species are well captured
by the ANN-DNS (dashed-lines). Considering the rad-
icals and minor species, the ANN-DNS shows a good
prediction on the two major radicals O and OH, while
it tends to over-predict HO2 and under-predict H2O2

The statistics from the simulation with the reduced
mechanism (solid lines) are also very close to the de-
tailed chemistry DNS. For the H radical, the ANN-
DNS returns a closer agreement against the reference
detailed mechanism (Fig. 4 ). Because of the large
number of sub-steps involved in the generation of both
the ANN chemistry and the reduced mechanism, it is
difficult to identify the exact underlying reason for this
behavior of the H radical. This is one of the weak point
of data driven approaches, in the forest of neural con-
nections and weights, it is barely feasible to track back
specific relations between the species which lead to the
behavior of intermediate minor species. However, it is
likely that learning from the large number of informa-
tion available during the training phase, was helpful
for the prediction of radicals.
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Figure 3: Averaged distributions along the planar fuel-jet
centerline (y = 11 mm). Symbols: GRI-3.0. Solid
line: Reduced mechanism. Dashed line: ANN
chemistry. Streamwise velocity and major species
mass fractions: CO2, CO, O2 , H2 and H2O2.

0 2 4 6 8
0.0

0.4

0.8

1.2

(a)                CO2    O2     CO      OH*30  H*2000  

GRI-3.0        

Reduced      

ANN              

M
a
s
s
 f
ra

c
ti
o
n
 (

-)

Distance from the top wall (mm)

     

     

     

 

 

 

300

900

1500

2100

2700

3300
   T

 

 

 

T
e
m

p
e
ra

tu
re

 (
K

)

0 2 4 6 8
0.0

0.4

0.8

1.2

(b)                CO2    O2     CO      OH*30  H*2000  

GRI-3.0        

Reduced      

ANN              

M
a
s
s
 f
ra

c
ti
o
n
 (

-)

Distance from the top wall (mm)

      

      

      

 

 

 

300

900

1500

2100

2700

3300

   T

 

 

 

T
e
m

p
e
ra

tu
re

 (
K

)

Figure 4: Spanwise averaged distributions of CO2, O2, CO,
OH , H mass fractions and temperature. Symbols:
GRI-3.0. Solid line: Reduced mechanism. Dashed
line: ANN chemistry. Top: 15 mm from the nozzle
inlet. Bottom: 50 mm from the nozzle inlet.



Figure 5: Instantaneous distribution of temperature with the stoichiometric mixture fraction in white line. (a) and (b): infinitely
fast chemistry, (c), (d): ANN-reduced chemistry. Right: zoom in the vicinity of pure oxygen injection.

The computational cost of the coupled ANN-DNS
approach is given for the 2D simulations, which in-
clude all three approaches (detailed, reduced and
ANN). For solving the chemical source part of the
problem, simulations with ANN chemistry are 25
times faster than those with the GRI-3.0 detailed
mechanism, and 3 times faster than the 11-species re-
duced mechanism. This speed-up results mainly from
the fact that Arrhenius rates calculation are not needed
and the time integration of stiff chemical sources is
also avoided when the option of directly reading the
species increments from the ANN is chosen. The com-
putational time for solving the convective-diffusive
part of the turbulent flame mainly depends on the num-
ber of species to be transported, it is therefore similar
for the ANN-DNS and reduced chemistry DNS. (Same
remarks apply to the 3D-DNS.)

6 ANN within Code Saturne

The ANN-reduced chemistry from section 3 has been
introduced in Code Saturne (version 6.0.0), an open-
source software released by EDF (Electricité De
France). In the released version of Code Saturne, sev-
eral turbulence models are available, from Reynolds-
Averaged (RANS) models to Large-Eddy Simulation
(LES) for non-reacting and reacting mixtures. How-
ever, the combustion modeling assumes infinitely fast
chemistry. The diffusion combustion model is based
on the transport of the mixture fraction and its vari-
ance which are the entry parameters to construct a pre-
sumed PDF (Probability Density Function). While this
modeling approach is fast and convenient for a first
estimation, it fails to fully capture the flame stabilisa-
tion especially in conditions where auto-ignition plays
a leading role and also no information on intermedi-
ate species concentration are available. The introduc-
tion of the ANN-reduced chemistry in Code Saturne
allows for taking into account a realistic chemistry at a
low cost since both the computation of Arrhenius laws
and the use of a specific solver such as CVODE for
handling the stiff-chemistry, are avoided.

A turbulent non-premixed oxy-flame enclosed in

a nozzle under an elevated pressure of 341.3 kPa has
been considered, a configuration representative of a
complex industrial design. A mesh featuring 7.8M
tetrahedrical cells has been used where the size of cells
varies from 0.7 mm in the finest zone, close to the in-
jection, to 10 mm toward the domain outlet. Close to
walls, the parameter y+ is between 0.18 and 10. The
system is composed of two co-axial axisymmetric in-
lets, the oxidizer inlet located at the center (31.5 mm
radius) is surrounded by the the syngas inlet (180 mm
radius).The full system is composed successively of a
convergent nozzle and a divergent nozzle. The compo-
sition and the respective temperature of the reactants
are the one of the flame/wall interaction considered
above. The bulk velocity is 100 m/s in the oxidizer
and 50 m/s in the syngas.

A no-slip wall condition is applied on solid bound-
aries with a two scale friction velocities (log-law) con-
dition and all walls are considered adiabatic. The
WALE model has been employed to close the sub-
grid fluxes. The species mass fractions of the species
considered in the ANN and the temperature are trans-
ported with the flow. At the time step t, these scalars
are convected, diffused and then converted into a nor-
malised vector to enter the ANN. The ANN output
are the corresponding normalised increment applied
to advance the solution in time. The new tempera-
ture allows for updating the density field (low-Mach
number formalism). At this stage of the development,
the scalar increments are applied without accounting
for unresolved subgrid-scale fluctuations. The simula-
tion time step is set to 1 µs, which is larger than the
time step involved in the ANN method (0.3 µs), sub-
iterations are then performed.

The simulation with the ANN-LES full coupling
is only 1.6 times slower than the simulation with in-
finitely fast chemistry.

The comparison between infinitely fast chem-
istry and ANN-reduced chemistry is shown Fig. 5.
The zoom on the flame anchoring shows that ANN-
reduced chemistry succeeds in capturing the lift-off of
the flame while this effect is overlooked with infinitely
fast chemistry.



7 Conclusions

The newly developed machine learning chemistry pro-
cedure relying on the training of an ANN with a turbu-
lent micro-mixing based canonical problem computed
with detailed chemistry, has been thoroughly validated
with DNS of a simple mixing layer configuration in
the context of syngas oxy-combustion. Then, the in-
troduction of the trained ANN in the open-source soft-
ware Code Saturne has been performed with success.
The LES of a configuration of industrial interest is
conducted allowing for retrieving at a very moderate
CPU cost the flame dynamics driven by auto-ignition.
This novel approach appears as a very promising tool
well-adapted to study both canonical flows and com-
bustion systems of industrial interest.
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Abstract
A combustion regime identification based on con-

volutional neural networks (CNNs) is developed us-
ing the recently proposed gradient-free regime iden-
tification (GFRI) approach applied to two turbulent
CH4/air jet flames featuring multi-regime characteris-
tics. The training and the subsequent application of
the CNN rely on the processing of one-dimensional
Raman/Rayleigh line measurements of species mass
fractions and temperature (CNN input). The combus-
tion regime index is then readily predicted at every
point along the measured line (CNN output). For train-
ing the neural network, the combustion regime index
is first determined using the GFRI method (Hartl et al.,
2018) based on the chemical explosive mode analysis
(CEMA). Six classes of combustion regimes, includ-
ing premixed (P), dominantly premixed (DP), multi-
regime (MR), dominantly non-premixed (DNP), non-
premixed (NP), and lean back-supported (LBS), are
well detected by the trained CNN, with a pixel-wise
accuracy of more than 85% for burner operating con-
ditions unseen during training (different free-stream
equivalence ratios). The quasi instantaneous neural
network response provides a perspective towards real-
time global combustion regime identification for pol-
lutants emission control. From the results, it is also
concluded that introducing physical insight, by com-
bining advanced experimental (Raman/Rayleigh line
measurements) and numerical analysis (GFRI), allows
for reducing the amount of data needed to train neural
networks.

1 Introduction

Complex multi-regime combustion scenarios, includ-
ing premixed, partially premixed and non-premixed
flames, are commonly reported in combustion systems
due to partial premixing of the reactants before they
enter the reaction zones, or because of strong finite
rate chemistry effects, or even local quenching. The
so-called Takeno’s flame index [1] is the most popu-

lar identifier of local combustion regimes. This flame
index exploits information on the degree of align-
ment between fuel and oxidiser gradients, to deter-
mine the nature of the local combustion regime rang-
ing between the two canonical ones, premixed flame
(fuel and oxidizer gradients pointing in the same di-
rection) and diffusion flame (gradients in opposite di-
rections). This indicator and its slightly modified ver-
sions have been popularised by the analysis of the
topological properties of reaction zones in direct nu-
merical simulation (DNS) [2, 3, 4] and large-eddy
simulation (LES) [5, 6, 7]. Because they require the
knowledge of three-dimensional gradients of multi-
ple scalars, these combustion regimes identifiers, and
others based on molecular diffusive fluxes estima-
tions [8, 9, 6], have seldom been extended to exper-
imental measurements [10].

Recently, Hartl et al. [12, 11] proposed a novel
combustion regime characterization solely relying on
spatial one-dimensional Raman/Rayleigh line mea-
surements of major species concentrations and tem-
perature. In this approach, to complement the knowl-
edge of the Raman/Rayleigh accessible major species
and temperature, the full thermochemical state of
each measured point is first approximated by simu-
lating a homogeneous constant-pressure and constant-
temperature reactor. After the radicals and minor
species have built up, the heat release rate (HRR) is
calculated and the chemical explosive mode analy-
sis (CEMA) is performed [13]. These two key flame
markers are then combined with the mixture fraction
(or local equivalence ratio), to identify different com-
bustion regimes, thanks to a gradient-free regime iden-
tification (GFRI) strategy [12, 11]. It was evaluated
using DNS of stratified flames [14] and applied to
a lifted flame experiment [15] and to the Darmstadt
multi-regime burner configuration [11]. In the latter
work, GFRI was extended by an automated procedure
to characterize local flame structures based on the rel-
ative HRR from premixed and non-premixed reaction
zones in close proximity.

This gradient-free combustion regime identifica-



Table 1: Multi-regime burner operating conditions [11]. ub (m · s−1) is the bulk velocity and φ the equivalence ratio.
Case Central jet Slot 1 Slot 2

ub φ ub φ ub φ
MRB18b 105 1.8 15 0 20 0.8
MRB26b 105 2.6 15 0 20 0.8

Table 2: Values of the combustion regime index ξ and corre-
sponding regime.

ξ Combustion regime

0 Not burning NB
1 Premixed P
2 Dominantly premixed DP
3 Multi-regime MR
4 Dominantly non-premixed DNP
5 Non-premixed NP
6 Lean back-supported LBS
7 Dummy value

tion has been shown to be robust and accurate.
Nonetheless, a quite large amount of CPU time is re-
quired to process the measurements and predict the
corresponding combustion regime. In the present
study, the gradient-free identification regime is com-
bined with a convolutional neural network, to provide
an ultra-fast and reliable combustion regime determi-
nation based on thermochemical properties.

2 Methodology

2.1 1D Raman/Rayleigh measurement
database

One-dimensional Raman/Rayleigh/CO-LIF line imag-
ing has been collected on the multi-regime burner
(MRB) configuration with the experimental appara-
tus detailed in [11]. The burner consists of three co-
flowing inlet streams, a central jet and two slots (Table
1). The ensemble is protected from the environment
by an additional air coflow at 1 m/s. To facilitate laser
measurements in the vicinity of the burner, the three
inlet streams are inclined by 26◦ from each other. The
central jet tube, with an inner and outer diameters of
3.0 mm and 3.3 mm, respectively, is surrounded by
the first annular slot of 7.0 mm diameter, followed by
a second annular slot between 40 mm and 60 mm from
the burner centerline. The outer diameter of the burner
is 80 mm. Varying the equivalence ratios of the jets,
numerous combustion regimes have already been re-
ported [11].

Single-shot distributions along 6 mm sample lines
of species mass fractions, i.e., H2, O2, CO, CO2, CH4,
H2O, and N2, and temperature are available with a
data spacing of 20 µm for five downstream locations
(h = 15, 22.5, 30, 60 and 90 mm) [11]. They have

been obtained using spontaneous Raman scattering,
Rayleigh scattering, and two-photon CO-LIF diagnos-
tics, leading to more than 1000 samples for most mea-
surement locations. These radial profiles were col-
lected by traversing the burner in the direction of the
laser axis.

The combustion regimes are first determined at
every point of the sampled instantaneous lines via
GFRI [12, 11] (Table 2). In total six classes are consid-
ered: premixed (P), dominantly premixed (DP), multi-
regime (MR), dominantly non-premixed (DNP), non-
premixed (NP), and lean back-supported (LBS).

2.2 CNN regime identification
As shown in Fig. 1, the convolution neural network
(CNN) used contains a downsampling (left side) and
an upsampling path (right side). One downsampling
step consists of two padded one-dimensional convolu-
tions with a kernel of 3 (the dimension of the filter is
the number of channels of the incoming layer × 3, e.g.,
at the first downsamping step following the input layer
the dimension of the filter for the first convolution is 8
× 3, while that for the second convolution becomes 64
× 3), each followed by a rectified linear unit (ReLU)
and a maxpooling operation with stride 2. The number
of feature channels are doubled at each downsampling
step. In practice, the number of kernels in each filter is
the number of channels of the incoming layer. Then,
the number of filters for each convolution is the num-
ber of channels of the outcoming layer. Hence, the to-
tal number of kernels for each convolution is the prod-
uct of the number of channels at the incoming layer by
the number of channels at the outcoming layer (e.g., at
the first downsampling step following the input layer
8 × 64 kernels are used for the first convolution, while
64 × 64 kernels are used for the second convolution).

The upsampling path is a mirrored version of the
downsampling path: it includes an upsampling oper-
ation which halves the number of feature channels, a
concatenation operation which merges the correspond-
ing feature map from the downsampling path, and two
padded one-dimensional convolutions, each followed
by a ReLU. At the final layer, a convolution with a ker-
nel of 1 is used, with a Softmax activation to classify
each 64-component feature vector to one of the eight
combusion regimes. Tests have been performed with
a single or three convolutions for each downsampling
and upsampling step applied to the database, but as
usual for the U-Net [16] architecture, the best results
are obtained with two convolutions.



Figure 1: Structure of the CNN for combustion regime identification.

The resulting neural network contains 10,826,504
weights, which need to be trained. Three of the five lo-
cations (h = 15, 30 and 90 mm) of the MRB26b dataset
are used for training the CNN. The remaining location
of MRB26b (h = 22.5 and 60 mm) and all the 5 loca-
tions of MRB18b form the testing dataset to assess the
performance of the CNN.

The training of the CNN is performed using the
TensorFlow Python library with GPU support (www.
tensorflow.org). A series of convolution, max-
pooling and upsampling operations are performed iter-
atively, in which the neural weights are modified until
a satisfying minimal departure is obtained between the
“target” combustion regime index ξ and the CNNs pre-
dictions. The Adam optimizer [17] is applied with a
sparse-categorical-crossentropy loss function compar-
ing the prediction against the target.

To relieve overfitting, a drop-out rate of 50% is ap-
plied before the last maxpooling and the first upsam-
pling operations (See Fig. 1). Data augmentation is
also employed during training, to increase the qual-
ity of the results. A mirror operation is first applied
to each training sample line, to avoid the emergence
of a preferential direction, then each original line now
appears twice, in its original form and mirrored. Addi-
tionally, an uncorrelated random perturbation of 5% is
added to each of these training sample lines, to build
a new version of each original and mirrored lines with
noise added. The “target” of the noise-added versions
remains the same, thus mitigating the risk of overfit-
ting. The final training dataset is the combination of
the original, mirrored and noise-added versions, lead-
ing to a total of 33924 sample lines feeding the CNN
for training.

The training is performed on a batch of 1024 lines,

leading to 34 steps per “epoch”/iteration. The learning
rate [18] is initially set to 0.0003 and decays versus the
steps (n) according to

lr =
0.0003

1.0 + 0.0001 ·n
. (1)

The network is trained for 200 epochs to reach
convergence, this requires about 45 minutes on an
Nvidia GeForce GTX 1080 Ti GPU. The trained CNN
reaches a prediction accuracy of 99.3% for the train-
ing database. Once trained, returning the combustion
regime from an input line is quasi instantaneous.

3 Results
Figure 2 shows representative results for three sample
lines from h = 22.5 mm and one from 60 mm of this
MRB26b case. For the sample line 1 of h = 22.5 mm
(Fig. 2(a)), a first premixed zone (ξ = 1) around x =
75 pixels and a second one around x = 128 pixels fol-
lowed by a multi-regime zone (ξ = 3) are well detected
by the CNN. The profiles at the end of the sample line
(x between 233 and 256 pixels) are dummy values to
keep a uniform CNN input, which is indicated by ξ = 7
and is also well captured by the CNN. For the sample
lines 2 (Fig. 2(b)) and 3 (Fig. 2(c)) of h = 22.5 mm,
one lean back-supported zone (ξ = 6) and one domi-
natly premixed zone (ξ = 2) are well detected on each
of the two sample lines, respectively. For the sample
line of h = 60 mm (Fig. 2(d)), the prediction of CNN
agrees well with the GFRI result, which detects a dom-
inantly non-premixed zone (ξ = 4), a non-premixed
zone (ξ = 5) and a multi-regime zone (ξ = 3) along
the line.

www.tensorflow.org
www.tensorflow.org
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(a) h = 22.5 mm, sample 1
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(b) h = 22.5 mm, sample 2
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(c) h = 22.5 mm, sample 3
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(d) h = 60 mm

Figure 2: Sample 1D lines at two h streamwise positions of
MRB26b (Table 1). Left axis: Normalized mass
fractions and temperature. Right axis: combustion
regime index (Table 2). Circle: GFRI, one of every
three pixels is plotted. Line: CNN.

Figure 3 shows representative results for three
sample lines from four different streamwise positions
of the MRB18b case. The lean back-supported zone
(ξ = 6) at h = 15 mm (Fig. 3(a)), two premixed zones
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(b) h = 30 mm
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(c) h = 60 mm
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(d) h = 90 mm

Figure 3: Sample 1D lines at four h streamwise positions of
MRB18b (Table 1). Left axis: Normalized mass
fractions and temperature. Right axis: combustion
regime index (Table 2). Circle: GFRI, one of every
three pixels is plotted. Line: CNN.

(ξ = 1) at h = 30 mm (Fig. 3(b)), and one multi-
regime zone (ξ = 3) and one non-premixed zone (ξ =
5) at h = 90 mm (Fig. 3(d)) are well captured by the
CNN. At h = 60 mm (Fig. 3(c)), the CNN predicts a



large entire dominatly premixed zone (ξ = 2) instead
of two separate ones indicated by the GFRI, but this
should be acceptable since the two separate ones are
closely adjacent. These profiles have been chosen to
illustrate the limitation of the approach observed for a
few points. A mismatch is seen at h = 15 mm (Fig.
3(a)), where around x = 85 pixels of the line sample,
the GFRI indicates a multi-regime zone, which is not
detected by the CNN. Besides, at the x = 139 pixels
of the line sample at h = 30 mm (Fig. 3(b)), the CNN
predicts a premixed zone but the GFRI indicates a lean
back-supported zone. Nevertheless, those mismatches
contribute only a minor proportion to the overall com-
bustion regime characteristics of an entire sample line.

By comparing the combustion regime index pre-
dicted by the CNN, ξcnn(x), to the reference combus-
tion regime index, ξref(x), determined by the GFRI
approach [12, 11] at every pixel of the 18675 sam-
ple lines, 86.1% of prediction accuracy is found for
this quite challenging complex multi-regime MRB18b
dataset unseen during training. The CPU time re-
quired for CNN prediction is of 2 s for the entire
MRB18b dataset. Figure 4 displays the accuracy of
the CNN over each of the five downstream locations
of the MRB18b case. A precision of more than 85% is
achieved for every location, which confirms the CNN
accuracy.
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Figure 4: Prediction accuracy of the CNN over the five
downstream locations of h = 15, 22.5, 30, 60
and 90 mm of the MRB18b dataset.The horizon-
tal dashed line represents an accuracy of 85%.

4 Conclusion
A convolutional neural network (CNN) has been
trained to determine combustion regimes in a
methane-air turbulent flame from Raman/Rayleigh
one-dimensional measurements of major species (H2,
O2, CO, CO2, CH4, H2O, and N2) and tempera-
ture. The experimental data from a recently inves-
tigated multi-regime laboratory scale burner [11] are
first processed with the gradient free regime identifica-
tion (GFRI) method [12, 11], to generate a pixel-wise
combustion regime database.

The CNN is trained at various heights along the
burner axis for one operating condition and tested at

two locations not included in the training. Then, the
CNN is applied to a different burner operating condi-
tion, for which the free-stream equivalence ratios have
been modified. Six classes of combustion regimes,
including premixed (P), dominantly premixed (DP),
multi-regime (MR), dominantly non-premixed (DNP),
non-premixed (NP), and lean back-supported (LBS),
are well detected by the machine learning approach,
with an accuracy of more than 85% for a dataset un-
seen during training. This accuracy needs to be put
in perspective with the level of detail included in the
analysis, which lead to consider six combustion sub-
regimes, hence with a refinement that is not possi-
ble by most combustion regime identification proce-
dures available so far. Indeed, usually three regimes
(premixed, diffusion and partially premixed) only are
distinguished by gradient or flux-based regime iden-
tification methods. Also, the combustion regime pre-
diction in this study is pixel-wise, while most com-
bustion regime identification methods usually operate
over flow zones. In practice, the CNN can also be
used to determine the dominant combustion regime
observed in a single shot, or a series of shots defin-
ing a flow zone, still benefiting from the high level of
confidence provided by GFRI initially used for train-
ing.

The training dataset of the present work is much
smaller than typical deep learning datasets, even
though returning quite accurate predictions. Com-
pared to the most advanced combustion regime identi-
fication, as GFRI, the CNN is ultra-fast, making it pos-
sible to envision real-time combustion regime identifi-
cation for advanced flame control, in order to mitigate
pollutant emissions occurring under given local com-
bustion regimes.

Once trained for a given range of fuel/air mixtures,
it is expected that the neural network can be applied
to different burner geometries. However, so far it can-
not be expected very precise for free-stream equiva-
lence ratios that would be far from those seen during
the training phase.

Acknowledgments
Financial support is kindly acknowledged from

the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) - Projektnummer 325144795.
The first author is supported by ADEME (Agence
de l’Environnement et de la Maı̂trise de l’Energie,
France) under the project IGAR (Injection de Gaz
de Recycle) Grant Nb 1882C001. Computing re-
sources were provided by CRIANN (http://www.
criann.fr).

References

[1] H. Yamashita, M. Shimada, T. Takeno, A nu-
merical study on flame stability at the transition

http://www.criann.fr
http://www.criann.fr


point of jet diffusion flames, Symposium (Inter-
national) on Combustion 26 (1) (1996) 27 – 34.

[2] Y. Mizobuchi, J. Shinjo, S. Ogawa, T. Takeno,
A numerical on the formation of diffusion flame
islands in a turbulent hydrogen jet lifted flame,
Proc Combust Inst 30 (2005) 611–619.

[3] P. Domingo, L. Vervisch, J. Réveillon, DNS
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Abstract
This paper deals with forcing techniques for Large

Eddy and direct numerical simulations. The proposed
forcing is based on a reconstruction approach which
consists in introducing synthetic fluctuations in the
Navier-Stokes equations. The Random Fourier Modes
method is employed to build the synthetic field. The
quality of the forcing is assessed from two-point and
two-time correlation functions as well as from the
shape of energy spectrum and time evolution of tur-
bulent kinetic energy. In order to control the turbu-
lent kinetic energy level, selected modes are chosen,
with the aim of mimicking spectral space forcing tech-
niques. The proposed forcing is tested on the standard
case of homogeneous isotropic turbulence.

1 Introduction
Forcing techniques generally rely on the addition

of a body force to the Navier-Stokes equations. The
first forcing techniques have been developed in spec-
tral space for computational cost sakes and have been
then widely elaborated in physical space. Forcing in
physical space consists in injecting energy over the
entire wave number band while only a specific wave
number range is specified when forcing in spectral
space. This specific wawe number range is usually
centered on low wave numbers to only affect the large
scales of the flow and to minimally damage the inertial
subrange.

Forcing techniques in physical space are based on
Lundgren’s (2003) methodology which is an efficient
way to sustain turbulence. Turbulent kinetic energy
analysis suggests that the term u′j∂ jui in the trans-
port equation for the fluctuating part of the velocity
u′i is responsible for turbulent production. This term
cancels for homogeneous isotropic turbulence which
led Lundgren to develop the linear forcing method
by adding a forcing term proportional to the veloc-
ity in the Navier-Stokes equations. Although effec-
tive and simple to implement this method leads to
an oscillatory behaviour with large turbulent kinetic
energy amplitudes and the resulting integral length-
scale L|| = U3

rms/ε is imposed by the domain size as
L|| ∼ 0.2Lbox. In order to reduce oscillations on the

turbulent kinetic energy behavior, the introduction of
a control term based on the turbulent kinetic energy
budget has been proposed by Carroll and Blanquart
(2013). This control term also reduces the initial tran-
sient phase. Furthermore, De Laage de Meux et al.
(2015) proposed to use a filtering procedure to ensure
a resulting integral lengthscale independent of the do-
main size.

In the present work, an alternate approach is inves-
tigated that consists in introducing synthetic velocity
fluctuations through a linear-like forcing technique ap-
proach. The methodology is presented in Sec. 2 and
the selective forcing to control the turbulent kinetic en-
ergy is introduced in Sec. 3. Finally, Sec. 4 outlines
the main results.

2 Methodology
The proposed forcing technique consists in in-

troducing velocity fluctuations in the filtered Navier-
Stokes equations following a reconstruction approach
(Sagaut (2004)). This approach consists roughly in
substituting the resolved velocity by the sum of the re-
solved velocity and a synthetic component us

i . This op-
eration leads to new terms in the filtered Navier-Stokes
equations but we assume here that all these terms can
be neglected at least for HIT except for the unsteady
term, leading to the following forcing:

∂ ũi

∂ t
+ ũ j

∂ ũi

∂x j
=− 1

ρ
∂ p̃
∂xi

+ν
∂ 2ũi

∂x j∂x j
− ∂τi j

∂x j
− ∂us

i
∂ t

(1)
in which ũi, p̃, ν and τi j are respectively the resolved
velocity, the resolved pressure, the kinematic viscos-
ity, and the subgrid stress tensor. This approach is for-
mally equivalent to the method proposed by Schmidt
and Breuer (2017) in which the last term on the right
hand side of Equation (1) plays the role of the forc-
ing term. In their approach, the synthetic velocity is
frozen, i.e. time independent. In order to recover the
two-time correlations a relaxation time based on Tay-
lor’s hypothesis is used instead of the temporal deriva-
tive. Then the synthetic velocity field is preliminary
filtered by a temporal exponential moving average be-
fore being injected into the computation. The result-
ing forcing writes as the ratio of a filtered stochas-



tic synthetic velocity ûs
i , prescribed randomly at each

time step by a specified characteristic turbulent time
scale. The forcing term is therefore expressed in a
similar way as in the linear forcing approach, Lund-
gren (2003) and Bassenne et al. (2016):

∂ ũi

∂ t
+ ũ j

∂ ũi

∂x j
=− 1

ρ
∂ p̃
∂xi

+ν
∂ 2ũi

∂x j∂x j
− ∂τi j

∂x j
+

ûs
i

T
(2)

The present approach uses an unfrozen synthetic ve-
locity field through the introduction of a stochastic
time frequency.

The synthetic velocity used in this study originates
from the work of Kraichnan (1970) which has been
later extended by Fung et al. (1992), providing an un-
frozen synthetic velocity field.

us(x, t) = 2
N

∑
n=1

ûn cos(κn · x+ψn +ωnt)σn (3)

where ûn, ψn, σn and ωn correspond respectively
to the amplitude, the phase, the direction and the
time frequency of the nth Fourier mode related to the
wave vector κn. The amplitude is written as ûn =√

E(κn)δκn, where E(κ) is a prescribed energy spec-
trum and δκn denotes the wave number step of the
nth mode in the interval [κ1,κN ]. The probability den-
sity functions for the parameters ϕn, θn,αn and ψn are
given in Table 1 and are chosen to satisfy homogeneity
and isotropy conditions (see for instance Béchara et al.
(1994) and Janin et al. (2021) for more details).

Table 1: Probability density functions of random vari-
able

Pdf Interval
P(ϕn) = 1/π 0≤ ϕn ≤ π

P(θn) = sin(θn)/2 0≤ θn ≤ π
P(αn) = 1/(2π) 0≤ αn ≤ 2π
P(ψn) = 1/(2π) 0≤ ψn ≤ 2π

Two different frequency are used to carry out this
study. The first frequency ωn is defined as:

ωn =

√
π
2

λn

T
= λnω̆n (4)

in which T corresponds to the prescribed turn-
over time scale and λ is a normal random vari-
able which could be set to be deterministic, i.e.
λ ∼ N (λm,λσ = 0) or stochastic, i.e. λ ∼
N (λm,λσ > 0). The turn-over time scale T is mode
independent and therefore its corresponding frequency
ω = ω̆n is referred to as constant frequency.

Rather than using a deterministic value for λ , the
use of a Gaussian distribution plays a crucial role in re-
covering two-time correlations of the synthetic veloc-
ity us

i . Indeed, a stochastic value for λ prevents from
strong oscillations on the behavior of the two-time cor-
relation function as mentioned by Favier et al. (2010).
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Figure 1: Two-time correlation functions of the syn-
thetic velocity us

i for different Gaussian distributions
λ ∼N (λm = 0.6,λσ ). Calculated from Equation (5).

When looking at the two time correlation function, and
considering the frequency ωn = λnω , we get:

R(τ) =
us

1(t)u
s
1(t + τ)

us
1us

1
=

1
ks

N

∑
n=1

û2
ncos(λnωτ) (5)

where τ is the separation time. By using the central
limit theorem and by ensuring in practice that N > 30,
Equation (5) becomes:

R(τ) −→
N→+∞

1
ks

N

∑
n=1

û2
nexp

(
−1

2
(λ 2

m +λ 2
σ )ω

2τ2
)

(6)

In order not to alter the correlation function, one needs
to ensure that (λ 2

m+λ 2
σ ) = 1. In addition, as explained

by Favier et al. (2010), the condition λσ > λm must be
satisfied to avoid negative loops as depicted in Figure
1. The following Gaussian distributions is assessed in
this work: λ ∼N (0.6,0.8).

The
√π

2 factor in the definition of the frequency
ω Equation (4) allows to theoretically recover the pre-
scribed turn-over time scale T . Indeed, the turn-over
time scale is defined as the integration of the two time
correlation function. Integrating Equation (6) from
zero to infinity leads to the recovery of a factor π

2 in the
numerator which is a classical Gaussian integration re-
sult. Therefore, without this coefficient the turn-over
time scale would be increased.

The second frequency follows the straining hy-
pothesis which states that large scale frequencies only
depend on size and energy of the larger eddies and is
defined as:

ωn = λn

√
κ3

n E(κn) (7)

This frequency choice aims at injecting more physics
through the synthetic velocity into the Navier-Stokes
equations. The same Gaussian distribution as for the
constant frequency is used in this work.

In order to express the amplitude of the synthetic
velocity, the choice is made to use the Passot-Pouquet



Figure 2: Selective forcing scheme. Blue area: forc-
ing starts from the lowest wave number κmin to the
time depending wave number κNc . Dotted area: Forc-
ing starts from the time depending wave number κns to
the cut off wave number κcut .

(PP) energy spectrum which provides a description of
the largest scales. The PP energy spectrum reads as:

E(κ) = αekLe(κLe)
4 exp−2(κLe)

2 (8)

where Le is the wavelength associated with κe respon-
sible for the most energetic eddies. In other words,
E(κ) reaches its peak at κ = κe. This spectrum only
represents large eddies while the inertial range is omit-
ted, thus a coarse grid is sufficient to recover all wave
numbers containing energy. Le is related to the integral
length scale L|| as:

Le = αLL|| (9)

The coefficient αe and αL are given by:

αe =
32
3

√
2
π
≈ 8.511, αL =

1√
2π
≈ 0.3989 (10)

3 Kinetic energy monitoring
The resolved kinetic energy kr has to be controlled

to ensure that it reaches the target filtered kinetic en-
ergy k†

r . It should be recalled that the synthetic veloc-
ity is parametrized by the target total turbulent kinetic
energy and the target integral length scale through the
formulation for the energy spectrum. Here, the target
resolved turbulent kinetic energy is directly linked to
the target total kinetic energy k† leading to the defi-
nition of the ratio r = k†

r/k†. This ratio is estimated
using the formulation of the considered energy spec-
trum model.

In the following, we present a strategy for monitor-
ing the resolved kinetic energy based on the turbulent

Table 2: Summary table of study parameters

Parameters Unity L|| = 0.5m L|| = 0.8m L|| = 1.2m
L||/Lbox - 8% 13% 19%

Reλ - 71 90 110
k m2/s2 17.1 17.1 17.1
ε† m2/s3 77.2 48.2 32.3
ν m2/s 0.005 0.005 0.005
ρ kg/m3 1.2 1.2 1.2

κmaxLη - 0.41 0.46 0.50

kinetic energy budget that reads:

∂kr

∂ t
=−ε−ui

∂us
i

∂ t
(11)

in which ui, kr and ε represents respectively the large
scale velocity fluctuation, the resolved turbulent ki-
netic energy and the total dissipation which is the sum
of the resolved and the sub-grid scale (SGS) dissipa-
tion ε = εr + εSGS. The challenge here is to estimate

the production term Ps = −ui
∂us

i
∂ t . Considering the

constant frequency ω , the synthetic production term
can be written as:

Ps =−ω
[

ui
1
ω

∂us
i

∂ t

]
=

β
ω

(
∂us

i
∂ t

)2

(12)

where β is a scalar. In practice, the estimation of β
is somewhat challenging, thus it is empirically set to
the value 0.5. Using the expression for the synthetic
velocity in Equation (3), we obtain:

Ps = 2βω
N

∑
n=1

û2
nλ 2

n (13)

The amount of energy to be injected into the sim-
ulation, is quantified through first principle consider-
ations. At each time step, enough energy must be in-
jected to (i) compensate dissipation and (ii) drive the
computed resolved turbulent kinetic energy kr towards
its target value k†

r . As a result, one can split the pro-
duction term Ps induced by the synthetic velocity into
a compensation of the dissipation Psd and a dynamic
control part Psc. This approach naturally leads to the
selective forcing because Ps/ω is a sum of discretized
energies which can easily be adjusted to the kinetic en-
ergy that has to be injected, mimicking spectral space
forcing. In order to determine the amount of energy to
be injected, Equation (11) is integrating between t and
t +δ t:

kr(t +δ t)− kr(t) =−ε(t)δ t +(Psd(t)+Psc(t))δ t
(14)

where δ t is an arbitrarily short time scale, e.g. the
computational time step. As postulated, the produc-
tion term Psd must balance the total dissipation and is
then equal to the target dissipation when the statisti-
cal stationary regime is reached. Since the production
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Figure 3: (a) Time evolution of the turbulent kinetic energy for a prescribed integral scale L|| = 13%Lbox using
Lundgren, Carroll and Blanquart and the selective forcing. Two prescribed energy spectra are studied: Passot-
Pouquet (PP) and von Kármán-Pao (VKP) energy spectrum. (b) Mean energy spectra averaged over the period of
time t ∈ [8T : 80T ] of the selective forcing simulations. Plain lines depict the analytical energy spectra.

term Psd balances the target dissipation and requiring
that the resolved kinetic energy reaches the targeted
kinetic energy k†

r , the control part can be expressed as:

Psc(t) =
k†

r − kr(t)
δ t

(15)

By expressing Ps = Psd +Psc with Equation (13) and
using Equation (15), the amount of energy to be in-
jected writes:

Nc

∑
ns

û2
nλ 2

n =
ε†

2βω
+

k†
r − kr(t)
2βδ tω

(16)

in which ns ∈ [1 : N] and Nc ∈ [1 : N] are the lower
and upper limit Fourier modes that satisfy Equation
(16). A specific wave number range can be selected
by either summing upwards starting from the lowest
wave number considered or downwards starting from
the cut off wave number as illustrated in Figure 3, i.e.
this forcing may be performed either at large or small
scales. Typically, when ns = 1 and Nc << N(κcut) this
mimics spectral space forcing at low wave numbers.
In any case, the kinetic energy injected into the sim-
ulation must meet the condition defined by Equation
(16).

For a mode dependent frequency such as the strain-
ing frequency, Equation (16) must be modified. The
turn-over time scale T = k†/ε† is introduced to ex-
press the production term Ps from Equation (12). This
leads to the following condition:

Nc

∑
ns

û2
nω2

n =
ε†

2βT
+

(k†
r − kr(t))
2βT δ t

(17)

4 Sustained Homogeneous Isotropic Tur-
bulence

In this section, the selective forcing starting from
low wave numbers (κmin = 0.01κe) is tested upon ho-
mogeneous isotropic turbulence. The constant and
straining frequencies are assessed with a stochastic
random variable λ ∼N (λm = 0.6,λσ = 0.8).

Numerical set up
The proposed approach is assessed by performing

large-eddy simulations of a sustained homogeneous
isotropic turbulence at Reλ = 90 in a triply periodic
box of size Lbox = 2π . This case has been chosen con-
sidering previous investigation of linear forcing such
as Carroll and Blanquart (2014), Rosales and Mene-
veau (2005), and Bassenne et. al (2016) among oth-
ers. The same procedure as in Sec. 2 is used for
initialization with N = 200 modes. The same num-
ber of mode is used for the synthetic forcing. Simula-
tion results are obtained using the open-source generic
CFD solver library CALIF3S (for Components Adap-
tive Library For Fluid Flow Simulations). Time dis-
cretization is performed by using a fractional step al-
gorithm that consists in a pressure correction method.
Space discretization is performed by using a staggered
finite volume scheme for which scalar unknowns are
located at cell centers while the velocity is located
at cell faces. The numerical scheme is discretely ki-
netic energy conserving and corresponds to a centered
second-order spatial discretization of both convective
and diffusive fluxes together with the semi-implicit
Crank-Nicolson time scheme of Boyer et al. (2014).
The time step is fixed according to the CFL based on
the prescribed root mean square (rms) velocity and the
mesh size to be 0.1.

The numerical results are obtained with a dynamic
Smagorinsky subgrid-scale model and a mesh contain-
ing N3 = 1283 grid points. The density is fixed to
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ρ = 1.2 kg.m−3 and the viscosity is equal to ν = 0.005
m2s−1. The grid resolution is such that κmaxLη = 0.46,
meaning that eddies with a size above six times the
Kolmogorov scale are resolved. The target total dis-
sipation is defined as ε† = U3

rms/L|| where Urms =√
2/3k† is the rms velocity. Three prescribed length

scales are considered in this study: L|| = 8%Lbox,
L|| = 13%Lbox and L|| = 19%Lbox. The corresponding
simulation parameters are summarized in Table 2. For
the following results, all the statistic quantities consid-
ered (spectrum, two-point and two-time correlation)
are averaged over at least 100 saves during at least 45
times the turn-over time scale T for each case.

Results.
Figure 3a shows the time evolution of the resolved

turbulent kinetic energy for constant and straining fre-
quencies cases. Their associated spectra average over
the period of time t ∈ [8T : 55T ] are depicted in Fig-
ure 3b. First, the selective forcing drives efficiently
the resolved turbulent kinetic energy towards its target
value for both cases. However, the turbulent kinetic
energy displays a more oscillating behavior in the case
of the straining frequency. This is due to higher val-
ues of straining frequencies for increasing κ . This
is highlighted in Figure 3b by the correspond energy
spectrum which peaks at a higher mean value com-
pare to the energy spectrum related to the constant fre-
quency. Because of the non linearities of the Navier-
Stokes equations, an inertial subrange matching the ”-
5/3” power-law is recovered while none are prescribed
through the PP energy spectrum. Accordingly the re-
sulting energy spectra fit well with the analytical von
Kármán-Pao (VKP) energy spectrum which was de-
velop in the framework of HIT (see Janin et al. (2021)
for its formulation).

In addition to the one studied, two more integral
length scales L|| = 8%Lbox and L|| = 19%Lbox are in-
vestigated. The readers is referred to Table 2 for infor-
mation regarding numerical parameters of these two
cases. The time evolution of the resulting longitudinal
length scales are shown in Figure 4. It is noticeable
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Figure 5: Mean longitudinal correlation functions
taken over the three directions and averaged over the
period of time t ∈ [8T : 60T ].

that the resulting longitudinal length scales do not de-
pend on the size domain size which answers one of the
main shortcomings of Lundgren’s method. It may be
noted that the resulting length scale slightly increase
as the prescribed length scale decrease.

Two-point correlation functions are plotted in Fig-
ure 5 for the studied case L|| = 13%Lbox. A compari-
son is made between the resulting longitudinal correla-
tions and analytical correlations (Equation (20)) based
on both PP and VKP energy spectrum.

U2
rms f (r, t) = 2

∫
∞

0
(

sinκr
κ3r3 −

cosκr
κ2r2 )E(κ, t)dκ (18)

Since longitudinal correlations are highly dependent
on energy spectrum and that the resulting spectra of
the proposed forcing are close to the VKP energy spec-
trum, it is interesting to compare the resulting two-
point correlation functions to the analytical correla-
tions related to the VKP spectrum. As expected the
resulting longitudinal correlation functions agree well
with the analytical VKP correlations for both constant
and straining cases.

Two-time correlation functions are shown in Fig-
ure 6 versus the time separation τ . Analytical two
time correlation functions are plotted for constant and
straining frequencies using Equation (5) and a PP en-
ergy spectrum. A comparison between the determin-
istic (λ ∼ N (λm = 1,λσ = 0)) and stochastic cases
for a constant frequency is presented. We recall here
that imposing a deterministic frequency means intro-
ducing a non-physical behavior into the computation
via the synthetic velocity, i.e. strong oscillations of the
theoretical two-time correlation function as shown in
Figure 1. For the deterministic case, this effect is tem-
pered by reducing by a factor five the amplitude of os-
cillations of the resulting two-time correlations. Given
a stochastic frequency it is noticeable that oscillations
are drastically reduced. This shows the necessity of
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using a stochastic frequency to recover a physical be-
havior, i.e correlations vanish when time separation
tends toward infinity. As shown in the enlargement of
Figure 6, correlation functions are very similar before
vanishing. This confirms that the randomness of the
frequency aims only at suppressing oscillations. The
fact that small oscillations are still present may be due
to the limited number of modes. Indeed, increasing
the mode number theoretically leads to better statistics
and smoothens the two-time correlation related to the
synthetic velocity. Simulations with N = 1000 modes
were performed without any significant improvement
(not shown here). Even though, the CPU cost in-
creases drastically when using large number of modes.
Therefore, a compromise has to be found between
CPU time issues and the layout of the two-time corre-
lation function. Finally, two-time correlations are far
from the analytical correlation function related to the
constant frequency suggesting that the Navier-Stokes
equations contributes to the recovery to more physi-
cal correlations which can be assimilated here to the
straining analytical correlation function. Considering
the straining frequency case, small oscillations on the
two-time correlation function are also visible and the
results are in good agreement with the corresponding
analytical correlation function.

5 Conclusions
The proposed approach allows to sustain homo-

geneous isotropic turbulence with controlled integral
scales. The main features of turbulence are recovered
such as energy spectrum, two-time and two-point cor-
relations. The turbulent kinetic energy is controlled by
means of a selective Fourier modes forcing. Further

simulations are carried out at the moment to apply this
forcing to homogeneous anisotropic turbulence.
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Abstract
In this paper, the assessment of uncertainties

within a buoyancy-driven mixing process is conducted
using Multifidelity - Polynomial Chaos Expansions
(MF-PCE). The investigations are carried out using
the Differentially Heated Cavity (DHC) of aspect ra-
tio 4 at Ra = 2× 109 with superimposed mixing pro-
cess. The present buoyancy-driven flow is subject to
uncertainties in the initial- and boundary conditions,
which show significant impact. Hence, the propaga-
tion of input uncertainties to results variables is inves-
tigated. Simulation data from the computational flow
models Unsteady Reynolds-Averaged Navier–Stokes
(URANS), Large Eddy Simulation (LES) and Direct
Numerical Simulation (DNS) are combined in a mul-
tifidelity manner and the prediction accuracy of LES
and URANS compared to DNS is evaluated. It is
found that through the MF-PCE a high level of ac-
curacy can be achieved with a simultaneous saving
in computing time compared to a single-high-fidelity
PCE if the variance of the high-fidelity random re-
sponse is described with sufficient accuracy by the
LES and URANS model.

1 Introduction
Precise prediction of physical phenomena and the

reliable design of components in engineering applica-
tions require the consideration of occurring uncertain-
ties, since for the solution of technical issues numer-
ical simulations are conducted, which are inherently
subject to uncertainties, because of numerical approxi-
mations and mathematical models. High-Performance
Computing (HPC) facilitates large numbers of com-
putational runs, which are required for the evaluation
of uncertainties. However, numerical simulations in
the field of Computational Fluid Dynamics (CFD) can
be very computationally expensive and limit the maxi-
mum number of computational runs that can be con-

ducted. Therefore, there is great effort to develop
an efficient method to evaluate uncertainties in large-
scale CFD applications. In this study, buoyancy-driven
mixing processes of two miscible fluids are investi-
gated. Based on natural convection experiments, un-
certain initial- and boundary conditions within large-
scale CFD-analysis showed large impact on the mix-
ing process of air and helium. Hence, the investi-
gation of the uncertainty propagation in initial- and
boundary conditions to result quantities is of major in-
terest. For the method development of efficient Un-
certainty Quantification (UQ) methods, the Differen-
tially Heated Cavity (DHC) of aspect ratio 4 with
a single fluid, extensively studied by Trias et. al.
(2007), was extended to a mixing process of two mis-
cible fluids at Ra = 2× 109. Polynomial chaos ex-
pansions (PCE), which are characterized by fast con-
vergence behavior, are applied. Uncertainty analy-
sis based on single-fidelity with Unsteady Reynolds-
Averaged Navier–Stokes (URANS), Large Eddy Sim-
ulation (LES) and Direct Numerical Simulation (DNS)
is conducted and model fidelity is assessed. In order to
achieve a high-level of accuracy in combination with
a justifiable computational effort, Ng. et. al. (2012)
proposed the construction of Multifidelity-Polynomial
Chaos Expansions (MF-PCE). In this way, a three-
level hierarchical model is built in the present work
from results received from URANS, LES and DNS.

2 Numerical setup and case setup
Two different configurations of the DHC are con-

sidered, as can be seen in Fig. 1. The reference case
is used to calculate result variables. In the param-
eter variation case, uncertain parameters are consid-
ered. The extensions of the computational domain
are height H , width W , and depth D. The height-to-
width aspect ratio and the width-to-depth aspect ratio
are ϕHW = H/W = 4 and ϕWD = W/D = 1,
respectively. The Prandtl numbers Pr = 0.71 and



Figure 1: Investigated configurations of the DHC: (a) refer-
ence case, and (b) parameter variation case.

Pr = 0.66 used correspond to air and helium, respec-
tively. The material values of air are used to define
the Rayleigh number Ra = gβ∆TH3ρ

µα , which is equal
to 2× 109. Low Mach number flow of two Newto-
nian viscous fluids with assumed periodic flow in the
third spatial direction is considered. The continuity,
momentum, energy, and mass transfer equations take
the form

∂ρ

∂t
+∇ · (ρu) = 0, (1)

∂ρu

∂t
+∇ · (ρuu) =−∇p+ ρg +∇ · (2µeffD (u))

−∇ ·
(

2

3
µeff (∇ · u)

)
,

(2)
∂ρh

∂t
+
∂ρK

∂t
+∇ · (ρuh) +∇ · (ρuK) =

∂p

∂t
+∇ · (ραeff (∇h)) + ρu · g + SD,

(3)

∂ρYi
∂t

+∇ · (ρuYi) = ∇ · (ρDeff (∇Yi)) , (4)

where u is the velocity field, ρ is the density field, p
is the static pressure field, g = (0, g, 0) is the gravi-
tational acceleration vector, µeff denotes the effective
dynamic viscosity, h is the enthalpy, K = 1

2 |u|
2 is

the kinetic energy of the system, αeff denotes the ef-
fective thermal diffusivity, Yi is the mass fraction of
the ith species, Deff denotes the effective molecular
diffusivity and SD accounts for the enthalpy transport
due to diffusive mass transport and the associated cor-
rection of the heat conduction.

The open-source C++ toolbox OpenFOAM
v.2006, originally proposed by Weller et. al. (1998),
was utilized for solving the nonlinear set of governing
equations in a finite-volume framework. The convec-
tive momentum flux was evaluated by second-order
linear upwind. The remaining convective fluxes and
diffusive fluxes were evaluated by the limited linear
scheme. The convective flux of the mass fraction
was discretized by the limited linear scheme that was
bounded between 0 and 1. Temporal advancement
was achieved by blending between the Euler and
Crank-Nicolson scheme with a value of 0.9. Here,

0 and 1 correspond to Euler and Crank-Nicolson,
respectively. It has been ensured that the CFL number
is always below the value of 0.5. The k-omega
Shear Stress Transport (SST) turbulence model is
used with included buoyancy terms for URANS. The
Wall-Adapting Local Eddy-viscosity (WALE) model
with Cw = 0.5 is applied for modelling viscous
subgrid-scale effects for LES.

For the propagation of uncertainties different
initial- and boundary conditions as well as material
values are varied. The variation in the thermal bound-
ary conditions includes the wall temperature differ-
ence between the left and right walls, the vertical wall-
tangential temperature gradient at the left and right
walls, and the temperatures at the top and bottom walls
of the cavity. Uncertainty in the initial helium strati-
fication is modeled by a varying linear profile for the
mole fraction X . The molecular diffusion coefficient
D is also considered as an uncertain parameter. The
wall temperature difference corresponding to Fig. 1 is
defined by

T l/r = T ± ∆T

2
, ∆T = (∆T )rel ∆T0 , (5)

where ∆T0 is the reference temperature difference,
(∆T )rel describes the relative proportion of the refer-
ence temperature difference, and ∆T describes the ac-
tual temperature difference under consideration. The
average temperature of the boundary is kept constant.
The wall-tangential temperature gradient is defined
with ψ = y −H/2 by the expression

T |l/r (ψ) =
(
Ty|l,r

)
rel

∆T

H
ψ + T l/r , (6)

where
(
Ty|l,r

)
rel

indicates the relative proportion of
the temperature change due to the temperature gradi-
ent over the entire height to the characteristic temper-
ature difference ∆T .

Tb/t = T r/l ±
(
T |b,t

)
rel

∆T , (7)

where
(
T |b,t

)
rel

is the relative proportion of the
characteristic temperature difference ∆T . To maintain
consistency in the temperature field in the corners and
edges, a parabolic profile is applied. The initial helium
stratification is changed by variation in the initial mole
fraction difference with υ = y − 2H/3 by

X (υ) = (∆X)rel
2X0

H − hυ +X0

(
1− (∆X)rel

)
, (8)

where (∆X)rel is the relative proportion of the con-
stant mole fraction X0 = 0.40 of the reference case.
The molecular diffusion coefficient results from

Deff = D +Dt , D = (D)rel D0 , (9)

where (D)rel is the relative proportion of the refer-
ence molecular diffusivity D0 = 6.904× 10−5 m2/s.

For the correct resolution of the wall-boundary
layer, the dimensionless horizontal and vertical normal
wall distances x+

⊥ = x/lτx = 1 and y+
⊥ = y/lτy = 1



are applied. For URANS and LES the dimensionless
streamwise grid resolution of ∆x+

‖ ,∆y
+
‖ = 30 was

chosen. For DNS the dimensionless streamwise grid
resolution of ∆x+

‖ ,∆y
+
‖ = 10 was applied. The mesh

in the periodic direction is uniformly distributed with
∆z+ = ∆z/lτx = 20. Further details can be found in
Wenig et.al. (2021).

3 Quantities of Interest
Result quantities, which adequately describe the

underlying physics of the mixing process in the cav-
ity, were defined. In the context of UQ, these are re-
ferred to as Quantities of Interest (QoI). For this pur-
pose, integral scalar quantities provide a plain descrip-
tion of the transient profiles of the mixing process. The
convective heat transfer in the cavity is evaluated by
means of the spatially averaged Nusselt number Nu
over the respective walls. It is determined by the ex-
pression

Nu =
1

Awall

∫
Awall

∂T
∂n

∣∣
wall

H

∆T
dA , (10)

where n denotes the wall-normal unit vector. The ef-
fects on the convection mechanisms are described by
global kinetic energy. Ek is the quotient of the global
kinetic energy by a reference kinetic energy α2

H2Ra,
which contains the material properties of air:

Ek =

(
α2

H2
Ra

)−1

· 1

M

∫
M

1

2
u2dm . (11)

m denotes the mass and M denotes the total mass
of the fluid domain. The gradual achievement of the
homogeneous state can be quantified by the mixture
uniformity σX , which is the volume-weighted stan-
dard deviation of the mole fraction X from the ho-
mogeneous equilibrium state mole fraction X over the
whole fluid domain. The initial mixture uniformity
σX0 is the highest occurring standard deviation dur-
ing the mixing process. When varying the initial mole
fraction difference ∆X , the initial mixture uniformity
σX0

changes. Therefore, for normalization, the ini-
tial mixture uniformity σX0/ref

of the reference case,
which corresponds to the initial conditions of a stratifi-
cation with constant mole fraction, is used. This gives
the expression for the square root of the segregation in-
tensity IX or normalized mixture uniformity ΣX , de-
scribed by the Eq. (12):

ΣX =
√
IX =

σX
σX0/ref

⇔ ΣX =

√
1
V

∫
V

(
X −X

)2
dV√

1
V

∫
V

(
X0/ref −X

)2
dV

(12)

In the reference case, ΣX = 1 describes a com-
pletely inhomogeneous mixture and ΣX = 0 charac-
terizes a completely homogeneous mixture. Therefore

by definition of an upper bound ΣX ≤ εΣ = 10−3,
which ΣX has to fall below, the achievement of the
homogeneous state can be quantified. When con-
sidering mass transfer processes, the Fourier number
Fo = Dref t/H

2 enables a dimensionless descrip-
tion of time, where Dref = D0 is the diffusion coef-
ficient of the reference case. Hence, the time, when
the homogeneous state is reached, can be described
by Foε = Dref tε/H

2. The time-dependent quanti-
ties described above are combined to the result vari-
ables vector R =

(
Nul Ek ΣX

)
. Together with

Foε, additional scalar quantities that describe the mix-
ing process were defined. For this purpose, the integral
mean value 〈R〉Foε is formed over the respective mix-
ing time in Eq. (13).

〈R〉Foε =

∫ Foε
0

R (Fo) dFo

Foε
(13)

The mean absolute deviation 〈R′〉Foε from the refer-
ence case over the reference mixing time Foε/ref was
defined in Eq. (14).

〈R′〉Foε =

∫ Foε/ref
0

|R (Fo)−Rref (Fo)|dFo
Foε/ref

(14)
Finally, all variables under investigation are summa-
rized in a vector in Eq. (15).

R =
(
〈R〉Foε 〈R′〉Foε Foε

)
(15)

4 Uncertainty Quantification
Non-intrusive PCE’s were applied because of the

high convergence rate of the stochastic results with
an increasing number of simulation runs. The ran-
dom input variables Q : Ω → Υ ⊂ Rn are
functions that map events ω ∈ Ω from the sample
space Ω to realizations q ∈ Υ. PCE is a spectral
method in which random response functions R (ω)
are described by suitable multidimensional orthogonal
polynomials Ψj (Q) as a function of the random in-
put variables Q. Term-based indexing, a limited num-
ber of random variables n and order truncation leads
to Eq. (16) with P summation terms.

RP (ω) = R (Q) =

P∑
j=0

αjΨj (Q) (16)

Orthogonal polynomials are generated numerically
and Gauss points and weights are computed by the
Golub–Welsch tridiagonal eigensolution. The PCE co-
efficients αj are estimated here by using spectral pro-
jection. The following expression, which contains the
inner product 〈·, ·〉% on Υ with the weight %Q (q),
gives the coefficients by

αj =
1

〈Ψj ,Ψj〉%

∫
Υ

R (q) Ψj (q) %Q (q) dq , (17)



where %Q (q) =
∏n
i=1 %Qi (qi) is the joint probability

density (weight) function.
Multi-dimensional integration by the Smolyak

sparse grid method according to Eq. (18) is applied.
The sparse grid quadrature rule is defined by

A (m,n) =
∑

m+1≤|l|≤m+n

(−1)m+n−|l|
(

n− 1
m+ n− |l|

)
·
(
U (1)
l1
⊗ · · · ⊗ U (1)

ln

)
,

(18)
where U (1)

li
denotes one-dimensional quadrature oper-

ators with the level li ∈ N+ and l denotes the multi-
index l = (l1, . . . , ln) ∈ Nn+. The dimension indepen-
dent maximum sparse grid level m controls the num-
ber of function evaluations and the associated accu-
racy of the PCE. Closed fully nested Clenshaw-Curtis
points are applied for quadrature. When comparing the
model accuracies for DNS, LES as well as URANS,
the same sparse grid level m = 2 was chosen to en-
sure comparability.

MF-PCE utilizes low-fidelity model predictions in
addition to a reduced number of high-fidelity evalu-
ations for building a PCE. If the low-fidelity model is
able to capture useful trends of the high-fidelity model,
accurate results can be achieved with reduced compu-
tational effort.

For this purpose, model discrepancy functions
C
L/U
α between LES and URANS and C

D/L
α between

DNS and LES are approximated by means of PCE’s,
which yield Sm2,n

[
C
L/U
α

]
and Sm3,n

[
C
D/L
α

]
,

where Sm,n [·] denotes a PCE at sparse grid level m
with dimension n. In this way, sparse grid levels
of mi = (2, 1, 0) for URANS, LES and DNS are
combined in a multifidelity manner through summa-
tion of the URANS-PCE with the discrepancy func-
tion PCE’s. The additively corrected expansion results
as follows

CL/U
α = R L −R U , CD/L

α = RD −R L

RD ≈ Sm1,n [R U ] + Sm2,n

[
CL/U
α

]
+ Sm3,n

[
CD/L
α

]
.

(19)

For this, the open-source software Dakota 6.10,
developed by Adams et.al. (2014), was used as the

Table 1: Definition of random input variables

qi Qi ∼ IQ
(∆T )rel (∆T )rel ∼ N

(
1, 0.12

)(
Ty|l,r

)
rel

(
Ty|l,r

)
rel
∼ LN

(
0.1, 0.12

)
(
T |b,t

)
rel

(
T |b,t

)
rel
∼ LN

(
0.2, 0.12

)
(∆X)rel (∆X )rel ∼ T N

(
0, 0.22, 0, 1

)
(D)rel (D)rel ∼ N

(
1, 0.12

)

uncertainty quantification framework. Finally, model
distributions for the uncertain input variables are listed
in Table 1. N

(
µ, σ2

)
and LN

(
µ, σ2

)
denote a nor-

mal distribution and a log-normal distribution with ac-
tual expectation µ and variance σ2. T N

(
µ, σ2, a, b

)
denotes a truncated normal distribution with a and b as
the lower and upper bounds.

5 Results and Discussion
MF-PCE reduces the number of high-fidelity sim-

ulations and therefore attains significant savings in
computing resources while accurate results can be
achieved simultaneously. It thus represents a good
candidate for an efficient method to evaluate uncer-
tainties in large-scale applications. For this reason,
different flow models for the buoyancy-driven mixing
process are combined in a multifidelity manner and the
individual model accuracies are assessed with the re-
spective probability density function (PDF), also writ-
ten as fR (R), resulting from the PCE surrogate. For
the assessment, the distribution profiles are considered
in more detail and the overlapping index η, which de-
scribes the area intersected by a probability density
with a reference probability density, yields a simple
measure for the fidelity of different model approaches.
It is defined as the probability overlap between the
lower-fidelity prediction with DNS. This gives the fol-
lowing expression:

η i =

∫
R

min
[
fRi (R i) , fRi (R i) DNS

]
dR i . (20)

In Fig. 2a,b the PDF’s for the mean Nusselt Num-
ber on the left wall 〈Nul〉Foε are shown result-
ing from PCE surrogates based on single-fidelities
and the multi-fidelity approach. Compared to the
DNS-results, LES slightly underestimates 〈Nul〉Foε ,
whereas URANS slightly overestimates the mean
Nusselt-number on the left wall. The variance of
URANS and LES agrees very well with the DNS,
when comparing the dispersion of the different dis-
tributions. Therefore, the PDF results, obtained from
the multifidelity approach, are very accurate. This
becomes clear in Fig. 2b. The overlapping index
η in Table 2 additionally indicates very good agree-
ment. We achieved high prediction accuracy with sig-
nificantly reduced computing resources in comparison
with single-fidelity DNS-calculations. This becomes
clear through CPU-time estimation of the applied ap-
proaches. The estimation of CPU-time was obtained
by the product of CPU-time of a single computation
using the parameter expectation values with the total
number of computations for PCE determination.

In Fig. 2c,d the distribution for 〈Nu′l〉Foε , which
provides a good measure for the variability of the
Nusselt-number, reveals that the PDF’s from LES and
DNS nearly coincide, i.e. LES is able to reproduce
the variability of the DNS and this leads to high val-
ues of η in Table 2. URANS on the other hand pre-
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Figure 2: Single-Fidelity PDF’s: (a) for 〈Nul〉Foε and (c)
for 〈Nu′l〉Foε . Multi-Fidelity PDF’s: (b) for
〈Nul〉Foε and (d) for 〈Nu′l〉Foε .

dicts a slightly different behavior. In the MF-PCE
higher-polynomial coefficients are determined from
the URANS calculations and also less LES-runs are
taken into account. Therefore, small deviations of the
multifidelity results from the DNS arise. Nevertheless,
with a considerable reduction in the computational ef-
fort, 〈Nu′l〉Foε is described very precisely.

The results for the global kinetic energy 〈Ek〉Foε
and 〈E′k〉Foε are depicted in Fig. 3. Again, LES is
able to predict 〈Ek〉Foε in comparison with DNS very
well. URANS underestimates the mean global ki-
netic energy with lower variance. The PDF resulting
from the MF-approach yields a distribution with simi-
lar variance as for DNS but with a shifted expectation
value. For the prediction of 〈E′k〉Foε deviations arise
for both URANS and LES. LES provides higher accu-
racy though. For the results for MF in Fig. 3d, larger
differences become clear for the first time. In this case,

Table 2: Overlapping index η of the PDF’s for URANS,
LES and MF with the DNS.

R URANS LES MF

η

〈Nul〉Foε 0.8750 0.8360 0.9430
〈Nu′l〉Foε 0.7830 0.9690 0.9210
〈Ek〉Foε 0.7060 0.9450 0.7930
〈E′k〉Foε 0.8400 0.8870 0.7940
Foε 0.9280 0.7110 0.8160

〈ΣX〉Foε 0.4410 0.6350 0.2500
〈Σ′X〉Foε 0.9400 0.9360 0.9100

Table 3: Estimated Total CPU-time for PCE determination.

Flow model m CPU-time
for PCE in core-h rel. to DNS

URANS 2 1209 0.002
LES 2 86822 0.134
DNS 2 648432 1.0

MF
URANS 2

LES 1 18793 0.029
DNS 0

the lower-fidelity models in form of LES and URANS
predict different trends than the DNS and the prerequi-
site for the MF-approach is no longer completely ful-
filled.

The consideration of the mixing time measured by
Foε, shown in Fig. 4, yields that URANS predicts the
PDF very well, as can be seen from η in Table 2.
LES achieves a variance comparable to that of DNS,
if one compares the PDF profiles. The results for the
MF-approach show good agreement with DNS results.
The variance is well predicted, but there is slight dif-
ference in the expectation. For Foε, URANS would
provide an already sufficient accuracy level and build-
ing a surrogate based on multiple fidelities would not
be necessary. In large-scale applications, however, the
accuracy of the respective model with regard to a ran-
dom response variable is unknown and a detailed as-
sessment using reference results (e.g. in form of DNS)

URANS

LES

DNS

MF

Figure 3: Single-Fidelity PDF’s: (a) for 〈Ek〉Foε and (c) for
〈E′k〉Foε . Multi-Fidelity PDF’s: (b) for 〈Ek〉Foε
and (d) for 〈E′k〉Foε .
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Figure 4: Single-Fidelity PDF’s: (a) for Foε, (c) for
〈ΣX〉Foε and (e) for 〈Σ′X〉Foε . MF-PDF’s: (b)
for Foε, (d) for 〈ΣX〉Foε and (f) for 〈Σ′X〉Foε .

is infeasible. Therefore, when using the MF approach,
the assumption is made that the incremental increase
in model accuracy also increases the prediction accu-
racy. However, this does not have to be inevitably the
case for the description of highly-nonlinear dynamic
systems encountered in CFD. For 〈ΣX〉Foε , URANS
and LES show larger deviations from the probability
density of the DNS. This is also reflected in low val-
ues for the overlapping index η in Table 2. Because the
variance is not predicted with sufficient accuracy by
either LES or URANS, the observed deviations arise.
In this case, the deviation even increases when the
MF-approach is applied. The PDF’s for 〈Σ′X〉Foε in
Fig. 4e,f on the other hand show very good agreement
between the DNS and the single- and multi-fidelity re-
sults. This shows that the variability with respect to
the reference case simulations is described very accu-
rate through the single and multifidelity models.

6 Concluding remarks
In this work, uncertainty propagation from un-

certain input variables to result variables within a
buoyancy-driven turbulent mixing process is investi-
gated. For the approximation of the random response,
PCE’s are applied for single flow models like URANS,
LES and compared with DNS results. As a promis-
ing method for UQ of large-scale applications, the
different model fidelities of URANS, LES and DNS
are combined to a MF-PCE in order to gain high
accuracy with lower computational cost than expen-
sive single high-fidelity computations. The results in
form of PDF’s for different QoI show that, if lower-
fidelity models predict comparable variance to the
high-fidelity model, accurate prediction with signifi-
cantly reduced computational cost is achieved. If this
important prerequisite of correct or comparable vari-
ance prediction is not fulfilled, the MF approximation
yields results with lower accuracy. For the accom-
plishment of reliable results for uncertainties in com-
plex large-scale applications and to ensure the feasibil-
ity of computations with justifiable effort, multifidelity
modeling provides a good basis and making assump-
tions serves as a reasonable trade-off between accu-
racy and required computational resources. Therefore,
this promising approach will be pursued in further in-
vestigations.
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Abstract

The prediction of high-frequency jet noise is a dif-

ficult problem for computational aeroacoustics. The

use of a Reynolds Averaged Navier-Stokes (RANS)-

based acoustic model is pursued within this paper

with data obtained from eddy resolving data combined

with the turbulent dissipation rate (ε) turbulent trans-

port equation. The ε turbulent transport equation is

compared to ε profiles directly extracted from Large

Eddy Simulation (LES) data. Finally far-field noise

is predicted using coefficients determined using two-

point statistics from LES data. The predicted high-

frequency noise is shown to be superior to the Ffowcs

Williams-Hawkings (FW-H) method for predicting jet

mixing noise with Strouhal numbers exceeding 10.

1 Introduction

Over the last few decades the aviation industry has

experienced a remarkable expansion, with the expec-

tation that it shall continue to expand over the next two

decades. This expansion has led to an increase in the

concern for environmental impacts that arise from avi-

ation, including noise pollution. Pollution from avia-

tion has been shown by both Beutel et al. (2016) and

Mahashabde et al. (2011) to have negative impacts, in-

cluding to health, consequently noise reduction is be-

coming an increasingly important field of study in both

academia and industry. In order to attain this, acoustic

modelling for jets is required.

High-frequency spectra are often challenging to

accurately predict in jet noise modelling. This is partly

due to the inevitable cut-off grid resolution issue asso-

ciated with most eddy-resolving methods, which are

typically then coupled with a FW-H type surface in-

tegral for far-field noise extrapolations. While RANS

based acoustic models are mostly immune to this prob-

lem by their nature, many RANS turbulence models

suffer from poor near-field turbulent kinetic energy

and dissipation estimates. Testing of RANS modelling

by Georgiadis and Debonis (2007) showed that as the

geometry in question deviates from a simple axisym-

metric round nozzle, inaccuracies in predicting the po-

tential core and dissipation rate in shear layer increase.

Contrary to RANS, LES captures the near-field much

better, provided sufficient grid resolution and correct

boundary condition setup are in place, although un-

doubtedly at higher computing costs. For these rea-

sons, there has been increasing attention on improving

RANS modelling using data driven techniques. Like-

wise, a methodology that combines LES data with

a RANS based acoustic analogy has the potential to

meet the high-frequency noise prediction challenge.

An a priori analysis proposed originally for DNS data

exploration by Parneix et al. (1998) is of particular in-

terest. The successful use of a priori data from DNS

and LES to inform turbulence modelling was shown

by Raiesi et al. (2011). Meanwhile, Weatheritt &

Sandberg (2017) used a similar technique by taking

Turbulent Kinetic Energy (TKE) data from LES to im-

prove RANS modelling. In fact, as Durbin (2017)

summarised, this technique can be particularly useful

in the data era of turbulence modelling.

In this paper, we explore an a priori analysis based

approach to extract flow data from LES, mainly the

mean velocity 〈ui〉 and TKE k field. The dissipation

transport equation for ε is then solved. Using k from

LES and the improved ε solution has clear advantages

over the conventional k − ε RANS model in the near-

field. The resultant k and ε are the key ingredients

of the acoustic model of Tam & Auriault (1999) for

fine scale mixing noise of turbulent jets. Our study

assesses the accuracy of the ε transport equation by

comparing its solution to the data directly deduced

from LES. The prediction of the high-frequency noise

from a round jet is then made using Tam & Auriault’s

model.

2 Eddy Resolving Data Informed Acous-
tic Modelling

Eddy-resolving simulations

An in-house LES solver FLUXp has proved to

be capable by Xia et al. (2009) and Angelino et

al. (2020) in the accurate prediction of far-field jet

noise. Therefore it can be expected to be able to

provide adequate turbulent statistics for this investi-

gation. The jet used in this case will be the Small

Metal Chevron (SMC000) jet with experimental data

provided by Bridges (2004). A 20 million element

count is used for the round jet with case nomencla-

ture given in Tab. 1. Along with using a 20 million

cell mesh, results using the FW-H method on an 80

million cell mesh shall be presented in order to estab-

lish the benefits of the modelling approach used in this



investigation. A more detailed overview of the com-

putational setup can be found in the work of Angelino

et al. (2020)

Case number Jet Cell count

R020m SMC000 20m

R080m SMC000 80m

Table 1: List of case nomenclature.

LES informed turbulent transport (LiTT)

The acoustic modelling approach informed by

RANS-based turbulent statistics has potential for high-

frequency noise prediction, however the use of RANS

is a limitation due to the poor quality of RANS statis-

tics. To overcome this, mean statistics from eddy re-

solving methods will be used instead at an additional

cost, albeit with a significant improvement in accuracy.

The acoustic model uses mean velocity 〈ui〉, TKE k
and turbulent dissipation rate ε obtained from eddy re-

solving methods. The obtainment of a mean flow field

and k are relatively straightforward with k being con-

structed from the Reynolds Stresses (Eq. 1). The cal-

culation of ε is not however straightforward.

k =
1

2

(

〈u′2〉+ 〈v′2〉+ 〈w′2〉
)

. (1)

To deduce ε data, the use of unsteady a priori data

is used to inform the ε turbulent transport equation, as

proposed by Parneix et al. (1998) using DNS. Later

work by Raesi et al. (2011) furthered this method-

ology introducing the use of LES in order to pursue

an assessment of turbulence model behaviour. Re-

search by Weatheritt and Sandberg (2017) proposed

this methodology of using eddy-resolved, high-fidelity

data to inform the turbulent transport equation in or-

der to pursue a machine-learning approach which was

implemented by Ellis and Xia (2020) to improve tur-

bulence modelling for anistropic turbulent behaviour.

The use of this methodology means that the turbulent

transport equation is only required to solve for ε as

the Reynolds stress data has already been provided

by LES. In line with work by Ellis and Xia this ap-

proach shall hereafter be referred to as LES informed

turbulent transport (LiTT). The transport equation of

the Standard k − ε (Eq. 2) is solved iteratively using

the mean flow field obtained from LES. This means

that a prominent shortcoming of RANS, the inabil-

ity to calculate the Reynolds stresses or flow field, is

circumvented as more reliable eddy-resolving meth-

ods are used instead. Investigations by Parneix et al.

showed that with accurate k and flow field data pro-

vided for the ε turbulent transport equation, it was pos-

sible to accurately get ε data. Therefore this methodol-

ogy takes the necessary mean flow field and turbulence

data from LES in order to inform the ε turbulent trans-

port equation (Eq. 2). Where σε, Cε1 , Cε2 are model

coefficients and production and destruction of dissipa-

tion rate are given by Pkε/k and ε2/k.

Dε

Dt
= ▽ ·

(

νt
σε

▽ ε

)

+ Cε1

Pkε

k
− Cε2

ε2

k
. (2)

An alternative approach to the determination of ε
is through the interrogation of the LES field using

Eq. 3. By not ruling out the Boussinesq hypothe-

sis, it is possible to obtain an eddy-resolved turbulent-

viscosity νt,e in relation to the averaged Reynolds

stresses 〈u′

iu
′

j〉 and the mean strain-rate tensor 〈Sij〉.
Whilst not being practical for jet noise modelling, this

method of ε deduction provides a way of comparing ε
profiles from the turbulent transport equation to a more

directly calculated approach.

ε = cµfµ
k2

νt, e
where νt, e =

−〈u′

iu
′

j〉〈Sij〉

2〈Sij〉 〈Sij〉
.

(3)

Originally used to test the ability of turbulence

modelling, then further used in order to improve turbu-

lence modelling capabilities, the use of the ε turbulent

transport equation informed by a priori eddy-resolved

data provides a new way to predict high-frequency jet

noise. It does so using an informed ε turbulent trans-

port solution by significantly improving the fidelity of

data that is used for acoustic modelling.

Acoustic Modelling

LES data coupled with surface integral methods,

such as the (FW-H) method, require measurement of

near field acoustic pressure fluctuations and projec-

tion of noise to the far-field. This method reliably

predicts low-frequency noise but is impractical for

high-frequency noise prediction due to the dependency

between high-frequency noise and mesh resolution.

High-frequency noise requires greater refinement due

to the inverse relation between frequency and acous-

tic wavelength. Thus prediction of noise with surface

integral methods for high-frequency is excessively ex-

pensive and impractical. An example of this is work

by Angelino et al. (2020) who used increasing lev-

els of mesh refinement to predict noise at a maximum

Strouhal number
(

St =
fDj

Uj

)

of 3 for an 80 million

element mesh, far off the target of St ∼ 10. This will

be a baseline for comparison due to the fact that the

mesh and LES solver are the same for both simula-

tions.

RANS based acoustic models, such as those used

by Ilário et al. (2017), Karabasov et al. (2010;2015)

or Tam & Auriault (1999), rely on k and ε. This is

contrary to FW-H which instead uses acoustic pres-

sure fluctuations, to predict far-field noise. Turbulent

statistics obtained using a RANS solution are capable

for high-frequency noise prediction as pressure fluctu-

ations are not needed. This is reliant on high-quality

turbulence data using a RANS model, something that

is not possible with increasing geometric complex-

ity such as the addition of serration. This is particu-



larly acute due to poor RANS modelling of Reynolds

stresses. In this paper good quality Reynolds stress

data from LES is inputted into the ǫ transport equa-

tion to obtain an improved ǫ field. This provides a new

methodology for acoustic prediction with LES.

The acoustic model used in this work is derived by

Tam & Auriault. Based on kinetic theory of gases, this

source model is based on the convective derivative of

turbulent pressure Dqs/Dt where qs = 1

3
ρ〈u

′
2
i 〉 =

2

3
ρks. This convective derivative is related to far-

field pressure generated from a point source y1 using

Eq. (4) where pa is the adjoint pressure. The spatial-

temporal function is the basis of the noise model,

therefore correct determination of coefficients for the

space-time model lead to correct noise prediction. As

a result of this, coefficients from the two-point model

are used to predict far-field noise.

p(x, t) =
∫∫

{
∫

pa(x,y1, ω) exp [−iω(t− t1)] dω

}

Dqs(x1, t1)

Dt1
dt1dy1.

(4)

The noise model for spectral density of radiated

sound Spp (x, ω), at observer position x, with angu-

lar frequency ω, is subsequently shown below:

Spp (x, ω) =
√
π

16π2ρ0c50r
2

∫

q̂s
2

τs
l3sω

2
exp

(

−ω2l2s/4u
2
)

(1 + ω2τ2s )
dy.

(5)

As the far-field spectral density results from the

Fourier transform of the autocorrelation of p(x, ω), a

two-point space-time correlation for the noise source

in Eq. (4) is used. The correlation function can be

split into attenuation, which is often expressed by

fourth-order statistics Rijkl in Eq. (6), and amplitude

(Eq. (7)):

Rijkl = exp

{

−
|ξ|

uτs
−

ln 2

l2s

[

(ξ − uτ)
2
+ η2 + ζ2

]

}

.

(6)

〈

(

Dqs(y, t)

Dt

)2
〉

=
q̂s

2

τ2s
. (7)

where separation in space (x, y, z) and time are de-

noted by ξ, η, ζ and τ , respectively, and u denotes

mean axial velocity.

A significant setback of RANS-based acoustic

models is the need for the determination of coeffi-

cients for every jet. The acoustic model used in this

investigation is not immune to this deficiency however

the use of LES allows a way forward that an exclu-

sively RANS approach would not due to the unsteady

nature of LES solutions. Originally, the Tam & Auri-

ault acoustic model required the matching of modelled

spectra to experimental spectra to determine the acous-

tic coefficients correctly. As this approach requires the

use of a priori experimental data one can see that there

is a significant limitation, acknowledged by the origi-

nal author.

A potential way forward from this limitation was

set forth by Karabasov et al. (2010) who devised a

methodology using fourth-order spatial-temporal two-

point velocity statistics to determine the coefficients

(ca, cl, cτ ) for Goldstein’s acoustic analogy. This was

reliant on information from LES to determine the co-

efficients before using RANS for acoustic modelling.

This approach was further applied to serrated jets by

Depuru Mohan et al. (2015) showing that it was pos-

sible to use two-point statistics to correctly determine

coefficients for acoustic modelling.

Based on this methodology, the acoustic coeffi-

cients (ca, cl, cτ ) required for far-field noise will be

determined using LES data for acoustic time and

length scales, related to two-point space time corre-

lations: τs = cτk/ε, ls = clk
3/2/ε and amplitude

source intensity q̂s
2 = c2a (2/3〈ρ〉k)

2
. This is calcu-

lated using the convective derivative of noise source.

To use LES to directly measure two-point statis-

tics, probes are placed in the jet domain. They

are placed at the lip of the jet extending axially

10 diameters aft of the nozzle with increments of

x/Dj = 0.1. Probes are located radially at positions

starting r/Dj = 0.1 and finishing at r/Dj = 1.1
with increments of 0.05 diameters. To ensure good

azimuthal averaging, 36 azimuthal positions are used,

separated by 10◦. Data from these probes is used

to compare direct two-point statistics to modelled

two-point statistics with coefficients needed for

acoustic modelling.

3 Turbulent Statistics

Jet Profiles

One of the significant advantages of using LES,

compared to RANS simulations is the substantially

improved quality in terms of turbulent statistics. This

is apparent for the centreline profile for the round jet

(Fig. 1). By reference to Fig. 1 it can clearly be seen

that LES is able to significantly improve upon the ac-

curacy of jet statistics prediction compared to RANS.

Whilst RANS is both unable to predict the potential

core length or correctly predict the peak of k, the LES

simulation is able to robustly predict these profiles for

the round jet demonstrating the advantage that LES

has for providing statistical data. This provides the

basis for the use of LES for acoustic modelling.

Assessment of the ε Turbulent Transport Equation

The use of a priori time-averaged, mean variables



0 5 10 15 20

0.0

0.1

0.2

0.3

0.5

0

0.5

1

x/D

k
1
/
2
/
U

j

U
/
U

j

k

U

Exp
LES
RANS

Figure 1: Centreline turbulent kinetic energy and jet velocity

for the SMC000 round jet.

0.2

0.4

0.6

0.8

1

0.00 0.06 0.06 0.06 0.06

ε
(

U3
j /D

)

Eq. 2
Eq. 3

Figure 2: Radial profiles of ε at various streamwise loca-

tions.

of flow and k field variables from LES to inform the

ε turbulent transport equation provides a method of

calculating ε for an LES field. Whilst the ε turbu-

lent transport equation has been shown in literature

to give good flow fields for other cases, it has not yet

been tested for jets. Therefore direct calculation of ε
is also undertaken using Eq. 3. Using the Boussinesq

hypothesis a method of directly calculating ε directly

from LES probe data is used. By using this method,

profiles from the ε turbulent transport equation can be

compared. Both radial (Fig. 2) and axial (Fig. 3) are

given.

Comparison of ε profiles using the ε turbulent
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Figure 3: Axial distribution of ε at x/D = 0.5.

transport equation with directly extracted ε shows the

accuracy of the transport equation. Fig 3 shows the ax-

ial ε profile at r/D = 0.5 demonstrating good agree-

ment between the LES ε and the ε turbulent transport

equation. Radial profiles of ε are shown in Fig. 2. It

can be seen that there is a slight under-prediction of

ε at x/D = 1 however further downstream remark-

able agreement can be seen. A possible reason for this

could be due to the level of anisotropy of velocity fluc-

tuations closer to the lip of the nozzle. As the trans-

port equation only uses k, which assumes isotropic

turbulence, and Eq. 3 uses the full Reynolds stresses

there is likely to be a slight divergence in results when

a high level of anisotropic velocity fluctuations are

present. There is only a slight level of underpredic-

tion at x/D = 1 with the transport equation predicting

peak values at 80% lower than Eq. 3. As a result of

the fact that elsewhere the ε profiles have remarkable

agreement, the use of the ε turbulent transport equa-

tion is deemed to give good results for round jets.

The utilisation of this method means that the

Reynolds stresses and flow fields are calculated using

LES and not using RANS equations. The predictive

errors that result from the use of RANS are reduced to

a minimum through the use of this method. Through

the use of the ε turbulent transport equation, a method

of calculating ε field is possible.

Two-Point Statistics

To correctly determine the acoustic coefficients for

noise prediction, the Gaussian model is required to

predict two-point velocity statistics. Profiles for two-

point velocity statistics are shown in Fig. 4 and Fig.

5.
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Figure 4: Fourth-order velocity cross-correlations at r/D =

0.5 and x/D = 1.

The Gaussian model (Eq. 6) matches the fourth-

order velocity statistics obtained directly from LES.

This is not usually obtainable with a standard RANS

methodology due to the unsteady nature of the fourth-

order velocity statistics. Using the unsteady data from

an eddy-resolved method means that it is possible to

use two-point statistics for the Gaussian model. This

Gaussian model requires two coefficients to be deter-
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mined; cl and cτ , these are the same two coefficients

that are required for acoustic modelling. By using ve-

locity statistics instead of experimental noise, it is pos-

sible to use the acoustic modelling approach using a

single simulation, a possibility that has hitherto been

impossible. This is due to the need for an unsteady

solver for coefficient determination and RANS from

calculation of turbulent statistics.

The determination of the amplitude coefficient is

possible once the acoustic time and length scale co-

efficients are determined. This uses the autocorrela-

tion model using coefficients from the two-point cor-

relation model, q̂s
2 = c2a (2/3〈ρ〉k)

2
, which can be

equated to the convective derivative, Dqs/Dt, of the

noise source term qs. Due to this being an autocorrela-

tion there are no two-point profiles and the amplitude

coefficient ca becomes a single mean value. The final

values for the determined coefficients using the cross-

correlation and autocorrelation model is shown in Tab.

2. These coefficients will be the same used for the

acoustic model.

4 Acoustic Results

Far-field noise is predicted using acoustic mod-

elling derived by Tam & Auriault. Using the flow-field

and k fields from LES and the ε field obtained using

the ε turbulent-transport equation. This gives a method

that means that there is no need for extrapolation of

noise meaning that there is no cut-off frequency. This

leads to improvements in high-frequency noise predic-

tions. To effectively evaluate the advantages of the

acoustic modelling approach, comparison is made to a

noise prediction using FW-H extrapolation with iden-

tical setup from the work of Angelino et al. (2020).

As the LES setup is the same, the improvements on

jet noise prediction at high-frequency are due to the

acoustic modelling method instead of any underlying

eddy-resolving setup. The results of this are shown in

Figs. 6-8.

The acoustic modelling approach can be seen to

have significant advantages over the FW-H method for

ca cl cτ
0.17 0.31 0.27

Table 2: Acoustic coeffiecients.
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◦ for the SMC000 round jet compared to exper-
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60
◦ for the SMC000 round jet compared to exper-

imental and FW-H data.

high-frequency noise prediction. TheR020m case us-

ing FW-H for far-field noise prediction fails to pre-

dict noise at frequencies of St > 2. Further to this,

an eddy-resolved acoustic prediction using the FW-H

method still fails to come close to this level of high-

frequency noise prediction with 4 times the level of

refinement. Whereas the R080m case is able to pre-

dict noise at St > 3, the acoustic modelling approach

is able to predict noise using turbulent statistics at fre-

quencies above a Strouhal number of 10. This is not

just at an angle of 90◦ normal to the jet axis but at mod-

erate changes of angle as well as seen in Fig. 7. There

are limitations to the acoustic modelling approach. It

can be seen in Fig. 8 that the acoustic model is not

able to predict noise at lower angles. This is due to the

fact that the acoustic model is designed to predict jet

mixing noise. At lower angles the jet noise is caused

by large turbulent structures that the model is not de-

signed to predict.
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5 Conclusion

An acoustic modelling approach has been pursued

in this investigation to improve on the computational

efficiency of high-frequency noise prediction. The use

of the a priori informed ε turbulent transport equation

has enabled an efficient and accurate method of ob-

taining an ε field. The accuracy of this methodology

for jet modelling has been demonstrated by compar-

ison of ε profiles from the transport equation to pro-

files calculated using an eddy-viscosity based formu-

lation. Using these turbulent statistics, the acoustic co-

efficients have been determined using two-point statis-

tics directly measured using LES. Statistics from LES

and the ε turbulent transport equation have been used

to effectively predict high-frequency noise.

The use of an acoustic model coupled with statis-

tics obtained from LES and the ε turbulent transport

equation has been demonstrated to have significant po-

tential for high-frequency noise. Noise has been pre-

dicted accurately up to a frequency of St ∼ 10 com-

pared to the frequency of St ∼ 2 using the same LES

setup on the same mesh with an FW-H surface. Fur-

thermore, the acoustic modelling approach has been

shown to be superior in high-frequency noise predic-

tion to a more-refined case with a 20 million cell mesh

using an acoustic model being able to predict noise at

frequencies of over three times the amount compared

to an 80 million cell case with the FW-H method. This

demonstrates the advantages of the new mathematical,

acoustic modelling approach to increase efficiency of

high-frequency noise prediction.
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1 Introduction
Soot is polydispersed fine particles resulting from

incomplete hydrocarbon combustion processes. It is
known that soot particles have negative impact to both
the environment and the human respiratory system.
Future regulation on soot emissions necessitates the
need for the development of precise and accurate mod-
elling tool that predicts the particle size distribution
(PSD) of soot in turbulent combustion. However, a
robust model for soot formation in turbulent flame re-
mains a formidable challenge. Although the the popu-
lation balance equation (PBE) provides the mathemat-
ical tool for modelling the soot PSD, it is still unclear
how to take into account the details of soot dynamics.
The transformation from gas phase species to soot par-
ticles is through a large number of physical and chem-
ical processes that are highly dependent on the flow
properties in a turbulent flame. Thus, one needs to
account for the strong coupling between gas phase re-
action, soot evolution and turbulence.

Two general families of method for solving PBE
are moment and sectional methods. One aims to re-
solve the integral property of soot, while the other
gives detailed information of soot PSD. Either way, the
flow velocity and gas-phase thermochemical compo-
sition must be resolved. Direct numerical simulation
(DNS) resolves the entire range of length scale and
time scale related in a turbulent reacting flow, which
is computationally prohibitive in practical flows. In
Reynolds-avergaed Navier-Stokes (RANS) method,
the ensemble-averaged statistics is solved with re-
duced complexity and lost of information. Large eddy
simulation (LES), which applies spatial filtering to re-
solve only the large-scale features of flow and models
the small-scale turbulence in a homogeneous manner,
has recently become dominant in turbulent combus-
tion. Yet challenges exist and there are limited papers
incorporating PBE into LSE to resolve turbulent soot-
ing flames.

In this paper, following recent work by Sewerin
and Rigopoulos (2018), we have implemented a newly
developed conservative finite volume (CFV) method
by Liu and Rigopoulos (2019) for the solution of PBE
with coagulation into the LES-PBE-PDF framework.

The interactions among turbulence, reactive scalars
and soot particle evolution is resolved by a joint sub-
grid probability density function (PDF), which ac-
counts for the transport equations of gas phase chem-
ical species and the PBE. Eulerian stochastic field
equations are employed to solve the PDF system.
The LES-PBE-PDF model is applied for predicting
soot distribution in a turbulent non-premixed flame by
Zhang et al (2011). The scientific contribution of our
current work is twofold: First, we combine a newly
developed method for the coagulation process with the
previously established LES-PBE-PDF scheme. In this
way, the statistics of number density is solved directly
by solving the stochastic differential equations that are
formulated to guarantee the statistics of each individ-
ual variable satisfy the filtered transport PDF. Second,
the LES-PBE-PDF approach is validated in the con-
text of Sandia non-premixed flames with ethylene be-
ing fuel and a relatively large chemical mechanism.

2 Numerics
The details of the LES-PBE-PDF formalism can be

reviewed in Sewerin and Rigopoulos (2018) and are
omitted here for brevity. The simulation is conducted
in our in-house code BOFFIN. For the gas composi-
tion, the stochastic transport equations are solved in
turns using a fractional steps method. The calculation
step includes convection diffusion, micromixing and
gas phase reaction. Similarly, the stochastic transport
equations for the number density distribution along
soot volume space are solved in the order: convection
diffusion, micromixing and PBE fractional step. In
the PBE fractional step, the nucleation, surface growth
and coagulation are accounted for. The PBE is discre-
tised and solved under the finite volume scheme. The
newly developed CFV is implemented to minimise the
conservation error for the coagulation process. A TVD
scheme for non-uniform grid is implemented to deal
with the surface reaction term. In line with previ-
ous applications, e.g. Sewerin and Rigopoulos (2018),
eight stochastic field are used to extract the statistics
for the reactive scalars and soot number density. In our
study, a previous validated acetylene-based soot nucle-
ation model and HACA surface growth mechanism by
Appel et al (2000) are adopted. The gas phase kinetics



for ethylene is based on USC mechanism, which con-
tains 75 species and 529 chemical reactions, affordable
with the current implementation. The Cartesian com-
putational domain contains 240× 80× 80 grid points
representing a physical domain 900× 300× 300 mm.

3 Results and discussion
In this section, the results are presented and dis-

cussed. The temporal statistics were computed over
a time period of approximately 150 × 10−3s, during
which the temporal statistics had become time invari-
ant.

Figure 1: Comparing the mean soot volume fraction and
soot intermittency along the centre line (red line)
with the experimental data (blue dot).

Fig. 1 compares the mean soot volume fraction and
soot intermittency along the centre line with the exper-
iment data. It can be seen that the model reproduces
satisfactorily the soot volume fraction even if numeri-
cal result slightly shifts downstream. The underpredic-
tion in the soot intermittency indicates that the size of
the soot particle is overpredicted between x/D = 50
and x/D = 210.

Fig. 2 and Fig. 3 show a comparison of radial mean
and root mean square (RMS) temperature profile and
mole fraction ratio of O2 and N2. The overall agree-
ment is satisfactory, which is essential for the predic-
tion of the soot evolution. Fig. 4 compares radial mean
and RMS profiles for soot volume fraction at two dif-
ferent heights above the burner. At x/D = 39.1, the
mean profile is well predicted and qualitatively good
result is obtained for RMS profile, while at x/D =
148.4 an overprediction in mean profile is observed,
which is in accordance with the observation in Fig. 1.
Overall, the results are encouraging and demonstrate
the feasibility of the LES-PBE-PDF method.

Figure 2: Comparing mean and rms temperature (blue line)
with the experiment data (red dot) at x/D = 134
and 175.



Figure 3: Comparing mean and rms XO2/XN2 (blue line)
with the experiment data (red dot) at x/D = 134
and 175.

(a) Mean soot volume fraction

(b) RMS soot volume fraction

Figure 4: Comparing radial profiles of the mean soot vol-
ume fraction (blue line) with the experiment data
(red dot) at selected cross-section areas above the
burner.
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Abstract
We have undertaken a parametric study in which

the effect of the in-plane solidity of a canopy, on turbu-
lent shear flows were investigated via highly resolved
simulations. The canopies considered in the investiga-
tion are composed of rigid, cylindrical filaments that
are flush mounted onto an impermeable bottom wall.
The in-plane solid fraction of the canopy has been var-
ied, to match the sparse, dense and transitional canopy
flow regimes. The obtained results allow to unravel
the behaviour of the different regimes that are induced
by the interplay between the external flow structures,
intra-canopy flow and the emerging instabilities.

1 Introduction
Over the years, many advances in technology have

been leapfrogged by the use of nature inspired devices.
A particular source of inspiration is the presence of
various textured layers covering the skin of many bi-
ological species and their exposure to the surround-
ing viscous flows. These surfaces aid living organ-
isms to accomplish their biological tasks efficiently:
the dermal tooth-like structures of a shark (Bechert et
al. 2000), and the dense hairy layer observed on a
seal, (Itoh et al. 2006) lead to skin friction drag reduc-
tion, the porous scales on the butterfly wings and the
protrusion of scales of a lotus leaf (Koch & Barthlott
2009), provide for a self cleaning mechanism (Good-
wyn et al. 2009), the bird feathers (Brucker & Wei-
dner 2014) not only enhance aerodynamic flight con-
trol, but when shaped as leading edge serrations help in
reducing the emitted aerodyanmic sound as in the case
of flying owls (Bottaro 2019). In this study, we fo-
cus on vegetative canopies (Finnigan 2000), where the
texture is brought in by a flexible filamentous layer.
Canopy flows have been largely investigated in the
framework of crops or forest vegetation (Raupach &
Thom 1981) and as aquatic canopies (Nepf & Vivoni
2000). Clearly, those cases present very different
length scales for the vegetative layer and the boundary
layers developing above them (i.e., open channel/river
depth H and planetary boundary layer thickness δ).

Independently of the nature of the flow above the
canopy, the latter is generally classified according to
two criteria originally proposed by Nepf (2012). The

Figure 1: Geometrical features that characterises an ide-
alised canopy composed of cylindrical filaments
(Nepf 2012) with a typical dense mean velocity
profile (in blue).

first, based on the level of submergence (i.e., ratio
between canopy height and flow depth H/h), essen-
tially establishes the size of the boundary layer de-
veloping above the canopy. In the present work, we
consider fully submerged canopies sharing the same
level of submergence H/h = 10. The second crite-
rion, that applies for shallow/fully submerged canopy
(i.e., H/h > 5) is based on the canopy solidity λ that
is defined as the ratio of the layer frontal projected area
and its base area Nepf (2012):

λ =

∫ h

0

a(y)dy =
dh

∆S2
(1)

where h is the stems height, d their diameter and ∆S
is the mean filament spacing. Large and small val-
ues of λ identify two limiting flow behaviours termed
as sparse regime (when λ << 0.1) and dense regime
(when λ >> 0.1). In the former, the form-drag in-
duced by the canopy elements is much lower than the
bed friction drag and the mean velocity profile of the
flow resembles a turbulent boundary layer over a rough
wall. Conversely, in the dense regime, the drag im-
posed by the canopy is much higher the one offered
by bed. In this scenario, the mean velocity distribu-
tion exhibits an inflection point located at the top of
the canopy, that can trigger a Kelvin-Helmholtz (KH)
type instability that leads to the generation of large
scale spanwise coherent motions (Finnigan 2000; Rau-
pach et al. 1996; Ghisalberti & Nepf 2002). In be-
tween these two limiting regimes, there exists a tran-
sition condition, for λ ' 0.1, where the values of the
canopy and bed drags are comparable and λ may not



be the only parameter that establishes the features of
the overall canopy flow.

The recent developments of new numerical tech-
niques and the emergence of novel mathematical for-
mulations, together with an ever increasing availability
of computer power have renewed the interest in un-
ravelling the physical mechanisms that determine the
behaviour of canopy flows using high fidelity com-
putational approaches. High fidelity simulations of-
fer very high level of details of the three-dimensional
flow inside and outsde the filamentous layer, with-
out being hindered by the limitation of experimental
techniques (e.g.., laser doppler velocimetry or parti-
cle image velocimetry) in the vicinity of the canopy
layer (i.e., y/h ≤ 2). In the framework of numerical
investigations, the complexity of dealing with highly
dense canopies (i.e., ∆S/h << 1) has led many re-
searcher to introduce the presence of the canopy using
homogenised drag approaches that model the effects
of the canopy on the flow (Finnigan et al. 2009; Bai-
ley & Stoll 2016; Zampogna & Bottaro 2016) with-
out imposing the zero velocity conditions stem-by-
stem. Although this approach is successful in captur-
ing the flow behaviour in the region above the canopy,
they cannot provide a detailed characterisation of the
flow behaviour in the intra-canopy region. Therefore,
their validity and employability is strictly limited to
the dense canopies, where the typical length scale of
the canopy (i.e., ∆S) is much smaller than the inte-
gral length scale of the overlying turbulent flow (i.e.,
∆S << L). More recently, the use of Immersed
Boundary formulations has allowed to capture the dy-
namical mechanisms of the flow within the canopy
layer, by enforcing the boundary condition on each
filament (Monti et al. 2019), or by enforcing the
drag value on individual elements (Sharma & Garcı́a-
Mayoral 2020). These highly resolved simulations, á-
la DNS allow to address some unaswered questions on
canopy flows. In particular, the conditions associated
with the insurgence and the characterisation of differ-
ent behaviours of the flow in the various regions of the
canopy and their modulation by the ongoing canopy
regimes still represent an open research area that has
not been fully explored by previous works. Apart from
a general characterisation, also the role played by the
frontal solidity and the in-plane solidity on the differ-
ent regimes of canopy flows is not well understood yet.
The effects of the frontal solidity were recently investi-
gated in the framework of a parametric study (Monti et
al. 2020), where the canopy height was systematically
increased whilst maintaining a constant in-plane so-
lidity. In this case the shortest and the tallest canopies
represented the two asymptotic regimes while interme-
diate heights constituted the transitional regime. Dif-
ferently, in this research we have turned our attention
to the effects of the in-plane solidity on the different
regimes of canopy flows. In other words, the focus is
on the way the parameter λ can be modified (i.e. by

either changing the height or the stem density), and on
the impact that this choice has on the resulting canopy
flow regime.

2 Numerical Procedure
We have conducted high fidelity numerical sim-

ulations of turbulent flows developing above rigid
canopies using SUSA, an in-house developed, incom-
pressible Navier-Stokes solver (Omidyeganeh & Pi-
omelli 2013). In particular, we adopted a large eddy
simulation (LES) formulation, where the governing
equations are determined by filtering out the veloc-
ity and pressure fluctuations that take place below a
spatial filter width falling in the inertial sub-range of
turbulence. In LES the effect of the filtered fluctu-
ations on the resolved field is modeled. In particu-
lar, the sub-grid Reynolds stress tensor, resulting from
the filtering operation, was modelled using the Integral
Length Scale Approximation (ILSA) approach, which
was originally proposed by Piomelli et al. (2015). The
length scale and the model constant required by this
model for the closure is computed locally, thus elimi-
nating any dependence from the spatial discretisation
(Rouhi et al. 2016).

Concerning the latter, in the present work, the
space discretization of the incompressbile LES equa-
tions is based on a second order accurate, cell cen-
tered co-located finite volume formulation on a struc-
tured grid. The governing equations are advanced in
time, using a second order, semi-implicit fractional
step procedure (Kim & Moin 1985). In particular, a
second order accurate, explicit Adam Bashfort scheme
is applied to the non linear and wall parallel diffu-
sive terms, while the wall normal diffusive terms are
treated with a second order accurate, implicit Crank
Nicolson scheme. The Poisson pressure equation, that
is solved at each time step to satisfy the continuity con-
straint, is transformed into a series of one-dimensional
(1-D) equations in the wavenumber space via an effi-
cient multi-dimensional Fast Fourier Transform (FFT)
(Dalcin et al. 2019). Each transformed equation is
solved directly using a Cholesky’s factorisation tech-
nique. The occurrence of pressure spurious oscilla-
tions is avoided by employing a deferred correction
following the approach proposed by Rhie & Chow
(1983). Adopting a domain decomposition technique,
the code is parallelised using the Message Passing In-
terface (MPI) library. Further details on the code, its
parallelisation and the extensive validation campaign,
that have been carried out in other flow configurations,
can be found in previous publications (Omidyeganeh
& Piomelli 2013; Rosti et al. 2016; Monti et al. 2019).

Differently from other studies in the field (Finnigan
et al. 2009; Bailey & Stoll 2016), the canopy layer
is resolved at individual filament level. In particular,
the Immersed Boundary formulation (IBM) described
in (Pinelli et al. 2010) has been used for the present
study. IBM methods allow to enforce the zero-velocity



boundary condition on each filament, here defined as a
rigid, slender, solid cylindrical rod flush-mounted onto
the bottom impermeable wall. Each filament has a fi-
nite cross sectional area and is discretised using a set of
Lagrangian nodes distributed along the filament. More
specifically, a compact support defining the cross sec-
tional size of each rod is centered around each La-
grangian node. The body force required to enforce the
wanted boundary values is spread on each support as a
part of the time advancing scheme (Pinelli et al. 2010).
The dimension of this compact support depends on the
local grid size and defines the hydrodynamic thickness
(i.e., the diameter) of the filament. In the current nu-
merical set-up, using an equispaced grid in the wall-
parallel directions, the thickness of each filament is
estimated to be of about d ≈ 2.2∆xi (∆xi being the
grid size in the streamwise and spanwise directions).

Concerning the filaments distribution in the canopy
substrate, we proceed by meshing the bottom wall into
square tiles of the same size ∆S (see Figure 1) and by
placing a filament per for each tile. The x− z position
of each filament on each individual tile is assigned ran-
domly according to a uniform probability distribution.
This approach prevents the generation of specific pat-
terns that may promote flow channeling effects within
the voids between neighbouring filaments. Differently
from the procedure followed by Monti et al (Monti
2019), in the present research the value of λ is modu-
lated by changing the size of the square tile. Accord-
ing to definition (1), the smaller ∆S the larger will be
λ, thus inducing a formal transition from a sparse to a
dense regime.

All the canopy simulations that are presented in
this contribution share the same computational box,
with the streamwise length, half channel height and
spanwise width corresponding to Lx/H = 2π,
Ly/H = 1 and Lz/H = 1.5π, respectively. In or-
der to mimic an open channel, we have enforced a
no slip (i.e., zero velocity) and a freeslip (i.e., ∂yu =
∂yw = 0, v = 0) condition on the bottom wall and
on the top surface, respectively. The homogeneous di-
rections (i.e., streamwise and spanwise), are treated
with periodic boundary conditions. Concerning the
features of the numerical grid, we have employed a
stretched distribution based on a tangent hyperbolic
stretching function in the wall normal direction. The
numerical grid resolution of all the cases, based on
the outer friction velocity flow (i.e. friction velocity
computed at the virtual origin of the outer flow) satis-
fies the standard thresholds (i.e., ∆x+ = ∆z+ ≤ 9
and ∆y+ ≤ 0.4) used for wall bounded turbulent
flows simulatoins. Moreover, the adequacy of the grid
has been assesed using a preliminary grid convergence
study (Monti 2020).

3 Results and Discussion
In this section, we present the results obtained

from statistically converged simulations of five differ-

Regime Case λ ∆S/h ni × nk Symbol
Sparse SR 0.08 1.74 36 × 27 ∇
Transition TR 0.14 1.31 48 × 36 �
Dense MD 0.25 0.98 64 × 48 4
Dense RD 0.32 0.87 72 × 54 +
Dense DR 0.56 0.65 96 × 72 o

Table 1: Configurations considered in the current investiga-
tion. ni and nk are the stem numbers in the stream
and spanwise directions

.

ent canopy configurations. The geometrical features
of the canopy are summarised in Table 1. For brevity,
here we will only present the higher order statistics of
the TR, MD and DR cases. For these configurations,
we first examine the effect of the in-plane solidity on
the mean velocity profile. The latter presented in Fig-
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Figure 2: Mean velocity profile as a function of the wall nor-
mal distance. Symbols as in Table 1 for symbols.

ure 2, has been made non-dimensional using the bulk
velocity, whilst the wall normal coordinate is made di-
mensionless with the open channel height. The pro-
files exhibit a behaviour which strongly depend on the
respective solidities, especially, in the intra canopy re-
gion. In particular, the velocity distributions show-
case a curved shape with a curvature that appears to
be controlled by the in-plane solidity (∆S). The ob-
served behaviour can be better described using a per-
meable substrate analogy. Specifically, the canopy can
be interpreted as a porous layer characterised by an
anisotropic directional permeability tensor with diag-
onal entries Ky > Kx = Kz . Decreasing the in-plane
solidity corresponds to a decrease in the magnitude of
the permeability |K| (note that the latter must verify
|K| → 1, in the limiting condition λ→ 1). Therefore,
the enhanced concavity of the mean velocity distribu-
tion of the DR case as compared to a less dense situ-
ations, is induced by the decreasing magnitude of the
magnitude of the permeability tensor.



In a non-sparse canopy flow regime (i.e., λ >>
0.04), three important points of the mean velocity pro-
file can be identified: i.e. the virtual origin of the
outer flow (see Figure 3) and two inflection points.
The former can be interpreted as the virtual location

0 0.2 0.4 0.6
0

0.04

0.08

0.12

Figure 3: Mean locations of the inner (red) and outer (blue)
inflection points and virtual origin (black), as a
function of λ

of the wall seen by the outer turbulent boundary layer
that develops above the canopy. The occurrence of a
shifted boundary layer is commonly observed in the
framework of boundary layers that develops over tex-
tured/rough surfaces (e.g. when riblets are present).
We compute the wall normal position of the virtual
origin (yvo), by enforcing the canonical logarithmic
boundary formulation on the outer layer mean velocity
profile (Monti et al. 2020).

〈U〉
uτ,out

=
1

κ
log
(youtuτ,out

ν

)
+B (2)

where yout = y − yvo is the shifted wall normal co-
ordinates for the outer flow, uτ,out is the outer friction
velocity evaluated at the virtual origin based on the to-
tal stress and κ is the von Kármán constant. Equation
(2) represents the standard modification for the bound-
ary layer mean velocity profile when accounting for
the origin shift induced by the presence of wall tex-
tures/roughness. Concerning the two inflection points,
the outermost is induced by the discontinuity of the
drag force at the canopy tip, whilts the internal one is
a result of the merging of the mean flow developing by
the wall with the velocity distribution underneath the
canopy tip (Monti et al. 2020).

These points allow to identify three layers in the
intra-canopy flow: an inner layer, developing between
the canopy bed and the inner inflection point; an
outer layer spanning the region from the canopy-tip
to the position of the virtual origin and the region
sandwiched inbetween them. This intermediate zone,
termed as the overlap region, is home to complex in-
teractions between the inner and outer canopy layers.

The existence of the overlap region depends on the ac-
tual canopy regime. In the sparser regimes (SR and
TR), the virtual origin penetrates the inner layer, indi-
cating the absence of an overlap layer. As the value of
λ is increased, the extent of the inner layer decreases,
while the location of the virtual origin starts to move
away from the latter. From Figure (3), it is evident that
the mutual signed distance between the virtual origin
and the inner inflection point has a zero in the range
0.14 < λ < 0.25. The λ value corresponding to the
mentioned zero (i.e. λ ' 0.15) has been identified
as a possible criterion to establish the inception of the
dense regime (Monti et al. 2020).

Based on the above considerations, we can iden-
tify the presence of an internal flow that develops in
the vicinity of the canopy bed, and of an external
shifted boundary layer that has an origin located at
yvo. The mean velocity distribution, shown in Fig-
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Figure 4: Mean velocity profile scaled with the friction ve-
locity, as a function of the non-dimensional wall
normal distance: internal region scaled with uτ,in
(based on the friction at the bed), outer with uτ,out
(based on the total stress at the canopy tip). Line
without symbols, is the velocity profile without
canopy layer in standard wall coordinates.

ure (4) exhibits a behaviour which is independent of
the λ value in the internal layer. Moving away from
the canopy tip, although all considered canopy config-
urations follow an universal logarithmic distribution,
we observe a shift of the logarithmic velocity distri-
bution as the in-plane solidity value is changed. This
shift, also observed in in the context of rough wall
boundary layer, is normally kept into account using
the roughness function (∆U+) (Hama 1954). ∆U+

is due to a virtual wall-offset accomodating the mo-
mentum deficit/surplus induced by the presence of ge-
ometrical irregularities on the wall surface (Jiménez
2004). In our canopy flow simulations, we observe a
downward shift in the logarithmic layer correspond-
ing to a drag increasing condition. The latter is mea-
sured by the magnitude of ∆U+ which is a function of
the solidity λ. In particular, the ∆U+ distribution (not



shown here) reveals a maximum corresponding to the
MD case.

In analogy with turbulent boundary layers devel-
oping above a rough surface, the outer canopy flow
can be interpreted as a turbulent shear flow exposed to
a rough wall made of cylindrical elements with an ef-
fective height (i.e., keff = h−yvo) and spacing (∆S).
A non-dimensional distribution of these parameters as
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Figure 5: Mean filament spacings (solid) and effective
canopy heights (dashed) as a function of λ. keff
and ∆S have been made non dimensional using
wall coordinates based on canopy tip stresses

a function of λ is given in Figure (5). For both quan-
tities, a monotonic decrease is observed for increasing
values of the solidity. The decrease of k+eff suggests
that an increase of λ weakens the influence of the ex-
ternal boundary layer on the intra-canopy flow, lead-
ing to a progressive decoupling of the inner and outer
canopy layers. In particular, it is noted that the param-
eters of the DR case are ∆S+ ≈ 50 and k+eff ≈ 20,
which is commonly indicated as the condition for the
breakdown of the drag reduction regime in the context
of ribletted walls (Garcı́a-Mayoral & Jiḿenez 2011,
Bechert et al. 2000).

Next, in Figure (6), we present the diago-
nal Reynolds stress distributions. For their non-
dimensionalisation, we use a local friction velocity
based on the value of the total stress in the wall normal
direction as given in (3). This is the same approach
used in the context of canopy flows by other authors
(Monti et al. 2020, Sharma & Garcı́a-Mayoral 2020)
and for artificially manipulated shear turbulent flows
(Tuerke & Jimenez 2013). With the chosen definition
(3), the friction velocity incorporates the overall ef-
fects of the filaments induced drag thus allowing the
recovery of a dimensionless linear variation of total
stress profile,

uτ,l =

√
ν∂〈U〉/∂y − 〈u′v′〉

1− y/H
(3)

For all components of the diagonal stresses, reported
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Figure 6: Profiles of the streamwise (solid), wall normal
(dashed) and spanwise (dotted dash) components
of the diagonal Reynolds’ stresses as a function of
the wall normal distance.

in Figure 6, a bi-modal distribution is observed with
two peaks located in the inner and outer regions. In the
outer layer, a collapse of all the profiles obeying the
outer layer similarity condition is also evident. Con-
cerning the effect of the in-plane solidity, this is mainly
visible in the streamwise and spanwise velocity fluctu-
ations components. Differently, the wall normal fluc-
tuations do not seem to be affected by the variations
of λ. In the DR case, the streamwise and spanwise
velocity fluctuations maxima share the same intensity
and location in the near wall region, suggesting an
isotropic behaviour of the wall parallel components.
This can be attributed to the close proximity of the ad-
jacent filaments and the imposed meandering motion
in the wall parallel direction with trajectories equally
zigzagging along the x and z coordinates.

We next consider the mean flow field developing
around a filament computed by means of an ensem-
ble averaging technique that superposes all the fluid
volumes adjacent to each randomly distributed fila-
ment (Monti 2020), i.e. ensemble average in the vol-
ume above a tile. Details on the adopted technique
can be found in the aforementioned reference (Monti
2020). The resulting mean flows are shown in Figure
7, where selected streamlines are presented together
with iso-contours of the wall-normal velocity compo-
nent: positive (red) indicating ejections and negative
(blue) sweeps, respectively. Panels (a) and (b) show
both ejections and sweeps on the lee and stoss sides
of the filaments. In particular, it is noticed that the
outer flow penetrates the canopy through sweeps by
the rear side of the cylinder. On the other hand, a par-
tial fraction of the flow ejects from the frontal side of
the filament. An interesting feature is presented by
the DR case, in which the distribution of the mean
flow streamlines exhibits a recirculation zone within
the void space in between two adjacent filaments in the



(a) (b) (c)

Figure 7: Time and spatial-ensemble averaged flow fields, in the intra-canopy region corresponding to TR (a), MD (b) and DR
(c) cases. The iso-contours represented in the cross-planes and wall parallel planes, corresponds to the wall normal
velocity.

near wall region. This feature has been previously re-
ported in the context of d-type rough surfaces (Perry et
al. 1969). For the DR case, a filament sheltering effect,
often associated with rough surfaces characterised by a
densely packed roughness elements, is also observed.

Finally, we focus on the external boundary layer
developing above the canopy. It is well known that,
for dense canopies, the inflected mean velocity pro-
file may induce a Kelvin-Helmholtz type instability
(Finnigan 2000) leading to the formation of large-
scale spanwise coherent structures. The emergence
of spanwise oriented rollers has also been reported in
the context of permeable substrates with relaxed ver-
tical permeability (Rosti et al. 2018 and Jiménez et
al. 2001) and corrugated walls (Garcı́a-Mayoral &
Jiménez 2011). In our DR case, these spanwise rollers
are visibile on the lateral planes of the flow domain
in Figure (8) showing instantaneous, spanwise aver-
aged streamlines. Apart from the spanwise coherent

Figure 8: Instantaneous iso-surfaces of the q-criterion of the
DR case. The panel on the far lateral side consists
of the streamlines that have been determined by
considering the spanwise averaged velocity fluctu-
ations.

structures, the q-criterion presented in Figure (8) re-
veals that the external region is populated by quasi-
streamwise vortices flanked by streaks of low and high
momentum. The topology of these vorticity structures

resembles a well-know head-up hairpin structure. Ac-
cording to several authors (Finnigan et al. 2009; Bai-
ley & Stoll 2016), the emergence of head-up and head-
down hairpin structures are associated with the evolu-
tion of the spanwise rollers, induced by alternating re-
gions of mutual upwash and downwash events. Monti
et al. (2019) offered an alternative point of view, sug-
gesting that the spanwise rollers are formed as a result
of the KH instability and that they eventually loose
part of their coherence as a result of the interaction
with the strong sweep/ejections events emanating from
the canopy, ultimately due to the leading wall-normal
permeability.

4 Conclusions
We have carried out highly resolved simulations of

turbulent flows over canopies made of rigid, cylindri-
cal filaments. The considered canopies featured dif-
ferent in-plane solidities that nominally lead to differ-
ent nominal flow regimes (Nepf 2012). The statisti-
cal characterisation of the simulated canopy flows re-
veals that, indeed the value of the solidity determines
the inception of different flow regimes. In turns, these
regimes dependent on the positional variation of the
inflectional points and the virtual origin of the mean
velocity profile within the filamentous layer. While
the sparser and the mildly dense scenarios share cer-
tain features with the flows sharing the same frontal
solidity, obtained by modulating the canopy height
(Monti et al. 2020), the DR case obtained by modu-
lating the in-plane solidity features a radically differ-
ent behaviour. Differently from the equivalent frontal
case solidity, here we observe an almost complete de-
coupling of the interaction between the outer and the
intra canopy flows. This behaviour suggests that the
DR case obtained by increasing the in-plane solidity
behaves in a manner similar to the one found for tur-
bulent shear flows above anisotropic porous walls, as
devised by Nepf (2012). A complete compilation of
higher order statistics and pre-multiplied spectra are
currently compiled and will be presented in a future



communication.
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Abstract
Direct numerical simulation (DNS) is carried

out to study turbulent flow over irregular rough
surfaces in periodic minimal channels. A pas-
sive scalar transport equation is solved to study
heat transfer over rough surfaces with the Prandtl
number Pr = 0.7. The generation of irregular
roughness is based on a mathematical random-
ization algorithm, in which the power spectrum
(PS) of the roughness height function along with
its probability density function (PDF) can be di-
rectly prescribed. The hydrodynamic and ther-
mal properties of the roughness, particularly the
roughness function (∆U+) as well as the tem-
perature profile offset (∆Θ+), are compared with
those obtained from a full spanDNS for 6 types of
roughness topographies with systematically var-
ied PDF and PS configurations at Reτ ≈ 500.
The comparison confirms the ability of the min-
imal channel approach to perform characteriza-
tion of irregular rough surfaces providing excel-
lent agreement (within 5%) in ∆U+ and ∆Θ+

across various types of roughness topographies.
Results also indicate that random realizations of
roughness, with a fixed PS and PDF, translate
to similar prediction with a narrow scatter. Fi-
nally, the impact of systematically varied rough-
ness PDF and PS to both velocity and temperature
profile is shown. It is also demonstrated that the
influence of varying PDF and PS on the velocity
and temperature fields is different.

1 Introduction
Rough surfaces are abundant in nature and en-

gineering applications. It is well established that
the topography of roughness can significantly af-
fect its hydrodynamic properties. In practice, the
most important hydrodynamic effect of rough-
ness is an increase in the skin friction coefficient
of the surface. This increase manifests itself in a
downward shift in the logarithmic region of inner
scaled mean velocity profile ∆U+. The shifted
velocity profile in logarithmic layer writes:

U+ =
1

κ
log(y+) +Am −∆U+ . (1)

∗Corresponding author’s Email: forooghi@mpe.au.dk

Where κ ≈ 0.4 is the von Karman constant, Am
is the smooth-wall offset. ∆U+ is related to
the equivalent sand-grain roughness ks (Jiménez
2004); the latter parameter is widely used as an
input to engineering applications. Furthermore,
∆U+ =

√
2/Cfs −

√
2/Cfr gives direct rela-

tion between roughness function and skin fric-
tion (Hama 1954), where Cfs, Cfr are the skin
friction coefficients for smooth and rough wall
at matched Reτ respectively. Therefore, the cen-
tral importance of this mean velocity downward
shift ∆U+, which is referred to as the (Hama)
roughness function in determining the hydrody-
namic property of the roughness is understood.
To find ∆U+ for an arbitrary roughness at a
certain roughness flow regime, one needs to ei-
ther run a laboratory (or high-fidelity numerical)
experiment or use a so-called roughness corre-
lation, which relates the topography of rough-
ness to ∆U+. While the latter option is obvi-
ously less costly, large number of topographi-
cal metrics should be systematically investigated
to construct such a predictive correlation e.g.
the skewness Sk = (1/k3rms)

∫
S

(k − kmd)3dS and
krms =

√
(1/S)

∫
S

(k − kmd)2dS (Flack & Schultz
2010), the effective slope ES= (1/S)

∫
S
|∂k/∂x|dS

(Napoli et al. 2008) or the roughness correlation
length Lcorr (Sigal & Danberg 2008).

Similar to the skin friction, roughness can en-
hance the heat transfer in a fluidic system, and
in fact designed roughness is often used in engi-
neering application to enhance the heat transfer
(Forooghi et al. 2017a). However, it is widely un-
derstood that the enhancement of heat transfer, re-
flected by Stanton number St, is not directly pro-
portional to the increase of skin friction coefficient
Cf due to the lack of the pressure-related term on
the temperature side (Dipprey & Sabersky 1963).
This can be reflected by applying the Reynolds
analogy factor RA = 2St/Cf (Bons 2005). The
enhancement of heat transfer would result in a
downward shift of the logarithmic temperature
profile. Analogous to the Eqn. 1 the shifted rough
wall temperature profile writes:

Θ−Θw

Θτ
=

1

κh
log(y+) +Ah(Pr)−∆Θ+ , (2)



where Θ represents the non-dimensional temper-
ature, the offset Ah depends on the molecular
Pandtl number Pr, Θw is the temperature at wall,
Θτ is the friction temperature Θτ ≡ (qw/ρcp)/Uτ .
qw is the temporally and spatially averaged wall
heat flux and cp is the specific heat capacity at
constant pressure. Thus, the augmentation of
heat transfer of a rough wall can be characterized
by an analogous term to the roughness function
∆U+, i.e. ∆Θ+. The Stanton number for a rough
surface, Str, can be derived by ∆Θ+ with known
Cfr at a matched Reτ through (MacDonald et al.
2019):

∆Θ+ =

√
Cfs
2

( 1

Sts
− 1

κκh

)
−
√
Cfr

2

( 1

Str
− 1

κκh

)
.

(3)

where Cfs and Sts are the skin friction coefficient
and Stanton number for the smooth wall, respec-
tively.

It has long been desired for an a priori pre-
diction of the aforementioned quantities to avoid
resource demanding (numerical) experiments.
Flack proposed use of Direct Numerical Sim-
ulation (DNS) for generating massive database
needed for a universal roughness correlation
(Flack 2018). The major problems in reaching
this goal are the high computational cost of the
DNS approach and difficulties related to themea-
surement of realistic rough surfaces. Such rough-
ness scans are rare and mostly unsuitable for sys-
tematic studies. The aim of this work is to ex-
amine a new framework, which overcomes both
obstacles. To relieve the computational cost we
simulate the flow in fully developed turbulent
channels with reduced streamwise and spanwise
sizes. The idea was previously established and
validated by Chung et al. (2015), MacDonald et al.
(2016, 2019) with sinusoidal roughness structure.
The criteria of the minimal channel size is given
by those authors: L+

z ≥ max(100, k̃+/0.4, λ+sin),
L+
x ≥ max(1000, 3L+

z , λ
+
sin), where Lx and Lz are

the streamwise and spanwise extend of the chan-
nel, respectively and k̃ is the amplitude of the
sinusoidal structure. λsin represents the wave-
length of the sinusoidal structure. The criteria
are set with the aim of accommodating the min-
imal channel to the near wall turbulence as well
as the roughness structure. The research shows
that minimal channel following the criteria above
is capable for this type of roughness (repetitive)
structure to predict the roughness function ∆U+

as well as the temperature offset ∆Θ+, but has
not been examined for irregular roughness up to
now. Therefore, the effect of repeating irregular
roughness and the limited sample size of irregu-
lar roughness topography introduced by the sig-

nificantly reduced spanwise extend of minimal
channel is yet unknown.

In order to evaluate the validity of this ap-
proach for irregular rough surfaces we employ
the random algorithm proposed by Pérez-Ràfols
& Almqvist (2019) for generation of roughness.
With the roughness generation method surface
is generated randomly while the roughness sta-
tistical properties can be controlled by its height
probability density function (PDF) and the power
spectrum (PS) (hence the term pseudo-random
roughness). The generation process is realized
by discrete fast Fourier transform (DFFT), thus
it is inherently suitable for the DNS simulations
where periodic boundary condition is required.

In the present work, pseudo-random rough-
ness with variation of PDF and PS are generated
and simulated in bothminimal channels and con-
ventional full-span channels at Reτ ≈ 500. The
performance of the roughness generationmethod
aswell as theminimal channels are demonstrated.
The impact of different roughness height PDF and
PS configurations on both velocity and tempera-
ture fields is analyzed.

2 Methodology
Pseudo-random roughness generation method

The pseudo-random roughness is generated
with the method originally proposed by Pérez-
Ràfols & Almqvist (2019). The roughness height
function is represented by discrete elevation map
on 2-D Cartesian grid, i.e. k(x, z), where x, z are
the streamwise and spanwise coordinate respec-
tively. Initially, a roughness map with prescribed
roughness PDF is given and is labeled as k0PDF.
This map does not necessarily contain desired PS.
For the next step, this map is transformed using
DFFT and compared with the second initial map
with desired PS, which is labeled as k0PS. After
that, the field is transformed back with inverse
DFFT and the height distribution is adjusted to fit
the PDF. The iterative adjustment of PDF and PS
continues until the error, which is measured by
the devation in PDF and PS profile, approaches
a stationary low value. For further information
readers are referred to the manuscript by Pérez-
Ràfols & Almqvist, 2019.

Direct numerical simulation
Direct numerical simulations are carried out in

a fully developed turbulent channel. The flow is
driven by constant pressure gradient Px. Periodic
boundary condition is applied in the streamwise
and spanwise directions of the channel, while
the upper and lower walls are covered by the
roughness structures. The roughnesswith no-slip
& zero-temperature boundary condition is real-
ized by imposing immersed boundary method



(IBM) following Goldstein’s method (Goldstein
1993), where additional force is applied to the
flowwithin the roughness elements to obtain zero
velocity & temperature inside the roughness. A
source termQ is added to the energy equation for
the simulation of mixed-type thermal boundary
condition (the approach proposed byKasagi et al.,
1992). Thus, the Navier-Stokes equation writes:

∇ · u = 0 , (4)

∂u
∂t

+∇·(uu) = −1

ρ
∇p+ν∇2u− 1

ρ
Pxêx+Fu , (5)

∂θ

∂t
+∇ · (uθ) = α∇2θ +Q+ Fθ , (6)

where u is the velocity vector u = (u, v, w)ᵀ. Px
is the mean pressure gradient in the flow direc-
tion added as a constant and uniform source term
to the momentum equation to drive the flow in
the channel. Here p, êx, ρ, ν, Fθ and Fu are pres-
sure fluctuation, Kronecker delta, density, kine-
matic viscosity and external source term for mo-
mentum and energy equation due to IBM, respec-
tively. The Friction Reynolds number is defined
as Reτ = uτ (H − kmd)/ν, where uτ =

√
τw/ρ is

the friction velocity and τw = −Px(H − kmd) is
the wall shear stress prescribed by the constant
pressure gradient.

Description of cases
Thanks to the flexibility of the roughness gen-

eration method, two of the roughness parame-
ters chosen from both PDF and PS sides are sys-
tematically varied and analyzed utilizing DNS,
namely Sk and the PS slope p. Three values of
Sk are selected i.e. Sk ≈ −0.48, 0, 0.48. Skewed
roughness distribution obeys Weibull’s distribu-
tion fW (k) = KβKk(K−1)e−(βk)K , whereK is the
form factor which is adjusted to match desired
Sk, non-skewed roughness obeys the Gaussian
distribution fG(k) = e−(1/2)(k−µ/σ)2/(1/σ

√
2π).

Moreover the kurtosis Ku ≈ 3 is selected for all
roughness in search of the similarity to the Gaus-
sian distribution. Therefore, the PDF are charac-
terized in terms of negatively skewed, Gaussian
and positively skewed distribution. The height
of the roughness is scaled by the the 99% con-
fidence interval of the PDF, which is denoted
as k99. k99 = 0.1H is prescribed to all rough-
ness configurations. In order to avoid extreme
high/low roughness, roughness elements locate
out side 1.2× k99/2 around the meltdown height
kmd = (1/S)

∫
S
kdS are excluded.

On the other side, power-law PS is employed,
i.e. Ek(q) = C0(‖q‖ /q0)p, where q is the
wavenumber vector q = (qx, qz)

ᵀ, q0 = 2π/λ0 is
the reference wavenumber corresponding to the
largest in-plane length scale λ0,C0 is a constant to

scale the roughness height, and p is the slope of
the power-lawPS. p is chosen as−1 and−2 in seek
of overlapping with previous researches (Barros
et al. 2018, Nikora et al., 2019). The cutoff wave-
lengths of the PS are selected to accommodate to
the channel size as well as the grid resolution,
i.e. the presenting roughness wavelength λ obeys
0.8H ≤ λ ≤ 0.08H .

In summary, by systematically investigating of
these two roughness parameters in different chan-
nel sizes, in total 12 (3 PDF×2 PS×2 sizes) rough
surfaces are individually produced. Following
abbreviation is used throughout the text to dis-
tinguish the cases:

Topography︷ ︸︸ ︷
G︸︷︷︸
PDF

2︸︷︷︸
−p

|

Channel size︷︸︸︷
F . (7)

• The first character indicates the type of PDF;
G for Gaussian distribution, P for positively
skewed (Sk ≈ 0.48), and N for negatively
skewed (Sk ≈ −0.48).

• The second digit indicates the PS slope; 1 for
p = −1 and 2 for p = −2.

• The following character(s) indicates the chan-
nel size; F for full channel (8H × 4H),M for
the minimal channel (2.4H × 0.8H)

One of the irregular roughness topographies,
G2F , is illustrated for full-sized DNS in figure 1,
the size of the minimal channel is represented
by the black frame in the figure. The rough-
ness metrics that are widely used for rough-
ness characterization are shown in Table 1. As
one can see, the roughness topographical statis-
tics from the random generation process are pre-
served for both surface sizes. It is worth men-
tioning that the roughness for minimal channels
and full span channels are independently gener-
ated, which means each surface has an individ-
ual realization but the statistics are controlled by
the generation method. Thus, the stability of the
generation method is demonstrated in terms of
roughness topographical statistics.

3 Results
The DNS results, specifically the mean veloc-

ity and temperature profiles, U(y) and Θ(y) are
obtained by applying averaging in wall-parallel
directions and time.

Furthermore, due to the irregularity of surface
structure the origin of the wall normal coordinate
of a rough surface cannot be naturally defined. To
this end, Jackson (1981) proposed use of moment
centroid of the drag profile on rough surfaces as
the virtual origin to align the logarithmic velocity



Topography Sk p kmd/H krms/H Lcorr
x /H Sf/S ES ∆U+ ∆Θ+

P1F 0.48 −1 0.046 0.0208 0.052 0.28 0.57 7.33 4.17
P1M 0.48 −1 0.046 0.0208 0.056 0.28 0.55 7.28 4.19
P2F 0.48 −2 0.046 0.0208 0.100 0.21 0.44 6.99 3.82
P2M 0.48 −2 0.046 0.0208 0.110 0.20 0.40 6.86 3.84
G1F 0 −1 0.061 0.0200 0.050 0.27 0.54 6.67 3.93
G1M 0 −1 0.061 0.0200 0.054 0.27 0.53 6.66 3.99
G2F 0 −2 0.061 0.0200 0.100 0.20 0.43 6.30 3.62
G2M 0 −2 0.061 0.0200 0.108 0.19 0.40 6.39 3.70
N1F −0.48 −1 0.074 0.0208 0.052 0.28 0.57 6.14 3.87
N1M −0.48 −1 0.074 0.0208 0.056 0.28 0.55 6.07 3.80
N2F −0.48 −2 0.074 0.0208 0.100 0.21 0.44 5.82 3.54
N2M −0.48 −2 0.074 0.0208 0.110 0.20 0.40 5.63 3.49

Table 1: Roughness topographical statistics, where Sf is the total frontal projected area of the roughness. Lcorr
x

refers to the length scale where the roughness auto-correlation in streamwise direction drops under 0.2.
Simulation results are shown on the last two columns on the right.
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Figure 1: Full-span roughness sample G2F . The black
rectangle represents the size of the minimal
channel. Color bar shows the surface height.

profile. The definition of the zero plane displace-
ment d in presentwork follows Jackson’smethod.

Effect of channel size
The velocity profile of exemplary cases G2M

and G2F are compared in figure 2. The velocity
offset profiles U+

s − U+
r are shown in the inset of

figure 2 using same coloring style. With the same
approach, temperature fields predicted by mini-
mal channel and full span channel are compared
in figure 3. As one can observe, excellent agree-
ment of the profiles is achieved between minimal
channels and full span channels below each criti-
cal height yc. Due to the nature of minimal chan-
nels, an overestimation in the profiles in outer
layer can be observed for both smooth and rough
cases. However, the offset profiles for minimal
channel and full span channel, as shown in the
inset, collapse well and reach constant values in
logarithmic layer. The roughness function ∆U+

as well as ∆Θ+ are obtained by measuring the
mean offset of the profile in logarithmic layer,
specifically over y+ = 160− 250.

Generalizing the observation to all considered
cases, ∆U+ along with ∆Θ+ are summarized in
the last two columns in table 1. To visualize the
disagreement of minimal channel with full span

channel, graphical comparison is illustrated infig-
ure 4. It can be observed that minimal channels
show excellent agreement with the conventional
full span channels, the discrepancies of both∆U+

and∆Θ+ lie under 5%. Consistent predictions in-
dicate the capability of theminimal channels in re-
producing the hydrodynamics and thermal prop-
erties of the irregular pseudo-realistic roughness.
The results also imply that both skin friction and
heat transfer of a rough surface can be uniquely
determined by the roughness PS and PDF.
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Figure 2: Mean velocity profile of roughness type G2,
dashed line: velocity profile of smooth wall
U+

s , solid line: velocity profile of rough wall
U+

r . The inset shows the velocity retardation
U+

s −U+
r as a function ofwall normal distance

(y − d)+. Dash-dotted line represents Log-
law.

Effect of roughness topography
Given the satisfactory performance of mini-

mal channel simulations, in the following con-
tent the prediction results by minimal channels
will be analysed. An overview of the rough-
ness function ∆U+ from minimal channel sim-
ulations is plotted in figure 5, where roughness
function ∆U+ is shown as a function of skewness
Sk, grouped by the PS slope p. As investigated
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by Flack et al.(2020), positively skewed rough sur-
faces give higher skin friction than non-skewed or
negatively skewed roughness. Negatively skewed
surfaces show ’slip-velocity’ effect (Jelly & Busse
2018), which translates into a weaker mean veloc-
ity retardation. The trend observed in the present
results fully agrees with what suggested by the
previous researchers.

On the other hand, the averaged offset of log-
arithmic temperature profile ∆Θ+, analogous to
∆U+, is shown by squares in figure 5. The evolu-
tion of ∆Θ+ also shows monotonic increase with
Sk. However, it is demonstrated that the variation
of Sk affects ∆Θ+ less significantly than ∆U+. By
adjusting the PS slope p the shift of ∆Θ+ can be
observed for all roughness topographies. To shed
light into the correlation of spatial roughness dis-
tribution with ∆U+ and ∆Θ+, these values are
plotted as a function of effective slope ES in fig-
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Figure 5: ∆U+(circles) and ∆Θ+(squares) predictions
from minimal channels. Black: p = −1, gray:
p = −2.
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Figure 6: ∆U+(circles) and ∆Θ+(squares) predictions
from minimal channels. Blue: Sk = 0.48,
red: Sk = 0, green: Sk = −0.48.

ure 6. Approximately parallel increase of ∆U+

and ∆Θ+ with ES for all types of roughness are
exhibited.

4 Conclusions
DNS is carried out for fully developed turbu-

lent channel with artificial irregular roughness at
Reτ ≈ 500. A passive scalar is added to sim-
ulate the temperature field. The rough surfaces
are generated based on the mathematical rough-
ness generation method proposed by Ràfols &
Almqvist(2019). Three types of roughness PDF,
namely Sk = −0.48, 0, 0.48 are combined with
2 types of power-law roughness PS whose slope
p = −1& −2. It is demonstrated that the mini-
mal channel is capable of reproducing the hydro-
dynamic and thermal properties of the artificial
irregular roughness with significant reduction in
computational effort. In the present work, the
roughness function∆U+ and the offset of temper-
ature profile in logarithmic layer ∆Θ+ are com-
pared among considered types of roughness to-
pographieswith systematically adjusted PDF and
PS. Simultaneous increase of ∆U+ and ∆Θ+ for



different types of roughness can be observedwith
increasing ES. A monotonic increase of ∆U+ as a
function of Sk is observed, similar trend can be
observed for ∆Θ+. However, the influence of Sk
on the temperature profile shows less significance
than the influence on the velocity profile. The dif-
ferent behavior of ∆Θ+ calls for a detailed study
on the temperature field of turbulent flow over
rough surfaces.
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Abstract
The low-frequency unsteady behaviour of the flow

over a forward-facing step (FFS) and backward-facing
step (BFS) at Ma∞ = 1.7 and Re∞ = 1.3718 ×
107m−1 is investigated using a well-resolved large-
eddy simulation (LES). The mean and instantaneous
flow field illustrate the unsteady features of the shock
wave/boundary layer interaction (SWBLI) system,
containing the free shear layer, shock waves, separa-
tion and reattachment region. From the spectral anal-
ysis of the two cases, two types of low frequencies are
observed, of which the lower one is related to the un-
steady separation bubble and shock, while the interme-
diate one is associated with the shedding of shear layer
vortices. Using a three-dimensional dynamic mode
decomposition (DMD), we analyse the individual con-
tributions of selected modes to the unsteadiness of the
SWBLI. The separation shock (or reattachment shock
in the BFS case) and Görtler-like vortices, which are
induced by the centrifugal forces originating from the
strong curvature of the streamlines in the separation
and reattachment region, are strongly correlated with
the low-frequency unsteadiness.

1 Introduction
Shock wave/ boundary layer interaction (SWBLI)

has been an active topic in the aerospace community
over the past decades (Green 1970; Dolling 2001).
It is widely reported that this interaction system fea-
tures significant low-frequency unsteadiness, whose
frequency is typically two orders lower than the char-
acteristic frequency of the incoming turbulent bound-
ary layer (Clemens and Narayanaswamy 2014). Sev-
eral theories, which can be classified into upstream and
downstream mechanisms, have been proposed to ex-
plain the origin of this unsteadiness, especially in the
canonical incident shock and compression ramp cases
(Gaitonde 2015; Pasquariello et al. 2017). However,
these two mechanisms may not apply in the same man-
ner for the forward/backward-facing step (FFS/BFS)
configurations in view of the different flow topology.
The objective of the current investigation is to scruti-

nize the low-frequency unsteady dynamics of SWBLI
in the supersonic FFS/BFS case to enhance our under-
standing of the underlying physical mechanisms be-
hind it.

2 Flow configuration and numerical
setup

For the present investigation, we consider an open
FFS and BFS (i.e. no upper wall) with the same super-
sonic turbulent inlet boundary conditions at Ma = 1.7
and Reδ0 = 13718, based on the reference boundary
layer thickness δ0 at the inlet. The size of the com-
putational domain is [Lx, Ly, Lz] = [110, 33, 16]δ0
with a length of 70 δ0 for the FFS case and 40 δ0 for
the BFS configuration upstream the step. The main
flow parameters are summarized in Table 1, where h
is the step height.

Table 1: Main flow parameters
Ma∞ U∞ p0 θ0

1.7 469.85m/s 1× 105 Pa 0.1mm

h T0 Re∞ δ0
3mm 300K 1.3718× 107 m−1 1mm

We employ the implicit large eddy simulation
(ILES) method of Hickel et al. (2014) for solving
the compressible Navier-Stokes equations, which has
been successfully applied to various compressible flow
cases, including SWBLI at a compression ramp (Grilli
et al. 2012) and transition between regular and irregu-
lar shock patterns (Matheis and Hickel 2015).

We use a multi-block Cartesian mesh with hanging
nodes at block interfaces to accommodate local refine-
ment. The distribution of the mesh within each block
is uniform in the streamwise and spanwise direction.
Close to the wall, hyperbolic grid stretching is used in
the wall-normal direction. The spatial resolution of the
grid is ∆x+

max ×∆y+max ×∆z+max = 40× 1.0× 20 for
the FFS and ∆x+

max ×∆y+max ×∆z+max = 36×0.9×18
for the BFS. A synthetic turbulence generation method
based on a digital filter technique (Klein et al. 2003) is
implemented to produce the appropriate turbulent in-



flow. The step and wall are modeled as no-slip adia-
batic surfaces. All the flow variables are extrapolated
at the outlet of the domain. On the top of the domain,
non-reflecting boundary conditions based on Riemann
invariants are used. Periodic boundary conditions are
imposed in the spanwise direction. For more details
on the setup and a grid convergence study, we refer to
Hu et al. (2019, 2020, 2021)

3 Results

Mean and instantaneous flow
The mean flow field in Figure 1 provides an overall

view of the main flow topology, including a centered
Prandtl-Meyer expansion from the step edge, the sep-
aration bubble and shock wave. For the FFS case, the
boundary layer separates at x/δ0 = −15.9 and reat-
taches on the step wall at y/δ0 = 2.1. The separation
region is encompassed by two shocks, i.e., the sepa-
ration and reattachment shock. In contrast, the flow
over the BFS separates at the step edge and reattaches
at x/δ0 = 8.9, and there is only a reattachment shock
coalesced by the compression waves near the reattach-
ment.

(a)

(b)

Figure 1: Density contours of the time- and spanwise-
averaged flow field. (a) FFS and (b) BFS. The
white dashed lines denote the isolines of Ma =
1.0. The black dashed and solid lines signify iso-
lines of u = 0 and u/ue = 0.99. The solid white
lines represent the isolines of |∇p|δ0/p∞ = 0.26
(FFS) and 0.24 (BFS).

From the instantaneous flow fields in Figure 2, two
main types of unsteady behaviour are observed for
both cases. The first one is a global motion involving
the breathing of the separation bubble and the flapping
of the shock. On the other hand, a relatively local-
ized unsteadiness is related to the shedding of vortices
along the shear layer.

Spectral analysis
The frequency weighted power spectral density

(FWPSD) of the wall pressure (Figure 3) shows a
broadband frequency spectrum in these two unsteady
SWBLI systems. Two distinct low-frequency ranges

(a)

(b)

22.2

(c)

(d)

Figure 2: Contours of the instantaneous streamwise velocity
for the slice z = 0. (a) FFS: tu∞/δ0 = 600, (b)
FFS: tu∞/δ0 = 700, (c) BFS: tu∞/δ0 = 954.5
and (d) BFS: tu∞/δ0 = 1080. Black solid lines
denote the isolines of u = 0 and white dashed
lines signify the isolines of |∇p|δ0/p∞ = 0.4.

are identified from the spectral map, i.e. a lower
one (0.005 ≤ fδ0/u∞ ≤ 0.05 for the FFS and
0.06 ≤ fδ0/u∞ ≤ 0.08 for the BFS) and a medium
one (0.06 ≤ fδ0/u∞ ≤ 0.25 for the FFS and 0.1 ≤
fδ0/u∞ ≤ 0.3 for the BFS). The value of the lower
frequency is in a good agreement with results from the
incident and ramp SWBLI cases (Priebe and Martı́n
2012; Pasquariello et al. 2017), which is widely re-
ported to be approximately two orders lower than the
characteristic frequency of the incoming energetic tur-
bulent scales u∞/δ0.

To further scrutinize the physical links between
various dynamics and frequencies of the unsteady
motions, several typical flow parameters, including
the reattachment location, separation bubble volume
and shock angle, are extracted from the present re-
sults. Figure 4 shows the FWPSD of the reattach-
ment location for both FFS and BFS cases. There is
a medium frequency peak located around fδ0/u∞ ≈
0.1, which suggests that the reattached shear-layer
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Figure 3: Frequency weighted power spectral density of the
wall pressure with the streamwise distance. (a)
FFS and (b) BFS.

flow is related to the medium-frequencies unsteadiness
in SWBLI. As reportd by Priebe and Martı́n (2012),
the intermediate-frequencies is likely associated with
the passage of shedding vortices formed in the sepa-
rated shear layer.
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(b)

Figure 4: Frequency weighted power spectral density of
the reattachment location based on the spanwise-
averaged flow field. (a) FFS and (b) BFS.

Considering the volume of the separation bubble,
a single spectral peak is observed at fδ0/u∞ ≈ 0.2
for both FFS and BFS cases, as shown in the FWPSD
(Figure 5). Similarly, the motions of the shock angle
feature a dominant low frequency (Figure 6). These
observations are in agreement with the statement of
Hu et al. (2019), indicating that the low-frequency un-
steadiness is associated with the breathing of the sep-
aration bubble and flapping motion of the shock wave.

DMD
To further analyze the flow features that contribute

to the unsteady dynamics at different frequencies, a
dynamic mode decomposition (DMD) of the three-
dimensional FFS and BFS flow fields is carried out
based on 1000 snapshots equally space in time, for
a spatial subdomain. With the selected sample fre-
quency of fsδ0/u∞ = 2, this gives a frequency res-
olution of 2 × 10−3 ≤ Stδ0 ≤ 1, covering the most
interesting frequency range in the present case. Fig-
ure 7 displays the calculated magnitudes of the DMD

(a) (b)

Figure 5: Frequency weighted power spectral density of the
bubble volume based on the spanwise-averaged
flow field. (a) FFS and (b) BFS.

(a) (b)

Figure 6: Frequency weighted power spectral density of the
shock angle based on the spanwise-averaged flow
field. (a) FFS and (b) BFS.

modes with the frequencies. The shown modes are
grey shaded by the growth rate, which means that the
darker modes have smaller decay rates. As we can
see, for both FFS and BFS cases, three branches of
modes with different frequencies are identified from
the DMD frequency spectrum. The DMD results of
the FFS case are analysed in detail to scrutinize the
flow dynamics associated with the specific frequency
branch in the following part.

For the FFS case, we selected one representative
mode from each branch, based on the growth rate and
magnitudes of the modes, marked as mode ϕ1, ϕ2

and ϕ3. For the low-frequency mode ϕ1 (fδ0/u∞ =
0.013), the isosurfaces of the modal pressure fluctu-
ations (Figure 8) show significant structures around
the separation shock and compression waves caused
by the reattachment. The variation of the large struc-
tures with the phase angles indicates the unsteady mo-
tions of the shock both in the spanwise and stream-
wise direction. Considering the modal velocity fluc-
tuations for the same mode in Figure 9, the isosur-
faces of u′/u∞ = ±0.2 visualize the counter-rotating
streamwise Görtler vortices, distributed from the free
shear layer to downstream of the reattachment point.
In addition, we also determined the variation of the
Görtler number Gt along the streamlines, and found
that values larger than the critical value (Gt = 0.6) ac-
cur near the separation and reattachment region (Smits
and Dussauge 2006), suggesting a strong Görtler in-
stability in the interaction region. These observations
suggest that the low-frequency flapping motions of the
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Figure 7: Normalized magnitudes of DMD modes with pos-
itive frequencies, grey shaded by the growth rate.
(a) FFS and (b) BFS.

shock are related to the streamwise-elongated Görtler
vortices in the present case. These unsteady longitu-
dinal vortices are usually induced by the centrifugal
forces from the strong curvature of the streamlines in
the separation region, which provides a potential phys-
ical mechanism for the low-frequency unsteadiness in
the current FFS case.

For the medium-frequency mode ϕ2, the pressure
isosurfaces in Figure 10 show high levels of modal
fluctuations along the free shear layer. Positive and
negative fluctuations are alternating in the streamwise
direction, which represents the propagation of acous-
tic waves. The radiation of the acoustic waves is in
agreement with the results from a global linear sta-
bility analysis of an impinging shock case in laminar
regime (Huang and Estruch-Samper 2018). Regard-
ing the modal fluctuations of the streamwise veloc-
ity, shown in Figure 11, the Λ-shaped structures are
observed in the free shear layer and alternate along
both the spanwise and streamwise directions. Based
on these observations, we believe this mode represents
the convection of the shear layer vortices. Similar con-
clusions were also addressed in the two-dimensional
DMD analysis of an incident shock case (Pasquariello
et al. 2017).

Similarly, for the BFS case, the flapping of the
shock wave and counter-rotating Görtler vortices are
responsible for the low-frequency motions (Figure 12),

(a)

(b)

Figure 8: Isosurfaces of the modal pressure fluctuations
from DMD mode ϕ1 with phase angle (a) θ =
0 and (b) θ = 3π/4 for the FFS case. (red:
p′/p∞ = 0.03, blue: p′/p∞ = −0.03).

(a)

(b)

Figure 9: Isosurfaces of the modal streamwise velocity fluc-
tuations from DMD mode ϕ1 with phase angle (a)
θ = 0 and (b) θ = 3π/4 for the FFS case. (red:
u′/u∞ = 0.2, blue: u′/u∞ = −0.2).



(a)

(b)

Figure 10: Isosurfaces of the modal pressure fluctuations
from DMD mode ϕ2 with phase angle (a) θ = 0
and (b) θ = 3π/4 for the FFS case. (red:
p′/p∞ = 0.03, blue: p′/p∞ = −0.03).

(a)

(b)

Figure 11: Isosurfaces of the modal streamwise velocity
fluctuations from DMD mode ϕ2 with phase an-
gle (a) θ = 0 and (b) θ = 3π/4 for the FFS case.
(red: u′/u∞ = 0.2, blue: u′/u∞ = −0.2).

while the shedding vortices along the shear layer
and the induced Mach-like waves contribute to the
medium-frequency behaviour (Figure 13).

(a)

(b)

Figure 12: Isosurfaces of modal (a) pressure fluctuations and
(b) streamwise velocity fluctuations from DMD
mode ϕ1 with p′/p∞ = ±0.02 and u′/u∞ =
±0.42 (BFS case).

In both FFS and BFS cases, the higher frequency
modes, branch C, are related to the small-scale tur-
bulent vortices, which are not of current interest and
therefore not discussed here.

4 Conclusions
The low-frequency unsteady dynamics of the

SWBLI over a FFS/BFS is investigated at Ma = 1.7
and Reδ0 = 13718 using a well-resolved LES. The
main flow topology of the SWBLI region contains a
shock wave (a reattachment shock in the BFS case and
a separation shock in the FFS case), a main separation
bubble and a centered Prandtl-Meyer expansion fan.
The instantaneous visualizations indicate that the un-
steady behaviour involves the vortex shedding in the
separated shear layer, the breathing of the separation
bubble and the flapping shock motion. From the spec-
tral analysis, we observe broadband low-frequency
motions in the interaction region, which can be classi-
fied into two branches with the dominant frequencies
centered at Stδ0 ≈ 0.01 and Stδ0 ≈ 0.1. The medium-
frequency contents are associated with the shedding of
shear layer vortices, and the lower frequency dynamics
connects to the unsteady separation region.

Three-dimensional DMD analysis was applied to
identify the individual single-frequency mode that
contributes to the observed unsteady behaviour. The
visualization of the extracted low-frequency mode



(a)

(b)

Figure 13: Isosurfaces of modal (a) pressure fluctuations and
(b) streamwise velocity fluctuations from DMD
mode ϕ2 with p′/p∞ = ±0.02 and u′/u∞ =
±0.3 (BFS case).

ϕ1 suggests that there is a statistical link between
the shock motions (shown by pressure fluctuations)
and the unsteady Görtler-like vortices (shown by the
streamwise velocity fluctuations) along the shear layer.
The flow features displayed by the medium-frequency
mode ϕ2 represents the shedding behaviour of the
shear-layer vortices and the radiation of the induced
Mach waves.

Based on the above observations and discussion,
we believe that the physical mechanism of the low-
frequency unsteadiness in the FFS/BFS is the same as
for the other canonical SWBLI cases, i.e, the unsteady
Görtler-like vortices in the shear layer impose an un-
steady forcing that sustains the low-frequency motions
of shocks and separation bubble.
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Abstract 

The sibilant fricative is a common consonant in 

each language produced by the turbulence inside the 

oral cavity. Clarify the mechanism contributes to the 

dental application. Therefore, the numerical simula-

tion for modelling the sibilant fricative production is 

conducted in the present study. The framework 

which is suitable for high-performance computing is 

applied for simulating the sibilant sound. The im-

plicit time scheme with an immersed boundary 

method based on a hierarchical structure grid as well 

as the adaptively switched time stepping scheme for 

the compressible flow is adopted. Firstly, the acous-

tic resonance generated from the flow around the 

single plate is simulated to validate the numerical 

scheme and the result shows that this framework is 

highly efficient and suitable for the massive paral-

lelization system to tremendously save the calcula-

tion time. Then, the simulation for a simplified 

model of the sibilant /s/ is conducted and a reasona-

ble result of the flow and acoustic field can be ob-

served by the current framework. Finally, the simu-

lation for a realistic geometry of sibilant sound 

scanned from the human vocal tract is performed to 

investigate the mechanism of sibilant sound and it 

demonstrate that this framework is capable of mak-

ing a contribution to the dental application, such as 

helping to design the dental prosthesis.  

 

1 Introduction 

The simulation of human speech organs contrib-

utes to the dental application. For example, a 

well-designed denture enables patients to speak 

better, especially improvement in pronouncing 

words containing sibilants or fricatives. However, 

the human phonation process is a tough objective for 

the simulation because the fluctuation pressure 

which generates the sound is much smaller compared 

with the atmospheric pressure. Specifically, the am-

plitude of the sibilant sound wave is only 0.01% of 

the standard atmosphere. That means the simulation 

system is sensitive to the accuracy of the numerical 

scheme. Therefore, although it costs a huge amount 

of computational resources, using tiny time steps and 

iterating is a common way to achieve high accuracy. 

Mostly, the explicit numerical method is applied 

to computational aero-acoustics research. By using 

the explicit method, the system has good numerical 

stability with a limited time-step. Bogey et al. (2004) 

proposed explicit numerical methods by minimizing 

the dispersion and the dissipation errors in the 

wavenumber for spatial derivation, filtering and time 

integration, also they emphasized the simulation of 

turbulent flows as well as computing flow and noise 

with high accuracy and fidelity. Yokoyama et al. 

(2013) used the third-order-accuracy Runge-Kutta 

method to conduct the simulation of a cascade of flat 

plates with the compressible LES and predicted the 

far-field noise. Nevertheless, to maintain the stability 

of the system, the courant number of the explicit 

solution method needs to be a small value, which 

means the scale of the time-step is also tiny. As a 

result, the simulation with the explicit method needs 

rather a large number of computational time and 

resources. 

Hence, to save computational resources, the im-

plicit numerical method is applied to the acoustics 

simulation in the current study. Due to the artificial 

time-step in implicit time scheme, the courant 

number is allowed to be much larger than in an ex-

plicit time scheme. Lian et al. (2009) proposed the 

solution-limited time stepping with the implicit al-

gorithms enhances the stability of the system and 

decreases the sensitivity to initial conditions without 

adversely impacting efficiency with the duct flow 

model. However, this method is not suitable for the 

simulation in the acoustics field because it lacks 

accuracy on the fluctuation pressure field. As a re-

sult, the present study applied the adaptively 

switched time stepping scheme (ASTS) which based 

upon a concept of solution-limited time stepping and 

modified by Li et al. (2019) in the implicit turbulence 

model to enhance the accuracy of the acoustics sim-

ulation.  

Moreover, the appearance of the human phona-

tion organ is so sophisticated that it always costs few 

hours to build the mesh with the unstructured grid. 



 

 

Therefore, the immersed boundary method with the 

hierarchical structured grid is applied. The immersed 

boundary method can well represent the complex 

geometry, and the mesh can be built easily within 

few minutes by the hierarchical structured grid. Be-

sides, the hierarchical structured grid can provide 

better load balancing and higher performance on a 

massive parallelization system.  

By the present framework which applies implicit 

time scheme with immersed boundary method, the 

simulation of human phonation can be achieved in 

high accuracy and efficiency way. After validating 

the benchmark, it can be seen as a promising tool for 

investigation of the sound production. 

 

2 Numerical Method  

The governing equations are the Navier-Stokes 

equations shown below.  
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where t is the time, xi indicates three directions in 

Cartesian coordinate system (i = 1, 2, 3), and the 

conservative vector U is 
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ρ is the density, ui indicates the velocity components (i 

= 1, 2, 3), and δij is the Kronecker delta. 

The total energy e is calculated as 
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and µAij is the stress term, with 
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The pressure P follows the ideal gas equation: 

P RT ,    (6) 

The dynamic viscosity μ and thermal conductivity k 

are based on Sutherland’s law: 
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where ρ0 = 1.1842 kg/m3, μ0 = 1.85х10−5 N∙s/m2, T0 = 

298.06 K,   = 1.4, R = 287 J/kg, and the Prandtl 

number (Pr) is 0.71. 

The LUSGS implicit algorithm is applied for time 

advancement. The Roe scheme with 5th order 

MUSCL is used to approximates the convective terms. 

And the second-order central difference method is 

adopted to calculate the magnitudes of the viscous 

terms. The absorbing boundary condition is used at 

the outlet for avoiding the computational domain be-

ing polluted by the reflecting pressure waves. The 

immersed boundary method with the hierarchical 

structured grid is used to simulate the complex ge-

ometry surface. 

To accelerate the convergence speed, Lian et al. 

(2009) proposed the solution-limited time stepping 

(SLTS) method by adaptively adjusting the CFL 

number and determine Δτ in the governing equation. 

Under the SLTS method, the larger physical time step 

and the faster speed of convergence can be achieved. 

However, as mention previously, because of the 

Newton linearization error of the term /pU    , 

SLTS method is not suitable for aeroacoustics simu-

lations even when the convergence criteria are satis-

fied. Hence, we applied the adaptively switched time 

stepping scheme (ASTS) to reduce the computational 

cost and maintain the accuracy in the aeroacoustics 

simulation. 

 

3 Results and Discussion 

To convince current framework is reliable on 

acoustic computation, the simulation of the flow 

around the flat plate is conducted to validate with the 

result by Yokoyama et al. (2013), which adopted a 

standard third-order-accurate Runge-Kutta method 

with the sixth-order-accurate compact finite differ-

ence scheme. Although the accurate order is lower, by 

using 2 times finer grids, current framework can 

achieve good accuracy. As the contours of the fluctu-

ation pressure for phase- and spanwise-averaged flow 

fields shown in Fig. 1, the expansion and compression 

waves radiate around the downstream edge can be 

observed, both of the frequency of vortex shedding 

and the wavelength of the radiating waves show a 

good agreement. In Fig. 2, the comparison of the mean 

velocity profile of the boundary layer from the upper 

surface also shows good accuracy. Consequently, 

these results indicate that the current framework can 

adequately capture the acoustic and flow fields. 

 

 
FIG 1. The contours of the fluctuation pressure for 

phase- and spanwise-averaged flow fields (a) Result 

by Yokoyama et al. (2013), (b) Result by the current 

framework. 



 

 

 

The sibilant fricative is a common consonant in 

each language produced by the turbulence inside the 

oral cavity. Nozaki et al. (2014) replicated a realis-

tic model of a subject pronouncing /s/ sound and 

used incompressible solver to simulate the flow 

field. Yoshinaga et al. (2018) simulated the simpli-

fied sibilant fricatives model to investigate the 

mechanisms of the production process in the vocal 

tract. Both the simplified and realistic models are 

selected to be the validation by the present frame-

work.  

Firstly, to ascertain the accuracy of the phonation 

simulation by the present framework, the modeling of 

the simplified model for the sibilant fricative is con-

ducted. The normalized instantaneous velocity mag-

nitude and the root mean square (RMS) value of the 

velocity fluctuation on the mid-sagittal plane is shown 

as Fig. 3(a)(b). Observably, the flow is accelerated at 

the narrow channel between the tongue and the hard 

palate (the sibilant groove) which generates the tur-

bulence at the downstream of the construction. Ac-

cording to Lighthill’s analogy (1952), the aeroacous-

tics sound source is primarily produced by the time 

variation in the space derivatives of the Reynolds 

stress tensor. As shown in Fig. 3(b), the potential 

sound source locates around the gap between the up-

per and lower incisor, which is the high RMS value 

region. As the fluctuation pressure flow out of the oral 

cavity shown in Fig. 4, the periodic frequency around 

5kHz which is the characteristic frequency of sibilant 

sound can be observed.  

 

To simulate the phenomena involved in the pro-

nunciation of /s/, the simulation of realistic vocal tract 

is conducted. Fig. 5(a)(b) shows the normalized in-

stantaneous velocity magnitude and the root mean 

square (RMS) value of the velocity fluctuation on the 

mid-sagittal plane. The highest velocity occurs at the 

 

FIG 2. Profile of mean velocity, uavg/U0, at x/b = 0.0 

 

FIG. 3 (a) Normalized instantaneous velocity 

magnitude and (b) root mean square (RMS) of 

the velocity fluctuations at t = 0.015 s 

 

FIG. 4 fluctuation pressure of simplified model. 

 

 

Fig. 5 (a) Normalized instantaneous velocity magnitude 

and (b) root mean square (RMS) of the velocity fluctua-

tions at t = 0.015 s 

 

Fig. 6 SPL spectrum of realistic model. 



 

 

sibilant groove, which is the same as the location of 

the simplified result. At the downstream of the sibilant 

groove, the flow became turbulent at the region be-

tween the teeth and the lower lip as a result of the jet 

flow leaving the sibilant groove. Accordingly, the 

velocity RMS is relatively high in the area down-

stream of the jet flow, and the potential sound source 

likely appeared in this region.   

As shown in Fig. 6, the sound pressure level (SPL) 

is compared with the result by Yoshinaga (2018). The 

acoustic pressure is collected 100 mm from the lip 

outlet, and the frequency spectra of the sound was 

calculated via FFT. For a typical sibilant sound, SPL 

amplitude will be rapidly increased at a low frequency 

of 2-4 kHz, and then the first characteristic peak was 

reached around 5 kHz, then characterized as the 

broadband noise above 5 kHz. This result shows good 

agreement with the previous study, and the same 

characteristics of sibilant /s/ sound was also observed 

in the result by Runte (2001). Accordingly, this result 

suggests that the present framework of the direct 

aeroacoustics computation can provide reasonable 

accuracies in flow and aeroacoustics predictions. 

 

3 Conclusions 

The present study simulated the sibilant fricative 

production by the framework applied the implicit time 

scheme with the immersed boundary method to 

achieves the high accuracy and efficiency simulation 

in the computational acoustic. By validating the 

benchmarks, the results have a qualitatively good 

agreement. Moreover, the combination of the im-

mersed boundary method and high-performance 

computing reduces the computational resource dras-

tically. Therefore, the present framework can be seen 

as a promising tool for the human phonation simula-

tion to identify the mechanism of phonation process 

and contributes to the dental application. 

 

Acknowledgements 
This work was supported by the RIKEN Junior 

Research Associate Program 

 

References 

Bogey, C. and Baiily, C. (2004), A family of low 

dispersive and low dissipative explicit schemes for 

flow and noise computations, Journal of Computa-

tional physics, 194.1, 194-214. 

Runte, C., Lawerino, M., Dirksen, D., Bollmann, F., 

Lamprecht-Dinnesen, A., and Seifert, E., (2001) The 

influence of maxillary central incisor position in 

complete dentures on /s/ sound production, J. Pros-

thet. Dent., 85(5), 485. 

Li, C. G., Lu, H. J., and Tsubokura, M. (2019), An 

Adaptive Time Stepping Scheme for Aeroacoustic 

Computations, in International conference on flow 

dynamics 2019/11 (Japan, Sendai, 2019). 

Lian, C., Xia, G., and Merkle, C. L. (2009), Solu-

tion-limited time stepping to enhance reliability in 

CFD applications, Journal of Computational Physics, 

228.13, 4836-4857.  

Lighthill, M. J., (1952), On sound generated aerody-

namically I. General theory, Proceedings of the Royal 

Society of London. Series A. Mathematical and 

Physical Sciences, 211(1107), 564 

Nozaki K., Yoshinaga T., and Wada S., (2014), Sibi-

lant /s/ simulator based on computed tomography 

images and dental casts, J. Dent. Res., 93(2), 207. 

Yokoyama, H., K. Kitamiya, and A. Iida. (2013), 

Flows around a cascade of flat plates with acoustic 

resonance, Physics of Fluids, 25.10, 106104. 

Yoshinaga, T., Nozaki, K., and Wada, S., (2018), 

Experimental and numerical investigation of the 

sound generation mechanisms of sibilant fricatives 

using a simplified vocal tract model, Physics of Flu-

ids, 30.3, 035104. 

 

 



TOWARDS LES OF BUBBLE-LADEN CHANNEL FLOWS:
SUB-GRID SCALE CLOSURES FOR MOMENTUM ADVECTION

E. Trautner1, J. Hasslberger1, T. Trummler1, P. Cifani2, R. Verstappen3 and M. Klein1

1 Institute of Applied Mathematics and Scientific Computing
Bundeswehr University Munich, Werner-Heisenberg-Weg 39, 85577 Neubiberg, Germany

2 Multiscale Modeling and Simulation, Faculty EEMCS
University of Twente, P.O Box 217, 7500AE Enschede, The Netherlands

3 Bernoulli Institute for Mathematics, Computer Science and Artificial Intelligence
University of Groningen, Nijenborgh 9, 9747AG Groningen, The Netherlands

elias.trautner@unibw.de

Abstract
This paper presents an a-posteriori assessment

of different LES sub-grid scale closures for momen-
tum advection in the context of bubble-laden chan-
nel flows. The numerical approach is based on the
Volume-of-Fluid method in combination with the one-
fluid formulation of the incompressible Navier-Stokes
equations. To study the behavior of different sub-
grid scale models, a turbulent bubble-laden downflow
channel is simulated at a friction Reynolds number of
Reτ = 590. The setup is chosen such that the bubbles
are nearly spherical, but mildly wobbling. Both func-
tional models of eddy viscosity type and scale simi-
larity type models are used to close the sub-grid scale
stresses. The results are compared to a direct numer-
ical simulation of the same setup. It is found that the
stream-wise volumetric flow rate depends strongly on
the closure model as well as the grid resolution. While
some models lead to an improvement compared to the
LES without an explicit model, the comparably dissi-
pative nature of the QUICK scheme prevents a clear
assessment of some more advanced modeling strate-
gies.

1 Introduction
Turbulent bubbly flow plays an important role in a

large variety of technical applications, such as chemi-
cal reactors in the process industry or heat exchangers
in power plants. Due to the increased computational
power, Direct Numerical Simulation (DNS) has be-
come feasible for reduced-complexity two-phase flow
setups at limited Reynolds numbers. However, bub-
bly flows in industrial devices generally exhibit high
Reynolds numbers, which limits the application of
DNS to academic setups. Moreover, due to the pres-
ence of a second phase, the already wide range of
scales of motion introduced by turbulence is possibly
extended, preventing the usage of DNS for the design
of most technical devices in the foreseeable future.

Consequently, Large Eddy Simulation (LES),

which allows to resolve many physical processes to
a large extent, while retaining the computational cost
at an acceptable level, comes into focus. Compared
to single-phase flow, multiphase flow LES is still in
an early development stage. This is mostly due to the
fact that additional unclosed terms are present in the
respective governing equations. As a-priori analysis
has shown, the dominant Sub-Grid Scale (SGS) con-
tribution deserving the biggest attention stems from
the convective term (Klein et al., 2019). In this pa-
per, various models for this term are analysed based
on a-posteriori LES and a comparison with results
from a DNS of the setup. This is a first step towards
a modeling strategy for bubbly flows, consisting of a
set of LES closure terms that, due to the strong interac-
tion, must be assessed in combination with a numerical
method.

2 Governing equations and numerical
method

The mathematical model implemented in the
highly scalable open-source code “TBFsolver” (Cifani
et al., 2018) is based on the one-fluid formulation of
the incompressible Navier-Stokes equations. In the
usual notation (density ρ, velocity components ui,
pressure p, dynamic viscosity µ, gravitational accel-
eration gi, surface tension coefficient σ, interface nor-
mal ni, interface curvature κ, interface Dirac function
δS), the Favre-filtered LES equations (together with
eq. (4)) read

∂ũi
∂xi

= τdivu (1)

∂ρũi
∂t

+
∂ρũiũj
∂xj

= − ∂p

∂xi
+ σniκδS

+
∂

∂xj

[
µ

(
∂ũi
∂xj

+
∂ũj
∂xi

)]
+ gi (ρ− ρ0)

− ∂τρuu,ij
∂xj

+
∂τµS,ij
∂xj

+ τnn,i

(2)

The average density in the domain is denoted as ρ0.



The convective SGS term, which is the scope of this
paper, is represented by τρuu,ij , while τµS,ij , τnn,i and
τdivu denote the diffusive SGS term, the SGS surface
tension force and the residual in the divergence of the
Favre-filtered velocity, respectively. Modeling the lat-
ter three is beyond the scope of this work. For the
formulation implemented in the solver, the momentum
equation (eq. (2)) has been divided by the density ρ, so
that the sub-grid stress tensor τρuu,ij can be expressed
as τuu,ij = ũiuj − ũi ũj .

The Continuum Surface Force approach is used to
compute surface tension. In this context, the inter-
face normal is defined as ni = ∇f/

∣∣∇f ∣∣, where f
is the filtered marker function for the local gas volume
fraction in the context of the geometrical Volume-of-
Fluid (VOF) method. The filtered interface curvature
κ = ∂ni/∂xi is determined using a state-of-the-art
height function method. The interface Dirac function
δS is numerically approximated as δS =

∣∣∇f ∣∣. In
each cell, the filtered density ρ and dynamic viscos-
ity µ are linearly interpolated from the liquid (l) and
gas (g) phase material properties using the local gas
volume fraction f , i.e.,

ρ = fρg +
(
1− f

)
ρl,

µ = fµg +
(
1− f

)
µl.

(3)

For the advection of the VOF marker function,
a multiple-marker formulation (Coyajee & Boersma,
2009) is used to avoid numerical coalescence and han-
dle bubble collisions. The single marker functions
b = 1, ..., N (with the total number of bubbles N ) are
advected (eq. (4)) using a geometrical interface recon-
struction approach.

∂f b
∂t

+
∂ũjf b
∂xj

= 0, f b =

{
1 for gas
0 for liquid

(4)

Time integration is performed using a second-order
Adams-Bashforth scheme. For stability reasons (Ket-
terl et al., 2019), the convective term is discretized us-
ing the third-order QUICK scheme, and central dif-
ferences are used for the diffusive terms. The veloc-
ity components are arranged on a staggered grid. To
allow the utilization of a fast Poisson solver (Dodd
& Ferrante, 2014), the Poisson equation for pressure
is transformed into a constant-coefficient formulation
(Cifani, 2019).

3 Models for the convective SGS term
Models for the convective SGS term can be distin-

guished into functional and structural models. Func-
tional models are mainly supposed to represent the
forward energy cascade process. Two well known ex-
amples are the standard Smagorinsky model (eq. (5))
and the sigma model by Nicoud et al. (2011, eq. (6)),
which both are of eddy viscosity type. The SGS stress
tensor τuu,ij = ũiuj−ũi ũj is approximated using the

concept of an eddy viscosity νt.

τSmago
uu,ij = −2νtS̃ij , νt = (Cs∆)

2
∣∣∣S̃ij∣∣∣∣∣∣S̃ij∣∣∣ =

√
2S̃ijS̃ij , Cs = 0.17

(5)

In eq. (6), the singular values σi, ordered such that
σ1 ≥ σ2 ≥ σ3, are the square roots of the eigenvalues
of Gij .

τSigma
uu,ij = −2νtS̃ij

νt = (Cσ∆)
2 σ3 (σ1 − σ2) (σ2 − σ3)

σ2
1

Gij =
∂ũk
∂xi

∂ũk
∂xj

, Cσ = 1.35

(6)

Here, S̃ij = (1/2)(∂ũi/∂xj + ∂ũj/∂xi) denotes the
grid-scale strain rate.

In addition, a recently proposed dynamic modifi-
cation of the Smagorinsky model by Hasslberger et
al. (2021) is investigated. It is based on the coherent
structure function FCS = Q/E, which is compared
on two different scales: implicitly filtered by the grid
(FCS) and explicitly filtered (F̂CS) using the test filter
by Anderson & Domaradzki (2012). In this context, Q
is the second invariant of the grid-scale velocity gradi-
ent tensor, which is normalized by its magnitude E.

Q = −1

2

∂ũj
∂xi

∂ũi
∂xj

, E =
1

2

∂ũj
∂xi

∂ũj
∂xi

(7)

The model is then given as

τSensor
uu,ij = τSmago

uu,ij

∣∣∣F̂CS − FCS∣∣∣3/2 CSensor (8)

When used together with the QUICK scheme, the con-
stant is set to CSensor = 1/0.13. This sensor-based
modification has two main advantages: firstly, it can
dynamically deactivate SGS dissipation if no sub-grid
activity is present. Secondly, the exponent 3/2 rec-
tifies the incorrect near-wall scaling of the standard
Smagorinsky model.

Structural models, on the other hand, are not re-
stricted to the representation of the forward energy
transfer, but instead aim to directly model the sub-grid
tensor. While structural models generally reveal better
performance in the context of a-priori analysis (Klein
et al., 2019), they often become unstable when applied
in a-posteriori LES. To further analyse this in the con-
text of bubble-laden channel flow, several Scale Simi-
larity Type (SST) models are investigated.

Using the tensor diffusivity model of Clark et al.
(1979), the SGS stress tensor is calculated as

τClark
uu,ij =

∆2

12

∂ũi
∂xk

∂ũj
∂xk

. (9)

The scale similarity model of Liu et al. (1994) de-
termines the tensor by applying an explicit secondary
filter (̂·):

τLiu
uu,ij = ̂̃uiũj − ̂̃uî̃uj . (10)



Here, the secondary filter is chosen to be the same as
for the previously explained sensor-based model.

In order to stabilize scale similarity type mod-
els, different regularization strategies have been pro-
posed in an effort to prevent destabilization caused by
backscatter. Klein et al. (2020) proposed a regular-
ized, parameter free modeling strategy that can be ap-
plied to arbitrary structural models τSST

ij :

τKKK
uu,ij = τSST

ij −max
{
τSST
ab S̃ab

S̃abS̃ab

}
S̃ij . (11)

In this work it is used to regularize Clark’s model.

4 Flow configuration
The setup investigated in this work, as shown in

Figure 1, is a vertical downflow (i.e., bubbles ris-
ing relative to the surrounding liquid) channel of size
Lx = 4H , Ly = 2H and Lz = 2H , where H de-
notes the channel half width. In the stream-wise (x)
and the span-wise (z) directions, periodic boundary
conditions are imposed, whereas the wall-normal y-
direction is bounded by no-slip walls. The flow is
driven downward by imposing a constant pressure gra-
dient in x-direction, which is identical for all investi-
gated setups and corresponds to a friction Reynolds
number of Reτ = (

√
τw/ρlH)/νl = 590. Here, τw is

the average wall shear stress, and νl denotes the liquid
phase kinematic viscosity.

𝒙

𝒚
𝒛

Figure 1: Volume fraction isosurfaces (grey, f = 0.5) to-
gether with a wall-normal slice of the velocity
magnitude on the mid-plane.

Both the density ratio ρl/ρg and the dynamic vis-
cosity ratio µl/µg have been set to 20. The setup
is investigated at a technically relevant gas fraction
of 10%, which is achieved by inserting 195 initially

spherical bubbles with an identical diameter of db =
0.25H . The chosen gravitational acceleration results
in a Galilei number Ga = ρl

√
gdbdb/µl of Ga =

417.1930. Furthermore, the surface tension coefficient
σ is such that the Eötvös number Eo =

(
ρlgd

2
b

)
/σ is

Eo = 0.6667. The combination of Eo and the bubble
Reynolds numberReb = (〈ux〉l−〈ux〉g)db/νl ≈ 475,
which is based on the relative axial velocity of both
phases, results in nearly spherical, mildly wobbling
bubbles, as can also be seen in Figure 1.

All LES setups in this study are computed using
208 × 104 × 104 uniform cubic cells, such that the
bubbles are resolved with approximately 13 cells per
diameter. To perform a first assessment of the SGS
models, the LES results are compared to the results
of a DNS of the same setup, which is conducted us-
ing twice the LES resolution (i.e., 416 × 208 × 208
cubic cells, or approximately 26 cells per bubble di-
ameter). Although this resolution does not fulfill the
typical criteria for a DNS (i.e., resolution of the Kol-
mogorov length scale) and is slightly under-resolved,
it already allows an initial consistency check regarding
the trends arising for different models, as well as their
interplay with the numerical scheme. The time step is
controlled by setting CFL = 0.2, and all statistical
quantities are averaged in space and time for several
hundred flow-through times after reaching a statisti-
cally steady state.

5 Results
In order to assess the performance of different SGS

models, this section compares the volume fraction and
velocity statistics resulting from LES to those of the
more detailed simulation. For brevity, the latter is re-
ferred to as DNS in this section, despite the shortcom-
ings discussed above. All velocity statistics are nor-
malized using the wall friction velocity uτ =

√
τw/ρl

of the more detailed simulation. In the following, 〈·〉
refers to averaging over the time, as well as the ho-
mogeneous directions x and z, which results in wall-
normal profiles of the averaged quantities. The statis-
tics are evaluated for the entire flow field, i.e., they
are not conditioned on either the liquid or the gas
phase. Due to the symmetry of the setup, the pro-
files have been averaged over both channel halves, and
they are shown over the dimensionless wall distance
y+ = y(uτ/ν). For better clarity, the tilde denoting
implicit filtering is omitted in the following.

Figure 2 shows the wall-normal profile of the av-
erage gas volume fraction. The DNS reveals similar
results as known from previous work (e.g. Bräuer et
al. 2021). Compared to the DNS results, the bubble-
free zone near the wall is wider for the Smagorinsky
model, while it is narrower for the SST models and the
sensor-based modification of the Smagorinsky model.
The profile for the sigma model matches the DNS pro-
file relatively well up to y+ ≈ 70 and starts to deviate
slightly afterwards. It overestimates the peak of the



gas fraction profile at y+ ≈ 200, just as the Smagorin-
sky model. The SST models and the sensor model
match the peak relatively well, however it is located
slightly too close to the walls. Since, compared to
the DNS and the other models, the bubbles on aver-
age move closer to the walls for the latter ones, they
reveal a weaker accumulation of bubbles in the chan-
nel center. In this region, the Smagorinsky and sigma
model are closer to the DNS reference. The profile for
the LES without an explicit SGS model overlaps with
those of the SST-models and the sensor-based model
for all values of y+.

Figure 2: Average gas volume fraction 〈f〉 as a function of
the dimensionless wall distance y+.

The average stream-wise velocity profiles, normal-
ized with uτ of the DNS to yield the dimensionless
velocity 〈u+〉, are presented in Figure 3. It is immedi-
ately apparent that the choice of an SGS model for mo-
mentum advection strongly influences the mean volu-
metric flow rate in axial direction. The DNS reveals
the highest average stream-wise velocity. Of all LES
models, the sigma model provides the best prediction
for this quantity, followed by the sensor model. The
latter leads to a slight improvement compared to the
LES without SGS model, and to a significant improve-
ment compared to the baseline Smagorinsky model,
which again yields the worst results. Out of the three
SST models, Clark’s model reveals the best perfor-
mance with respect to the stream-wise velocity, fol-
lowed by Liu’s scale-similarity model and the KKK-
regularization of Clark’s model. In this context, it is
worth noting that the KKK-regularization mainly aims
to stabilize SST models, which, without regulariza-
tion, often lead to unstable simulations. However, pre-
sumably mostly due to the comparably dissipative na-
ture of the QUICK scheme, Clark’s model remains sta-
ble for the simulated setup.

Despite the significant deviations between the ax-
ial flow rates that are apparent from Figure 3, the bub-
ble Reynolds number, which depends on the relative
velocity between the bubbles and the surrounding liq-

Figure 3: Average stream-wise velocity, normalized by the
wall friction velocity uτ to yield 〈u+〉, as a func-
tion of the dimensionless wall distance y+.

uid, only varies between Reb ≈ 476.8 for the DNS
and Reb ≈ 466.0 for the LES with the Smagorinsky
model. It can therefore be concluded that the com-
parison between DNS and LES remains meaningful
in terms of the problem-characterizing dimensionless
numbers.

Figures 4 to 6 show the root mean square (RMS)
of the stream-wise, the wall-normal and the span-wise
velocity fluctuations. As Figure 4 demonstrates, all
LES profiles, apart from the one for the Smagorinsky
model, correctly predict the location of the first peak
of the stream-wise velocity fluctuations u′, consider-
ing the low mesh resolution close to the wall. Once
again, the sigma model overall leads to the best agree-
ment between LES and DNS, especially in the near-
wall region, but also for the second increase of the
fluctuations towards the channel center. The sensor
model once more slightly outperforms the LES with-
out SGS model, and properly corrects the behavior of
the Smagorinsky model. The SST models overall be-
have similarly to each other, irrespective of y+. Di-
rectly in the channel core, there is hardly any differ-
ence between the DNS and the different LES profiles.

The deviation between the stream-wise fluctuation
profiles is relatively large close to the walls, where
the flow is dominated by wall turbulence, whereas it
nearly vanishes for the mainly bubble-induced turbu-
lence in the center of the channel. Since the differ-
ences in the near-wall behavior of u′ qualitatively re-
semble the differences in the average stream-wise ve-
locities (see Figure 3), it seems that the mean axial ve-
locity is the main influencing factor close to the walls.
In the channel center, however, all profiles quasi over-
lap, which might be indicative that the relative axial
velocity of both phases, which also defines the bubble
Reynolds number (see discussion above), is the deci-
sive parameter for the fluctuation level.



Figure 4: RMS of the stream-wise velocity fluctuations u′,
normalized by the wall friction velocity uτ , as a
function of the dimensionless wall distance y+.

The wall-normal velocity fluctuations are shown in
Figure 5. Irrespective of y+, the DNS shows the high-
est fluctuations, while the Smagorinsky model predicts
the lowest fluctuations. Compared to the Smagorin-
sky model, the sigma model matches the DNS signif-
icantly better close to the walls, where it produces es-
sentially the same results as the SST models, the sen-
sor model, and the LES without model. However, with
increasing distance to the wall, the sigma model devi-
ates from the latter profiles, and approaches the one of
the Smagorinsky model. The results for the SST mod-
els, the sensor model, and the LES without model are
quasi indistinguishable for all values of y+. The fact
that this is not the case for the near-wall region of the
stream-wise velocity fluctuations (see Figure 4) once
again suggests that the differences in the stream-wise
fluctuations are closely related to the difference in the
axial flow rate. Overall, the SST models, the sensor
model and the LES without SGS model reveal a better
performance than the Smagorinsky and sigma model
in terms of the wall-normal velocity fluctuations.

Figure 6 presents the span-wise velocity fluctua-
tions. Overall, the results are similar to the wall-
normal velocity fluctuations (see Figure 5). Apart
from a short section at y+ ≈ 150, the highest fluc-
tuations can be observed for the DNS, while the
Smagorinsky model significantly underpredicts w′.
The results for the LES without an explicit SGS model
once again reveals nearly identical results to the LES
using the sensor model. Also, both profiles are similar
to those for the SST models. As previously discussed
for the wall-normal velocity fluctuations, the sigma
model behaves similarly to the SST models close to
the wall, and continuously approaches the profile of
the Smagorinsky model with increasing wall distance.
With respect to the span-wise velocity fluctuations, the
best results are obtained for the sensor model and the
LES without an SGS model.

Figure 5: RMS of the wall-normal velocity fluctuations v′,
normalized by the wall friction velocity uτ , as a
function of the dimensionless wall distance y+.

Figure 6: RMS of the span-wise velocity fluctuations w′,
normalized by the wall friction velocity uτ , as a
function of the dimensionless wall distance y+.

6 Conclusion and outlook
As a-posteriori analysis has shown, the volumetric

flow rate in main flow direction depends strongly on
the mesh resolution and the SGS model for momentum
advection. Despite the significant deviations in the
stream-wise flow velocity, the bubble Reynolds num-
ber remains largely unaffected, since the relative ax-
ial velocity between the gas and liquid phase is nearly
identical for all LES setups and the DNS.

Across all investigated volume fraction and veloc-
ity statistics, the static Smagorinsky model produces
the worst results. The sigma model, on the one hand,
provides the best estimation for the average stream-
wise velocity (and therefore for the average flow rate)
and its fluctuation. On the other hand, it underesti-
mates the wall-normal and span-wise velocity fluctua-
tions in the channel center. The results for the sensor
model are nearly identical to the results for the LES



without an explicit SGS model. Still, the sensor model
leads to a slight improvement in terms of the axial ve-
locity. Given its definition, the sensor model’s behav-
ior suggests that it almost permanently deactivates the
SGS dissipation of the Smagorinsky model. The re-
sults revealed that the sensor model features a consid-
erably lower mean turbulent viscosity compared to the
Sigma model for this configuration. By increasing the
constant Csensor in such a manner that the mean sub-
grid scale dissipations coincide with each other, the
differences between both models nearly vanish.

The three SST models, namely Clark’s model, its
regularization using the KKK-approach, as well as the
scale similarity model by Liu, also behave very simi-
larly to each other. Out of the three, Clark’s model on
average is closest to the DNS results in terms of the
axial velocity and its fluctuation, while all other statis-
tics do not allow further conclusions. For the given
setup, it is evident that the investigated SST models do
not lead to a clear improvement compared to the LES
without an explicit SGS model.

When comparing the results across all investigated
gas fraction and velocity statistics, the sigma model
and the sensor-based modification of the Smagorinsky
model on average reveal the best behavior. However,
the results presented in this paper clearly highlight the
challenges related to the modeling of the convective
SGS contribution in the two-phase flow context. One
particular aspect in this regard is the choice of the nu-
merical scheme for momentum advection. On the one
hand, central differencing schemes (CDS) are consid-
ered the best choices for the evaluation of models for
the convective SGS term. However, in the two-phase
flow context, using CDS can lead to unphysical os-
cillations or unstable simulations due to the singular
surface tension force as well as the density and vis-
cosity jumps at the interface. Using a more dissipa-
tive scheme, such as the QUICK scheme selected for
this work, often resolves stability problems (Ketterl et
al., 2019). In the context of a-posteriori assessment of
SGS closures, however, using comparably dissipative
schemes comes with clear disadvantages. Firstly, it
is hardly possible to distinguish the dissipation inten-
tionally introduced by the SGS model from the signif-
icant dissipation provided by the convection scheme.
Secondly, more advanced modeling strategies, such
as the KKK-regularization as well as the sensor-based
Smagorinsky modification, are often deprived of their
main advantages. This becomes clearly evident by, for
example, comparing the results for the LES without
SGS model to those for the sensor-based modification
of the Smagorinsky model: due to the dissipative na-
ture of the QUICK scheme, the model does not seem
to considerably influence the simulation.

Consequently, to allow a more precise estimation
of the model behavior, the next step will be to repeat
the analysis using a CDS scheme. This will also in-
clude the validation of the LES results against a prop-

erly resolved DNS reference solution. For future work,
it is also planned to increase the Eötvös number, which
will lead to more deformable, oscillating bubbles. In
this context, also an evaluation of SGS closures for the
unresolved surface tension force is intended.

Acknowledgments
Support by the German Research Foundation

(Deutsche Forschungsgemeinschaft - DFG, GS:
KL1456/4-1) is gratefully acknowledged.

References
Anderson, B. & Domaradzki, J. (2012), A subgrid-scale
model for large-eddy simulation based on the physics of in-
terscale energy transfer in turbulence, Physics of Fluids, 24,
065104
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Abstract
Accurate predictions of soot emissions from com-

bustion systems are required to implement the design
of low-emission aero-engine combustors that can mit-
igate the effects of particulate matter on human health
and the environment. The use of detailed models of
soot formation can be unfeasible in terms of com-
putational costs for optimisation procedures involv-
ing a large number of numerical simulations of dif-
ferent combustor configurations. A reduced-order for-
mulation for turbulence-chemistry interactions and ki-
netic post-processing of Computational Fluid Dynam-
ics (CFD) simulations, i.e., the Incompletely Stirred
Reactors Network (ISRN) method, has recently pro-
vided promising qualitative predictions of soot emis-
sions while allowing the use of complex chemistry at
minimal computational costs. However, loss of ac-
curacy and uncertainty in the predictions of relevant
quantities, e.g., temperature and pollutant emissions,
should be accounted for when reduced-order models
like the ISRN method are employed. Hence, the in-
tegration of the ISRN method with data-driven ap-
proaches included in the framework of Uncertainty
Quantification (UQ) has been pursued and is presented
in this work. The grid parameters of the ISRN were
calibrated via a UQ approach so that the predictions
of temperature within an aero-engine model combus-
tor match those obtained by a detailed CFD simula-
tion with accuracy higher than 90%. The UQ ap-
proach results in the determination of a feasible set
of grid parameters and information about the corre-
lation between them. Then, the proposed methodol-
ogy has been applied on soot emissions in the aero-
engine combustor to obtain bounded predictions from
the ISRN method that are of the same order of magni-
tude as the corresponding ones provided by the high-
order Conditional Moment Closure (CMC) combus-
tion model.

1 Introduction
The use of Computational Fluid Dynamics (CFD)

tools is crucial for the development of novel, clean,
and cost-effective combustion technologies. Despite
the improvements in the computational capability, the
implementation of detailed physics models in CFD
simulations can still be challenging for sensitivity
analysis and optimisation procedures, which require
a large number of numerical simulations of different

combustor configurations. Therefore, the implementa-
tion of reduced-order models featuring lower dimen-
sionality and limited loss of accuracy can be benefi-
cial. Uncertainty in the predictions of relevant quan-
tities, such as temperature and pollutant emissions, is
introduced by employing reduced-order models. This
uncertainty can be, however, quantified by data-driven
approaches included in the framework of Uncertainty
Quantification (UQ). UQ eventually aims at minimis-
ing the uncertainty in the predictions of reduced-order
models so that the latter can replicate with the highest
possible accuracy the performances of the correspond-
ing detailed models. This is achieved by calibrating
important model parameters (inverse UQ) and propa-
gating their uncertainty on the model predictions (for-
ward UQ). Inference methods were used to perform
inverse UQ and constrain the parameter space with ex-
perimental measurements in several combustion stud-
ies, such as [1, 2]. Equally numerous are the stud-
ies involving forward propagation of uncertainties to
provide prediction intervals on laminar flame speeds
[3, 4], ignition delay times [2, 5], and NOx emissions
[6–10].

A reduced-order formulation for turbulence-
chemistry interactions and kinetic post-processing of
CFD simulations, i.e., the Incompletely Stirred Reac-
tor Network (ISRN) method, was recently presented
and applied on combustors of practical interest for
soot emission calculations, i.e., the Cambridge Rich-
Quench-Lean (RQL) burner [11], a model aero-engine
combustor [12, 13] and a single-sector model com-
bustor operating on Jet-A1 fuel [13, 14]. The ISRN
method represents a reactor network formulation of
the Incompletely Stirred Reactor (ISR) theory, which
is based on the Conditional Moment Closure (CMC)
combustion model [15]. It provided promising results
in terms of qualitative prediction of soot emissions
while allowing the use of detailed chemistry at a frac-
tion of the computational cost compared to more de-
tailed methods. However, the sensitivity of the ISRN
predictions to the network parameters has not been in-
vestigated yet. The following study presents the UQ-
aided application of the ISRN approach on a model
aero-engine combustor for which experimental mea-
surements [16] and CFD simulation data [12, 13] are
available. The objective of this work is to calibrate the
grid parameters of the ISRN so that the predictions of
temperature within the combustor replicate those ob-
tained by the detailed CFD simulation with accuracy



higher than 90%. The UQ approach results in the de-
termination of a feasible set of grid parameters that
allow the ISRN method to reach the above-mentioned
objective. The analysis also provides useful informa-
tion about the correlation between the grid parame-
ters. Subsequently, an updated feasible set of grid pa-
rameters is determined to obtain bounded predictions
of soot mass fractions in the aero-engine combustor
from the ISRN method that are of the same order of
magnitude as the corresponding ones provided by the
high-order model, i.e., the Conditional Moment Clo-
sure (CMC).

2 Methodology
The ISRN approach employed in this study is the

network extension of the ISR theory developed by
Mobini and Bilger [17, 18]. The ISR model can be re-
garded as a spatially-integrated approximation of the
multi-dimensional CMC equation. An ISR is a re-
active zone where the flow and the mixture fraction
fields are not homogeneous but the conditional aver-
ages of the reacting scalars, conditioned on the mix-
ture fraction, are. These assumptions grant the use of
simple ordinary differential equations in mixture frac-
tion space to model a whole combustion chamber at
reduced computational costs. Details about the ISRN
governing equations can be found in Refs. [11–14].

The ISRN approach is here applied on a model
aero-engine combustor developed at DLR [16]. The
main combustion chamber has a cross-sectional area
of 0.068×0.068 m2 and a height of 0.12 m. Ethy-
lene is injected by sixty annular straight-channel inlets
located in between two concentric nozzles introduc-
ing air with tangential velocity generated by a pair of
swirlers. Additional injector ports are situated at the
height of 0.08 m to radially feed secondary air into
the combustion chamber, consistent with the Rich-
Quench-Lean (RQL) concept. The computational do-
main reproducing the experimental rig is schemati-
cally shown in Fig. 1a. A single case, whose oper-
ating conditions are reported in Refs. [12, 13], is in-
vestigated.

A reference CFD simulation using Large Eddy
Simulation (LES) and the CMC combustion model
was performed to provide the ISRN method with the
average flow fields and assess the predictive capabili-
ties of the ISRN itself. The computational details of
the LES-CMC simulation are reported in Refs. [12,
13]. The ISRN was then discretised on a coarser grid,
shown in Figure 1b, which was reconstructed around
the mesh of the reference LES-CMC simulation. The
CFD simulation allows for arbitrary positioning of the
ISRs and facilitates data transfer between solvers by
exploiting the topology of the CFD faces. The grid
was obtained by using two geometric series along the
Z axis, parallel to the reactor centreline, and the or-
thogonal X and Y axes, respectively. The series have
four parameters overall: the dimension dZ of the first

ISR on the Z axis; the ratio rZ along the positive di-
rection of the Z axis; the dimension dW of the same
ISR on the X and Y axes; and the expansion ratio rW
along the outward direction of the X and Y axes. The
variability of the four grid parameters was explored
via an Uncertainty Quantification (UQ) approach that
aimed at determining the feasible combinations allow-
ing the ISRN to replicate with enough accuracy the
predictions of the underlying LES-CMC simulation.

(a)

293.0

2300.0
T_MEAN

Z

X

dZ

dW

(b)

Figure 1: (a) Computational domain with instanta-
neous mixture fraction field, taken from Ref. [12]. (b)
Contour of time-averaged temperature from the LES-
CMC simulation, and representative ISRN grid de-
picted with white lines.

The Bound-to-Bound Data Collaboration (B2B-
DC) was employed as UQ approach. Frenklach et
al. [19] introduced the concept of data collaboration
for the development of chemical reaction mechanisms
and demonstrated that a combined analysis of several
experimental datasets can increase the amount of ex-
tracted information and improve the predictions of a
kinetic mechanism. Feeley et al. [20] showed that the
techniques of data collaboration can be used to assess



the mutual consistency of experimental results and ki-
netic model predictions and identify potential outliers.
From these two seminal works, B2B-DC methodology
has been refined and successfully applied in several
other studies [21–25]. B2B-DC lies in the determin-
istic UQ framework as it characterises uncertainties
with interval bounds rather than probability distribu-
tions [23]. The uncertainty bounds are specified for
selected quantities of interest (QoIs) and model param-
eters and derived from domain knowledge. The prior
uncertainty region of model parameters is denoted by
H,

H = {x | αk ≤ xk ≤ βk, k = 1, ..., Np}. (1)

The model parameters x have prior uncertainty de-
fined by lower and upper bounds α and β, respectively,
which form a hyper-cube in the parameter space. The
bounds affecting the QoIs are used to extract a smaller
region withinH, referred to as the feasible set F ,

F = {x | x ∈ H, li ≤ |Mi(x)− di| ≤ ui,
i = 1, ..., NQoI}. (2)

In Equation 2, Mi(x) is the model output, which is
evaluated at specified parameter inputs and compared
to the corresponding datum di having li and ui as
lower and upper bounds of uncertainty, respectively.
The collection of Mi(x), di, li and ui is referred to
as a dataset. The dataset is deemed consistent if its
feasible set is non-empty and inconsistent otherwise.
A constrained optimisation procedure is undertaken to
determine a numerical measure of consistency, indi-
cated by CD:

CD := maximise
x∈H

γ

subject to (1− γ)li ≤ |Mi(x)− di| ≤ (1− γ)ui
for i = 1, ..., NQoI . (3)

In Equation 3, the uncertainty affecting the datum di
can be enlarged or reduced by the term γ. The dataset
is consistent if CD ≥ 0, i.e., a positive maximum
value of γ is obtained, proving the existence of input
parameters that satisfies all the constraints. The set
of data di in Equation 3 can come either from exper-
iments or high-fidelity simulations. In this work, two
sets of QoIs were selected: the temperature predictions
and the soot mass fraction estimates of the LES-CMC
simulation of the DLR burner at the centerline and at
twelve horizontal cutplanes located at different heights
above the inlet (from 10 to 130 mm). The data were
averaged along the centerline and azimuthally aver-
aged on the cutplanes. The prior parameter space of
the ISRN model consists of the variability ranges of
the four network features dZ, rZ, dW , and rW . A
space-filling design was generated over the parameter
space via Latin Hypercube Sampling (LHS) [26]. To
explore the whole parameter space, rational-quadratic

polynomials are trained on the ISRN simulation re-
sponses evaluated at the sampled points for each QoI.
These polynomials act as surrogate models, namely
approximation functions that are needed to emulate the
behaviour of the ISRN model accurately, while being
computationally cheaper to evaluate. Fifty simulations
are undertaken at as many points sampled via LHS.
After an adequate surrogate model is trained on simu-
lation responses, the B2B-DC determines the feasible
set of grid parameters by evaluating the consistency of
105 dataset units overall. Each unit combines the sur-
rogate model evaluationMi(x), the LES-CMC predic-
tion, either di = T̃CMC,i or di = Ỹs,CMC,i, (where T̃
and Ỹs stands for averaged temperature and soot mass
fraction, respectively) and the bounds li and ui. The
values of the bounds are determined by the level of ac-
curacy that is required from the reduced-order model.
A flow chart illustrating the steps of the methodology
described above is shown in Figure 2. If the valida-
tion step is successful, i.e., the dataset is proven con-
sistent, the workflow ends with the determination of
bounded predictions from the reduced-order models
with its calibrated parameters. Instead, if the dataset is
inconsistent, the B2B-DC approach provides feedback
to address the model-data disagreement, the bounds of
variability on model parameters and data may be ex-
panded or the reduced-order model may be improved,
and the workflow in Figure 2 is continuously followed
until consistency is eventually reached.

Revision

Prediction 
(under uncertainty)

Validation
Fail

Success

Bound-to-Bound (B2B) approach

High-fidelity 
model

Sampling/Design 
of Experiments

Response surface/
Surrogate model

Reduced-order 
model

Uncertain 
Parameters

Figure 2: Methodology scheme. In this work,
the high-fidelity model is the LES-CMC approach,
whereas the reduced-order model is the ISRN method
with its uncertain grid parameters.

3 Results and discussion
Before running the validation step of B2B-DC ap-

proach (see Figure 2 and Equation 3), the adequacy
of the surrogate models must be evaluated. For each
QoI, a surrogate model was trained on 80% of sam-
pled points, whereas the remaining 20% constitutes



the test samples. The test samples were hold out from
the surrogate training and used to estimate the surro-
gate model fitting error, via a 5-fold cross-validation
[27]. The maximum error across all folds is used as
the estimate of the fitting error. The maximum abso-
lute deviation between the surrogate and the ISRN on
the test points is defined as δs,i = max(|Si(xtest) −
Mi(xtest)|), where Si(xtest) represents the surrogate
model prediction. The maximum error is propagated
forward by expanding the corresponding lower and up-
per bounds of Equation 3, i.e., [li − δs,i, ui + δs,i]. As
far as temperature is concerned, the accuracy of ISRN
method was fixed to a minimum of 90%. Thus, li and
ui are equal to 0.9di and 1.1di, respectively. Figure 3
reports the histogram plot of the surrogate model fit-
ting error for the temperature QoIs. Minimal fitting
errors, below 2%, ensure the accuracy of the surro-
gates and the validity of the feasible set eventually pro-
vided by the B2B-DC analysis. The dataset was found
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Figure 3: Histogram of the maximum relative fitting
error associated with the 70 QoIs. The maximum rel-
ative fitting error reported is from the 5-fold cross-
validation.

consistent as indicated by CD = 0.0451. The feasible
set of the four grid parameters was determined and is
shown in Figure 4 through pair-wise projections. Fig-
ure 4 corresponds to a matrix plot, in which the di-
agonal sub-plots report the marginal distributions of
the feasible values of the input parameters. The off-
diagonal elements of the matrix plot depict the condi-
tional distributions among the different input parame-
ters, correlated by pairs. The axis limits of each sub-
plot correspond to the initial variability ranges of the
related grid parameters. From Figure 4, it can be seen
that a reduction of the prior parameter space, i.e., the
combined variability of the four grid parameters, was
achieved.

Once the feasible set is determined, posterior
bounds on the ISRN predictions for each QoI were
also estimated and are shown in Figure 5. In
general, a QoI prediction corresponds to solving[
min
x∈F

yp(x),max
x∈F

yp(x)

]
, with F representing the pa-

rameter feasible set and yp the output from the surro-

Figure 4: Pair-wise projections from the feasible set.
Each scatter plot’s sub-axis represents the prior bounds
of the corresponding parameters.

gate model. As shown in Figure 5, the feasible pa-
rameter values allow the ISRN method to replicate the
temperature predictions of the LES-CMC simulations
with more than 95% accuracy at all the considered lo-
cations but the ones corresponding to QoI #11, 12, 17,
18, and 23.
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Figure 5: Comparison between the temperature pre-
dictions from the LES-CMC simulation (black dots),
the prior bounds of variability matching 90% accuracy
(blue bars) and the posterior bounds on the ISRN pre-
dictions (red bars).

Subsequently, additional 35 averaged values of
soot mass fractions considered at 7 relevant slices were
considered. Rational-quadratic surrogates were con-
structed on the same 50 ISRN runs for each soot mass
fraction QoI. Figure 6 reports the histogram plot of the
surrogate model fitting error for the soot mass frac-
tion QoIs. The maximum fitting error is below 4%.
Each fitting error is added to the initial bounds on the
QOIs, as mentioned above. To reach consistency, the
B2B approach was run to find the grid parameters at
which the ISRN method provides soot mass fraction
predictions of the same order of magnitude as the cor-
responding LES-CMC data. Accordingly, the lower
and upper bounds li and ui ascribed to the LES-CMC
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Figure 6: Histogram of the maximum relative fitting
error associated with the additional 20 QoIs. The max-
imum relative fitting error reported is from the 5-fold
cross-validation.

data were computed according to Equation 4:

[li, ui] = [log10(di)− 0.5, log10(di) + 0.5]

for i = 1, ..., NSMF (4)

where NSMF is the number of soot mass fraction data
taken into account as additional QoIs. The enlarged
dataset was found consistent as indicated by CD =
0.0247. The updated feasible set of the four grid pa-
rameters was therefore determined and is shown in
Figure 7 through pair-wise projections. It can be no-
ticed that a further reduction of the prior parameter
space was achieved.

Figure 7: Pair-wise projections from the feasible set
after considering 90 QoIs overall. Each scatter plot’s
sub-axis represents the prior bounds of the correspond-
ing parameters.

From the updated feasible set, the reduced vari-
ability of the ISRN grid parameters was propagated
through the surrogate models to obtain posterior
bounds on the ISRN predictions for the additional
QoIs. The posterior bounds are shown in Figure 8.
Figure 8 shows that the trends provided by LES-CMC
are well captured by ISRN although many posterior
bounds (red bars) do not contain the corresponding

LES-CMC averaged values (black points). Despite the
high accuracy provided by ISRN in terms of tempera-
ture estimations, the ISRN soot predictions are not as
accurate, indicating that there are sources of model in-
accuracy that need to be explored and resolved. Nu-
merical instabilities and relevant ISRN sub-models,
such as for the scalar dissipation rate and the mixture
fraction PDF, are being revisited. Moreover, the ob-
tained feasible grid parameters and the corresponding
number and dimensions of the ISRs must be corre-
lated with relevant flow features as micro-mixing rates,
residence times and local mixture fractions but also
the gradients of conditional quantities within the do-
main. This analysis will assign physical meaning to
the ISRN grid parameters and allow determining an
optimum grid, optimised both in a numerical sense
(e.g., minimisation of the sum of squared error) and
a physical fashion.

1 5 10 15 20 25 30 35

QoI [#]

-5.5

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

L
o

g
1
0
(Y

s
) 

[-
]

Prior Bounds

Posterior Bounds

LES

Figure 8: Comparison between the soot mass frac-
tion predictions (shown as logarithm base 10) from the
LES-CMC simulation (black dots), the prior bounds of
variability matching one order of magnitude of vari-
ability (blue bars) and the posterior bounds on the
ISRN predictions (red bars).

In terms of computational costs, it is essential to
point out that, for this burner, the ISRN method allows
reducing the runtime by two orders of magnitude com-
pared to LES-CMC and at least an order magnitude
compared to any other CFD simulation with varying
level of detail, as discussed in Ref. [13]. In particu-
lar, a computation for the most refined ISRN grid (here
≈1000 ISRs) takes less than 48 hours on 128 MPI pro-
cesses of an Intel Xeon Skylake supercomputer (Cam-
bridge CSD3). Moreover, the training of 135 surro-
gate models takes less than 3 hours on a 4-core laptop,
whereas computing the surrogate outputs is a matter
of seconds on the same machine. Thus, the surrogate
polynomial model used in B2B guarantees accuracy
and feasibility compared to the direct use of the ISRN
method for optimisation procedures.

4 Conclusions



This work reports the successful application of an
Uncertainty Quantification approach to aid the mod-
elling of an aero-engine model combustor via the In-
completely Stirred Reactor Network (ISRN) method.
The calibration of the grid parameters of the ISRN has
been achieved by matching with predetermined accu-
racy the temperature and soot mass fraction predic-
tions of a high-fidelity CFD, i.e., LES-CMC, simu-
lation. The initial variability of the grid parameters
has been significantly reduced, and the feasible com-
binations allow ISRN to match with more than 90%
accuracy the averaged LES-CMC temperature predic-
tions and provide soot emissions of the same order of
magnitude of the averaged LES-CMC values. The pre-
sented methodology can be seamlessly integrated with
other CFD and experimental data of the DLR burner
and extended to different operating conditions. Further
validation of the ISRN model and the UQ approach
presented in this work will be carried out on differ-
ent test cases. The final goal is to validate a newly
data-driven Network of Incompletely Stirred Reactor
(NISeR) approach as a computationally cheaper and
predictive tool that permits the use of complex soot
models for estimating soot emissions, in both magni-
tude and trend, with a reasonable degree of accuracy.
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Abstract
The flow over periodically arranged hills in a rect-

angular channel is studied experimentally by highly
resolved particle image velocimetry. We focus here
on the formation and structure of the wall layer on the
rising flank of the hill.

We found that the Reynolds shear stresses in the
vicinity of the wall are considerably lower than one
would expect for a turbulent wall-bounded flow, sug-
gesting that turbulent boundary layer dynamics could
not develop and a laminar dynamics was prevalent.

We therefore evaluate the possibility of approxi-
mating the velocity distribution in the near-wall region
using the Falkner-Skan solution for laminar boundary
layers with pressure gradient. Such an approximation
could contribute to the development of wall models for
numerical simulations.

1 Introduction
The flow over periodically arranged hills (Fröhlich

et al. 2005, Breuer et al. 2009, Rapp & Manhart 2011)
is often used as a benchmark for numerical simula-
tions. It features a strong acceleration on the wind-
ward side with formation of a near wall velocity peak
at the crest. The development of the velocity distri-
bution is strongly dependent on the wall contour. At
the backside the flow detaches, building a separation
bubble with a strong space and time dependent shape.

On the windward side, the wall shear stresses in-
crease continuously and reach their maximum in the
front part of the crest. Numerical simulations require
a high resolution in this region to resolve the near-wall
velocity gradient. It has been found that the accurate
representation of flow here is of crucial importance for
the prediction of the velocity overshoot over the hill
crest and the length of the recirculation bubble (Man-
hart et al. 2011). In our point of view, the near-wall
resolution along the windward side of the hill is one of
the main bottle-necks for accurate simulations of this
flow at higher Reynolds numbers.

We are interested in the near wall flow and its tur-

bulence structure at the windward side of the hill as
this is the region of highest resolution demands. Based
on theoretical arguments (Jackson & Hunt 1975) and
own findings (Rapp & Manhart 2011), we follow the
hypothesis that the near wall flow can be divided into
an inner and an outer layer. The dynamics in the inner
layer is strongly influenced by viscous effects and thus
depends on the Reynolds number. In the outer layer
inertial effects predominate, and the flow dynamics is
only weakly dependent on the Reynolds number (Rapp
& Manhart 2011).

Of particular interest here is the distribution of the
Reynolds stresses in the inner layer as their magnitude
and distribution give information on modeling strate-
gies. We demonstrate that the Reynolds shear stresses
are small in the inner layer and that, as a consequence,
the inner layer velocity profiles can be well approx-
imated by solutions of the laminar Falkner & Skan
equations ( Falkner & Skan 1931, Schlichting & Ger-
sten 2017).

2 Experimental setup
We conducted mono-PIV measurements on a setup

with periodically arranged hills of height h = 50mm
and an inter-hill spacing of 9hwhich was embedded in
a closed water channel of height 3.035h and an aspect
ratio of 18h.

A transparent measuring section made of PMMA
is located in the center of the experimental setup. Here,
measurements can be taken at hills 5 to 8. The water
is first pumped by a centrifugal pump from a large re-
turn reservoir up into an inlet tank, which is connected
to the measuring section. In the inlet tank with a free
surface, the working fluid (water at 20◦C) is dammed
up. It flows into the measuring section solely on the
basis of its pressure head. Thus, the measuring sec-
tion and the pump are hydraulically decoupled from
each other. In the inlet vessel there are various fixtures
which contribute to the calming of the working fluid.
In front of the measuring section there is a package of
flow straighteners. At the end of the measuring sec-



Figure 1: Experimental setup (with light sheet for PIV).

Figure 2: Contour of the windward side of the hill and fields
of view (x/h = 8.0 and x/h = 8.7).

tion there is an outlet reservoir, which also has a free
surface. The working fluid flows back into the return
reservoir via a free outlet.

The experiment was previously described by Rapp
& Manhart (2011). Also, they proved periodicity for
this setup. The experimental setup is depicted in fig-
ure 1.

We focused our measurements on two regions of
interest. One is located in the center of the rising flank
around x/h = 8.0, where we can study the formation
of the accelerated boundary layer. The other measure-
ment was placed at the transition to the hilltop around
x/h = 8.7 where the maximum wall shear stress can
be found. Downstream of the maximum wall shear
stress, the flow decelerates and the pressure recov-
ers. Measurements were done for the two nominal
Reynolds numbers that were also run by Rapp & Man-
hart (2011): Re = 10, 600 and Re = 37, 000. Actu-
ally, we had Reynolds numbers of 10, 655 and 35, 975,
respectively, due to inaccuracies adjusting the pump.
The Reynolds number is defined as Re = ub · h/ν
with ub being the bulk velocity on top of the hill and
ν being the kinematic viscosity. Figure 2 shows the
windward side of the hill and the selected measure-
ment windows.

3 Measurement and data evaluation
Measurements were performed using a conven-

tional mono-PIV system in a classical configuration.

The light sheet (Nd-YAG laser) was coupled in from
above, the camera from the side. Using a lens of focal
length 105mm and a tele converter (2×) we obtained
a field of view of about 25 × 25mm2 and achieved a
spatial resolution of 12µm/pix. The aim was to carry
out measurements close to the wall. In order to avoid
overexposure by reflections, the wall was coated with a
fluorescent paint (rhodamine B). Wall reflections thus
were shifted towards a higher wavelength. The light
scattered by the particles was now filtered out using a
band-pass filter.

The evaluation of the obtained PIV-images was
carried out using the classical cross-correlation ap-
proach. This is commonly performed on regularly ar-
ranged interrogation windows. If these interrogation
windows intersect with the wall (or hill contour), this
generally affects the calculation of the corresponding
velocity vectors. We used the approach proposed by
Theunissen et al. (2008) to shift the centroid of the
interrogation window.

Then the velocity vectors were transformed into a
wall oriented coordinate system ~x = (xt, xn)

t with
a tangential and a normal velocity component ~u =
(ut, un)

t. We evaluated profiles of the mean velocity
and Reynolds stresses at selected positions within the
two measuring windows. The positions are: x/h =
8.0, 8.1, 8.2 as well as x/h = 8.6, 8.7, ...8.9.

The time-averaged velocities from the PIV mea-
surement are available on a regular grid. All points
have a certain spatial distance to each other, which is
determined by the size of the interrogation windows
of the PIV data evaluation. Hence, the velocity vec-
tors are only available in a limited density. In or-
der to increase the data density, vertical strips of fi-
nite width were defined around the points of interest
x/h. All vertical velocity profiles found in such a strip
were now merged, associated to a corresponding point
x/h and used for further data evaluation, e.g. to per-
form a Falkner-Skan fit and to calculate the wall shear
stresses. We used strips containing seven PIV profiles
for x/h ≤ 8.6 and smaller strips for larger x/h.

4 Traditional inner scaling
As a first result we present wall-normal velocity

profiles in inner coordinates (xn
+, ut/uτ ) for differ-

ent measuring positions (x/h = 8.0...8.9) at two
Reynolds numbersRe = 10600 andRe = 37000 (fig-
ures 3 and 4). The profiles were obtained by linear
interpolation to a wall-normal path.

It can be seen that none of the profiles follows the
universal law of the wall, as would be expected for
fully developed turbulent boundary layers. Neverthe-
less, we observe a logarithmic behavior for the pro-
files (x/h = 8.0, 8.1, 8.2) from xn

+ ≈ 20 on for
Re = 10600 and from xn

+ ≈ 30 on for Re = 37000.
All profiles depart from a linear behavior at wall dis-
tances smaller than xn+ ≈ 5 which could be related
to the pressure gradient.



Figure 3: Wall normal velocity profiles in inner coordinates
for various positions at Re = 10600.

Figure 4: Wall normal velocity profiles in inner coordinates
for various positions at Re = 37000.

Although not perfectly following, the profiles fur-
ther downstream (x/h = 8.8, 8.9) remain close to
the linear distribution for longer inner wall distances,
which far exceed xn+ > 5. This indicates that vis-
cous forces dominate over a larger range than in zero-
pressure gradient boundary layers.

Figures 5 and 6 display the Reynolds shear stresses
−〈u′tu′n〉 at x/h = 8.0 and x/h = 8.6 for both
Reynolds numbers. They reach approximately 20%
of the wall shear stress τw. This is small compared
to the Reynolds shear stress that is reached in a tur-
bulent channel flow, e.g. Kim et al. (1987). This ob-
servation can explain the large departure of the mea-
sured velocity profiles from the law of the wall. We
can furthermore conclude that the dynamics of the wall
layer at the windward slope of the hills are mainly gov-
erned by laminar dynamics. Nevertheless, there must

be a turbulence generation cycle present in the wall
layer leading to a local near-wall peak in the Reynolds
shear stress. However, the Reynolds stresses may play
a considerably smaller role in the momentum balance
compared to a fully developed boundary layer. In the
course of this work, we examine to which extent the
profiles can be explained by the laminar self similar
boundary layer equations as set up by Falkner & Skan.

Figure 5: Reynolds shear stress −〈u′
tu

′
n〉 at x/h = 8.0 and

x/h = 8.6 for Re = 10600. Seven adjacent verti-
cal profiles were used in the vicinity of the respec-
tive point of interest.

Figure 6: Reynolds shear stress −〈u′
tu

′
n〉 at x/h = 8.0 and

x/h = 8.6 for Re = 37000. Seven adjacent verti-
cal profiles were used in the vicinity of the respec-
tive point of interest.

Furthermore, we distinguish between an inner and
an outer layer. The outer layer is the layer for which
Rapp & Manhart (2011) showed that the disturbance
of the time averaged velocity by the hill is indepen-



dent of the Reynolds number. The inner layer is the
viscous dominated layer along the wall. The inter-
face of both layers is not clearly defined in our case.
When examining the Reynolds stresses in figures 5 and
6 we can speculate that the small near-wall peak of the
Reynolds stress is effectuated by a wall-layer dynam-
ics. Based on this assumption, we could assume the
boundary between inner and outer layer at the loca-
tion where the wall-layer-generated Reynolds stresses
vanish and they start to follow a linear trend with wall
distance. We recognize this for the low Reynolds num-
berRe = 10600 at about 35 (figure 5) and for the high
Reynolds number Re = 37000 at about 40 wall units
(figure 6).

5 Falkner-Skan theory
As has already been suggested, the turbulent scal-

ing (xn
+, ut/uτ ) is not appropriate to describe the

inner-layer velocity profiles at the windward side of
the hill. We therefore examine to which extent the
profiles can be represented by solutions of the laminar
boundary equations under the condition of self sim-
ilarity, which are known as Falkner-Skan equations.
This attempt is encouraged by observations in a dif-
ferent flow by Jenssen et al. (2021). They observed
that the viscous sublayer in front of a circular cylinder
mounted on a flat plate can well be approximated by
Falkner-Skan profiles. They explained this behaviour
by the strong acceleration of the inner layer between
the cylinder and the horseshoe vortex which damps
turbulent dynamics in this region. The same seems to
happen in the present flow.

Falkner and Skan (1931) derived a solution for the
boundary layer equation in accelerated and deceler-
ated flow, considering self similarity. The velocity pro-
file is given by the equation:

f ′′′ + ff ′′ + β(1− f ′2) = 0 (1)

with f ′(η) = ut/uN and η = xn/δN . Here uN is
a reference velocity and η is a non-dimensional wall
distance, including its reference length δN . The pa-
rameter β is called pressure parameter and involves the
pressure gradient, may it be favourable or adverse.

β = − 1

µ
· δN

2

uN

dp

dxt
(2)

Formally, the boundary layer equations solely ap-
ply to laminar self-similar boundary layers. Based on
our observation that the Reynolds shear stresses in the
wall layer are considerably smaller than in a fully tur-
bulent wall-bounded flow, our hypothesis is now that
the velocity profiles in immediate wall-proximity at
the rising flank of a hill can be represented with so-
lutions of the Falkner & Skan (equation 1). Thus,
an adaptation to the solution of Falkner & Skan be-
comes plausible and opens up possibilities for simpli-
fied modeling in the context of wall models that could

be used in numerical simulations.
As the solution of Falkner & Skan gives us an ex-

pression for the velocity profile, it also allows us to
determine the local wall shear stress by:

τw = µ
uN
δN

f ′′(η) (3)

As mentioned in the previous section, adjacent
vertical velocity profiles around the point of interest
have now been combined and the Falkner-Skan pro-
files have been fitted into them. The parameters to be
determined by the fit were uN , δN and β. In a further
step, the wall position was optimized, as it was de-
termined from the PIV images with limited certainty,
only. The goodness of fit criterion used, was the R2-
error norm. It is defined by equation 4:

R2 = 1−
∑
i (ut,i − ût,i)2∑
i (ut,i − ut)2

(4)

In this equation the numerator represents the resid-
ual sum of squares (SSR), while the denominator rep-
resents the total sum of squares (SST). Here ut is the
mean of all pointwise measured velocities that are fed
into the fit and ût,i is the local velocity, given by the
model (Falkner-Skan fit).

A problem determining the parameters of the
Falkner-Skan fit was that the outer flow was not con-
stant. This is illustrated in figure 7. While the Falkner-
Skan profile remains constant at xn/δN ' 1.5, the
measured velocity profile has a considerable gradient
in the outer region. This is due to the velocity gradient
in the oncoming flow which spans over more than the
half channel. The near-wall layer xn/δN . 1, how-
ever, can well be fitted to a Falkner-Skan solution. We
determined the region of fit manually in an iterative
way, regarding the R2-value. Dots indicate the mea-
sured data from adjacent velocity profiles, circles indi-
cate data actually selected for the fit and the solid line
indicates the Falkner-Skan profile as a result of the fit.
In figure 8 Falkner-Skan fits for several measurement
positions (x/h = 8.0, 8.8, 8.9) for Re = 10600 are
displayed. We see that Falkner-Skan profiles are able
to represent a great variety of the velocity profiles and
therefore are likely to be able to cover the complete
windward side of the hill.

The following tables1 and 2 list the relevant param-
eters of the fit, as there are: uN , δN , β and the value of
the R2-error norm as a goodness of fit measure.

As can be seen, the values of the R2-error norm
are close to one. This demonstrates that the measured
mean velocity profiles can well be approximated by
solutions of the Falkner-Skan equation. The values
for the pressure parameter β are much higher than
what can be found in laminar wedge or corner flow
(Schlichting & Gersten 2017). A simple estimate of
the pressure gradient using Bernoulli’s equation and
the bulk velocities before and within the constriction,
however, gives similarily large value when uN and



Figure 7: Falkner-Skan fit at position x/h = 8.0 for Re =
10600.

Figure 8: Falkner-Skan fit at selected positions x/h for Re
= 10600.

δN were inserted in equation (2). Another aspect that
should be mentioned here is that the values for uN
scale well with the bulk velocity ub or the Reynolds
number, respectively. While the ratio of the Reynolds
numbers is 3.38, the ratios of the reference velocities
uN(Re=37000)/uN(Re=10600) range from 3.62 to 3.79
which is only about 10% higher.

Regarding again figures 3 and 4, note that they al-
ready contain a normalization based on the wall shear
stress obtained with the Falkner-Skan approach. It is
well known that the values of the wall shear stress
are crucial for this kind of plot and that uncertainties
have a huge impact. Nevertheless, these wall shear
stresses fit very well with the results of various nu-
merical simulations, as shown in the following figures.
Here (figures 9 and 10) the skin friction coefficient cf
is plotted versus x/h for the two Reynolds numbers.

x/h uN / [m/s] δN / [mm] β R2

8.0 0.0859 1.2410 3.61 0.9996
8.1 0.0978 1.2408 3.86 0.9995
8.2 0.1112 1.0391 3.03 0.9992
8.6 0.2195 0.7649 4.72 0.9987
8.7 0.2379 0.6996 3.41 0.9999
8.8 0.2373 0.5117 0.50 0.9998
8.9 0.2291 0.5616 -0.01 0.9992

Table 1: Parameters determined by Falkner-Skan fit,
Re = 10600

x/h uN / [m/s] δN / [mm] β R2

8.0 0.3254 0.7232 4.22 0.9992
8.1 0.3651 0.9625 8.22 0.9990
8.2 0.4125 0.9861 9.30 0.9984
8.6 0.7948 0.5824 9.98 0.7780
8.7 0.8706 0.4499 4.83 0.9995
8.8 0.8695 0.3248 0.84 0.9996
8.9 0.8364 0.3735 0.16 0.9993

Table 2: Parameters determined by Falkner-Skan fit,
Re = 37000

We see that our approach gives higher cf -values for
the lower Reynolds number in the region of peak wall
shear stresses but otherwise matches very well. The
skin friction coefficient is defined as:

cf =
τw

ρ
2 · ub2

(5)

Figure 9: Skin friction coefficient and comparison to litera-
ture for Re = 10600.

For the experimenter, using a Falkner-Skan fit (if
appropriate) has certain advantages: In general, the
wall shear stress in a turbulent flow can be determined
by a linear fit in the viscous sublayer. However, such
measurements are challenging and can have a high
uncertainty. The Falkner-Skan fit alows to use data



Figure 10: Skin friction coefficient and comparison to liter-
ature for Re = 37000.

further away from the wall, which can be measured
with higher accuracy due to the missing influence of
the wall. This is, of course, provided that the ve-
locity profile in the boundary layer can be approxi-
mated by Falkner-Skan. Our experience in this partic-
ular case shows, that wall shear stresses are underes-
timated using a linear fit if the wall-normal resolution
was marginal. Another advantage is that the theory of
Falkner & Skan can be used to fit velocity distributions
with positive and negative pressure gradients. Thus, it
is possible to handle a wide range of cases as can be
seen in figure 8.

6 Summary and Conclusions
We measured velocity distributions as well as tur-

bulence quantities with highly resolved PIV in regions
close to the wall at the windward side of a hill. We
found that the classical law of the wall for turbulent
wall-bounded flows is not applicable for this flow. We
followed the hypothesis that the flow along the wind-
ward side of the hill can be split into an inner and an
outer layer and focused on the behavior of the stresses
and velocity profiles in the inner layer.

Based on the observation that turbulent shear
stresses are small within the inner layer, we conclude
that this layer was subject to laminar dynamics. We
further propose to approximate the mean velocity in
the inner layer by solutions of the Falkner-Skan equa-
tion. This equation actually describes self-similar lam-
inar boundary layer flow with a streamwise pressure
gradient and it is not straightforward to expect such a
dynamics for the inner layer. However, the inner layer
is thin with respect to the along-wall length scale and
the pressure gradient is high. Thus we expect that an
equilibrium can be reached within the inner layer. This
expectation is supported as we are able to fit velocity
profiles quantitatively well and to calculate wall shear

stresses that agree well with numerical simulations.
The fact that the mean velocity profile can be well

approximated by the laminar solutions has large im-
plications on wall modeling within Large Eddy Simu-
lations and Reynolds Averaged Simulations. The first
implication is that the traditional inner scaling, ν/uτ ,
can not be used to estimate whether a simulation was
wall-resolved or not. The second implication is that es-
timations of wall resolution based on the inner scaling
need to be revised. The third implication is that lam-
inar inner dynamics can help developing better wall
models for such flow cases.
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Abstract
Direct numerical simulation (DNS) of flame-

wall interaction (FWI) for two flame configura-
tions under adiabatic wall boundary conditions
have been performed to analyse the differences
between flame behaviour of different flow config-
urations. The first configuration considered is a
V-flame in a turbulent channel flow at Reτ = 110
with adiabatic walls and represents oblique wall
interaction (OWI). The second configuration is
representative of a planar flame interacting head-
on with a wall (HOI) in a fully developed tur-
bulent boundary layer at Reτ = 110. Signifi-
cant differences between the near wall behaviour
of the Surface Density Function (SDF), displace-
ment speed and aerodynamic strain rates have
been observed. These differences between the
two flow configurations are a consequence of the
differences in the orientation of the flame during
the FWI process.

1 Introduction
The fundamental understanding of the physi-

cal mechanisms of premixed flame-wall interac-
tion (FWI) is crucial for the development of com-
putationally efficient turbulence and reaction rate
closures. These closures can play a pivotal role
in the design and optimisation of the new gen-
eration of combustion chambers for power gen-
eration and propulsion sectors. The underlying
phenomena of turbulent FWI can be broken down
into individual interactions; flame-turbulence in-
teraction, turbulence-wall interaction and flame-
wall interaction. During these interactions the tur-
bulence structure is altered by the walls, and the
interaction of flame elements with walls leads to
modifications of the underlying combustion pro-
cess. The exact influence of turbulent boundary

layer on the flame dynamics in the absence of heat
loss is not well understood and this information is
needed to be able to develop accurate models un-
der Reynolds Averaged Navier-Stokes (RANS) or
Large Eddy Simulation (LES) frameworks.

In this work FWI has been investigated under
adiabatic inert wall boundary conditions to iso-
late the effects of turbulent boundary layer on the
flame dynamics, by performing Direct Numeri-
cal Simulation (DNS) of a statistically station-
ary V-flame oblique wall interaction (OWI) in a
turbulent channel flow and a head-on interaction
(HOI) of a statistically planar flame in a fully de-
veloped turbulent boundary layer. The V-flame
OWI configuration is representative of bluff body
stabilised flames in gas turbine engines and in-
dustrial furnaces, and is an inherently statistically
stationary configuration. Alternatively, the HOI
configuration is inherently unsteady and does not
involve the fluid-dynamical strain rate effects in-
troduced by the presence of the flame holder. The
main objectives of the present work are to un-
derstand the statistical behaviours of the different
mechanisms, which control the evolution of the
Surface Density Function (SDF), |∇c|, in the case
of wall-bounded flows and especially under the
influence of the aerodynamics in turbulent bound-
ary layers for different flow/flame configurations.

The rest of the paper is organised as follows:
The details of the simulations are presented in the
next section which is followed by the results and
the conclusions are drawn in the last section.

2 Direct numerical simulation data
A three-dimensional (3D) fully compressible

DNS code SENGA+ (Jenkins and Cant, 1999)
has been used for carrying out the simulations
of oblique wall interaction of a V-flame with



adiabatic walls in a turbulent channel flow and
a head-on interaction of a planar flame with a
wall under adiabatic wall boundary condition in
a fully developed turbulent boundary layer. The
governing equations for mass, momentum, en-
ergy and species are solved in a non-dimensional
form. The code employs a 10th order central
difference scheme for the spatial discretisation,
and the order of accuracy reduces to a 2nd order
scheme at the non-periodic boundaries. A low
storage 3rd order explicit Runge-Kutta scheme
is used for the time advancement of the solu-
tion. In all the cases a single step Arrhenius-type
chemical mechanism (Fuel + sOxidiser →
(1 + s)Products) representative of methane-air
mixture is employed for computational economy.
Standard values are used for the Zeldovich num-
ber, β = Ta(Tad − TR)/T 2

ad = 6.0 (where Ta
is the activation temperature, Tad is the adiabatic
flame temperature and TR is the temperature of
the reactants), Prandtl number, Pr = 0.7, and ra-
tio of specific heats, γ = 1.4. The Lewis number,
Le, of all the species is assumed to be unity and
the heat release parameter, τ = (Tad−TR)/TR is
set to 2.3.

The initial turbulence conditions for both flow
configurations and the inflow conditions for the
V-flame simulation are obtained by perform-
ing an auxiliary DNS of an inert fully devel-
oped turbulent-plane channel flow driven by a
stream-wise constant pressure gradient. An over-
all momentum balance can be used to show
that the pressure gradient is directly related to
the shear stress as −∂p/∂x = ρu2τ/h, where
uτ =

√
|τw|/ρ is the friction velocity, τw =

µ∂u/∂y|y=0 is the wall shear stress, h is the chan-
nel half height and p is the pressure. The bulk
Reynolds number Reb = ρub2h/µ for this sim-
ulation is 3285, where ub = 1/2h

∫ 2h
0 u dy, and

the wall friction based Reynolds number Reτ =
ρuτh/µ is 110. The domain size for this chan-
nel is 10.69h × 2h × 4h and 1920 × 360 × 720
equidistant grid points are used to discretise the
computational domain. The current grid spacing
ensures that the minimum non-dimensional dis-
tance to the wall y+ = ρuτy/µ, where y is the
distance from the wall, is at most y+ = 0.6 which
ensures appropriate resolution of the boundary
layer as recommended by Moser et al. (1999).
The V-flame simulations are performed by plac-
ing a flame holder in the fully developed chan-

nel flow at y+ = 55 from the bottom wall (i.e.
y = 0.5h) with an approximate radius of Rfth ≈
0.2δth (δth = (Tad − TR) /max|∇T |L, where
the subscriptL represents the laminar flame quan-
tities) and the centre positioned at x/h = 0.83
from the inlet of the channel. This location for
the flame holder ensures that the flame interacts
with the bottom wall at a reasonable distance
and also that the viscous boundary layer is not
influenced by the flame holder and any effects
seen in the boundary layer downstream of the
flame holder are due to thermal expansion aris-
ing from chemical reaction. At the flame holder,
the species, temperature and velocity distributions
are imposed using a presumed Gaussian function
(Ahmed et al., 2021). Further details on the im-
plementation of the flame holder for this simula-
tion are available in (Ahmed et al., 2021). The ve-
locity fluctuations introduced at the inflow of the
reacting channel are obtained by temporal sam-
pling of turbulence at a fixed stream-wise location
of the auxiliary non-reacting channel flow simu-
lation. The time step chosen for the non-reacting
simulation, while the data is being sampled, is the
same as that of the reacting flow simulation.

Figure 1: V-flame with adiabatic wall boundary con-
ditions. The isosurface coloured in yellow
represents c = 0.5. The instantaneous nor-
malised vorticity magnitude Ω is shown on
the x − y plane at z/h = 4. The grey sur-
face denotes the bottom wall.

The simulation set-up for the V-flame is shown
in Fig. 1. In the x and y directions modified
Navier-Stokes characteristic boundary conditions
(NSCBC) due to Yoo and Im (2007) are used.
The boundary conditions are inflow with specified
density and velocity components at x = 0 and
partially non-reflecting outflow at x = 10.69h
planes; no slip conditions are imposed for ve-
locity at the walls (i.e. y = 0 and y = 2h),
while the temperature boundary condition is spec-
ified using zero gradient Neumann conditions (i.e.
∂T/∂y|y=0 or y=2h = 0). The boundaries in
z direction are treated as periodic. The walls



are assumed to be inert and impermeable, hence
normal mass flux for all species is set to zero
at the walls. The laminar flame speed to fric-
tion velocity ratio SL/uτ = 0.7 and the lami-
nar flame thermal thickness δth is resolved us-
ing approximately 8 grid points. The simula-
tions have been performed for approximately 3
flow-through times and the data has been sam-
pled after 1 flow through time once the initial tran-
sience have decayed. Note that under the current
flow conditions 1 flow-through time is enough to
obtain a statistically stationary solution for the
mean turbulent kinetic energy statistics. The in-
stantaneous flame structures represented by the
c = (YFR

− YF )/(YFR
− YFP

) = 0.5 (where YF
is the fuel mass fraction and the subscripts R and
P represent the respective values of the fuel in
the unburned and fully burned gases) isosurface
along with the normalised vorticity magnitude
Ω =

√
ωiωi × h/uτ (where ωi is the component

of vorticity) are shown in Fig. 1. The influence
of the walls on Ω and the existence of wall ejec-
tions due to introduction of the fully developed
boundary layer at the inflow are clearly visible.
The statistics related to the displacement speed,
SDF and the strain rates which influence the evo-
lution of SDF have been evaluated at a given value
of the progress variable and then ensemble aver-
aged using samples from different time instants.
A similar technique has been used in several pre-
vious analyses of freely propagating statistically
planar turbulent premixed flames .

The planar flame simulation in a turbulent
boundary layer is performed by taking the solu-
tion from the fully developed turbulent channel
flow up to y/h = 1.33 over the entire x−z plane.
The domain size for this configuration is taken to
be 10.69h × 1.33h × 4h which is discretised on
1920 × 240 × 720 equidistant grid points. The
boundary conditions for this case are imposed as
periodic in the x and z directions and a mean
streamwise pressure gradient is applied in the x
direction to drive the flow. The boundaries in the
y direction are treated as wall at y = 0 where a
no slip condition is imposed for velocity, while
the temperature boundary condition at the wall is
specified using the same conditions as the V-flame
case. An outflow boundary condition is speci-
fied at y = 1.33h using the NSCBC conditions
as defined by Yoo and Im Yoo and Im (2007).
This configuration is similar to the earlier work

of Bruneaux et al. (1996, 1997) in a constant den-
sity turbulent channel flow. The main difference
is that in this case the density changes due to tem-
perature and an outflow boundary is used to avoid
any unnecessary thermodynamic pressure rise as
a result of density variation due to combustion.

An initially fully developed laminar flame
from a prior 1-D flame simulation is interpolated
onto the 3-D grid and specified in a manner that
c = 0.5 is centred at y/h ≈ 0.85. The initial
flame is specified such that the reactant side of the
flame is facing the wall, while the product side of
the flame is facing the outflow boundary in the y
direction. The choice of the initial flame location
and the length of the domain in the y direction
is made based on the fact that the flame must re-
main sufficiently away from the outflow bound-
ary at all times, while giving the flame enough
time to wrinkle before interacting with the wall
to obtain meaningful FWI statistics for a turbu-
lent premixed flame. The ratio SL/uτ = 0.7 and
δth is resolved using approximately 8 grid points.
In this case the boundary layer evolves slightly as
the simulation progresses, but the overall simula-
tion time remains of the order of 2.0 flow-through
times based on the maximum axial mean velocity,
which is equivalent to 21.3 flame time scales de-
fined as tf = δth/SL. During this time the flame
propagates into the reactants and moves towards
the wall, consequently interacting with the wall
and extinguishing due to the consumption of the
reactants.

Figure 2: Head-on quenching with adiabatic wall
boundary conditions at different time in-
stants. From top to bottom t/tf = 4.20,
t/tf = 11.55, t/tf = 12.60, t/tf = 14.70.
The isosurface coloured in red represents
c = 0.5. The instantaneous normalised vor-
ticity magnitude Ω is shown on the x − y
plane at z/h = 4.

During the post-processing of the simulation



the statistics related to the displacement speed,
SDF and the strain rates which influence the evo-
lution of SDF have been evaluated at a given value
of the progress variable and then ensemble aver-
aged at each time snapshot. The results are re-
ported in terms of the normalised simulation time
t/tf , which is representative of the mean flame
location in the y direction at a given snapshot.
Figure 2 shows the time evolution of the flame-
boundary layer interaction at different time in-
stants in the simulation. The instantaneous flame
structures are represented by the c = 0.5 isosur-
face along with the normalised vorticity magni-
tude Ω. The vorticity generated in the vicinity of
the wall within the turbulent boundary layer can
be seen in Fig. 2.

3 Results and discussion
The behaviours of |∇c| × δth in the case of

the V-flame OWI are shown in Fig. 3 for dif-
ferent y/h locations along with the behaviour of
|∇c| × δth in the case of an unstrained lami-
nar premixed planar flame. Note that for unity
Lewis number flames the peak mean value of
|∇c| × δth indicates a tendency towards flame
thinning (> 1) or thickening (< 1) in the mean
sense when compared with the propagating lam-
inar flame. In the case of the V-flame OWI the
mean peak value of |∇c| × δth remains compara-
ble to the corresponding unstretched laminar pla-
nar flame values when the flame is away from the
wall (i.e. y/h = 0.18) as shown in Fig. 3. As the
flame approaches the wall the peak mean value of
|∇c|× δth decreases leading to the flame thicken-
ing shown in Fig. 3. The behaviours of |∇c|×δth
in the case of turbulent boundary layer HOI are
shown in Fig. 4 for different time instants. Fig-
ure 4 shows that at earlier times when the flame is
away from the wall the values for |∇c| × δth are
similar to those of the unstretched laminar planar
flame and the flame thickens at later times when
FWI tends to occur. Note that the flame thickens
much more in the case of the V-flame OWI when
compared with the turbulent boundary layer HOI
case and this difference exists because of the dif-
ferences in the flow configuration.

The differences in the behaviour of the flame
in the vicinity of the wall for the two cases
is further investigated by analysing the statis-
tics of flame displacement speed and its compo-
nents. The displacement speed can be defined
as (Echekki and Chen, 1999): Sd = (ω̇c + ∇ ·

Figure 3: Variations of the mean profiles of |∇c|× δth
conditioned on c at different distances away
from the wall in the V-flame.

Figure 4: Variations of the mean profiles of |∇c|× δth
conditioned on c at different times in the
HOI case.

(ρα∇c))/(ρ|∇c|), where αc is the is the diffusiv-
ity of the progress variable and ω̇c is the chemi-
cal reaction rate. As the displacement speed de-
pends on the interaction between the molecular
diffusion rate and the reaction rate, it is useful to
express displacement speed in terms of three dif-
ferent components as Sd = Sr + Sn + St. The
expressions for the reaction component, Sr, nor-
mal diffusion component,Sn, and the tangential
diffusion contribution, St, of displacement speed
are given by (Echekki and Chen, 1999): Sr =
ω̇c/(ρ|∇c|), Sn = N · ∇ (ραcN · ∇c) /(ρ|∇c|)
and St = −2αcκm, where κm = 0.5∇ · N is
the arithmetic mean of two principal flame cur-
vatures and N = −∇c/|∇c| is the flame nor-
mal vector. Figure 5 shows the mean behaviour
of Sd and its constituent components at different
distances away from the wall. It can be noticed
in Fig. 5 that the behaviour of Sd and its com-
ponents when the flame is away from the wall at
y/h = 0.18 is similar to the behaviour reported
in literature for statistically planar turbulent pre-
mixed flames (Ahmed et al., 2021), whereas in
the vicinity of the wall at y/h = 0.005 there are
significant differences in Sd and its components
when compared with statistically planar turbulent



premixed flames. It can be seen in Fig. 5 that
the behaviour of St is altered when the flame is in
the vicinity of the wall (i.e. y/h = 0.005) due to
the aerodynamic effects of the turbulent boundary
layer.

Figure 5: Variations of the mean profiles of Sd and
its components conditioned on c at different
distances away from the wall in the V-flame.

Figure 6 shows the mean behaviour of Sd and
its constituent components at different time in-
stants in the case of the turbulent boundary layer
HOI. In this case, at earlier times (i.e. t/tf =
4.20), when the flame is away from the wall the
behaviour of Sd and its components remains sim-
ilar to the V-flame at y/h = 0.18, whereas at
later times (i.e. t/tf = 14.70) when the flame
is in the vicinity of the wall the behaviour of Sd
and its components is significantly different from
the V-flame OWI case at y/h = 0.005. It can be
seen in Fig. 6 that St assumes positive values at
t/tf = 14.70, when the flame is in the vicinity of
the wall. This behaviour is in contrast to the be-
haviour of the flame in the case of V-flame OWI at
y/h = 0.005 where predominantly negative val-
ues for St are observed and is a consequence of
the way turbulence interacts with the flame under
different flow configurations.

In addition to the flame displacement speed
statistics it is important to understand the ef-
fects of dilatation and aerodynamic strain rates,
as these quantities have an impact on the flame
thickening/ thinning as well as on the changes in
the flame area. The mean values of dilatation rate,

Figure 6: Variations of the mean profiles of Sd and
its components conditioned on c at different
times in the case of HOI.

∇ · u, normal strain rate, aN = NiNj∂ui/∂xj ,
and the tangential strain rate, aT = (δij −
NiNj)(∂ui/∂xj), conditioned upon c are shown
in Fig. 7 for the V-flame OWI case at different
distances away from the wall. At y/h = 0.005 the
mean values of ∇ · u remain smaller than that of
aT and aN , whereas at y/h = 0.18 the mean val-
ues of∇ · u assume greater values in comparison
to that of aT and aN (see Fig. 7). The dilatation
rate ∇ · u assumes mostly positive values in the
case of premixed flames due to heat release and
this effect is attenuated in the vicinity of the wall
due to constriction of the velocity gradient in the
wall normal direction. The mean value of aN re-
mains positive away from the wall at y/h = 0.18,
whereas in the vicinity of the wall it assumes neg-
ative values as shown in Fig. 7. The influence
of the velocity gradients on the flame surface area
can be determined by examining the behaviour of
aT . In the near wall region (e.g. y/h = 0.005)
the large negative mean value of aN and a small
mean positive value of ∇ · u leads to a large pos-
itive mean value of aT = ∂ui/∂xi − aN . At
y/h = 0.18 the mean values of ∇ · u and aN re-
main close to each other yielding a small positive
mean value of aT as shown in Fig. 7.

Figure 8 shows the behaviour of aN , aT and
∇·u at different time instants in the case of turbu-
lent boundary layer HOI. It can be noticed in Fig.
8 that at earlier times (i.e t/tf = 4.20, when the



Figure 7: Variations of the mean profiles of at, aN and
∇ · u conditioned on c at different distances
away from the wall in the V-flame.

flame is away from the wall the behaviours of the
dilatation rate and the aerodynamic strain rates is
identical to that of the V-flame at y/h = 0.18,
whereas at later times i.e. t/tf = 14.70 when the
flame is interacting with the wall the behaviours
of aN , aT and ∇ · u are significantly different
from the ones observed in the V-flame case at
y/h = 0.005. The main reason for these differ-
ence in aN , aT and ∇ · u exists due to the differ-
ences in the directions of the mean flow and the
dilatation due to thermal expansion. In the case of
the V-flame the thermal expansion effects are par-
allel to the wall whereas in the case of turbulent
boundary layer HOI the thermal expansion effects
exist in the wall normal direction. This leads to
the differences in the behaviour of∇ · u and con-
sequently influences aT and aN behaviours.

4 Conclusions
Direct Numerical Simulations (DNS) of a V-

flame in a fully developed turbulent channel flow
at Reτ = 110 representative of an oblique
wall interaction (OWI) and a head-on interaction
(HOI) of a planar flame in a fully developed tur-
bulent boundary layer at Reτ = 110 have been
performed under adiabatic inert wall boundary
conditions. The near wall behaviour of the Sur-
face Density Function during FWI is found to
be different between the two flow configurations.

Figure 8: Variations of the mean profiles of at, aN and
∇ · u conditioned on c at different times in
the case of HOI.

It is found that the displacement speed behaves
in a different manner in the near wall region for
the two flame configurations considered. Further-
more, it is also found that the behaviour of the
dilatation rate and the aerodynamic strain rates
are also significantly influenced in the near wall
region by the changes in the flow configuration.
These variations in the behaviour of displacement
speed, dilatation rate and the aerodynamic strain
rates should be included in the scalar dissipation
rate and Flame Surface Density based modelling
of FWI in premixed turbulent combustion.

References
K. Jenkins, R. Cant, in: D. Knight, L. Sakell (Eds.),

Recent Advances in DNS and LES: Proceedings
of the Second AFOSR Conference, Rutgers - The
State University of New Jersey, New Brunswick,
USA, Kluwer, Dordrecht, 1999, pp. 191–202.

R. D. Moser, J. Kim, N. N. Mansour, Phys. Fluids 11
(1999) 943–945.

U. Ahmed, N. Chakraborty, M. Klein, Flow, Turbul.
Combust. 106 (2021) 701–732.

C. S. Yoo, H. G. Im, Combust. Theory Model. 11
(2007) 259–286.

G. Bruneaux, K. Akselvoll, T. J. Poinsot, J. H.
Ferziger, Combust. Flame 107 (1996) 27–36.

G. Bruneaux, T. J. Poinsot, J. H. Ferziger, J. Fluid
Mech. 349 (1997) 191–219.

T. Echekki, J. H. Chen, Combust. Flame 118 (1999)
308–311.

N. Chakraborty, N. Swaminathan, Phys. Fluids 19
(2007) 045103.



 

 

NATURAL CONVECTION BETWEEN VERTICALLY HEATED 

SMOOTH AND ROUGH WALLS USING FULLY NAVIER-STOKES 

EQUATIONS SIMULATION 

Boqi Ren1, Chung-Gang Li2 and Makoto Tsubokura2  

1Graduate School of System Informatics, Kobe University, Kobe 657 8501, Japan 
2Faculty of Graduate School of System Informatics, Kobe University, Kobe 657 8501, Japan 

 

bochiren1992@stu.kobe-u.ac.jp 

 

Abstract 

    Natural convection in cuboid cavities with rough 

sidewalls is studied numerically in the present works. 

The investigations are carried out with air (𝑃𝑟 = 0.72 

) as the working fluid in the cavities considering the 

compressibility at two different typical Rayleigh num-

bers (𝑅𝑎 = 106 and 6.4 × 108 ). Artificial randomly 

rough surfaces have been generated through a given 

power spectral density function. Comparison of tem-

perature gradients between cavities with smooth and 

rough sidewalls shows that the roughness can enhance 

the heat transfer at a high Rayleigh number, but for the 

lower Rayleigh number the influence of roughness is 

inconspicuous relatively. The relationship between the 

sizes of roughness elements and the thickness of the 

thermal boundary layer is the key point to the heat 

transfer performance. 

 

1 Introduction 

    The heat transfer from a vertical heated wall 

through the phenomenon of natural convection is quite 

common in modern industrial applications, such as so-

lar thermal collectors and temperature control of nu-

clear reactors. Due to the ability to directly influence 

the flow field structures near the heated boundaries, 

roughness or obstacles on the heated surface have 

been emphasized as the potential way to enhance the 

heat transfer. Under the condition of laminar flow, 

Yousaf and Usman obtained a decrease of average 

Nusselt number along a hot wall with sinusoidal 

roughness elements by compared with the smooth 

case. In contrast to laminar cases, Jiang et al. discov-

ered that within the range of 𝑅𝑎 = 1.3 × 109 to 3.8 ×
1011, the cavities with ratchet sidewalls showed better 

performances of heat transfer than the smooth cases. 

Similarly, Anderson and Bohn found at 𝑅𝑎 = 3.3 ×
1010, square roughness elements will increase the heat 

transfer by 15% in a cubical cavity. From the above 

literatures, the rough surface seems to have opposite 

effects on heat transfer performance for the flows with 

different Rayleigh numbers.  

    On the other hand, in many studies, roughness ele-

ments or obstacles have specific shapes and sizes, 

meanwhile, they ignored the change of the elements 

along the depth direction of cavities. Differently, to 

represent the roughness existing in nature, a 3-dimen-

sional artificial random roughness has been generated 

following a given power spectrum (or, power spectral 

density) in the present study. Not only that, in terms of 

modern industry, many applications of natural convec-

tion are working under the condition of high-tempera-

ture difference (>30K). For such applications, it is bet-

ter to consider the compressibility of fluid and the 

Boussinesq approximation is regarded no longer ef-

fective. 

    Based on the above, in the present study, the phe-

nomena of natural convections are investigated in the 

cuboid cavities with different sidewalls (rough and 

smooth surfaces) under two different typical Rayleigh 

numbers (𝑅𝑎 = 106 and 6.4 × 108). 

 

2 Physical Model and Governing Equa-

tions 

The physical geometry (Figure.1 (a)) was consid-

ered as a cuboid of width (L1), height (L2), and depth 

(L3) filled with ideal and compressible air. In order to 

investigate the influence of the rough surfaces on the 

three-dimensional feature of cavity flows, two differ-

ent Rayleigh numbers are considered, which is defined 

as: 
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where, β represents thermal expansion coefficient of 

the working fluid, ΔT is the temperature difference be-

tween hot and cold sidewalls, Pr is the Prandtl number 

which is equal to 0.72 in this study, and ν is the kine-

matic viscosity. All the above physical quantities are 

determined based on the initial temperature of the 

fluid contained in the core of the cavities and the pres-

sure, 101,300 Pa. The aspect ratios of height and width 

are represented as 𝐿2/𝐿1 = 4 and the ratio of height 

and depth is represented as 𝐿2/𝐿3 = 1 for lower Ray-

leigh number cases, and 𝐿2/𝐿3 = 2 for higher Ray-

leigh number cases. In this study, an artificial ran-

domly rough surface with a given PSD has been gen-

erated as the sidewall of the cavity, shown in Figure1 

(b). The Root Mean Square of the roughness element 

height is equal to 1.5% of the width (L1) for both cases 



 

 

of two Rayleigh numbers. Rq can be calculated 

through the equation 
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and ℎ𝑖 is the size of every roughness element from the 

mean plane. Here, the mean plane is the position 

where the heights of peaks and depths of valleys all 

add to zero. 

    The no-slip boundary condition is imposed on the 

top, bottom and both sidewalls of the cavities but slip 

boundary condition is applied on the two vertical 

boundaries along the depth direction of the cubic cav-

ities, to reduce the effects from 3D boundary condi-

tions.  

    The compressible governing equation used in this 

study is shown as following: 
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U, F, and S indicate the following values: 

     

























e

u

u

u

U











3

2

1
                                              (4) 

 

,3,2,1,,

)(

333

222

111










































 ji

x

T
kuAupe

Apuu

Apuu

Apuu

u

F

i

jiji

iii

iii

iii

i

i











    (5)                          

and  

    



























))((

0

)(

0

0

20

0

gu

gS




                                  (6) 

where 𝐴𝑖𝑗 = 𝜕𝑢𝑗/𝜕𝑥𝑖 + 𝜕𝑢𝑖/𝜕𝑥𝑗 − 2/3(∇ ∙ 𝑢)𝛿𝑖𝑗 and 

𝛿𝑖𝑗 is the Kronecker delta. For ideal gas equation, the 

relationship between the pressure and the density can 

be considered as the following equation: 𝑃 = 𝜌𝑅𝑇 . 

According to Sutherland’s Law, the viscosity (μ) and 

the thermal conductivity (k) of the fluid in the cavities 

are determined as follows:   

          
4.110

4.110
)( 0

2
3

0

0















T

T

T

T
T                          (7) 

          
Pr)1(

)(
)(






 RT
Tk             (8) 

where 𝜌0 = 1.18 𝑘𝑔/𝑚3 , 𝑔 = 1.18 𝑚/𝑠2 , 𝜇0 =
1.85 × 10−5 𝑁 ∙ 𝑠/𝑚2 , 𝑇0 = 298.06 𝐾 , 𝛾 = 1.4 , 

𝑅 = 287 𝐽/𝑘𝑔 , and 𝑃𝑟 = 0.72 . The subscript 0 

means the initial values of the corresponding physical 

quantities. 

 

3 Numerical Method 

The velocity induced by buoyancy in natural convec-

tion is much smaller than the speed of sound, so it is 

inappropriate to use the compressible governing equa-

tion directly. In this case, the Roe scheme combined 

with preconditioning method and high order MUSCL 

has been adopted then the governing equations with-

out Boussinesq approximation show like the following 

form: 
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where Γ is the preconditioning matrix, 𝑈𝑝represents 

the variables in primal form [𝑝, 𝑢1, 𝑢2, 𝑢3, 𝑇]. In order 

to correct the temporal term, the dual time-stepping 

method is added to the Roe scheme, therefore, τ and t 

are the artificial and physical time respectively. 

    Because of the complex geometry of the random 

rough surface, in order to ensure the geometrical de-

tails as much as possible. Simultaneously, the building 

cube method (BCM) is used to provide higher compu-

tation efficiency and better load balancing on a mas-

sively parallel computing system. In the BCM, the 

meshes are uniform along the three orthogonal axes 

(directions x1, x2, and x3), which allows the details of 

the flow fields between two roughness elements to be 

captured more easily. 

 

4 Results and Discussions 

    In this section, we will discuss the effects of rough 

sidewalls on the heat transfer performance and the 

flow structures in the cavities under two conditions of 

low and high Rayleigh numbers.  For the convenience 

of comparison, all the physical values are considered 

nondimensional, and denoted with the superscript *. 

The reference values for nondimensionalization are 

listed as following: L2 for length, ΔT for temperature, 

and  𝑈𝑟𝑒𝑓 = √𝑔𝛽0∆𝑇𝐿2 for velocity. 

    Figure.2 shows nondimensional temperature gradi-

ents of the cases with different Rayleigh numbers at 

two measurement locations. These measurement loca-

tions are a group of lines parallel to the x2-direction 

(x3/L3 = 0.5 line) at x1/L1 = 0.05 plane and x1/L1 = 0.1 

plane starting from the mean plane of the hot rough 

sidewall. In the figure, the black curves represent the 

profiles of the rough surfaces at the measurement lo-

cations. From Fig.2 (a) and (b), under the condition of 

𝑅𝑎 = 106, in the upstream region, the nondimensional 

temperature gradients of the smooth case are larger 

than the rough case, and in the downstream region, the 

gradients of the smooth case are slightly smaller than 

the rough case. It is obvious, the curves of the temper-

ature gradient fluctuate following the distribution of 

roughness elements. The overall trend is that the peaks 

(the roughness elements which protrude from the 

mean plane) will increase the temperature gradient, 



 

 

but the valley after one peak will decrease it conspic-

uously. When the measurement location moving away 

from  

 

 

the hot sidewall, the difference between smooth and 

rough cases decreases. 

 

 

 
Figure 1: (a) Illustration of physical and computational geometry, (b) schematic diagram of the roughness 

 

Figure 2: Temperature gradients profiles near hot sidewall at two different measurement locations, 0.1: 

(a) (b) for 𝑅𝑎 = 106, (c) (d) for 𝑅𝑎 = 6.4 × 108 (black curves: profiles of the rough surface at the cor-

responding measurement locations) 



 

 

 
Figure 3: Temperature distributions and main flow contours of smooth and rough cases at 𝑅𝑎 = 106 

 

Figure 4: Temperature distributions and main flow contours of smooth and rough cases at 𝑅𝑎 = 6.4 × 108 

 

    But for the case with higher Ra, shown in Fig. 2 (c) 

and (d), we observed the phenomenon that the temper-

ature gradient of the cavity with rough sidewalls is 

much larger than the smooth cavity. Compared with 

Fig. 2 (a) and (b), the distribution of the roughness el-

ements plays a very important role in the fluctuations 

of gradient curves as well, and these fluctuations ele-

ments are much more drastic. Furthermore, the appre-

ciable element contributes to appreciable fluctuation, 

i.e. The effects of single or several consecutive small-

size elements on the temperature gradient are hard to 

be measured.  

    The effects of roughness on the heat transfer under 

conditions of different Rayleigh numbers are different. 

In the present study, the rough surfaces show a good 

performance in enhancing the heat transfer efficiency 

for the case of 𝑅𝑎 = 6.4 × 108 , but for the laminar 

case, the roughness can merely change the local tem-

perature gradients but not the total one. In addition, for 



 

 

cases with higher Ra, the average temperature gradi-

ents diminished sharply as the measurement location 

moving away from the hot sidewall, and this reduction 

is much more obvious than in the cases with lower Ra. 

    On the other hand, according to the fluctuations of 

the curves of temperature gradients, it can be consid-

ered that the roughness with Rq equal to 1.5% of L1 

will significantly change the flow field structures near 

the heated walls.  

    The average nondimensional temperature near the 

hot sidewall of rough and smooth cases at the lower 

Ra has been shown in Figure 3 (a) and (b) respectively. 

The measurement plane locates at 𝑥3/𝐿3 = 0.5. From 

the figure, the thermal boundary layer so thick that the 

roughness is immersed completely in it, and although 

in local areas, the thickness of the thermal boundary 

layer will be reduced due to the presence of peaks, in 

general, the distribution of isothermal surfaces is not 

changed a lot especially in the core region of the cav-

ity. Thus, the effect of roughness to the thermal bound-

ary layer is relatively inconspicuous. Fig. 3 (c) and (d) 

show the velocity contours of the main flows in the 

cavities with rough and smooth sidewalls respectively. 

It is detectable that a peak will give acceleration to the 

main flow, but a valley will slow down the flow and 

this influence has a close relationship with the sizes of 

the roughness elements. 

    Figure 4 shows the isotherms and contours of main 

flows of both rough and smooth cases at higher Ra. 

The measurement plane in the cavities is same as Fig-

ure 3. Similar to the lower Ra case, the roughness ele-

ments will decrease or increase the thickness of the 

thermal boundary layer. But, different from the cases 

with lower Ra, the thickness of the thermal boundary 

layer is very thin, so that it can be varied by the rough-

ness elements easily. For the velocity of the mean 

flows, the acceleration because of the peaks on the 

rough sidewall is much more conspicuous than the 

lower Ra case, especially in the upstream region. 

However, comparing Fig. 4 (c) and (d), the maximum 

of the main flow velocity of the smooth case is higher 

than the rough case. The extra friction due to the 

roughness can be a reason for this difference. Accord-

ing to Fig. 3 and Fig. 4, the relationship between the 

sizes of roughness elements and the thickness of the 

thermal boundary layer is a significant factor to influ-

ence the heat transfer of a heated sidewall. 

     We investigated the velocity component along the 

x1 direction of the cavity flows at higher Ra, and Fig-

ure 5 shows the results on the x1-x2 plane at the middle 

width. The roughness changed the flow structure, 

making the flow field obtain some obvious horizontal 

velocities near some roughness elements, and these 

horizontal flows will increase the convection in the lo-

cal regions, and then the local heat transfer will be en-

hanced. This phenomenon is particularly appreciable 

in the upstream area. The flow velocity increases first 

and then decreases in the downstream region, thus the 

velocity magnitude along the x1 direction also de-

creases as a result in the same region. 

     

 

Figure 5: Magnitudes of the velocity component in 

the x1 direction of the cases at 𝑅𝑎 = 6.4 × 108 

 

    The flow field among the roughness elements is 

also important to understand the effects of roughness 

on the heat transfer. The measurement planes where 

the distances to the mean plane of the rough hot side-

wall are equal to 1.5% of cavities’ widths have been 

chosen, and the contours of the velocity component 

along the x3 direction have been displayed in Figure 6. 

The island-like objects are those roughness elements 

which are higher than the measurement plane. In this 

figure, the changes in the colors of the contours show 

that, for both cases, the flows have the ability to bypass 

the 3D random roughness elements, and the spaces 

among several adjacent elements will not trap the 

flows easily, which is different from many 2D cavity 

flows.  From the figure, there is a noticeable difference 

in the magnitudes of u3* for the two cavity flows. The 

case with higher Ra has a higher velocity along x3 di-

rection, but from Fig. 3 and Fig. 4, the magnitude of 

main flows of the higher Ra case is a bit smaller than 

the lower Ra case. One reasonable explanation is that 

the dimensioned sizes of these two cavities are differ-

ent, thus the dimensioned sizes of the roughness ele-

ments of the case with higher Ra are much larger than 

the roughness elements of the lower Ra case. Mean-

while, the case with a higher Ra has a higher dimen-

sioned velocity. So, for the case with 𝑅𝑎 = 106, the 

fluid among the roughness elements will be more sus-

ceptible to the viscosity and velocity boundary layer. 

Definitely, a higher velocity of the fluid among the 

roughness elements will bring better performance in 

the heat transfer. 

 



 

 

 

Figure 6: Flow fields among the roughness elements of the hot 

sidewall: (a) for 𝑅𝑎 = 106,  (b) for 𝑅𝑎 = 6.4 × 108 

 

 

5 Conclusions 

    The present study reports the numerical solution of 

compressible natural convection in cuboid cavities 

with rough sidewalls under a high-temperature differ-

ence at two typical Rayleigh numbers. The roughness 

was generated using a given power spectrum density. 

The nondimensional temperature gradients of the cav-

ities have been measured at two different positions and 

the results show that the existence of roughness will 

change the heat transfer of cavities obviously. The 

peaks on the rough surfaces will decrease the thick-

ness of the thermal boundary layer and accelerate the 

fluid nearby, then the local temperature gradients will 

increase, but the valleys have opposite effects. For the 

cavity flows at a lower Rayleigh number, the rough 

surface will be immersed into the thermal boundary 

layer, thus roughness has little influence on improving 

the overall heat transfer efficiency. But for the case at 

higher Rayleigh number, because of a thinner thermal 

boundary layer, the influence of roughness elements 

on the heat transfer is more conspicuous. On the other 

hand, for the cases at a higher Rayleigh number, the 

roughness elements will slightly slow down the main 

flow but the speed in the other two directions will be 

increased. 
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Abstract
Fundamental fluid-mechanics studies and many

engineering developments are based on tripped cases.
Therefore, it is essential for CFD simulations to repli-
cate the same forced transition in spite of the avail-
ability of advanced transition modelling. In the last
decade, both direct and large-eddy simulations (DNS
and LES) include tripping methods in an effort to
avoid the need for modeling the complex mechanisms
associated with the natural transition process, which
we would like to bring over to Reynolds-averaged
Navier-–Stokes (RANS) turbulence models. This pa-
per investigates the necessity and applications of nu-
merical tripping, despite of the developments in nu-
merical modeling of natural transition. The second
goal of this paper is to assess a technique to implement
tripping in eddy-viscosity models (EVM) for RANS.
A recent approach of turbulence generation, denoted
as turbulence-injection method (kI), is evaluated and
investigated through different test cases ranging from
a turbulent boundary layer on a flat plate to the three-
dimensional (3D) flow over a wing section. The de-
sired tripping is achieved at the target location and the
simulation results compare favourably with the refer-
ence results (DNS, LES and measured data). With
the application of the model, the challenging transi-
tion region can be minimised in a simulation, and con-
sequently more reliable results are obtained.

1 Introduction
Modeling the laminar–turbulent transition is still a

challenging subject, especially for engineering com-
putational fluid dynamics (CFD). The exact placement
of the laminar–turbulent transition has a significant ef-
fect on relevant characteristics of the boundary layer
and aerodynamics, such as drag, heat transfer and flow
separation on e.g. wings and turbine blades. For in-
stance, the inaccuracy in prediction of the transition
onset can result in larger separation regions near the
wing trailing edge. Such limitations of CFD simula-
tions increase the discrepancy between experimental
and numerical data in the design processes.

Tripping, which fixes the transition position, has
been implemented in wind-tunnel experiments to pro-
mote early transition to turbulence in the boundary
layer for the past 70 years, because it makes the tran-
sition independent of the local condition of the free-
stream. In the first part of the paper in section 2, the
applications of the tripping technique are discussed,
in order to describe why one needs a tripping model
rather than a model to simulate different transition
mechanisms. To bring tripping to practical applica-
tions, there is a demand to assess the implementa-
tion of tripping mechanisms with Reynolds-averaged
Navier–Stokes (RANS) approach which can also serve
as a design tool. The laminar–turbulent transition
models are discussed in section 3, focusing on RANS-
EVM.

With the goal of replicating the same transition
point as in the experiments (and corresponding re-
solved simulations), and removing the uncertainty in
the numerical model of forced transition, this study
investigates a numerical approach that mimics the ef-
fect of a turbulence trip. Tripping in experiments is
not always implemented at the natural transition point,
rather the target point of forced transition may shift
for different reasons such as control. Therefore, a
flexible numerical approach is required to control the
flow condition, as it has already been investigated in
LES and DNS. The present work considers a method
to implement tripping with RANS as well as its as-
sessment compared to wind-tunnel experiments, be-
side the similar tripping approaches in LES and DNS.
The methodology and the results are described in sec-
tions 3 and 4, respectively. The ultimate goal of the
project is to develop a numerical–simulation approach
which can represent the complex experimental setup
and measurements in a typical wind tunnel, reduce the
uncertainty in design of a setup, and thus increase the
fidelity of a campaign. This motivates to include three-
dimensional (3D) setups as a part of this research, such
as complete wind-tunnel setups, in the framework of a
virtual wind tunnel [31].



2 Tripping applications and models
Due to the variety of transition types and the com-

plexity of modeling the different mechanisms in nu-
merical simulations, one alternative is to start with a
correct boundary layer at a certain Reynolds number
(Reθ), using fully turbulent boundary-layer data as in-
flow, e.g. from a direct numerical simulation, DNS. In
this way, there is no need to go through any transition
model, i.e. the flow is turbulent throughout the com-
putational domain. However, such data are not always
available. Another possibility is to skip the whole tran-
sition process by tripping the boundary layer. In this
way, transition is forced at a prescribed and meaning-
ful location, rather than the natural transition process.

Additionally, the action of forcing transition from
a laminar to a turbulent boundary layer (BL) is com-
mon in wind-tunnel testing to eliminate the later tran-
sition caused by testing at reduced Reynolds numbers
(Re) [13]. For example, at low Re and for an airfoil
at stall-angle, it is essential to ensure that the transi-
tion occurs before the laminar flow separation. BL
trips are traditionally also used in scale-model test-
ing to aid in scaling the flow characteristics, where
duplicating full-scale Res is not feasible in the wind
tunnel which leads to the fact that the developed BLs
on wind-tunnel models do not correspond to the BLs
which develop on full-scale vehicles. For this purpose,
tripping devices are placed on models to hasten the BL
transition from laminar to turbulent flow. In this way,
the characteristics which are sensitive to the condition
of the BL are more accurately simulated in tripped
cases [19], since the transition is modeled independent
of the local condition of the free-stream which may
differ from case to case. Furthermore, the key idea of
passive techniques is to trip the BL to re-energize the
flow so that the flow remains attached [29]. The skin
friction, and consequently the drag, change due to the
shift of the transition position from one test to another,
which defines the turbulent portion of the model. The
different transition onset in adverse-pressure-gradient
(APG) flow can also result in larger separation regions
farther downstream, with the corresponding impact on
aerodynamic performance [30]. In addition, it is some-
times possible to duplicate the relative thickness of
the full-scale turbulent BL at certain locations on the
wind-tunnel model by fixing transition at the proper
location [3].

Most studies focusing on the physics of turbulent
BLs employ tripping to promote early and robust tran-
sition to turbulence [5, 14, 24]. For instance, different
tripping devices were studied, in the context of a flat-
plate BL [8, 20]. Roughness elements were also used
to force transition in order to eliminate the transitional
effects [9, 21]. The wide and continuous application
of tripping in wind tunnels [25] motivated the use also
in numerical methods to model similar effects in order
to replicate the experimental data. Therefore, tripping
methods evolved beside the numerical transition mod-

els that attempted to model the natural transition pro-
cess. Referring to the variety of transition types and
the complexity of modeling the complex physical in-
teractions and mechanisms leading to transition, trip-
ping models have the advantage of simplicity, which
results in a much lower uncertainty. For instance, var-
ious tripping strategies were assessed over a flat plate
by DNS [27] and were later implemented in large-eddy
simulation (LES) for a 2D airfoil [11].

3 Laminar–turbulent transition and
tripping in EVM

Among eddy-viscosity RANS models (EVM), the
one-equation turbulence model of Spalart-–Allmaras
(SA) contains a trip term [28]. These authors used the
word trip “to mean that the transition point is imposed
by an actual trip, or natural but obtained from a sepa-
rate method” [28]. The trip version of the SA model,
named as SA-Ia, is rarely used, because the model is
most often employed for fully-turbulent (FT) applica-
tions [23]. Its trip term was found to be inadequate to
force transition at a specified location, specifically for
hypersonic flows [22]. The k − ω SST model, as the
most common two-equations EVM model, was devel-
oped in 1994 [16]. The formulations of both turbu-
lence transport equations (k and ω) are based on the
features of FT-BL and so the initial laminar region, and
consequently the transition part, are not modeled accu-
rately. Such a formulation induces an early turbulent–
viscosity buildup (as if for e.g. there is a surface
roughness) and therefore causes FT flow over the re-
gion which is laminar in the physical model and leads
to over-estimating the drag [1, 30]. RANS-based BL
transition algorithms have been broadly considered in
literature since few decades ago [7, 34]. Most com-
monly transition models consist of two main parts: 1.
Define the laminar, transition and FT regions, i.e. the
intermittency (γ) distribution. This can be done via
two, one, or even zero transport equations [2, 15, 10];
2. Apply the modifications into the turbulence model,
i.e. in the k and ω equations, which is referred to as
‘coupling with k−ω SST’ model. The currently avail-
able transition models in RANS are typically based on
empirical correlations, but are not specifically aimed
at representing the physical mechanisms in the tran-
sition process. As discussed by Langtry [10], “They
do not attempt to model the physics of the transition
process (unlike e.g. turbulence models), but form a
framework for the implementation of transition cor-
relations into general purpose CFD methods”. They
are basically designed to cover the standard ‘bypass
transition’, as well as flows in low free-stream tur-
bulence environments (since the transition location is
correlated with the free-stream turbulence intensity,
based on laboratory data) [2]. In addition to becom-
ing unstable (in terms of convergence) [1], it was ob-
served that setting a lower value for the free-stream
turbulence in the CFD simulations would result in a



later transition prediction than observed in the phys-
ical model [12]. Apart from the pros and cons of
such approaches in simulating the transition process,
recent studies show that “there is potential for uncer-
tainty or error in simulating the forced transition case
with RANS models”[1]. In order to initiate transition
at the same location as the experimental data, zigzag
tapes were used as the model, but the uncertainties in-
evitably appeared even in the calculations of the inte-
grated parameters, e.g. the total power of the whole
turbine rotor. Certainly, it is more challenging when a
point-to-point comparison is intended, e.g. in chord-
wise Cp distribution. Similarly, turbulence tripping
was implemented in RANS using a specific type of ob-
stacle in the geometry, which caused flow disturbances
that facilitated the transition from laminar to turbulent
flow [29]. Although a sudden jump in the local pres-
sure was achieved, a spurious small vortex emerged
downstream of the obstacle. According to section 2,
tripping would be a required feature in RANS models,
while on the numerical side, we found that there is no
suitable model to implement tripping. In the following
sections we discuss a method of tripping for k-ω SST.

4 Methodology
We start with describing a turbulence-generation

mechanism, which was recently adopted by
Fahland [6] for the RANS simulation of the flow
around an airfoil. We denote this as ‘injection
method’ (kI), and it is based on directly modifying the
turbulent kinetic energy, k at the target trip point. This
technique serves as an efficient tripping and the results
are in agreement with the other methods described in
Ref. [32].

Note that the injection of extra k effectively pro-
motes transition at the position or shortly downstream
of it. The modelled transport equation for k is may be
written as

∂(ρk)

∂t
+
∂(ρujk)

∂xj
= Pk−Dk+

∂[(µ+ σkµt)
∂k
∂xj

]

∂xj
+Sk ,

(1)
where Pk and Dk denote the production and dissipa-
tion terms respectively [16]. The coefficients µ and
µt denote the dynamic viscosity and turbulent dy-
namic viscosity, respectively, and the corresponding
term (the third term on the right-hand side) refers to
the diffusion of k. The last term on the right-hand side,
Sk, is included to account for the sources of turbulent
kinetic energy. The kI approach is based on adding
a local Sk at the target trip point so that the flow be-
comes FT immediately, in the same way as in the ex-
perimental tripping. Furthermore, the standard k − ω
SST model leads to an early transition so that the BL
becomes FT even before the physical transition posi-
tion. In order to ensure the turbulence model does not
lead to a premature deviation from the laminar solu-
tion, the value of k can be set to zero in the domain
just upstream the tripping. This constraint is set to

avoid an over-estimation of k in the laminar region,
which is anyway calculated from the FT equations in
the k − ω SST model.

Figure 1: Illustration of the injection–tripping proce-
dure in various flows relevant for the present work. See
text for more details.

Note that the value of Sk, the injection magnitude,
should be large enough to raise the local skin-friction
coefficient Cf at the tripping point. An advantage of
the kI method is the simplicity of the implementa-
tion, because the source terms can typically be exter-
nally modified without changing the core of the solver.
Fig. 1 illustrates how the injection area is specified for
a flat plate and a wing model, similar to tripping in the
experiments. The laminar region, i.e. the k = 0 area, is
defined to implement the turbulence constraint, which
was defined at the beginning of this section. The ap-
proximated depth of the injected area is suggested to
be approximately equal to the momentum thickness θ
at the tripping location [6], since the tripping should be
located inside the BL region. The k1 part in Fig. 1 bot-
tom shows the injection section, as well as the injec-
tion bar assigned on the wing in Fig. 1 top.

The assessment includes three test cases. We
consider the Minimum-Turbulence-Level (MTL) wind
tunnel at KTH Royal Institute of Technology. The
NACA4412 profile is the reference airfoil selected for
this study. As the base turbulence model, a two-
equation EVM model is considered: k-ω SST. Open-



FOAM is used as the CFD solver.

5 Results
The results are shown in terms of Cf , which is

the normalized wall shear stress at the wall. The
shape factor H12 is also plotted as an indication of
the boundary-layer development, since it is the ratio
of the displacement to momentum thicknesses. For the
mid-height section of the wing, the chordwise Cp dis-
tribution is plotted, where the static pressure p is non-
dimensionalized with the dynamic pressure Pd. Three
test cases are discussed in the following. Two main
features are intended to ensure proper tripping: i) a
sufficiently sharp Cf increase, which is ii) immediate
at the intended tripping location.

I. Flat plate with zero pressure gradient (ZPG):
In Fig. 2, two scenarios are tested to assess the method
efficiency: early and delayed tripping. First the flow
is tripped immediately after the domain inlet as an
‘early-trip’. Conversely, in the case denoted as ‘de-
layed trip’, the simulation keeps the flow laminar for
some distance before it is tripped, see Ref. [32]. It is
shown that boundary-layer development can be con-
trolled with this tripping method, which results in an
adaptive laminar-turbulent transition.

To evaluate the kI tripping in RANS, in this part
we focus on the low-Reθ trends, which were studied
in Ref. [27] via the use of different tripping parameters
in DNS, see Fig. 3. The resulting turbulent flow with
kI tripping quickly adapts to the canonical form of the
turbulent BL, with shorter development length than the
non-optimal tripping as studied by DNS.

II. 2D airfoil: Tripping with RANS has been im-
plemented for an isolated airfoil (a NACA4412 wing
section in free-flight conditions) and compared with a
well-resolved LES of the same case [33] tripped with
the method in Ref. [27]. Skin-friction plots are in very
good agreement, as observed in Figure 4a. The kI trip-
ping (RANS-kI) is applied to an airfoil in a wind tun-
nel and the results are in agreement with another trip-
ping method, described in Ref. [32]. The standard k-ω
SST is denoted as RANS.

III. 3D wing in a wind tunnel: A 3D RANS sim-
ulation of wing at 11-degree angle of attack is per-
formed considering the same tripping location as that
in the wind-tunnel experiment. The qualitative veloc-
ity contours at several selected sections are illustrated
as well as the chordwise Cp distribution (Figure 5a).
At such a high angle of attack, 3D RANS results in a
lower suction compared to experiments, while a per-
fect agreement is achieved through the proposed trip-
ping technique (Fig. 5b). Similar good agreement is
also observed for Cf (not shown here).

6 Conclusions and outlook
An adaptive method for forced laminar–turbulent

transition is assessed in this paper. Different appli-
cations of this tripping are discussed in an effort to

(a)

(b)
Figure 2: Injection Tripping for ZPG flat plate, where
we show the skin-friction coefficient Cf and the shape
factor H12. Fully-turbulent baselines are based on
Refs. [26, 4, 17]; ‘FTI’ denotes the fully-turbulent pro-
file at inflow from DNS;‘BI’ denotes the Blasius in-
flow. Reθ and Cf are in log scale, while H12 plot is in
linear scale.

Figure 3: Comparison of the injection methods with
various tripping parameters implemented in DNS [27].
FT baseline is according to Ref. [18] (oil-film fit
1999).

replicate the tripped experimental tests, which is the
specific purpose of this research. The implementation
of laminar–turbulent tripping is assessed in a RANS–
EVM turbulence model with the purpose of develop-
ing more reliable aerodynamic simulations, in which
the uncertain (and ultimately unnecessary) modeling
of the transition process is avoided. Two main features
are intended via the numerical tripping in the k−ωSST
model, which are according to the function of the ex-



(a) Injection Tripping: Well-resolved LES [4] vs RANS-
kI

(b) Wind–tunnel tripping is compared to the reference
data, denoted as RANS-γ-kI in Ref. [32].

Figure 4: Skin-Friction Factor Cf for 2D cases at two
angle of attacks (AOA): (a) isolated airfoil at AOA=5◦,
(b) airfoil in a wind tunnel at AOA=11◦(b).

perimental trip devices: first, the transition onset at
the exact target trip location; and second a short de-
velopment length. The results from the turbulence-
injection (kI) method show a fair agreement with DNS
and LES tripping approaches and experimental data.
The tripping technique in 3D RANS simulation im-
proves the results significantly so that a very good
agreement between the experimental data and the 3D
RANS is achieved. Therefore, the proposed tripping
method is indicated as a potential approach to repli-
cate experimentally–measured data from a real wind
tunnel. This opens the way for faithful predictions of
wind-tunnel experiments using RANS.
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layers at moderate Reynolds numbers: inflow
length and tripping effects”. In: Journal of Fluid
Mechanics 710 (2012), pp. 5–34.

[28] P. Spalart. “A One-Equation Turbulence Model
for Aerodynamic Flows”. In: 30th Aerospace
Sciences Meeting and Exhibit. 1992.

[29] B.K. Sreejith and A. Sathyabhama. “Numerical
study on effect of boundary layer trips on aero-
dynamic performance of E216 airfoil”. In: En-
gineering Science and Technology, an Interna-
tional Journal 21.1 (2018), pp. 77–88.

[30] N. Tabatabaei. “Impact of Icing on Wind Tur-
bines Aerodynamic”. PhD thesis. Luleå Univer-
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Abstract 

The attractiveness of beaches to people has led, 

in many places, to the construction of buildings at the 

beach-dune interface. Buildings change the local    

airflow patterns which, in turn, alter the sediment 

transport pathways and magnitudes. This induces 

erosion and deposition patterns around the structures. 

In this study, a numerical model is developed using 

the open-source computational fluid dynamics solver 

OpenFOAM. First, the impact of wind facing surface 

on the near-surface airflow patterns is investigated. 

Second, the near-surface horizontal divergence of the 

velocity field is calculated to interpret the impact of 

changes in airflow patterns on potential erosion and 

deposition patterns around the buildings. 

 

1 Introduction 

Coastal zones worldwide offer a wide variety of 

valuable resources and recreational activities, and 

they have always been attractive to human              

populations. Rapid population growth in coastal       

areas leads to an increased demand for construction 

of restaurants, sailing clubs, beach houses and 

pavilions at the beach-dune interface. These 

structures act as obstacles for the wind flow and 

change the local airflow patterns close to the building 

which, in turn, alter the sediment transport pathways. 

They might influence the aeolian sand dunes and 

their functioning as a natural buffer zone over a 

longer time scale. Therefore, investigating the impact 

of buildings’     positioning at the beach is of high 

importance to    safeguard their functioning as flood 

defense. The present study aims to quantitatively 

describe the          impact of different building’s 

positioning on airflow patterns, focusing on near-bed 

flows that will impact wind-driven sand transport. 

 

2 Methodology 

Computational Fluid Dynamics (CFD) uses a set 

of numerical algorithms that enables the computer to 

predict the flow motion by solving the Navier-Stokes 

equations over the computational domain. In this 

study, an open-source CFD solver, OpenFOAM, was 

used to solve the Reynolds-averaged Navier-Stokes 

equations (RANS) for airflow around buildings with 

different wind facing sides. The so-called simpleFoam 

solver was used which is used for steady-state and     

turbulent flow simulations. The commonly used 𝑘 − 𝜀 

turbulence closure model which has a relatively low 

computational cost was implemented to solve the     

turbulent flow structures that are formed around the 

structure. The computational domain is 150 𝑚 in 

length, 150 𝑚 in width and 50 𝑚 in height. The     

buildings have a length of 6 𝑚, width of 2.5 𝑚 and 

height of 2.5 𝑚. The row of ten buildings is located at 

the center of the domain. The buildings’ dimensions 

and their number in a row are selected based on the 

beach houses at Kijkduin beach, the Netherlands 

shown in figure 1. The logarithmic velocity profile, 𝑢, 

turbulent kinetic energy, k, and turbulence dissipation 

rate, ε, proposed by Richards and Hoxey (1993) were 

implemented as the inlet boundary conditions. The 

aerodynamic roughness length of 𝑦0 = 0.00001 m is 

applied for the bed surface. The reference velocity, 

𝑈𝑟𝑒𝑓 = 17 𝑚 𝑠⁄ , at a reference height of 𝑦𝑟𝑒𝑓 =

1.8 𝑚 is used at an angle 𝜃𝑊 = 45°. The no-slip 

boundary condition was used for the bottom of the    

domain and buildings’ faces. Figure 2 shows the     

schematic representation of the computational              

domain. The values of the geometric parameters 

shown in figure 2, are given in table 1. 

 

 

 
 
Figure 1. A row of beach houses at Kijkduin beach, 

the Netherlands (source: google earth). 



 

 

 
 

Figure 2. Numerical computational domain including 

a row of ten buildings. 
 
Table 1 

Values of the geometric parameters of the                 

computational domain and row of buildings. 

 

Parameter Value [𝒎] 

𝑳 150.00 

𝑾 150.00 

𝑯 50.00 

𝒍′ 6.00 

𝒘′ 2.50 

𝒉′ 2.50 

𝒍′′ 72.00 

𝒘′′ 28.75 

 

3 Results and Discussion 

     In this study, the horizontal flow divergence is used 

to estimate erosion and deposition patterns around 

buildings. The velocity field and the horizontal flow 

divergence patterns at a near-surface plane,                  

𝑦 = 0.25 𝑚, for three different buildings                    

configurations are shown in figure 3. The buildings   

rotate around their center from 𝜃𝐵 = 0° to 𝜃𝐵 = −45° 

and 𝜃𝐵 = 45°, providing the largest to lowest wind 

facing sides. The inter-distance between two neighbor 

buildings is three times one building’s width. 

     The results of 𝜃𝐵 = 0° show that the flow is divided 

into two branches at the lower left corners of the      

buildings. A large recirculation region forms just       

behind the buildings. The wind speed results show the 

highest flow blockage for 𝜃𝐵 = −45° and 𝜃𝐵 = 0°. 

This results in additional depositions just in front of 

the windward faces of the buildings (Figure 3B, red 

shaded colors). For 𝜃𝐵 = −45°, the most intensive 

erosion is expected to happen in front of the windward 

faces of the buildings (Figure 3B, green shaded 

colors). Furthermore, the horizontal flow divergence 

patterns show that the deposition tails behind the 

buildings form parallel to the wind direction and the 

highest amount of sedimentation is expected to occur 

behind the buildings with 𝜃𝐵 = −45°. Results of the 

near-surface velocity field and the horizontal flow       

divergence patterns show that for buildings with     

𝜃𝐵 = 45°, the minimum flow blockage happens at the           

inter-distance between buildings. In addition, two 

counter-rotating vortices form just behind the leeward 

face of the buildings that are equal in size. 

 

 

 

 

      
 

 

 

 

 

     
 
Figure 3. A) Horizontal velocity field around the 

buildings at 𝑦 = 0.25 𝑚  (the white lines are              

streamlines), B) Erosion and deposition patterns 

around the buildings at 𝑦 = 0.25 𝑚 (the while lines 

are zero contours). 
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Abstract
The present study computationally investigates the

effect of temperature-dependent fluid properties on
heat and momentum transfer in turbulent pipe flow
with heated/cooled walls using Direct Numerical Sim-
ulations (DNS). A widely applied coolant with a
molecular Prandtl number well above unity (Pr � 1)
is assumed as operating liquid. Starting from al-
ways the same wall reference conditions, associated
with Prw = 10, the increase/decrease of the molec-
ular viscosity with distance from the heated/cooled
wall alter very differently the turbulent fluctuations:
they are most significantly dampened/enhanced for the
wall-normal velocity component, while only radially
shifted without remarkable change in magnitude for
the axial component, finally making the turbulence
more anisotropic in the heated case. The change seen
for the radial velocity is not compensated by the oppo-
site trend observed for enthalpy fluctuations. The tur-
bulent heat flux is consequently decreased/increased
for the heated/cooled case, which equivalently trans-
lates into a higher/lower Nusselt number. The skin
friction coefficient follows this trend, albeit less pro-
nounced, mainly due to the different dependence of
the thermal conductivity and molecular viscosity on
the temperature. The different variation of these
key molecular diffusion coefficients is also clearly re-
flected by the budgets of the turbulent kinetic energy
and the variance of enthalpy.

1 Introduction
Due to its high technical relevance, the forced con-

vective transfer of momentum and heat has been inten-
sively investigated in numerous computational stud-
ies, including highly resolved Direct Numerical Simu-
ations (see, e.g., Kozuka et al. (2009), Piller (2005),
Redjem-Saad et al. (2007)). Assuming mostly con-
stant fluid properties, the possibly strong effect of the
temperature-dependent variation of the material prop-
erties near the heated or cooled wall is not accounted
for. Thus far, rather few DNS studies addressed this
issue, as has been done in the simulations of Zonta et
al. (2012) or Lee et al. (2013), who examined mainly
the effect of a temperature-dependent viscosity on the

turbulent flow field, while giving no or comparatively
little attention to the turbulent heat transfer. The lat-
ter is particularly focussed in this study, considering
fully developed turbulent pipe flow with alternatively
assumed heated and cooled wall conditions. A fre-
quently applied coolant liquid with molecular Prandtl
number near Pr = 10 is assumed as operating fluid.
The analysis shall highlight the modulation of the tur-
bulent convective transport of momentum and heat,
which arises from the variation of the local Reynolds
and Prandtl number, as the molecular viscosity de-
creases/increases towards the heated/cooled wall. The
effect on the global transport parameters for momen-
tum and heat, as represented by the wall friction coef-
ficient and Nusselt number, and the turbulence budgets
is discussed as well.

2 Mathematical formulation
The present DNS solves the conservation equa-

tions of mass, momentum and energy in cylindrical
coordinates generally written as

∂%∗

∂t
+∇ ·

(
%∗U+

)
= 0 (1)

∂%∗U+

∂t
+∇ · (%∗U+ U+) =

−∇P ∗ +
1

Reτ
∇ · τ+ + fw (2)

∂χ+

∂t
+∇ · (U+ χ+)− χ+∇ ·U+ =

1

%∗ReτPrw
∇·q+ + fχ (3)

The pipe diameter D, the wall friction velocity wτ =√
τw/%w and enthalpy hτ = qw/%wwτ have been

used as reference scales for non-dimensionalization,
where qw represents the applied constant wall heat
flux, being set positive/negative in the heated/cooled
case. U+ = U/wτ = (u+, v+, w+)T and χ+ =
(hw − h)/hτ represent the non-dimensional velocity
vector and enthalpy difference to the wall value, re-
spectively. τ represents the viscous stress tensor writ-
ten as

τ = µ∗(∇U+T +∇U+)− 2

3
Iµ∗∇ ·U+, (4)



and q+ represents the conductive heat flux defined as

q+ = λ∗∇(χ+/c∗p). (5)

The asterisked quantities, %∗, c∗p, λ
∗, and µ∗, are al-

ways rescaled with the corresponding wall values. The
forcing terms fw = 4 ez and fχ = w+/ṁ∗ with
ṁ∗ = ṁ/D2π%wwτ ensure periodicity of the veloc-
ities and the enthalpy difference in the axial direction
z. At the pipe wall, no-slip boundary conditions are
assumed for the velocity, U+ = 0, and isothermal
boundary conditions are imposed for the instantaneous
enthalpy, χ+ = 0. Periodic boundary conditions are
assumed for all flow and thermal variables in the axial
direction.

3 Results
The simulations considered a wall friction

Reynolds number Reτ = %wwτD/µw = 360,
together with a molecular Prandtl number
Prw = µwcp,w/λw = 10, both based on the reference
wall temperature set to Tw = 344K. The average
wall heat flux was assumed qw = ±20000Wm−2

in the heated and cooled case, respectively. A
50/50V ol% mixture of ethylene glycol/water was
considered as operating liquid. The fluid properties
are assumed as function of the temperature based on
experimentally adapted empirical relations, written as

%(T ) = A% +B%T

λ(T ) = Aλ +BλT

cp(T ) = Acp +BcpT

µ(T ) = Aµ e
Bµ

Cµ+T

(6)

The coefficients appearing in Eq. (6) are listed in
Tab. 1, where the subscripts indicating the considered
fluid property have been dropped for simplicity.

Table 1: Coefficients in correlations for fluid properties

A B C
% 1268.3 [ kgm3 ] −0.66 [ kg

m3K ]

λ 0.2134 [ W
m K ] 6 · 10−4 [ W

m K2 ]

cp 2014.8 [ J
kg K ] 45.0 [ J

kg K2 ]

µ 1.1 · 10−4 [ kgm s ] 325.85 [K] −207.30 [K]

The computational domain is sketched in Fig. 1. Its
axial length is L = 5D. The computational grid used
for spatial discretization consists in all DNS of 256,
512, 1024 elements in radial direction r, azimuthal di-
rection ϕ, and axial direction z, respectively. The grid
points are radially clustered near the wall and near the
center line, while being uniformly distributed in the
azimuthal and axial directions. Using the wall fric-
tion velocity wτ and wall kinematic viscosity νw as
reference, the cell size varies in plus units between

∆r+
min = 0.051 and ∆r+

max = 1.38 in the radial di-
rection, reaches a maximum for the azimuthal direc-
tion at the wall, being R+∆ϕ = 2.20, and is uniform
in the axial direction, being ∆z+

max = 1.75. As such,
the present grid is similar to previous DNS carried out
with cylindrical coordinates in the studies of Wu and
Moin (2008) and Nemati et al. (2016). A fourth order
accurate Finite Volume scheme is used to discretize the
governing equations (2)-(3) in space, whereas a second
order accurate Adams-Bashforth scheme is used for
discretization in time with a dimensionless time step
set to ∆t∗ = 2.1 × 10−5. The total CPU time was
roughly 40000 and 24000 CPU hours, for the variable
and constant fluid property cases, respectively.

The accuracy of the spatial resolution was eval-
uated by comparing the local grid size against the
smallest relevant turbulent dynamic and thermal length
scales represented by the Kolmogorov and Batchelor
length scales, ηK and ηB = ηK/Pr

1/2, respectively.
Figure 2 exemplarily shows the variations for the case
with cooled wall, where generally smaller turbulent
structures need to be resolved, due to the higher lo-
cal Reynolds number, as will be shown below. The
maximum ratios seen for the individual directions in-
dicate, that the present grid resolution is quantitatively
well comparable with those applied in related previ-
ous DNS studies, like those of Zonta et al. (2012), or
Nemati et al. (2016). The effect of the temperature-

wq  =     const.

r,U

ϕ,V

Wz,

L=5D

+
−

D

Figure 1: Computational domain of the heated/cooled turbu-
lent pipe flow
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Figure 2: Local grid gize compared against local Kol-
mogorov and Batchelor length scale, cooled pipe
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Figure 3: Mean fluid properties relative to wall values vs
non-dimensional wall distance y+.

dependent material properties appears most signifi-
cantly in the local molecular viscosity, as shown in
Figure 3. On the other hand, the variation of the den-
sity remains negligibly small. The density is therefore
simply assumed constant, %∗ = 1, in all the analy-
sis of the flow statistics for the v.f.p. cases, thus as-
suming equivalence of density-weighted Favre aver-
ages and Reynolds averages and their respective fluc-
tuations, such that 〈%∗Φ〉/〈%∗〉 ≈ 〈Φ〉 and Φ′′ ≈ Φ′.
Due to the temperature-dependent change in molec-

ular viscosity, the local Reynolds number Re =
%wτD/µ significantly decreases with wall distance
y+ = %wwτy/µw for the heated case, while it in-
creases for cooled case, as shown in Figure 4. The lo-
cal molecular Prandtl number Pr = µcp/λ shows the
reverse behavior, following almost directly the trend
of the viscosity, as the specific heat capacity and ther-
mal conductivity vary comparatively less with temper-
ature.
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Figure 4: Mean Reynolds and molecular Prandtl numbers vs
non-dimensional wall distance y+.

The increase/decrease of the local viscosity towards
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Figure 5: Rms of turbulent fluctuations of radial, azimuthal,
axial velocity and enthalpy vs y+.
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Figure 6: Turbulent and laminar contributions to total shear
stress and heat flux.

the centre inherently dampens/enhances the turbulent
motion near the wall, as indicated by the rms of the
turbulent velocity fluctuations and the turbulent shear
stress in Figures 5 and 6, respectively. The corre-
spondingly increased/decreased laminar shear stress
contribution τ+

lam, as follows from the total shear stress
budget

τ+
tot = 〈ρ∗u′+w′+〉︸ ︷︷ ︸

τ+
turb

+〈µ∗〉∂〈w
+〉

∂y+︸ ︷︷ ︸
τ+
lam

, (7)

does, however, not translate into higher/lower average
shear rates, represented by the gradient ∂〈w+〉/∂y+.
As seen from in Figure 7 on lhs, the mean axial veloc-
ity even increases slowest for the heated v.f.p. case,
while fasted for the cooled v.f.p. case, despite the re-
spective increase or decrease of τ+

lam in the near wall
region indicated in Figure 6. The change in τ+

lam

is evidently overcompensated by a stronger change
in molecular viscosity 〈µ∗〉, so that the shear rate
∂〈w+〉/∂y+ is varied into the opposite direction. Fur-
ther inside, beyond y+ = 10, the trend is reversed,
and the 〈w+〉-profile of the v.f.p. solution exceeds the
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Figure 7: Mean axial velocity w+ and enthalpy χ+ vs
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other profiles. This reversal finally prompts a mod-
erate increase in the volume flow rate-equivalent bulk
velocity w+

b computed from

w+
b =

8

ρ∗b

∫ 1/2

0

ρ∗w+r∗dr∗. (8)

Correspondingly, the wall friction coefficient obtained
as

Cf =
2

ρ∗bw
+
b

2 (9)

is moderately decreased by about 3% in the heated
v.f.p. case as compared to the constant fluid prop-
erty (c.f.p.) case. The same trend was observed, albeit
more pronounced, in literature by Zonta et al. (2012)
and Lee et al (2013), who considered fully developed
and turbulent boundary layer flow along heated flat
walls, respectively.
In contrast to the trends seen for radial and azimuthal
velocity fluctuations, the enthalpy fluctuations are sig-
nificantly increased/decreased for the heated/cooled
v.f.p. cases. This opposite tendency can be attributed
to the steepened enthalpy gradient combined with the
higher molecular Prandtl number, as seen through-
out the near wall region for the heated v.f.p. solu-
tion in Figures 7 and 4, respectively. Nonetheless, de-
spite the mutually increased/decreased enthalpy fluc-
tuations, the dampening/enhancement of the radial ve-
locity component still dominates the cross correlation
〈%∗u′+χ′+〉, representing the turbulent heat flux con-
tribution in the total flux budget

q+
total = 〈ρ∗u′+χ′+〉︸ ︷︷ ︸

q+turb

+
〈λ∗〉

Prw〈c∗p〉
∂〈χ+〉
∂y+︸ ︷︷ ︸

q+lam

. (10)

As seen from Figure 6, the turbulent component q+
turb

remains lowest near the wall for the heated v.f.p.
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Figure 8: Budget of turbulent kinetic energy k+ vs. y+.
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case. Here, the accordingly increased laminar com-
ponent q+

lam translates directly into a steeper gradient
of enthalpy, as the prefactor 〈λ∗〉/〈c∗p〉Prw remains al-
most uniform, unlike the markedly increasing viscos-
ity. Consequently, the mean enthalpy difference 〈χ+〉
runs highest over the full y+-range for the heated v.f.p.
case. The accordingly increased bulk value, computed
from

χ+
b =

2

ṁ∗

∫ 1/2

0

ρ∗w+χ+r∗dr∗ (11)

prompts a reduction of the Nusselt number determined
from

Nu =
Reτ Prwc

∗
p,b

χ+
b

(12)

by 15% relative to the c.f.p. case. In turn, Nu rel-
atively increases by 11% for the cooled case, arising
from the enhanced turbulent heat flux.

The opposed trends observed for the velocity and
enthalpy fluctuations are also clearly seen in the bud-
gets of the turbulent kinetic energy k+ = 1/2(〈u′+2

+

v′+
2

+ w′+
2〉) and enthalpy variance χ′+

2
, generally
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Figure 10: Turbulent kinetic energy k+ vs y+.

written as

D(ρ∗k+)

Dt
= −〈ρ∗u′+i u′+k 〉

∂〈u+
i 〉

∂xk︸ ︷︷ ︸
Pk

−
∂〈ρ∗u′+j k+〉

∂xj︸ ︷︷ ︸
Tk

− ∂〈p′+u′+i 〉
∂xi︸ ︷︷ ︸
Πk

+
∂〈τ ′+ij u′+i 〉

∂xj︸ ︷︷ ︸
Dk

−〈τ ′+ij
∂u′+i
∂xi
〉︸ ︷︷ ︸

εk

, (13)

1

2

D〈ρ∗χ′+2〉
Dt

= −〈ρ∗u′+j χ′+〉
∂〈χ+〉
∂xj︸ ︷︷ ︸

Pχ

− 1

2

∂〈ρ∗u′+j χ′+
2〉

∂xj︸ ︷︷ ︸
Tχ

+
∂〈q′j+

χ′+〉
∂xj︸ ︷︷ ︸
Dχ

−〈q′j
+ ∂χ′+

∂xj
〉︸ ︷︷ ︸

εχ

,

(14)
respectively. As shown in Figures 8 and 9 for the
heated v.f.p. case, the peak value of the production of
turbulent kinetic energy, Pk, drops significantly, while
that of the enthalpy variance, Pχ, even slightly in-
creases, which is due to the steeper temperature gradi-
ents as the Prandtl number locally increases. The seen
trends for the maxima of Pχ together with the mag-
nitudes of the thermal dissipation rate εχ explain the
peak levels of the rms of the enthalpy fluctuations ob-
served Figure 5, being highest for the heated case and
lowest for the cooled case. On the other hand, as seen
from Figure 10, the peak of the turbulent kinetic en-
ergy is only shifted without any significant change in
magnitude, that is majorily determined by contribution
from the axial velocity component 〈w′+2〉.

4 Conclusions
The increase of viscosity near the heated wall

markedly dampens the turbulent motion resulting in
a less intense convective transfer. In turn, the decrease
of viscosity near the cooled wall produces the oppo-
site trend, as the near wall small-scale turbulence is

enhanced.
The variation of local Prandtl number makes
the enthalpy fluctuations increase/decrease for the
heated/cooled case, which basically counteracts the re-
spective dampening/enhancement of the velocity fluc-
tuations in the turbulent convective transport. The
dominant role of the velocity fluctuations still leads
to a decreased turbulent heat flux for the heated case,
while it is increased for cooled case, so that the Nus-
selt number is lower or higher, respectively.
Owing to the Prandtl number being well above unity,
the trend observed for the heat transfer is not equiv-
alently seen for the skin friction coefficient. Here,
the increase/decrease in local viscosity partly compen-
sates for the reduced/enhanced turbulence in the shear
stress budget, so that the radial strain rate is not sig-
nificantly altered. For the considered operating con-
ditions, the skin friction coefficient is therefore only
sightly reduced for the heated case, and it remains al-
most the same in the cooled case.
The presently observed modulation of the turbulent
convective heat tranfer strongly motivates further DNS
studies with higher wall heat flux to induce an even
more pronounced variation of the fluid properties.
Their possible impact on the near wall modelling ap-
plied in Reynolds Averaged Navier Stokes (RANS)
and Large Eddy Simulations would be of high inter-
est as well.
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Abstract
The influence of thermal boundary conditions is in-

vestigated in Direct Numerical Simulations (DNS) of
turbulent periodic pipe flow with temperature-dependent
fluid properties at friction Reynolds number Reτ = 360
and reference wall molecular Prandtl number Prw =
10. The global heat transfer described by Nusselt num-
ber (Nu) is examined under the alternative prescrip-
tion of isoflux (IF) / isothermal (IT) boundary condi-
tions, or the solution of a conjugated heat transfer prob-
lem (CJ), which couples the conduction inside the flow-
guiding solid wall structure with the heat transport in
the fluid. Despite the clearly enhanced intensity of tem-
perature fluctuations observed in the viscous sublayer
and in the buffer layer, the wall heat transfer rate, be-
ing mainly determined by the turbulent heat flux, is only
marginally increased in the IF and CJ cases, resulting in
negligible differences in Nu. On the other hand, signifi-
cant changes are seen in the near wall trend of turbulent
Prandtl Number (PrT ), which may be a possibly highly
relevant aspect in wall resolved RANS modelling of tur-
bulent flows with heat transfer.

1 Introduction
The appropriate setting of thermal wall boundary

conditions is not a trivial task in the numerical simula-
tion of turbulent flow along heated or cooled solid struc-
tures. Depending on the properties of the involved fluid
and solid materials, the turbulent fluctuations of temper-
ature and heat flux may mutually reach highly differ-
ent intensities near the fluid/solid wall interface. The
asymptotic limit represented by a zero thickness of the
solid layer is referred to as isoflux boundary condition
(IF), in which the wall heat flux qw is prescribed at a
known constant level, whereas the wall temperature Tw
is left free to fluctuate. The opposite case is associ-
ated with an infinite extension of the solid thickness, re-
ferred to as isothermal boundary condition (IT). Here,
conversely, Tw is imposed as constant, while the wall
heat flux is allowed to fluctuate. The cases in between
basically require the solution of a conjugated heat trans-
fer problem (CJ), which couples the conductive heat
transport inside the solid wall structure with the con-
vective and diffusive heat transfer in the flow region.

The CJ solution is strongly determined by the ratio of
the thermal effusivities of the fluid and the solid defined
as K = (%fcp,fλf/%scp,sλs)

1/2. The asymptotic limit
K = 0 represents the isothermal case associated with
T ′w = 0 and q′w 6= 0 (IT), while the limit K → ∞ re-
spresents the isoflux conditions associated with T ′w 6= 0
and q′w = 0 (IF).

Various Direct Numerical Simulation (DNS) studies
have been carried out on the present subject, consider-
ing molecular Prandtl numbers between Pr = 0.01 and
Pr = 7 (see, e.g.,Tiselj et al. (2001), Tiselj et al. (2012),
Flageul et al. (2015)). These studies generally demon-
strated that the type of the thermal boundary condition
has no significant effect on the mean temperature pro-
files, so that the heat transfer coefficient, and hence, the
Nusselt number, essentially remains the same. In the
budgets of the second order turbulent statistics, the most
significant change was seen in the near wall behavior of
the thermal dissipation rate εT = af∂T ′/∂xj∂T ′/∂xj ,
which is expected, as the turbulent wall heat flux fluctu-
ations consistently go to zero in the isoflux case, while
they remain on a high level in the isothermal case. The
previous computational studies have in common that
they consider fully developed planar flow between two
infinitely extended heated walls, and, more importantly,
assume constant fluid properties. The latter assumption
excludes any back-coupling of the thermal conditions
with the turbulent flow due to temperature-dependent
material properties, in particular of molecular viscosity.
The present work addresses this issue, considering fully
developed heated cylindrical pipe flow as a generic flow
configuration with high technical relevance. A 50/50
Vol% mixture of water and glycole is assumed as operat-
ing liquid, which is widely used as coolant in automotive
application. The solid pipe material is assumed as stain-
less steel. The obtained DNS results shall demonstrate
to which extent the observations on the effect of the ther-
mal wall boundary modelling made in the previous DNS
studies also apply to a closer-to-real-life pipe flow con-
figuration considering temperature-dependent real fluid
properties.

2 Mathematical formulation
The considered fully developed pipe flow configura-



Figure 1: Flow configuration in DNS.

tion is sketched in Figure 1. The flow exchanges heat
with the surrounding wall, consisting of a solid layer of
stainless steel with a given thickness d and uniformly
heated with a continuous heat source. In the isothermal
(IT) and isoflux (IF) test cases, the heat is introduced
directly at the wall surface by imposing a constant av-
erage wall heat flux q̄w, which matches the volumetric
heat release inside the solid in the CJ cases. The axial
extension of the domain is five pipe diameters, L = 5D.

The present DNS solves the conservation equations
of mass, momentum and energy in cylindrical coordi-
nates generally written as

∂%∗

∂t
+∇ ·

(
%∗U+

)
= 0

∂%∗U+

∂t
+∇ · (%∗U+ U+) = −∇P ∗+

1

Reτ
∇ · τ + fw

∂χ+

∂t
+∇ · (U+ χ+) −

χ+∇ ·U+ =
1

%∗ReτPrw
∇·q+ + fχ

(1)

The pipe diameterD, the wall friction velocitywτ =√
τw/%w and enthalpy hτ = qw/%wwτ have been used

as reference scales for non-dimensionalization. The as-
terisked quantities always refer to the corresponding
wall values. U+ = U/wτ = (u+, v+, w+)T and
χ+ = (hw − h)/hτ represent the non-dimensional
velocity vector and enthalpy difference from the wall
value, respectively. τ represents the viscous stress tensor
written as

τ = µ∗(∇U+T +∇U+)− 2

3
Iµ∗∇ ·U+, (2)

and q+ represents the local conductive heat flux defined
as

q+ = λ∗∇(χ+/c∗p) (3)

The forcing terms fw = 4 ez and fχ = w+/ṁ∗ with
ṁ∗ = ṁ/D2π%wwτ ensure periodicity of momentum
and enthalpy difference in the axial direction z. The
solution of the conjugate heat transfer problem also in-
cludes the conductive heat transfer inside the solid pipe,

which is governed by

∂χ+
s

∂t
=

1

GReτPrw
∇·χ+

s −
K√

G δ∗(1 + δ∗)
, (4)

involving the thermal diffusivity ratio G = af/as and
the relative pipe wall thickness δ∗ = d/D. Eq. (4) is
solved for the enthalpy difference χ+

s = (hw − hs)/hτ
inside the solid, imposing continuous enthalpy and heat
flux at the inner pipe wall

r

D
=

1

2
: χ+ = χ+

s , K
√
G
∂χ+

∂y+
=
∂χ+

s

∂y+
, (5)

and zero heat flux at the outer pipe wall. In the asymp-
totic limits of the isothermal and isoflux bcs, associated
with K = 0 and K = ∞, respectively, the solution of
Eq. (4) is obsolete.
Periodic boundary conditions are assumed for all flow
and thermal variables in the axial direction.

3 Results
In total six simulations were carried out assuming

a wall friction Reynolds number Reτ = 360 and wall
Prandtl number Prw = 10, based on the fluid prop-
erties at a common reference temperature value at the
wall Tw = 344 K. The limited variation in bulk tem-
perature between the inlet section of the pipe and the
outlet (less than 0.2 K) permits to assume spatial pe-
riodicity of the flow in the axial direction, despite the
temperature-dependent material properties. Concerning
the spatial resolution, all DNS employed a grid consist-
ing of 256, 512, 1024 elements in radial direction r, az-
imuthal direction ϕ and axial direction z, respectively.
A hyperbolic tangent stretching function is used in ra-
dial direction for clustering a greater number of com-
putational points near the wall and near the center line,
whereas azimuthal and axial direction are uniformly dis-
cretized. A fourth order accurate Finite Volume scheme
is used to discretize the governing equations given by
Eqs. (1) and (4) in space, whereas a second order ac-
curate Adams-Bashforth scheme is used for discretiza-
tion in time. The adequacy of the present resolution as
well as the reliability of the applied numerical approach
have been proven in previous related work of Sufrá and
Steiner (2020).

Based on the solid wall properties the setup for the
conjugate heat transfer additionally assumed the param-
eters K = 0.15506, G = 0.028, and δ∗ = 0.055. The
solid wall domain was discretized with the same axial
and azimuthal resolution as applied for the fluid domain,
using 1024 and 512 cells respectively. The number of
nodes in the radial direction has been chosen 256, with
a uni-directional clustering in proximity of the fluid-
solid interface to accurately resolve the expected steeper
temperature gradients. The effect of the temperature-
dependent material properties appears most significantly
in the local molecular viscosity, as exemplarily shown in
Figure 2 for the case with isothermal bc. Due to its the
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Figure 2: Mean fluid properties relative to wall values vs y+.

insignificantly small variation, the density was assumed
constant, %∗ = 1, in the analysis of the flow statistics for
the v.f.p. cases, thus assuming equivalence of Reynolds
averages and density-weighted Favre averages.

The increase in the molecular viscosity with wall
distance induces a considerable decrease of the local
Reynolds number Re = %wτD/µ. In turn, the local
Prandtl number Pr = µcp/λ markedly increases, as
seen in Figure 3.

The different thermal boundary conditions lead to
practically no differences in the first order statistics. Ac-
cordingly, the radial variations shown in Figure 4 essen-
tially collapse into two separate profiles, which are only
distinguished by the account or neglect of varying fluid
properties, as done in the v.f.p. or c.f.p. cases, respec-
tively. The observed insensitivity to the thermal bound-
ary conditions directly translates into the predictions of
the wall skin friction coefficients Cf and Nusselt num-
ber Nu. As listed in Table 1, where the results for all
c.f.p. and v.f.p. cases are summarized, only insignifi-
cant internal variations caused by the different thermal
boundaries are observed. The marked general decrease
of Nu seen for v.f.p. as compared to the c.f.p. cases
can be mainly attributed to the enhanced viscous damp-
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Figure 4: Mean axial velocity and enthalpy for IT/IF/CJ cases
with variable fluid properties (solid lines) and con-
stant fluid properties (dashed lines).

ening of the turbulent advective motion as the molecular
viscosity increases with distance to the heated wall (see
Figure 2).

Table 1: Wall friction coefficient and Nusselt number for c.f.p.
cases

case c.f.p.
IT IF CJ

Cf 0.00931 0.00934 0.00931
Nu 51.42 51.64 51.67
case v.f.p.

IT IF CJ
Cf 0.00896 0.00898 0.00908
Nu 43.82 44.04 44.15

Similar to the observations for the first order
statistics, the different thermal boundary conditions
do not significantly affect the second order velocity
statistics as well. As seen in Figure 5, the rms values
of the turbulent velocity fluctuations and the resulting
turbulent kinetic energy essentially remain on top
of each other for the c.f.p. and v.f.p. cases, despite
the temperature-dependent variation of the molecular
viscosity in the latter. The effect of the different thermal
boundary setting primarily appears in the fluctuations
of the temperature, or equivalently, enthalpy, as seen
from the rms values of enthalpy difference in Figure 6.

The χ′+-profiles for IT, CJ and IF exhibit markedly
different trends near the wall χ′+ before they collapse
again beyond y+ ≈ 10. The solutions obtained from the
conjugate heat transfer problems (CJ) are evidently very
close to that with the isothermal bc (IT). This is due
to the fairly small effusivity ratio K = 0.15506, being
close to the isothermal limit K = 0, which evidently
strongly reduces the thermal fluctuations, although
not being imposed with zero wall value like in the
isothermal limit. The similarity of the IT and CJ cases
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is also qualitatively visualized in Figures 7, which show
an instantaneous snapshot of a temperature field near
the wall at some cross-section of the pipe. The abscissa
denotes the unrolled azimuthal position r+ϕ, rescaled
to the constant range 0 ≤ x+ ≤ 2πR+ = πReτ for
each wall distance y+. The structures very next to
the wall appear as more coherent and continuous for
the IT and CJ cases, while they are rather spotty an
intermittant for the IF case. The latter clearly reflects
the pronounced level of enthalpy fluctuations χ′+ seen
in Figure 6 near the wall. Looking at contours for the
CJ case in Figure 7, it is noticed that the hot slender
streaks emerging from the wall are prompted by the
strongly converging temperature isolines in the solid
region beneath, which indicates areas with high local
instantaneous wall heat flux q′w.

Despite the markedly different levels of χ′+ near
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Figure 6: Rms of enthalpy fluctuations for IT/IF/CJ cases with
variable fluid properties (solid and cross lines) and
constant fluid properties (dashed lines).
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the wall, the turbulent heat flux defined as

q+
turb = −〈%∗u′+χ′+〉 (6)

is only marginally affected by the different thermal bc,
as seen in Figure 8. Resulting from the strong disparity
between thermal and momentum boundary layer for the
considered high molecular Prandtl number, Pr >> 1,
the changes in χ′+ remain essentially confined to the



viscous sublayer, where the viscous dampening of the
radial velocity fluctuation u′+ apparently dominates the
turbulent heat flux. Thus,−q+

turb essentially remains the
same for either thermal bc, which also explains marginal
changes in the first order statistics of enthalpy, shown in
Figure 4, and in the Nusselt number Nu. The different
near wall behavior of χ′+ is consistently reflected in the
budget of enthalpy variance 〈χ′2〉 , which is described
by the following equation:

1

2

D〈%∗χ′+2〉
Dt

=

−〈%∗u′+j χ′+〉
∂〈χ+〉
∂x∗j︸ ︷︷ ︸

P+
χ

− 1

2

∂〈%∗u′+j χ′+
2〉

∂x∗j︸ ︷︷ ︸
T+
χ

+
∂〈q′+j χ′+〉

∂x∗j︸ ︷︷ ︸
D+
χ

−〈q′+j
∂χ′+

∂x∗j
〉︸ ︷︷ ︸

ε+χ

+〈%∗χ′+f ′χ〉,

(7)

The terms on right-hand side of Eq. (7) represent the
production P+

χ , the turbulent diffusion T+
χ , the laminar

diffusionD+
χ , and the dissipation ε+

χ of 〈χ′+2〉. The last
term on rhs arising from the fluctuations of the thermal
forcing contributes insignificantly little. As seen from
the radial variations in Figure 8, the dissipation term ε+

χ

and the diffusion D+
χ exhibit the most pronounced mod-

ulation caused by the alternative setting of the thermal
boundary conditions. The different trends are, however,
limited to a confined layer very next to the wall, y+ < 2.
They essentially reflect the zero wall heat flux fluctua-
tion q′w = 0 imposed for the IF cases, thus enforcing
zero instantaneous enthalpy gradients at the wall, so that
ε+
χ by definition vanishes for y+ → 0. On the other

hand, the intantaneous enthalpy gradients remain persis-
tently high down to the wall for the IT cases, which are
associated with non-vanishing high wall heat flux fluc-
tuations. ε+

χ thus approaches here plateau-like a corre-
spondingly high wall value. The CJ cases exhibit a near
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Figure 9: Turbulent budget for 〈χ′+2〉 for c.f.p. (dashed lines)
and v.f.p. (solid lines)

wall variation of ε+
χ lying between IT and IF cases, al-

ways staying closer to the IT limit. Beyond the thin near
wall layer, y+ > 2, no influence of the thermal bc is
seen. The here consistently observed shift of the profiles
is rather due to the effective thickening of the viscous
sublayer caused by the increase of molecular viscosity
with wall distance in the v.f.p. cases. Similar to the bud-
get of the variance χ′+2 , the influence of the different
thermal bcs on the budget of the turbulent heat flux is
locally also confined to a thin layer near the wall layer,
y+ < 2. The budget of the turbulent heat flux can be
generally written as

D 〈ρ∗u′+i χ′+〉
Dt

=

−〈ρ∗u′+j χ′+〉
∂〈u′+i 〉
∂x∗j

− 〈ρ∗u′+i u′+j 〉
∂〈χ+〉
∂x∗j︸ ︷︷ ︸

P+
qi

−
∂〈ρ∗u′+i u′+j χ′+〉

∂x∗j︸ ︷︷ ︸
T+
qi

− 〈χ′+ ∂p
′+

∂x∗i
〉︸ ︷︷ ︸

Π+
qi

+
∂〈τ ′+ij χ′+〉

∂x∗j
+
∂〈q′+j u′+i 〉
∂x∗j︸ ︷︷ ︸

D+
qi

− 〈q′+j
∂u′+i
∂x∗j
〉 − 〈τ ′+ij

∂χ′+

∂x∗j
〉︸ ︷︷ ︸

ε+qi

+〈%∗u′if ′χ〉,

(8)

Fig. 10 shows the variation of the individual terms as
obtained for the budget of the radial turbulent heat flux,
defined in Eq. (6). The non-zero enthalpy fluctuations
apparently lead to a non-vanishing pressure redistribu-
tion term Π+

qr at the wall in the IF cases. Otherwise,
for the most part of the domain, beyond y+ ≈ 2, the
differences of the budgets for the alternatively applied
thermal bcs are marginal. We rather notice a consider-
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ably strong effect of the varying fluid properties. The
production term P+

qr = −〈ρ∗u′+w′+〉∂〈χ+〉/∂r∗, ap-
pears to be significantly reduced in the v.f.p. cases, and
not only shifted like P+

χ , which can be mainly attributed
to the enhanced viscous dampening of the radial veloc-
ity fluctuation u′+ seen in Fig. 5 for the v.f.p. cases.
A more pronounced influence of the thermal bcs is seen
in the variation of the turbulent Prandtl number

PrT =
〈u′+w′+〉
〈u′+χ′+〉

d〈χ+〉/dy+

d〈w+〉/dy+
=
νT
αT

, (9)

as shown in Figure 11. While the effect of the ther-
mal bcs is essentially limited again to a confined re-
gion very next the wall for the c.f.p. cases, a con-
siderably larger region is affected for the v.f.p. cases.
The influenced region extends here into the inertial sub-
layer, where the PrT -curve obtained for v.f.p. with the
isothermal bc (IT) falls notably below the variations ob-
tained with the other thermal bcs. The observed spa-
tially extended modulation of this important turbulent
modelling parameter due to the thermal bc may become
an important issue in the log-law based standard setting
of thermal wall boundary in RANS, when considering
variable fluid properties.

4 Conclusions
The prescription of different thermal boundary con-

ditions showed no significant effect on the turbulent ve-
locity field, possibly arising from the back-coupling of
temperature-dependent fluid properties. Notable dif-
ferences rather appear in the predicted thermal fields,
where enthalpy fluctuations associated with the isoflux
bc are further increased in the v.f.p. cases. Due to the
thin thermal boundary layer associated with Pr >> 1,
the effect of the enhancement of thermal fluctuations re-
mains spacially limited to the lower part of the viscous
sublayer. Aside from this narrow near wall region, the
examined first and second order statistics turn out as es-
sentially insensitive to the thermal bcs. This finally also

leads to practically unaltered wall heat transfer rates in
terms of Nusselt numbers. The strong viscous dampen-
ing of the turbulent fluctuating velocity very next to the
wall prevails over any increase or decrease of the ther-
mal fluctuations induced by the actually applied thermal
bc.
A more significant effect is seen in the turbulent Prandtl
number. As expected, it drops to zero at the wall for the
isoflux bc, in consistence with the non-vanishing wall
temperature fluctuations. Inside the inertial subrange, it
continuously remains lower for the v.f.p. cases impos-
ing the isothermal bc. This aspect maybe of relevance
for the standard wall modelling used in RANS with
temperature-dependent fluid properties at high Prandtl
numbers.
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Sufrá, L. and Steiner, H. (2020), A priori assessment of
subgrid-scale models and numerical error in forced convective
flow at high Prandtl numbers, Flow Turbulence Combustion,
Vol. 253, pp. 411-416.
Tiselj, I., Bergant, R., Mavko, B., Bajsic, I. and Hetsroni, G.
(2001), DNS of turbulent heat transfer in channel flow with
heat conduction in the solid wall. Journal of Heat Transfer,
Vol. 123, pp. 849-857.
Tiselj, I. and Cizelj, L., (2012), DNS of turbulent channel flow
with conjugate heat transfer at Prandtl number 0.01, Journal
of Nuclear Engineering and Design, Vol. 253, pp. 153-160.



ASSESSMENT OF CFD APPROACHES FOR THE NUMERICAL
SIMULATION OF A 3D SINGLE-PHASE NATURAL

CIRCULATION LOOP FOR NUCLEAR PASSIVE COOLING
APPLICATIONS

D.R. Wilson1, T.J. Craft1 and H. Iacovides1

1 Thermo-Fluids Research Group, Department of Mechanical, Aerospace and Civil Engineering
The University of Manchester, Oxford Road, Manchester, UK

dean.wilson@manchester.ac.uk

Abstract
Natural Circulation Loops (NCLs), where fluid is

driven through a closed circuit solely by thermal im-
balance, offer potential for use in passive cooling sys-
tems within nuclear power plants. The combination
of uniform heat flux at the hot end and uniform tem-
perature at the cold side promotes thermal imbalances
which can cause flow instabilities, and laminar, transi-
tional and turbulent regions may all be present along
the loop. There are consequently severe challenges to
the reliable numerical simulation of this phenomenon.
This study employs both unsteady RANS models and
Large Eddy Simulation (LES) for the conjugate heat
transfer analysis of an experimental NCL across a
range of input parameters, with a focus on compar-
ing a number of widely used RANS models (Launder-
Sharma k− ε, k−ω SST and Elliptic-Blending RSM)
against the higer-fidelity LES. The results indicate that
the LS k− ε provides reasonable accuracy when com-
pared to the more advanced EB-RSM model and at a
reduced computational cost. The k − ω SST model
performed less well, tending to overpredict turbulence
levels within the loop, leading to significantly cooler
temperatures, higher heat transfer coefficients and flat-
ter velocity profiles. Overall, the results demonstrate
the suitability of the CFD approach in modelling flow
behaviour typical of NCLs.

1 Introduction
A Natural Circulation Loop (NCL) is a closed cir-

cuit in which thermal energy is transported from a
high-temperature source to a low-temperature sink by
the action of buoyancy forces alone. Such passive sys-
tems are expected to feature extensively in the devel-
opment of future Generation IV reactor concepts, in-
cluding SMR designs, owing to their potential to con-
tribute towards the safety and simplification of new
plant design (IAEA, 2014). Despite their apparent
simplicity, a number of experimental studies (Vijayan,
2002; Zvirin, 1982) have shown that the strong cou-
pling between the thermal and dynamic fields makes

the flow highly susceptible to instabilities, resulting
in a wide and complex range of flow behaviours that
challenge the accurate modelling of such systems.

The numerical approach currently favoured by the
nuclear industry makes use of System Codes which,
being predominantly 1D, cannot reproduce the com-
plex local 3D effects inherent to natural convection
phenomena and are known to have difficulty in iden-
tifying the correct stability regime of the flow (IAEA,
2014). Modern advances in computing power mean
CFD approaches, which are well-tested in buoyancy
driven flows elsewhere (see, for example, Wilson et al.,
2015), should be able to predict the expected complex
transient behaviour of simplified NCL systems, whilst
additionally providing local flow details that would be
unavailable with lower fidelity approaches. A review
by Basu et al. (2013), however, note that only limited
application of Computational Fluid Dynamic tools to
NCL systems could be found within the open litera-
ture.

One NCL with some level of experimental data
available is a uniform diameter rectangular water-
based loop located at the Bhaba Atomic Research Cen-
tre (BARC), where a novelty is the presence of mul-
tiple heaters and coolers allowing exploration of dif-
ferent heating configurations. The experimental study
also covered a wide range of heating powers, and ex-
plored both steady-state conditions and flow initializa-
tion transients. For the most stable configuration, with
a vertically oriented heater and cooler (VHVC), sta-
ble flow was observed across the entire power range
considered, providing an ideal case to assess the capa-
bilities of current CFD methodologies. Few numerical
studies of this loop can be found in the open litera-
ture. One study, by Kudariyawar et al. (2016) pro-
vided 3D steady-state and transient CFD simulations
of the BARC loop in the vertical heater vertical cooler
configuration and demonstrated good agreement with
the experimental data and existing correlations, high-
lighting the better performance of low-Re turbulence
models.



In this paper, we employ unsteady RANS mod-
els and Large Eddy Simulation for the conjugate heat
transfer analysis of NCLs. First, we conduct a LES
of an existing experimental NCL to provide a high-
fidelity reference computation. Using this, the perfor-
mance of a number of widely used RANS models will
be compared and assessed. The second objective is
to apply one of these RANS models across a range
of heating configurations, heater powers and cooler
temperatures. The analysis will explore the suitability
and capability of unsteady RANS models in comput-
ing the complex buoyancy driven flow that are present
in NCLS.

2 Numerical methodology

Analysis of NCLs
By considering a one-dimensional form of the gov-

erning equations (continuity, momentum and energy)
around the loop, and assuming a steady-state exists,
Vijayan (2002) provides a solution of this coupled sys-
tem of equations in non-dimensional form. The re-
sult is a relation between the modified Grashof num-
ber Grm (as the primary input) and the steady state
Reynolds number ReSS of the flow around the loop
that results (i.e. the output):

ReSS = C

(
Grm
Ng

)r

(1)

where C and r are constants which depend upon
the flow condition, as per Table 1. The steady-state
Reynolds number, ReSS , the modified Grashof num-
ber, Grm, and the geometric parameterNg are defined
as:

Grm =
D3ρ2βg∆Tr

µ2
, ∆Tr =

Qh∆Z

Acµcp
(2)

Ress =
Dṁss

Acµ
, Ng =

Lt

D
(3)

where D is the pipe diameter [m], ρ is the fluid den-
sity [kg m−3], β is the volume expansion coefficient
[K−1], g is acceleration due to gravity [m s−2], µ is
the fluid viscosity [Pa s], ∆Z is the vertical eleva-
tion difference between the centre of the heater and
the cooler [m], Qh is the power provided by the heater
[W], cp is the specific heat capacity [J kg−1 K−1], Lt

is the centerline length of the loop [m] and Ac is the
cross-sectional area of the pipe [m2]. Equation 1 has
demonstrated excellent agreement across a wide range
of experimental loops (Vijayan, 2002).

Case description
The BARC loop is a uniform diameter loop made

entirely of borosilicate glass with water (single-phase)
as the working fluid and contains two heaters and
two coolers, which can be independently controlled
to provide four different heating configurations. We
consider here only the vertical heater vertical cooler

Table 1: Constants for Equation 1, applicable for differ-
ent flow conditions (Vijayan, 2002; Vijayan et al.,
2008)

Flow condition C r
Laminar 0.1768 0.5
Turbulent 0.196 1/2.75
Transitional 0.3548 0.43

H 2200
W 1400
H/W 1.57
LH , LC 730, 800
D 26.9
Ng = Lt/D 266.4

LC

H

W

LH

D

Figure 1: Schematic representation of BARC loop. Geomet-
ric quantities indicated are detailed inset, where all
dimensions are in mm. All heaters provide uni-
form heat flux whilst all coolers provide uniform
wall temperature.

(VHVC) configuration since, being the most stable, it
is an ideal choice for an LES computation owing to
a well-defined steady-state. A schematic of the loop
is presented in Figure 1. The heater can provide up
to 1.0 kW of power (Qh) imposed as a uniform wall
heat flux via a nicromel wire wrap, whilst the coolers
comprise a coaxial heat exchanger with the secondary
coolant (water) flowing through an annulus, capable
of providing a uniform wall temperature (Tc). Experi-
mental campaigns of interest here include steady-state
tests in the power range 0.1 < Qh [kW] < 1.0 at a
fixed cooler temperature (Tc = 34 °C). Since a large
number of experimental campaigns were conducted
for the BARC loops, we aim here to reproduce only
a subset of these in the VHVC configuration at repre-
sentative powers covering the entire range explored.

Meshing
Block structured meshes comprising hexahedral

elements are utilized, with a low-Re modelling ap-



proach (i.e. with y+ ≈ 1) applied for all cases tested.
Following mesh sensitivity tests, two meshes were
produced using the meshing package ANSYS ICEM-
CFD (v19.2) with cell counts ranging from 1 919 190,
for the RANS, to 20 299 125, for the LES. Since heat
conduction through the pipe walls is expected to be
influential, a full conjugate heat transfer approach is
applied where the solid pipe region is additionally
meshed. A representative image of the LES mesh is
presented in Figure 2. Quality tests on the LES mesh
(not shown here) show that, on average, 99.8% of cells
have a sub-grid-scale to total turbulent kinetic energy
ratio of ksgs/kt ≤ 0.2.

Figure 2: Representative image of the mesh used for the
LES.

LES
In LES, filtered forms of the continuity, momen-

tum and temperature transport equations are solved
and the effects of the small scale fluctuations, re-
moved by the filtering operation, are provided by a
sub-grid-scale (SGS) turbulence model. The SGS
closure model applied here is the Wall-Adapting Lo-
cal Eddy-viscosity (WALE). This extends the popular
Smagorinksy model by relating the eddy-viscosity to
the local rotation rate in addition to the local strain
rate. It is also designed to return the correct near-wall
behaviour without the use of damping functions, thus
avoiding the complex computation of a wall distance.
The SGS turbulent heat fluxes are obtained by relating
them to the SGS eddy-viscosity via the introduction of
a turbulent Prandtl number.

URANS
In the URANS framework, ensemble averaged

forms of the continuity, momentum and scalar temper-
ature transport equations are solved. To provide the
unknown Reynolds stresses and turbulent heat fluxes,
a number of turbulence modelling approaches have
been explored, chosen to cover the two classes of
model most widely used: linear eddy-viscosity models

(LEVM) and Reynolds stress models (RSM). Specifi-
cally, the models used are:

• Launder-Sharma (LS) k − ε LEVM. This was
shown to be capable of capturing complex buoy-
ant motions in NCLs (Wilson et al., 2019) and has
demonstrated success in a number of other buoy-
ancy driven flows.

• k − ω SST LEVM. Whilst this is not as widely
used for buoyancy driven flows, it enjoys consid-
erable popularity within industry.

• Elliptic-Blending RSM (EB-RSM). This has also
demonstrated success in a number of buoyancy
driven flows.

All of the above models are low Reynolds number ap-
proaches and contain additional buoyant production
terms. For the turbulent heat fluxes the approach taken
depends on the Reynolds stress model employed. For
the Elliptic-Blending RSM, the Generalized Gradient
Diffusion Hypothesis (GGDH) is used, which sensi-
tises the fluxes to all temperature gradients in pro-
portion to the Reynolds stresses. For the LEVMs,
the Simple Gradient Diffusion Hypothesis (SGDH) is
used.

Fluid properties
Full temperature dependent properties have been

employed using the IAPWS-97 relations provided
by the International Association for the Properties
of Water and Steam (IAPWS, 1997). The solid
pipe is composed of borosilicate glass and has den-
sity ρ = 2225 kg m−3, thermal conductivity k =
1.4 W m−1 K−1 and specific heat capacity cp =
835 J kg−1 K−1.

Time-step
The modelling of natural circulation loops is com-

plicated by the presence of multiple timescales within
the flow. The computations presented here are initial-
ized from stagnant conditions and initial transients are
expected to be present. To avoid unnecessary compu-
tational expense, and to ensure appropriate time-step
values throughout, a variable time-step is applied, with
the specific value computed at the start of each time-
step to ensure that the CFL number remains below 1.0.
Computed changes to the time-step are limited to en-
sure that they do not introduce artifacts. Once a statis-
tically steady-state condition is reached, the simulation
is switched to a suitable fixed time-step before being
time-averaged.

Code
Computations are performed using the open-

source package Code saturne v6.0.5. Second-order
upwinding has been used for momentum and temper-
ature equations with, first-order upwinding for the tur-
bulent quantities.
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3 Results

First, we present comparisons of the four differ-
ent modelling approaches employed for the highest
power case considered (Qh = 1 kW). All models re-
ported stable steady-state flow as expected, since the
VHVC configuration imposes a strong preferential di-
rection on the flow. Figure 3 presents long-term time-
averaged velocity and temperature profiles at the exit

of the heater and cooler. The EB-RSM demonstrates
excellent agreement with the LES, correctly picking
up the buoyancy-driven near-wall velocity peaks at the
exit of both the heater and cooler, and with only a very
small quantitative difference between the temperature
profiles. The temperature profiles for all models can be
seen to be slightly shifted, especially at the exit of the
heater, whilst remaining qualitatively similar. These
shifts occur due to the models’ differing predictions of
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Table 2: Solution statistics for CFD simulations conducted on the BARC loop in the VHVC configuration at Qh = 1015W
for all models tested. Tm is the volume averaged temperature within the loop, ∆Th is the temperature drop across
the heater and the mass flow rate, ṁSS is computed by using an energy balance across the heater using thermocouple
measurements.

Model Tm [K] ∆Th [K] ṁSS [kg s−1] Grm ReSS

LS k − ε 343.12 5.73 4.229 × 10−2 6.231 × 1011 4.958 × 103

k − ω SST 333.31 6.85 3.541 × 10−2 3.707 × 1011 3.605 × 103

EB-RSM 341.56 6.08 3.987 × 10−2 5.761 × 1011 4.574 × 103

LES WALE 339.91 5.31 4.567 × 10−2 5.268 × 1011 5.114 × 103

mean loop temperatures, as reported in Table 2, and
result from differences in the predicted heat transfer
coefficients within the heat exchangers.

With the LS k−εmodel, the velocity profiles show
a slight increase in asymmetry within both heat ex-
changers, but are in better agreement with the LES
than the k − ω SST, which predicts much flatter ve-
locity profiles and notably shifted (cooler) tempera-
ture profiles. Both of these discrepancies can be traced
to the prediction of much higher turbulence levels by
the k − ω SST within the connecting pipe sections of
the loop, which leads to increased heat transfer coef-
ficients within the cooler and, therefore, much cooler
overall temperatures (as shown in Table 2). This is
also demonstrated in Figure 4, which plots the long-
term time-averaged turbulent kinetic energy and tem-
perature along the loop centreline for all models tested.
Despite the absence of any significant turbulence pro-
duction within the heat exchangers, the failure of the
k − ω SST to correctly capture the reduction in tur-
bulence outside those regions (compared to the LES)

means that the flow becomes strongly turbulent in the
interconnecting pipes. This results in much higher tur-
bulence levels at the inlets of both heat exchangers,
leading to increased mixing of the thermal fields and a
more immediate (and linear) change in centerline tem-
perature throughout the heat exchangers compared to
the other approaches. This increased mixing quickly
flattens the near-wall velocity peaks which would have
been generated by the buoyancy force (see Figure 3) as
the flow enters either heat exchanger.

The reason for the above difference in turbulence
levels is most likely due to the absence of specific low-
Re damping terms in the k − ω SST, present in both
the EB-RSM and LS k − ε, designed to reduce turbu-
lence in regions where viscous forces become influen-
tial. Whilst there are forms of the k−ω SST which do
include some damping functions, they are not included
within Code Saturne as they were found to cause sig-
nificant stability issues in other flows. Further simu-
lations with those terms added would need to be per-
formed to confirm this postulation. With the other two



RANS models, the LS k − ε and the EB-RSM, the
k profiles do also highlight some quantitative differ-
ences when compared with the LES, with the LS k−ε
and the EB-RSM tending to underpredict the influence
of the bends whilst overpredicting the influence of the
heater.

Figure 5 plots the steady-state Reynolds number
(ReSS) of the resulting steady flow around the loop
against the modified Grashof number (Grm) scaled
with Ng . Comparisons are drawn against both the ex-
perimental results for that configuration (for all pow-
ers) and correlations suggested by Vijayan, 2002. All
cases produce Reynolds numbers in good agreement
with the trends suggested by both the experiment and
the correlations. There is some spread in the experi-
mental results, which increases as the heater power re-
duces, which is replicated to some extent by the CFD
results using the LS k − ε model. Despite their good
agreement with the turbulent correlation, CFD results
(LS k− ε) at powers Qh ≤ 605 returned laminar flow.
At the highest power considered (Qh = 1015 W),
highlighted inset on Figure 5, the EB-RSM, LS k − ε
and LES approaches show relatively good agreement
with the experimental point. The k− ω SST predicted
a notably lower ReSS and Grm, due principally to the
previously discussed overprediction of turbulence lev-
els around the loop. This leads to much cooler overall
temperatures around the loop (as per Figure 4), which
reduces Grm through the dependence of properties on
temperature, and an increased temperature drop across
the cooler, which means that a smaller mass flow rate
is required for thermal equilibrium.

4 Conclusions
A series of URANS and LES computations of an

experimental Natural Circulation Loop across a range
of input parameters have been conducted and com-
pared with available experimental data. Detailed com-
parisons between three different (U)RANS approaches
and complementary LES simulations revealed that the
Launder-Sharma (LS) k − ε provides reasonable ac-
curacy when compared to the more advanced EB-
RSM model but at a reduced computational cost. The
k − ω SST model tended to overpredict turbulence
levels within the loop, leading to significantly cooler
temperatures, higher heat transfer coefficients and flat-
ter velocity profiles; something attributed to the lack
of low-Re damping terms in the version employed in
Code Saturne. Application of the LS k − ε to a wider
range of heater powers demonstrated good agreement
with the trends presented by both the experimental
data and existing correlations.

Overall, the results demonstrate the suitability of
the CFD approach in modelling flow behaviour typical
of NCLs and contrast the performance of two widely
used RANS modelling approaches, providing insight
for those modelling NCLs or developing turbulence
models.
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Abstract
A novel approach is presented in which a hybrid

stochastic/fixed-sectional method solving the popula-
tion balance equation (PBE) is used to train a combina-
tion of an artificial neural network (ANN) with a con-
volutional neural network (CNN) and recurrent long
short-term memory artificial neural layers (LSTM).
The hybrid stochastic/fixed-sectional method decom-
poses the problem into the total number density and
the probability density function (PDF) of sizes, allow-
ing for an accurate treatment of surface growth/loss.
After solving for the transport of species and temper-
ature, the input of the ANN is composed of the ther-
mochemical parameters controling the particle physics
and of the increment in time. The input of the CNN is
the shape of the particle size distribution (PSD) discre-
tised in sections of size. From these inputs, in a flow
simulation the ANN-CNN returns the PSD shape for
the subsequent time step. The method is evaluated in
a canonical laminar premixed sooting flame of the lit-
erature and for a given level of accuracy (i.e., a given
discretisation of the size space), a significant comput-
ing cost reduction is achieved (6 times faster compared
to a sectional method with 10 sections and 30 times
faster for 100 sections).

1 Introduction
The dynamics of flowing non-inertial particles un-

dergoing nucleation, surface growth/loss, agglomera-
tion and sometimes breakage, is usually characterised
by the evolution of the particle size distribution func-
tion. This Particle Size Distribution (PSD) is gov-
erned by a Population Balance Equation (PBE) [1],
with n(v;x, t) the number of particles of characteris-
tic size v (in terms of volume or mass, v is a continu-
ous independent variable), per unit of flow volume and
per unit of characteristic size, of an aerosol submitted
to simultaneous nucleation, surface variation and ag-
glomeration:

∂n(v;x, t)

∂t
+ u · ∇n(v;x, t) +

∂

∂v
[G(v)n(v;x, t)] =

ḣ(vo;x, t)

+
1

2

∫ v

0

β(v − v̄, v̄)n(v − v̄;x, t)n(v̄;x, t)dv̄

−n(v;x, t)

∫ ∞

0

β(v, v̄)n(v̄;x, t)dv̄ , (1)

where usual notations are adopted. G(v) > 0 is the
surface growth rate or G(v) < 0 the surface loss rate.
ḣ(vo) > 0 is the nucleation rate or ḣ(vo) < 0 the dis-
appearance rate, seen at size vo. The integral source
terms on the RHS accounts for agglomeration follow-
ing the continuous counterpart of Smoluchowski equa-
tion, with β(v, v̄) the collision kernel for two particles
of volume v and v̄. The PSD evolution is thus driven
by an integro-partial-differential equation of the hy-
perbolic type.

Once the growth/loss rate, agglomeration and nu-
cleation sources expressed by appropriate physical
models, Eq. (1) is quite challenging to solve in three-
dimensional simulations of real systems. The diffi-
culty is twofold: first, in addition to the usual space
and time discretisations, the particle size space v must
also be discretised, usually with a range of particle
sizes covering orders of magnitudes. Second, the
growth/loss rate is a pure convective effect in size-
space, which requires a specific numerical treatment
to avoid numerical diffusion of the PSD in size space.
In an attempt to address simultaneously these two is-
sues, a hybrid stochastic/fixed-sectional method was
recently proposed and evaluated against analytical so-
lutions with success [2]. The hybrid approach com-
bines Monte Carlo and fixed-sectional methods, to
minimise the discretisation errors when solving the
surface growth/loss term of the population balance
equation. It relies on a fixed number of stochastic par-
ticles and sections, with a numerical algorithm organ-
ised to minimise errors even for a moderate number
of stochastic particles and sections. In recent simula-
tions of a one-dimensional laminar sooting flame [3],
this hybrid stochastic/fixed-sectional method allowed
for analysing the relation between the mobility diam-
eter, measured in the experiments, and the equivalent
sphere diameter, introduced in the modeling. The in-
fluence of the fractal particle shape on the simulated
particle size distribution was also explored.

Unfortunately, the CPU time required by this ap-
proach, or by any accurate sectional method, jeop-
ardises the application to three-dimensional unsteady
simulations of real combustion chambers. The ob-
jective of the present work is to overcome this dif-
ficulty by developing a digital twin of the PBE
(Eq. (1)), this digital twin is trained using the hybrid



stochastic/fixed-sectional method.

2 Formulation for database generation

Hybrid Monte-Carlo fixed-sectional method
n(v∗;x, t) may be decomposed into NT (x, t), the

total number of particles per unit of volume and
P (v∗;x, t), the PDF of particle size

n(v∗;x, t) = NT (x, t)P (v∗;x, t) . (2)

Then, instead of solving for n(v∗;x, t), it is preferred
to solve for both NT (x, t) and P (v∗;x, t), to ease
the treatment of the non-linear surface growth/loss
term with a Monte Carlo solution for the PDF. The
training of the neural networks is performed along
these lines with the hybrid stochastic/fixed-sectional
approach [2].

One-dimensional sooting flame
A one-dimensional fuel rich (equivalence ratio of

2.07) laminar premixed ethylene-argon-oxygen flame
studied both experimentally and numerically in the lit-
erature [4], is considered to evaluate the proposed ap-
proach. The fresh gases flowing at a temperature of
300 K stabilise a flame propagating at the velocity of
8.26 cm/s. In mole fractions, the composition of the
injected mixture is XC2H4 = 0.133, XO2 = 0.193
and XAr = 0.674. The complex molecular transport
and the detailed chemical scheme by Appel et al. [5]
(101 species and 544 elementary reactions) is used
to simulate the gaseous part of the problem (thermo-
chemical parameters that will enter the ANN) with the
specialised CANTERA reacting flow solver [6]. The
length of the one-dimensional computational domain
is 0.02 m and the mesh is composed of 2906 points, it
is refined at the reaction zone down to a mesh cell of
0.607µm. To minimise error compensation between
chemistry and heat transfer, as usually done in the nu-
merical study of one-dimensional sooting flame, the
measured temperature profile is imposed [4].

This reference one-dimensional flame of the lit-
erature was already simulated using the hybrid
stochastic/fixed-sectional approach solving for the
PDF of size, the comparisons of the results against
measurements and previous simulations may be found
in Bouaniche et al [3]. The soot particles are mod-
eled as spherical and in the hybrid stochastic/fixed-
sectional method, each stochastic particle discretising
P (v∗;x, t), the PDF of sizes, carries information on a
characteristic volume vk, with k = 1, · · · , NP , where
NP is the total number of stochastic particles consid-
ered. Nucleation, growth/oxidation and agglomeration
are modeled as in [3].

3 Neural networks for PBE solving

Neural networks structure
The problem is decomposed into the thermochem-

ical quantities (species concentrations, temperature,

etc.), collected in a vector φ(x, t) of dimension nφ
and the particle size distribution, expressed in terms
of Ni(x, t) for the i-th section of size, organised
into a vector N(x, t) of dimension M , the number
of sections of size considered. The neural networks
are trained to solve for nucleation/breakage, surface
growth/loss and agglomeration/coagulation so that for
an input (φ(x, t), N(x, t), δt), the output is N(x, t +
δt).

The architecture of the numerical model, sum-
marised in Fig. 1, is a multi-headed neural network
which takes the form of a directed graph of layers. It
is a combination of an artificial neural network track-
ing the evolution of the thermochemical vector φ(x, t),
while a convolutional neural network is used for the
particle number density N(x, t). Both of these neural
networks include feedback connections [7, 8] to ac-
count for the time history of the signals.

The evolutions of the thermochemical parameters
φ(x, t) (solved separately from neural networks) and
of δt, which may vary from iteration to iteration, both
enter an ANN featuring a recurrent long short-term
memory neural layer (LSTM) [9] composed of 100
neurons, to which a 60-neuron layer is connected. The
feedback connections of this neural network are cal-
ibrated over a duration characterised by 5 iterations
in time. During training, each LSTM cell (100 neu-
rons) uses the solution at ‘t’ as a training label (or
target value), whereas the solutions at the 5 previous
iterations serve as training data. Increasing this num-
ber of stored iterations was found not to improve ac-
curacy significantly, while below 4 iterations stored,
accuracy cannot be secured. As usually done in ma-
chine learning based approaches, every component of
φ(x, t) is normalised by its maximum level seen in the
training database, these maximum must be stored to
subsequently use the networks.

Because of the large range covered by the particle
sizes during their evolution, before entering the CNN
devoted to the PSD analysis, its signal is normalised
by 〈N〉, the mean computed over all sections for all
positions and times of the training database,

N?
i (x, t) =

Ni(x, t)− 〈N〉
σN

. (3)

〈N〉 and σN =
〈

[Ni(x, t)− 〈N〉]2
〉

computed
from the training database, are stored to reconstruct
Ni(x, t) = σNN

?
i (x, t) + 〈N〉 during the simulation

from the dimensionless CNN output.
The normalised input N?

i (x, t) goes through 15
layers of convolutional filters with a dropout rate of
10% (i.e., 10% of the data do not proceed to the next
step). To account for the time history of the PSD, the
100 neurons LSTM layer used in the CNN is con-
nected to a 60-neuron dense layer (a dense layer is
driven by the same formulas as the linear layers, but
the end result is passed through a non-linear activa-
tion function). As mentioned above, the time history
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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@n(v; x)

@x
+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.

Soot prediction in a real combustion chamber 121

6.2.2 Neural network architecture

LSTM_1
input

output

(None, 1,6)

(None, 100)
Conv1D

input

output

(None, 1,10)

(None, 1, 15)

Dropout
input

output

LSTM_2
input

output

(None, 1,15)

(None, 100)

Dense_2
input

output

(None, 100)

(None, 60)

Dense_1
input

output

(None, 100)

(None, 60)

concatenate
input

output

(None, 60) (None,60)

(None, 120)

Dense_3
input

output (None, 60)

Dense_4
input

output

(None, 60)

(None, 10)

(None, 1, 15)

(None, 1, 15)

(None, 120)

ANN CNN GF

Concatenation

Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
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+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:
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std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:
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+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:
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enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
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@n(v; x)

@x
+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
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neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
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(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
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+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
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• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:
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in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.4: Architecture of the employed neural network. Example with a PSD of M = 10 sections.

The neural network used for PSD prediction, represented by Fig. 6.4 is described as followed.
The neural network is a combination of F , an artificial neural network (ANN), and G, a convolutional

neural network (CNN), see Fig. 6.4.

• F tracks the evolution of the thermochemical parameters controlling the soot modelling, namely
the temperature T(K), the C2H2, O2, OH and pyrene C16H10 mass fraction. These quantities
having very different scales, we chose to normalize them by their maximum value. Then, they
enter a recurrent long short-term memory neural layer (LSTM) composed of 100 neurones, to
which a 60-neurones layer is connected. This ANN features feedback connections, meaning it
keeps track of time history of the thermochemical evolution.

• G is trained from the time PSD shape. This CNN offers the possibility of analyzing in a single
inference the full PSD profile in size space. In this so-called “image segmentation” approach, the
input line is seen as a whole while the output classifies each pixel, thus preserving the locality of
the information. The input of G is thus composed of the one-dimensional PSD profiles.

Because of large scale differences of the PSD over the flame, the difficulty of the problem being
modelled is significantly increased. An inputs standardisation solution is applied as followed:

xstandardised = x�mean(x)
std(x)

before being fed in the CNN G. Next the inputs go through 15 convolutional filters layers, a
dropout of 10% is applied, and a 100-neurone LSTM layer is connected to a 60-neurone dense
layer, also to keep track of the PSD time history.
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+ u · rn(v; x) = ⌦̇{F [YC16H10 , YC2H2 , YO2 , YOH , T ]; G[n(v1; x), · · · , n(vM ; x)]} (6.1)

in order to validate the neural network prediction over a transport equation on variable time step.
Here, ⌦̇ is retrieved with the neural network prediction:

⌦̇(vi; x + �x) =
n(vi; x + �x) � n(vi; x)

�x
(6.2)

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.6 shows the results of the PBE 6.4 solved with the trained neural network over 30 sections.
It represents the PSD integrals evolution on each 30 size intervals along the x-abscissa, compared to the
one for HYPE simulation. The evolution is well predicted for all intervals of size.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 6.7: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
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Figure 1: Neural networks architecture. ANN inputs: Thermochemical variables and δt, time step. CNN input: Particle size
distribution at time t. Concatenated networks output: Particle size distribution at time t + δt. Information of the 5
previous time-steps are stored in the LSTM.

is collected over 5 iterations.
The 60 neurons of each branch (thermochemistry

and particle sizes) are then concatenated (Fig. 1), lead-
ing to a 120-neuron layer, in which the concatena-
tion operation is channel-wise. Finally, two dense
connected layers return the prediction N?(x, t + δt),
which is then transformed back into N(x, t + δt) ap-
plying Eq. (3). Hence, the ANN-CNN is cast so that

Ni(x, t+ δt) = Fi
[
φ(x, t), N(x, t), δt

]
. (4)

The ANN-CNN is built using the Keras and
TensorFlow Python library with GPU support
(www.tensorflow.org).

Training and testing of the ANN-CNN
During its training, the artificial neural network

tracks the evolution of T , the temperature, and of the
mass fractions of C2H2, the fuel, of O2, the oxidizer, of
OH, an intermediate radical, and of C6H6, the pyrene,
therefore φ = (T, YC2H2

, YO2
, YOH, YC6H6

). These
species were selected because of their dual impact on
both flame and soot chemistry. C6H6 controls the mod-
eling of the particle surface growth due to condensa-
tion. The temperature, the mass fractions of C2H2, O2
and OH allow for quantifying the overall progress of
combustion, to characterise the gaseous environment
in which the soot particles are traveling. Adding more
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Figure 6.7: Database time step variation used for training, in second.
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Figure 6.8: Particle Size Distribution evolution in the central flame axis for different i-th fixed-section of
mean diameters d3 = 1.15 nm , d7 = 1.97 nm , d11 = 3.3 nm, d15 = 5.82 nm , d30 = 44.22 nm . Symbols:
HYPE simulation with 1000 stochastic particles and 30 sections.Solid line: Neural network prediction.
Vertical red bar: Maximum heat release rate.

6.2.4 Neural network validated with a 30 sections-discretised PSD

Once the neural network is fully trained, its prediction can replace the right side of the PBE 6.1 such as:

dNi(x(⌧))

d⌧
= ⌦̇i(x(⌧)) (6.2)

with

⌦̇i(x(⌧)) =
(F [�(⌧), N(x(⌧)), �tH ] � Ni(x(⌧)))

�tH

F being the neural network and �(⌧) = [�tH , YC16H10 , YC2H2 , YO2 , YOH , T ] the ANN inputs. The
temporal integration of the PBE 6.2.4 is then done with a third order Runge-Kutta method [240] through:

Figure 2: Distribution across the one-dimensional premixed
flame of particle number density for representative
sections of the training database with M = 30.
Red line: position of the maximum heat release
rate. Section mid-diameter 0.5(vinf

i + vsupi ), N3:
1.15 nm. N7: 1.97 nm. N11: 3.3 nm. N15:
5.82 nm. N30: 44.22 nm.

chemical species in the input vector of the ANN was
found not to significantly improve the predictions by
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Next the inputs go through 15 convolutional filters layers, a dropout of 10% is applied, and a 100-
neurone LSTM layer is connected to a 60-neurone dense layer, also to keep track of the PSD time
history.

• The 60 neurones of each branch are then concatenated, leading to a 120-neurone layer. Finally two
dense connected layers make the final prediction of the M sections at the following time.

6.2.3 Neural network training

The architecture described in section 6.2.2 is next trained using randomly selected 80% of the x-series
data, with an adam optimizer and a loss function based on mean absolute percentage error. The 20%
remaining data are used for neural network testing. At each epoch, the loss function of the trained
and the tested data is plotted, see for example the ones of the 30-section training Fig. 6.25(a), and the
predicted values are directly plotted against target ones, see Fig. 6.6(b), 6.6(c). Figure 6.25(a) shows the
error going down and stabilising for both train and test dataset up to less than 10% of mean error, after
1500 epochs. A total of 100 000 elements composes this database.

The time step variation of the training database is represented Fig. 6.7 with a mean of 1.03e-5 s and
a variance of 1.66e-5 s.

(a) Loss function evolution

(b) Train prediction (c) Test prediction

Figure 6.6: Training neural network results with trained (orange) and tested (blue) predictions at each
epoch.

Figure 3: Scatter plot (orange) of normalised particle num-
ber densities as predicted by the ANN-CNN versus
the values from the PBE solution with the hybrid
stochastic-fixed sectional method used for train-
ing.

the ANN-CNN.
The soot number density Ni(x) for the one-

dimensional steady flame is discretised over a num-
ber M of sections, Ivi ≡ [vinfi , vsupi ], defined from
a geometric grid vinfi = voF

i
s , with Fs = 1.5 and

vo = mo × ρsoot for mo = 2mpy, representative of
the mass of nascent soot particles from the collision
of two pyrene molecules, corresponding to a diam-
eter of 0.88 nm. The larger particle diameter to be
considered is 51 nm. The ANN-CNN prediction is
evaluated for M = 10 and 30 sections. The train-
ing is performed over a solution database obtained
with the hybrid stochastic/fixed-sectional method us-
ingNP = 1000 stochastic particles and a fixed number
of 30 sections. The 10 sections ANN-CNN is trained
interpolating the 30 sections database over 10 sections.
The impact of using a smaller number of sections in
the ANN-CNN simulation than for the solution pro-
viding the training database is then evaluated, as a
strategy to reduce the computing time. A case with
100 sections is also run for further measuring the po-
tential in CPU cost reduction.

Figure 2 shows the distributions through the one-
dimensional flame, i.e., from fresh to burnt gases, of
number densities of the training database for represen-
tative sections. The simulations starts with all the sec-
tions set at zero (Ni(x) = 0, ∀i), then particles nucle-
ate and undergo surface growths. Some number densi-
ties of particles, as forN3 (diameter of 1.15 nm), reach
a peak value before decreasing to a plateau, these par-
ticles will be those found in the burnt gases. For other
characteristic sizes, such as 3.3 nm (N11 in Fig. 2), Ni
is produced to then vanish in burnt gases, because of
thermophysical conditions favouring both agglomera-

tion and oxidation of these particles.
The size of the database is 2906 (number of mesh

points)×[M (number of sections) + 6 (number of
thermochemical quantities & time step)], for exam-
ple 104 616 data for M = 30 sections. To train
the neural networks, 80% of the points through the
flame are randomly selected. For this database, the
time steps entering the ANN are within the interval
[2.5 · 10−6s, 7.5 · 10−5s] with a mean value centred at
1.0 · 10−5s.

An Adam optimizer and a loss function based
on mean absolute percentage error are used [10].
The 20% remaining data serve to test the ANN-
CNN accuracy. The particle number densities, as
predicted by the networks versus those of the hy-
brid stochastic/fixed-sectional method, are displayed
in Fig. 3. This result is obtained after 1500 epochs
(number of times that the learning algorithm worked
through the entire training dataset). The solution of
the system converges with a maximum local error on
the PSD of less than 10% and a mean error of less than
1%, which is sufficient to accurately predict the PSD
in the a posteriori tests performed, in which the error
accumulate.

A posteriori tests
To test the method on conditions similar to those of

its implementation in a flow solver, the balance equa-
tion for the Ni(x) should now be solved. The equa-
tion for theNi(x) may be transformed into the moving
frame for the steady one-dimensional flame

u
dNi(x)

dx
=
dNi(x(τ))

dτ
= Ω̇i(x(τ)) . (5)

The derivative versus time, dNi(x(τ))/dτ , is discre-
tised using a third-order minimal storage Runge-Kutta
scheme,[11] with the RHS Ω̇i(x(τ)) of every sub-step
of the integration reconstructed from the ANN-CNN.

For a number of sections of M = 30, Fig. 4 shows
the comparison between the PSD predicted with the
hybrid stochastic/fixed-sectional method to solve for
the population balance equation and the results ob-
tained with Eq. (5). The reference simulation of this
flame by direct Monte Carlo solutions of non-inertial
particles dynamics, which aims at performing a direct
numerical simulation of the elementary physical phe-
nomena acting on the particles [4], is also given in
these figures. As usually done for soot, in these plots
the PSD is cast in n(d) = dN(log(d))/d log(d), with
d the particle diameter in nm. Figure 4 also suggests
that the ANN-CNN operating with M = 10 sections,
but trained by interpolation over 30 sections and 1000
stochastic particles, provides results with an accuracy
similar to the one obtained with the ANN-CNN oper-
ating with M = 30 sections. This confirms the po-
tential of the approach relying on the training over a
large database, to then reduce the dimensionality of
the problem solved and thus minimise the computing
cost.
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8
>>><
>>>:

Ni(x(⌧ 0)) = Ni(x(⌧)) + 8
15 · �⌧ · ⌦̇i(x(⌧))

Ni(x(⌧ 00)) = Ni(x(⌧)) + 0.25 · �⌧ · ⌦̇i(x(⌧))

Ni(x(⌧ 000)) = Ni(x(⌧ 00)) + 5
12 · �⌧ · ⌦̇i(x(⌧ 0))

Ni(x(⌧ + �⌧)) = Ni(x(⌧ 00)) + 0.75 · �⌧ · ⌦̇i(x(⌧ 000))

As performed into the HYPE model, thermochemistry variables profiles are constant over time and
the profile of the consumed pyrene from Fig. 6.3 is considered for neural network training and validation.

Figure 6.8 shows the results of the Runge-Kutta integration presented above, solved with the trained
neural network over 30 sections. It represents the PSD integrals evolution on each size ranges along the
x-abscissa, compared to the reference HYPE simulation with 30 sections. The evolution is well predicted
for all ranges of size.
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Figure 6.9: Particle Size Distribution for several heights above the burner. Symbols: HYPE simulation
with 1000 stochastic particles and 30 sections. Black line: ANN-CNN prediction with 30 sections. Red
line: ANN-CNN trained with 10 sections (red symbols). Grey line: Reference simulation from Zhao
[216]

Figure 4: Particle sizes distribution at different heights H through the one-dimensional premixed flame. Grey line: Reference
simulation by Zhao et al. [4] Symbols: Training simulation with 1000 Monte-Carlo particles. [3] Solid line: ANN-
CNN. Blue: M = 30 sections. Red: M = 10 sections.
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Figure 5: Number density for particles above 3 nm. Black
circle: Measurements [4]. Symbols: Training sim-
ulation with 1000 Monte-Carlo particles [3]. Solid
lines: ANN-CNN, Black: M = 30 sections, Red:
M = 10 sections.

The total number density NT =
∫∞
do
n(d)d log(d)

is compared against measurements in Fig. 5 for a di-
ameter of the primary particle do = 3 nm (see [3] for
a discussion on do). As expected from the results for
the PSD, the ANN-CNN reproduces the evolution of
NT (x) across the flame, as previously obtained solv-
ing the PBE with the hybrid method.

A significant computing cost reduction is observed
with the neural networks, up to more than 30 for 100
sections. Such reduction should allow for coupling de-
tailed soot modeling with the flow solution over com-
plex three-dimensional geometries.

4 Conclusion
A strategy has been discussed to train a combina-

tion of artificial neural networks (ANN) and convolu-
tion neural networks (CNN) to solve for the population
balance equation (PBE) of flowing non-inertial parti-
cles. The numerical framework to build the training
database relies on a hybrid stochastic-fixed sectional
approach, based on the probability density function
(PDF) concept [2] in order to benefit from an accurate
treatment of the surface growth/loss of the particles.

Applied to a canonical sooting flame, the ANN
deals with the thermochemical inputs, driving the
physics of the carbon particulate emissions, while the
CNN processes the particle size distribution (PSD).



Both networks are augmented with one additional long
short-term memory artificial neural layer, before being
concatenated to return the new PSD for a given incre-
ment in time, which is then used to construct a source
term entering the eulerian transport equation for parti-
cle number densities of a few sections of sizes. For a
given level of complexity of the thermo-physical mod-
eling of the particles, which is present in the source
terms through the neural networks, the computing cost
for accurately transporting these sections stays very
moderate compared to the usual cost of PBE solv-
ing. Therefore results confirm the potential of the ap-
proach, both in terms of accuracy and cost reduction.

Even though this procedure using neural networks
seems promising for solving population balance equa-
tions, some points still need to be addressed. The ma-
jor one is the choice of the training database to deal
with three-dimensional flows. In the present work, the
training, the testing of the neural networks and the sub-
sequent simulation were performed on the very same
flow configuration. As for any neural network based
modeling, it is fully of practical interest only when
the training is performed on a generic problem, prefer-
ably aside form the targeted flow simulation [12, 13].
This was recently achieved for detailed chemistry re-
duction and pre-integration with ANN using a stochas-
tic micro-mixing problem solving for the PDF of the
thermochemical variables, to train the networks with-
out performing any flow simulation [14]. Coupling
this approach with the present PBE solving with ANN-
CNN would be an interesting route to follow in future
work, in order to generalise the method to the appli-
cation of three-dimensional turbulent combustion sys-
tems.
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Abstract
The wind direction in atmospheric boundary layers
changes continuously due to large-scale weather ef-
fects. An accurate representation of dynamic wind
direction changes in large eddy simulations (LES) is
essential to study the effect of varying wind direc-
tions on the performance of large wind farms. How-
ever, modeling large-scale wind direction changes in
LES of wind farms is still a major challenge. In this
study, we introduce a new technique to model wind di-
rection changes in LES, which can be obtained from
mesoscale simulations or field measurements. We
propose a method in which the simulation domain is
treated as a non-inertial rotating reference frame. The
primary benefit of our approach is that it is straight-
forward to implement and reproduces desired wind di-
rection changes excellently. We show that atmospheric
measurements of the wind direction can be reproduced
by our method. To underline the importance of the
method, we conclude with a representative scenario,
which shows that dynamic wind direction changes can
affect the performance of large wind farms. This pro-
ceeding is a summary of Stieren et al. [2021].

1 Introduction
It is well-known that small variations in the prevail-
ing wind direction have a significant impact on the
power production of wind farms [Porté-Agel et al.,
2013, Wu and Porté-Agel, 2015, Stevens and Mene-
veau, 2014]. However, insight into the effect of time-
dependent changes in the wind direction on wind farm
performance is still limited and needs further investi-
gation. Information about the temporal development
of the wind direction can be obtained from mesoscale
simulations, field measurements, or satellite observa-
tions. Accurately representing the effect of wind di-
rection changes in large eddy simulations (LES) of
wind farms is a major challenge. In particular, cou-
pling LES of wind farms with mesoscale simulations is
very challenging as different time and length scales are
considered in both approaches [Rodrigo et al., 2017].

In mesoscale simulations the horizontal resolution is
typically much larger than the turbine diameter due to
the considered domain size [Fitch et al., 2012]. How-
ever, in the LES the grid size is much smaller than
the turbine diameter, which is necessary to capture the
wake development accurately. Besides, the LES re-
quire a high spatial resolution to capture the interac-
tion between the wind turbine wakes, the atmospheric
boundary layer and the turbulent flow structures that
have a pronounced effect on the performance of wind
farms [Sanderse et al., 2011, Stevens and Meneveau,
2017, Porté-Agel et al., 2020].
To model the effect of dynamic wind direction changes
obtained from field measurements or meso-scale simu-
lations in LES, Munters et al. [2016] proposed to use a
concurrent precursor method [Stevens et al., 2014] in
which they rotate the horizontally periodic precursor
domain. Chatterjee et al. [2018] modified the method
of Munters et al. [2016] and proposed to rotate the in-
flow velocity vector instead of the precursor domain.
They used data from LIDAR scans to model the effect
of dynamic wind direction changes on the operation
of the Alpha Ventus wind farm. Both studies revealed
that dynamic-wind directions can significantly impact
wind farm performance.
However, rotating the precursor simulation requires
a sequence of geometrical interpolations and signifi-
cant MPI communication. Here, we propose a more
straightforward method to simulate dynamic wind di-
rection changes in LES. Our approach is inspired by
the use of a proportional-integral-derivative (PID) con-
troller, which is used in wind farm simulations to
keep the wind angle constant at a particular height
[Sescu and Meneveau, 2014, Allaerts and Meyers,
2015, Howland et al., 2018]. We therefore treat the
simulation domain as a non-inertial rotating reference
frame, which is an attractive approach as it only re-
quires small changes to the governing equations and
is straightforward to implement. A major advantage
of our approach is that it avoids the geometrical in-
terpolations and associated computational overhead
that is required in the previously considered methods



[Munters et al., 2016, Chatterjee et al., 2018]. Besides,
the methods discussed above [Munters et al., 2016,
Chatterjee et al., 2018] require a concurrent precursor
inflow technique, i.e. an additional concurrent simu-
lation from which the inflow data for the wind farm
simulation is sampled. This condition makes it impos-
sible to perform simulations with periodic boundary
conditions. Such simulations are, for example, used to
perform simulations of infinite wind turbine arrays that
are considered in the development of analytical wind
farm models [Calaf et al., 2010, Meyers and Mene-
veau, 2012]. In contrast, we will demonstrate that our
method can be applied with and without a precursor
method, allowing simulations of both finite and infi-
nite wind farms. Further details on the verification and
application of our approach can be found in Stieren
et al. [2021].

2 Mathematical formulation
The simulations are performed using an updated ver-
sion of the LES code developed by Albertson and Par-
lange [1999]. The governing equations are the filtered
incompressible continuity and momentum equations.
The aim is to include dynamic wind direction changes
θ(t), which can be obtained by meso-scale simulations
or field measurement data, in the LES. For this pur-
pose, the reference frame is rotated with an angular
velocity ω = 0.5∂tθ(t) and corresponding non-inertial
forces are added to equation (2). Here, the factor 0.5
can be explained as follows: half of the Coriolis ac-
celeration arises due to the relative velocity and half
due to the turning of the frame of reference [Persson,
1998]. As a consequence, the wind direction relative
to a fixed axis is changed by an angle θ(t) in the time
where the frame of reference rotates by an angle equal
to 0.5θ(t) (see, e.g., [Persson, 1998]. The resulting
equations are:

∂iũi = 0, (1)

∂tũi + ∂j (ũiũj) = −∂ip̃∗ − ∂jτij + fi − 2ωũjεij3

+
∂ip∞
ρ

· [cos (θ) δi1 + sin (θ) δi2] .

(2)

Here, the tilde represents spatial filtering with a spec-
tral cut-off filter at the LES grid scale ∆ and ũi rep-
resents the filtered velocity field components. τij =
ũiuj − ũiũj is the trace-less part of the sub-grid
scale (SGS) stress tensor and it is modeled with a
standard Smagorinsky model [Smagorinsky, 1963] us-
ing a constant Smagorinsky coefficient Cs = 0.16
[Lilly, 1967]. The trace of the SGS stress tensor is
absorbed into the filtered modified pressure p̃+ =
p̃/ρ − p∞/ρ − τkk/3, note that p̃∗ is defined below.
The force fi is added for modeling the effects of the
wind turbines, which are parameterized using an actu-
ator disk approach [Jiménez et al., 2010, Calaf et al.,
2010]. Since the simulations are performed at very
high Reynolds numbers we neglect viscous stresses

[Stull, 1988], which is a common practice in LES of
ABLs. The wall shear stress at the ground is modeled
using the Monin-Obukhov similarity theory [Moeng,
1984, Bou-Zeid et al., 2005]. We use a surface rough-
ness of z0 = 0.1 m. The boundary conditions at the
top of the domain are zero vertical velocity and zero
shear stress. The mean-pressure gradient ∂ip∞/ρ de-
fines a reference friction velocity u∗ = −

√
Hp∞/ρ.

Length and time scales are non-dimensionalized with
the domain height H and H/u∗, respectively. To
present the results in dimensional form, we assume
that the incoming wind velocity at z = 150 m is 10
m/s, which is representative for the typical value ob-
served in offshore conditions, see the Dutch Offshore
Wind Atlas [Wijnant et al., 2019]. From this we ob-
tain that u∗ ≈ 0.5 m/s [Stevens and Meneveau, 2014],
which means that each non-dimensional time unit cor-
responds to tdim = H/u∗ = 2000 s (≈ 0.56 h).
While the continuity equation (1) is rotational in-
variant, the momentum equation (2) is modified by
adding the Coriolis force 2ωũjεij3. Besides, the di-
rection of the mean-pressure gradient, which is driv-
ing the flow, is aligned with the desired wind direc-
tion θ(t). In a non-inertial, rotating reference frame,
in addition to the Coriolis force, the centrifugal force
−ω2xi(δi1 + δi2) and the Euler force εij3xjdω/dt
are introduced [Kundu and Cohen, 2001]. The cen-
trifugal force can be rewritten as a conservative force
−ω2xi(δi1 + δi2) = −0.5(∂iω

2x2i )(δi1 + δi2). Once
rewritten as a conservative force, the centrifugal force
is combined with the pressure term: p∗ = p̃+ −
0.5ω2x2i (δi1 + δi2). The Euler force is neglected
here, as a periodic domain is considered and the dis-
tance to the axis of rotation, which is required for its
calculation, is unknown.

3 Validation
To assess the ability of our method to represent
dynamic wind direction changes from meso-scale
weather phenomena into micro-scale LES, we com-
pare the simulation results to field measurement data.
In figure 1 we reproduce the wind direction measure-
ments taken from a wind vane at a height of 87 m on
the M5 meteorological mast at National Wind Tech-
nology Center NWTC Information Portal [2016], of
National Renewable Energy Laboratory (NREL), for a
7 h period on the 1st of February, 2018 from 6 am to
1 pm. Figure 2 shows the corresponding power spec-
trum of the wind direction changes.
We performed LES of a neutral ABL in a domain
of Lx = Ly = 5 km, and Lz = 1 km using a
128 × 128 × 48 and a 256 × 256 × 96 grid. Figure
1 shows that LES with a constant mean wind direction
captures the high-frequency wind direction changes
fairly accurately, especially considering that we per-
form neutral ABL simulations, instead of matching
the atmospheric conditions of the observational data.
The figure shows that the higher resolution simulation



Figure 1: Wind direction time series from measurements and
LES. The low-pass filtered measurements serve
as input data to the LES. The figure shows that
the horizontally averaged wind direction from LES
follows the imposed wind direction perfectly. Fig-
ure taken from Stieren et al. [2021].

captures the high-frequency wind direction changes
better. However, the low-frequency wind direction
changes are not represented in the LES that considers
a constant wind direction.

The low-frequency wind direction changes can be
included in the LES using the low-pass filtered field
measurement data as input to the LES. Here, the low-
pass filter’s cutoff frequency is chosen as 0.0008 Hz.
We find in figure 1 that the mean wind direction of
the LES perfectly follows the desired wind direction.
More importantly, figure 2 shows that the spectrum of
wind direction changes obtained from LES now ac-
curately represents the entire frequency range. As in-
tended, our approach models the low-frequency wind
direction changes obtained from field observations, or
a meso-scale simulation, while it does not affect the
high-frequency range, which we assume to be repre-
sented accurately by our micro-scale LES. In the next
section, we will apply our method to a representative
scenario to demonstrate that these low-frequency wind
direction changes can significantly affect the perfor-
mance of extended wind farms.

4 Results
We apply the new technique of time-dependent

wind directions in LES of a finite wind farm with 6×6
turbines in a neutral ABL with the same surface rough-
ness considered previously. Both the wind farm and
the precursor domains have a size of Lx = Ly = 7.5
km and Lz = 1 km. The last 1.5 km of each hor-
izontal direction is used as a fringe region [Stevens
et al., 2014, Munters et al., 2016]. The wind farm

Figure 2: Normalized power spectra of the wind direction
determined from measurements and LES. The
spectrum for a simulation with constant mean
wind direction is also included, here as an exam-
ple, we consider 0◦. Figure taken from Stieren
et al. [2021].

layout is presented in figure 3. The simulations are
performed on a uniform grid with 384 × 384 × 64
nodes and are used to demonstrate that dynamic wind
direction changes can significantly affect wind farm
performance.
In these simulations, the wind farm was subjected to
a sinusoidal variation in wind direction in form of
θ = 20◦sin(2πt/Tθ) with a time period of Tθ = 0.7h.
At each time step of the simulation, the wind turbines

Figure 3: Wind farm simulation domain. The locations of
the turbines are indicated with black markers. The
shaded regions indicate the positions where the in-
flow conditions from the precursor domain are re-
ceived. The colored arrows indicate the different
steady wind direction cases we considered. Figure
taken from Stieren et al. [2021].



Figure 4: Imposed and measured wind direction at hub
height as function of time. Figure taken from
Stieren et al. [2021].

are rotated perpendicular to the local incoming wind
direction to ensure that there is no yaw misalignment.
We note that this instantaneous rotation of the disks is
idealistic as wind turbines adjust their orientation with
respect to the incoming wind direction with a time de-
lay Simley et al. [2020]. This can lead to additional
yaw effects, which are not included in our representa-
tive scenario. The turbines have a thrust coefficient of
CT = 3/4, a diameter of D = 150 m, a hub-height
of zhub = 150 m, and the distance to neighboring tur-
bines is four turbine diameters in both horizontal di-
rections.

Figure 4 shows that the measured wind direction at
hub height follows the imposed wind direction (θ(t) =
20◦sin(2πt/Tθ) with Tθ = 0.6 h) extremely well. Fig-
ure 5 shows how the wind farm power production, nor-
malized by the production obtained for the wind di-
rection θ = 0◦, depends on the incoming wind direc-
tion. Due to the symmetric layout of the wind farm,
the wind farm power production is symmetric around
θ = 0◦. Figure 5 also shows the results for wind farm
power production as a function of wind direction for
the simulation in which the wind direction is changed
dynamically. These results are obtained by binning the
time-dependent wind farm power production based on
the mean flow direction indicated in figure 4.
Due to the symmetric layout of the wind farm, sim-

ulations for constant wind directions with the same
magnitude but different signs lead to roughly the same
wind farm power production. Interestingly, the wind
farm power production for the time-dependent wind
direction case does not overlap with the constant wind
direction cases. Additionally, the wind farm power
production depends on the sign of the wind direction
change dθ/dt. For dθ/dt > 0 the power production

agrees well with the values obtained for constant mean
wind directions with negative θ. In contrast, the power
production is lower than for the constant mean wind
direction cases for positive θ and the minimum power
production is observed for θ ≈ 3◦. An exception is
found between θ = 12◦ and θ = 20◦, where the power
production is higher than for the constant mean wind
direction cases. Due to the symmetric farm layout, a
similar pattern is found for dθ/dt < 0 with the sym-
metry axis positioned at θ = 0◦. These hysteresis ef-
fects can be explained by the flow development in be-
tween the turbines. Usually, high-velocity wind speed
channels are formed in between the turbines when the
wind direction is static. For the time-dependent case,
the first rows of the farm capture more energy from the
flow when the wind is not aligned with the wind farm
geometry. When the wind direction turns such that the
wakes are directly impinging on downstream turbines,
there is less flow energy left in the high-velocity wind
speed channels in between the turbines compared to
the static wind direction case. This can explain the
reduced power that can be extracted from the flow.
Similar observations have been made by Munters et al.
[2016].
In the range of wind directions selected in this study
(θ = [−20◦, 20◦]), we observe that for dθ/dt > 0
the power production at θ = 15◦ is higher than for the
corresponding mean wind direction case. In this cases,

Figure 5: Wind farm power production as function of the in-
coming wind direction. The circles indicate the
results from the simulations with a steady wind di-
rection. The black line indicates the results from
the simulation in which the wind direction is sinu-
soidally varied between −20◦ and 20◦. The red
and blue lines indicate the results for dθ/dt > 0
and dθ/dt < 0, respectively. Figure taken from
Stieren et al. [2021].



the turbines at x > 3 km and y > 1.5 km benefit from
the high-velocity wind speed zones between the tur-
bines. However, when dθ/dt < 0 or when the mean
wind direction is static at θ = 15◦, the turbines in this
region of the wind farm are continuously in the wakes
created by upstream turbines.

5 Conclusions
In summary, we showed that using a non-inertial rotat-
ing reference frame in combination with a concurrent
precursor technique is an excellent approach to study
the effect of wind-direction changes in LES of wind
farms. In agreement with previous studies [Munters
et al., 2016, Chatterjee et al., 2018], we show that dy-
namic changes in the wind direction can significantly
affect the performance of wind farms, and further stud-
ies are required to understand these effects better. The
interested reader can find a more detailed version of
this proceeding in Stieren et al. [2021].
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Abstract
This study is focused on the numerical investi-

gation of reduced chemical schemes for high pres-
sure spray flames of oxymethylene ethers (OMEx). A
reduced mechanism using Path Flux Analysis (PFA)
technique is tested using an a priori and a posteri-
ori evaluation under the ECN Spray A nominal condi-
tions. The global flame metrics for spray A along with
the flame shape are well reproduced by the reduced
mechanism, which encourages its use for practical ap-
plications.

1 Introduction
Stringent regulations for the aviation and the au-

tomotive sectors are forcing engines to operate with
lower pollutant emissions while keeping high efficien-
cies. A family of novel synthetic fuels, so called
Oxymethylene Dimethyl Ethers (OMEx), have shown
high potential for their use as liquid fuels for low-
carbon transport applications due to their capacity to
avoid soot formation among other pollutants [13, 14].
Intense research activities have been carried out span-
ning from fundamental works [13, 14] to direct appli-
cation in engines [5, 16]. The use of numerical simula-
tions can help to better understand the performance of
these fuels at engine-relevant conditions [13], though
it brings fundamental challenges due to the need for
detailed descriptions of both the chemical and flow
processes. In particular, it is of paramount importance
that the reaction mechanisms employed to describe the
combustion process are able to capture the fundamen-
tal characteristics of the spray like the ignition delay
or the lift-off length. These macroscopic parameters
are of high technological relevance and should be ac-
curately reproduced by numerical simulations.

The development of reaction mechanisms for
OMEx oxidation has been mainly focused on single
compounds of lower classes like OME0, also referred
as dymethil ether or methoxymethane (DME), or even
OME1, while reaction mechanisms for larger com-
pounds like OME2 to OME4 are more scarce [3]. All
these mechanisms have in common a large number
of species and reactions, which make their applica-
tion in high-fidelity simulations computationally ex-

pensive. In fact, the direct use of these mechanisms
in large-eddy simulations (LES) requires the use of
tabulated chemistry approaches, as the computational
cost required by other approaches can result to be
prohibitive. Consequently, the generation of reduced
chemical schemes optimized for specific conditions
can reduce the cost of these simulations and contribut-
ing towards the advancing of new knowledge on the
utilization of these fuels for practical applications.

The objective of this study is the development and
evaluation of an automatic reduced reaction mecha-
nism for the combustion of high-pressure sprays of
OMEx. The reduction approach is based on the iden-
tification of key chemical pathways involved in the
fundamental sub-processes occurring in high pressure
spray flames. The reduced mechanism is derived from
the chemical scheme from Cai et al. (2020) [3] and
retrieves the fundamental properties of the flame but
with a reduced number of species and reactions. The
automatic reduction process employed in this study is
based on the Path Flux Analysis (PFA) technique [19],
which has been successfully applied to obtain reduced
mechanisms for a wide range of hydrocarbon fuels in
other applications. These mechanisms are tested us-
ing an a priori evaluation and a posteriori analysis in
a high-pressure spray flame of oxymethylene ethers
under Spray A nominal conditions from the Engine
Combustion Network (ECN) [17] for which experi-
mental data is available for comparison from Pastor et
al. [14]. LES combined with a flamelet method based
on the tabulation of steady and unsteady counterflow
diffusion flames at multiple enthalpy levels are used to
describe the spray flames.

2 Modelling approach
The modelling approach employed to describe the

conditions of the high-pressure spray flame is based on
the use of a Eulerian-Lagrangian framework. The gas
is represented by the Eulerian phase, while the liquid
phase is described by the Lagrangian particles tracking
(LPT) with heat and mass transfer models. The gas
phase is described by the use of filtered equations in
the Large Eddy Simulations (LES) framework and in-
clude continuity, momentum and enthalpy. The com-



bustion model is based on the use of tabulated chem-
istry and four controlling variables which are used to
parametrize the turbulent thermochemical database. A
description of this approach is given in the next sub-
sections.

Liquid phase
The liquid phase is described by the use of La-

grangian particles, which are subjected to hydrody-
namic forces, heat and mass transfer. The kinematic
model for the droplet includes the drag force with
the drag coefficient CD determined by the Schiller-
Naumann correction [8]. The Ordinary Differential
Equations (ODEs) system of location and velocity
is solved by a combined Newmark/Newton-Raphson
scheme [6].

The heat transfer between the droplet and the sur-
rounding gas is described by assuming a uniform
droplet temperature. The mass exchange of the droplet
with the surrounding air is determined by the Spald-
ing and Sherwood numbers while the Ranz-Marshall
correlation is used to account for the Reynolds num-
ber dependence on the Nusselt and Sherwood num-
bers [10]. Additional corrections are introduced fol-
lowing Abramzon and Sirignano [8] to account for
Stefan flow, and the interaction between Stefan flow
and the flow around the droplet.

Gas phase
The governing equations describing the gas phase

(Eulerian fields) correspond to the low Mach number
approximation of the Navier-Stokes equations with the
energy equation represented by the total enthalpy us-
ing spatial filtering. The subgrid viscous stress ten-
sor is determined based on the Stoke’s assumption and
the turbulence contribution is obtained by the use of
the Boussinesq approximation [21]. A unity Lewis
number assumption has been made to simplify the
scalar transport in the governing equations. More-
over, heating due to viscous forces is neglected in
the enthalpy equation and the unresolved heat flux is
modelled using a gradient diffusion approach. The
modelling framework is closed by an appropriate ex-
pression for the subgrid-scale viscosity. The eddy-
viscosity is obtained from the Vreman [21] model us-
ing a constant ck = 0.1. The same single-value con-
stant has been used in previous studies and it is also
retained here [1, 11].

The set of governing equations is extended by
the transport of the controlling variables used in the
flamelet method. In this study, three controlling vari-
ables, (Z, Yc, i), where Z is the mixture fraction, Yc
the progress variable and i the normalized enthalpy,
were used to define the laminar flame manifold while
four controlling variables (Z̃, Zv, Ỹc, ĩ) defined the
turbulent one, with Zv = Z̃Z− Z̃Z̃ being the mixture
fraction variance. The transport equations for mixture
fraction Z̃ and the progress variable Ỹc read as

∂(ρZ̃)

∂t
+ ∇ · (ρũZ̃) = ∇ · (ρ̄D̄∇Z̃)−

−∇ · τZ + S̄Z

(1)

∂(ρỸc)

∂t
+ ∇ · (ρũỸc) = ∇ · (ρ̄D̄∇Ỹc)−

−∇ · τYc + ω̇Yc

(2)

The unresolved terms appearing after the LES fil-
tering τZ and τYc

are closed using a gradient diffusion
approach [4]. The source term SZ in the Z̃ equation
refers to the mass generated by droplet evaporation,
while ω̇Yc is the filtered progress variable source term.

The mixture fraction is determined by Bilger’s for-
mula, while the progress variable Yc is a linear com-
bination of mass fractions and, in the current study, is
defined as Yc = 1/3YCO2

+ 1/3YCO + 1/3YHO2
. Ad-

ditionally, a transport equation for Zv is solved, which
reads:

∂(ρZ̃v)

∂t
+ ∇·(ρũZ̃v) = ∇ · (ρ̄D̄∇Z̃v)−

−∇ · τ
Z̃v

− 2τZ ·∇Z̃ − 2sχZ

(3)

where sχZ
is the unresolved part of the scalar dissipa-

tion rate and is modeled assuming a linear relaxation
of the variance within the subgrid [4].

Flamelet database generation
The flame structure of this spray flame is deter-

mined by the flamelet method. This method assumes
a scale separation between the flow and the chemistry,
so that the flame structure can be defined by a compo-
sition of one-dimensional (1D) flames. The combus-
tion process is described by the use of tabulated dif-
fusion flamelets at varied strain rates evaluated at dif-
ferent enthalpy levels. More particularly, at each en-
thalpy level, the autoigniting process of a single lam-
inar flame at at a fixed strain rate a = 500 1/s is
computed [22], while the rest of the manifold is filled
with the steady flamelet solutions from the counter-
flow diffusion flame (S-curve). After the flamelet gen-
eration, a thermochemical database with the gas prop-
erties is parametrized in terms of the mixture fraction
Z, progress variable Yc and normalized enthalpy i. For
convenience, the progress variable Yc is normalized
and denoted by C.

In order to account for turbulence-chemistry in-
teraction (TCI) at the subgrid scale, the tabulated
properties ψ from the manifold are integrated with a
presumed-shape filtered probability density function
(FPDF) that describes the statistical effect of turbu-
lence on the flame structure [4]. Presumed shape
FPDFs are employed in each controlling variable, for
instance a β-function is used for the mixture fraction
and δ-functions are applied to both the scaled progress



variable and normalized enthalpy. The turbulent man-
ifold is discretized in 101, 11, 501 and 3 values for Z̃,
Zv , Ỹc and ĩ, respectively. The discretization was cho-
sen as a balance between accuracy and memory limi-
tations.

Numerical methods
The discretization strategy of the gas phase is

based on a low-dissipation finite element scheme [1],
where stabilisation is only introduced for the continu-
ity equation by means of a non-incremental fractional-
step method, modified in order to account for variable
density flows. The error of kinetic energy conserva-
tion is of order O(dt hk+1), thus dissipation is lim-
ited. The order is expressed in terms of the time-step
dt, a characteristic length of the element h and the or-
der of the scheme k [1]. Standard stabilised finite ele-
ments are used for the scalars, while the time integra-
tion is carried out by means of an explicit third order
Runge-Kutta scheme for momentum and scalars. The
Lagrangian particles representing the liquid phase are
solved using a semi-implicit time-integration method
based on the Newmark algorithm [6], which is used to
to obtain the location and velocity of the particles. The
system of energy and mass ODEs is strongly coupled,
and variations in evaporation rates influence droplet
surface temperature. An implicit method is used to
solve the heat and mass transfer after the particle ve-
locities are updated. The proposed modelling and nu-
merical framework have been developed in the multi-
physics code Alya [2].

3 Chemistry description
The selection of an appropriate reaction mecha-

nism able to describe the chemical evolution of the
combustion process is important in these flames. Low
temperature chemistry is required to capture the un-
steady phenomena of the cool flame or the neg-
ative temperature coefficient (NTC) [20] behaviour
observed in complex hydrocarbon fuels like dode-
cane [12]. Including low-temperature chemistry can
result in a significant increase in the size of the mech-
anism and the complexity of generating the flamelet
manifold. In fact, the correct prediction of the ignition
delay (ID) and the lift-off length (LOL) are determined
by the low temperature chemistry [15]. As described
by Kahila et.al [9], simulations of Spray A are re-
stricted to certain level of reduction in the mechanisms
even when flamelet methods are applied, revealing the
need of systematically reduced mechanism optimized
for autoignition and flame propagation. These mech-
anisms are extremely valuable for future research ac-
tivities and possibly necessary for the application of
other models like the Conditional Moment Closure to
such problems.

Three different reaction mechanisms are consid-
ered in this study. The reference mechanism is the
detailed mechanism by Cai et al. (2020) [3] that con-

tains 328 species and 1611 reactions and was designed
to predict fuel autoignition at high pressure. A re-
duced mechanism developed by RWTH Aachen [3, 7]
with 254 species and 1188 reactions was considered
and compared with a reduced mechanism developed at
BSC generated by PFA. This mechanism contains 168
species and 740 reactions, and is also derived from the
same detailed mechanism. Such reduced scheme was
generated by identifying ”key species” which are rel-
evant to the specific combustion problem at spray A
nominal conditions and the choice of the ”key species”
was motivated by a combination of prior knowledge
and references in the bibliography. Moreover, the re-
duced mechanism needs to be accurate at a variety of
thermo-chemical states, hence the PFA algorithm was
performed over a range of equivalence ratios and mix-
ture temperatures to obtain reduced mechanism at each
of the states. Common species and reactions in these
sets were then used to create the final reduced scheme.
Note that there is a significant reduction, around 50%,
in the total number of species and reactions increas-
ing the feasibility of the chemical mechanism to be
applied to various combustion models.

The composition of OMEx used in this study was
driven from experiments carried out in [13, 14] and
corresponds to 57.9 and 28.87 and 10.08 % for OME3,
OME4 and OME5, respectively. However due to the
unavailability of the chemistry of OME5 in the mech-
anism and the similarities in the oxidation paths of
OME4 and OME5, the composition in this study was
modified to assign the mass from OME5 to OME4. A
preliminary validation of the proposed reduced mech-
anism for ignition delay using a set of homogeneous
reactors (HRs) at 60 atm and stoichiometric conditions
is shown in Figure 1. These conditions are represen-
tative of those of diesel engines and resemble the con-
ditions in spray A. A satisfactory agreement is found
for the BSC-S 168 reduced scheme compared to the
reference mechanism.

4 Results

Computational cases
The case targeted in this study corresponds to the

nominal condition of the spray A from the Engine
Combustion Network (ECN) [17], but using OMEx
instead of dodecane. Ambient temperature is fixed
at 900 K, while fuel is injected at 363 K in a high-
pressure combustion chamber at 60 bar. The molar
content of oxygen is XO2 = 0.15 while the air den-
sity values 22.8 kg/m3. Fuel is injected at 150 MPa
through a nozzle with a nominal diameter of 90 µm
and discharge coefficient of 0.9 (nozzle 210675) for a
long injection rate.

A structured O-mesh composed of a cylinder with
a radius of 23.5 mm, a height of 108 mm and an in-
ternal prism with a square base of 1.938 mm of side
is considered. A cell size of 62.5 µm is used in such
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Figure 1: Ignition delay as a function of the initial tem-
perature for the evolution of a set of HRs with stoichio-
metric mixture and pressure of 60 atm for the detailed
and the reduced mechanisms.

internal prism for the near nozzle flow following the
recommendations in the literature [18]. The mesh con-
sists of 6M hexaedral elements with a discretization of
157 × 124 × 292 elements in the radial, azimuthal
and axial directions, respectively. In the following,
the analysis of the ability of the reduced mechanisms
to describe the combustion process of high-pressure
OMEx spray flames is carried out.

Analysis of the chemical evolution of homogeneous
reactors

The temporal evolution of temperature and fun-
damental species considering homogeneous reactors
for the three mechanisms are shown in Figure 2.
Three equivalence ratios, lean (φ =0.7), stoichiomet-
ric (φ =1.0) and rich (φ =2.0) are allowed to evolve
from an initial temperature of 900 K. HRs are selected
as the first validation step as the chemical evolution
of the mixture is described by chemistry only. The
results indicate that the reduced mechanisms are able
to reproduce not only the ignition delay, see Fig. 1,
but also the low temperature chemistry related to the
cool flame. A good agreement exists for fundamen-
tal species like CH2O and OH, tracers of the low and
high temperature combustion, respectively, indepen-
dently of the fuel/air ratio. However, some deviations
are observed for C2H2, the first soot precursor, proba-
bly caused by the complexity and the diversity of reac-
tions involving acetylene. Notwithstanding, the flame
structure is well-reproduced by the proposed BSC-S
168 mechanism in the absence of diffusion.

Analysis of the 1D flame structure
The proposed reduced mechanism is further anal-

ysed by including the transport phenomena in a 1D
counterflow diffusion flame. The temporal evolution
of the flame ignition along the mixture fraction is
shown in Fig.3 for boundary conditions correspond-
ing to those of the spray A at nominal condition and

strain rate equal to 500 1/s for the three mechanisms.
It is observed that the two reduced mechanisms were
able to reproduce the evolution of ignition from lean
to rich conditions with a smooth temperature rise. At
certain time, the most reactive mixture fraction ZMR

becomes rich by an increase of temperature, and the
process develops to certain extent with an equivalence
ratio close to 2.

During the first steps, the ignition is relatively uni-
form across the mixture fraction, as shown by the
smooth profiles of mixture fraction. The first ignition
is followed by a slow down of the chemical activity un-
til a radical pool is established and the second ignition
starts. A rapid advancement of the flame ignition is
produced by the diffusion of energy and species from
ZMR = 0.19 to its surrounding accelerating the over-
all ignition process. The three reaction mechanisms
were able to capture this process. The comparison of
the time evolution of most reactive mixture predicted
by the three mechanisms is shown in Fig.4 that demon-
strates that the temporal evolution of the flame is in
good agreement for the three mechanisms too. There-
fore, the temporal indicators of the flame, as the igni-
tion delay, are not altered by the chemical mechanism
reduction and, together with previous results, it can
be concluded that the BSC-S168 reduced mechanism
captures the whole ignition process for the 1D flame.
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Figure 4: Temporal evolution of the most reactive mix-
ture fraction for the 1D flame at strain rate 500 1/s for
the three mechanisms.

Analysis of the reacting spray
The proposed mechanism is finally tested at the

ECN Spray A nominal condition with long injection.
A calibration of the injection was conducted previ-
ously at inert conditions to reproduce the spray pen-
etration and liquid length. After calibration, the flame
metrics ID and LOL were computed according to ECN
criteria [17]. The values compared to the measure-
ments from Pastor and co-workers [13, 14] are shown
here in Table 1. It is observed that the reduced mech-
anisms are in good agreement with the detailed one as
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Figure 2: Temporal profiles for temperature (left), CH2O (center left), OH (center right) and C2H2 (right) for a set
of HRs at lean, stoichiometric and rich mixtures for the detailed and reduced mechanisms.
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Figure 3: Temporal evolution of the autoigniting flamelets at strain rate 500 1/s for OMEx using the detailed (left),
Aachen reduced (center) and BSC-S 168 (right) mechanisms. Vertical line represents stoichiometric mixture frac-
tion, dashed line the evolution of the most reactive mixture fraction and the solid line the flamelet with maximum
temperature equal to 1300 K (see ECN ignition delay definition)

ID (µs) LOL (mm)
Experiment 323 19.33

Detailed 293 21.15
Aachen Reduced 331 19.19

BSC 168 327 19.03

Table 1: ID and LOL for experiments and simulations
for the three mechanisms.

well as the experiments.

Figure 5: Temperature distribution of OMEx spray
flame under ECN Spray A nominal conditions using
three reaction mechanisms detailed (left), BSC 168
(center), Aachen (right) at 1.875 ms.

The characteristics of the spray with the three
chemistry descriptions are shown in Fig. 5 by instanta-

neous fields of temperature of the reacting spray dur-
ing auto-ignition. It can be seen that the flame shape
is basically the same for all of them and the dynamics
of the flames are well reproduced.

5 Conclusions and Future Work
A reduced mechanism has been generated for

OMEx fuel from a reference mechanism [3] using the
PFA technique, with limited knowledge of the chem-
istry of the fuel. OMEx fuels have a large interest due
to their chemistry which avoids soot formation mak-
ing them a potential candidate for their use in internal
combustion engines. A reduction around 50% in the
total number of species and reactions was achieved us-
ing an automatic reaction mechanism reduction strat-
egy. A systematic evaluation of the new mechanism
has been carried out at different levels of complexity
at spray A nominal conditions from ECN to evaluate
its ability to reproduce flame structure of the refer-
ence mechanism. It has been shown that the tempo-
ral evolution for species in a HR is well-reproduced,
even for acetylene some discrepancies were observed
requiring further investigation. Moreover, an excel-
lent agreement is found in the flame structure during
the autoignition of the 1D flames. Finally, the global
flame metrics for spray A along with the flame shape,
are well reproduced by the reduced mechanism indi-
cating that it is able to capture the chemistry of the
flame. Further analysis is being conducted to evaluate
in more depth the accuracy of the new mechanism.
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E.J. Pérez-Sánchez. Influence of the n-dodecane
chemical mechanism on the cfd modelling of the
diesel-like ecn spray a flame structure at differ-
ent ambient conditions. Combustion and Flame,
208:198–218, 2019.
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Introduction

Wall-bounded unsteady turbulent flows have a broad spectrum of applications ranging from aerofoil
design to power generation in wind farms. Large eddy simulation (LES) avoids the computational
cost of resolving all velocity scales by filtering the flow field and retaining only the energy containing
scales. The contribution of the small-scale motions to the filtered Navier-Stokes equations is modeled
via sub-grid scale (SGS) models for the residual stresses.

Near the wall, the size of the energy containing eddies becomes roughly proportional to the dis-
tance from the wall, which leads to a much higher grid resolution (Larsson et al., 2016; Park and
Moin, 2014). Therefore, the promise of LES to base the calculation solely on the large-scales is
negated in the near-wall region. Wall-modeled LES couples the flow near the wall to the outer region
by applying artificial traction boundary conditions. This reduces the computational cost by one to
three orders of magnitude compared to a wall-resolved LES (Park and Moin, 2014). For each time
step of the outer flow, the small eddies in the wall layer pass through several life cycles. There-
fore, wall models use an unsteady Reynolds-averaged framework to depict the velocity and pressure
fields in the wall-region. Coupling unsteady LES with the temporally-averaged flow in the wall layer
represents a substantial challenge for wall-modeled LES, and can result in the so-called log-layer mis-
match. In this study, the coupling of the wall-model to the LES field at the matching point, and the
location of the matching point are simultaneously investigated to minimise the log-layer mismatch
in wall-modeled LES.

Methodology

The LES solution provides the wall layer with its top boundary conditions, while the wall layer
returns the value of the wall shear stress to the first grid point near the wall in the LES as a new
boundary condition. As such, the top boundary of the wall layer is coupled to the instantaneous
velocity field of the LES, even though it models the wall layer based on the Reynolds-Averaged
Navier-Stokes equations. This can lead to an over-prediction or under-prediction of the wall shear
stress, that becomes manifest in the mean velocity field as a log-layer mismatch (Larsson et al.,
2016). One solution is to temporally filter the LES velocities at the matching point and use them
as the top boundary conditions for the wall layer (Yang et al., 2017). This method decreases the
log-layer mismatch by reducing the unsteadiness of the local LES flow field by averaging over a
specific time period. Hence, the top boundary of wall layer becomes more compatible with the wall
model’s temporal scheme. Increasing the filtering time improves the log-layer mismatch, however too
large a filtering time results in an artificial and erroneous instantaneous solution. It was shown that
filtering time scales greater than the convective time scale, i.e. the time to transport the wall-normal
turbulence across the wall layer, result in a negligible mismatch.

Using a coarse grid LES near the wall for the purpose of reducing the computational cost intro-
duces errors associated with the SGS model; instead, the wall-model is responsible for computing the
effect of the small-scale structures near the wall (Nicoud et al., 2001). The effectiveness of the SGS
model is strongly dependent on the height of matching point. Moving the matching point to a higher
grid point in the LES domain, i.e. farther from the wall, will typically improve the performance of the
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SGS model (Kawai and Larsson, 2012). The purpose of the solution on the grid below the matching
point is to satisfy conservation of momentum and transport the effects of the solid boundary to the
outer region.

Numerical Method

The incompressible Navier-Stokes equations are discretized based on the finite-volume method with
a second-order accurate scheme on a collocated grid. A two-step fractional step method is used to
solve the unsteady momentum equations. A dynamic non-linear SGS model is used to include the
effects of residual stresses on the resolved flow field (Wang and Bergstrom, 2005). A non-equilibrium
wall-model is implemented to resolve the wall layer and calculate the instantaneous wall shear stress
based on the unsteady thin boundary layer equations (Park and Moin, 2014). A turbulent channel
flow at Reτ = 2000 is used as the test flow, with a domain size of 2πδ × 2δ × 4

3πδ in the stream-
wise, wall-normal and spanwise directions, respectively. A uniform grid in all three directions with
Nx = 112, Ny = 96, and Nz = 96 results in a resolution of ∆x+ ≈ 107, ∆y+ ≈ 41, and ∆z+ ≈ 85.
The matching point is located at the fourth node off the wall where y+ = 148, and a uniform grid
with 30 grid points is implemented to resolve the wall layer. The time-filtering for the LES field

passed to the wall layer is performed over a characteristic time scale of T = hwm
κuτ where hwm is the

height of the wall layer, uτ is the friction velocity, and κ = 0.41. The CFL (Courant-Friedrichs-Lewy)
number is 0.5 for the LES, whereas the wall model uses CFL = 15. A no-slip boundary condition is
implemented at the upper and lower walls, and the flow is periodic in the streamwise and spanwise
directions.

Result

Fig. 1a depicts the location of the matching point relative to the wall layer and LES domain using
the 4th node, and Fig. 1b shows the corresponding height of the matching point in wall units along
with a schematic of the mean velocity profile. The first node (j = 1, y+ = 21) is located inside the
buffer layer and outside the viscous sublayer; the SGS model cannot realistically predict the small
scale motions in that region using such a coarse mesh. If the first node was chosen as the matching
point, the LES flow information at this node would need to be temporally filtered to prevent the
introduction of large fluctuations to the wall layer. The present study specifically explores the use
of time-filtering when the matching point is located at 4th node, where the grid size corresponds to
the size of some crucial flow structures.

The results for the wall-modeled LES channel flow with the matching point at the 4th node and
using a time-filtering scheme is shown in Fig. 2. The upper part of the mean velocity profile matches
well with the results of a direct numerical simulation of a channel flow at Reτ = 2003 (Hoyas and
Jiménez, 2006). The lower part of the profile shows the deviation between the wall-modeled LES
and DNS profile, which is the focus of this study. The wall model does a relatively good job of
reproducing the mean velocity profile below the matching point all the way to the wall. Some further
preliminary results indicate that no time-filtering scheme is required when the matching point is
located at the fifth node or higher in the LES domain. However, the role of time-filtering is crucial
when the matching point is located close to the wall. The full paper will provide additional details
of the wall model considerd and a comprehensive set of numerical results.
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(a) Wall layer in the LES domain (b) Location of nodes in mean velocity profile

Figure 1: Schematic of wall layer implementation.

Figure 2: Mean velocity profile of channel flow at Reτ = 2000 wall-modeled LES with time-filtering
and matching point at 4th node.
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The flow around a 5:1 rectangular cylinder is the
focus of the international benchmark BARC, whose
results are collected in the review of Bruno et al.
(2014). This shape is interesting because it can be
considered a model problem e.g. for tall buildings or
bridge sections. Despite its simple geometry, a com-
plex flow is present. The boundary layer separates
from the upstream edges becoming a separated shear-
layer, which starts to roll-up forming vortical struc-
tures of different size (see the top part of Fig. 1). The
corresponding mean flow is characterized by a recircu-
lation region ending by mean flow reattachment close
to the trailing edge (bottom part of Fig. 1). Further-
more, downstream in the wake the classical vortex
shedding occurs. Among the experimental and numer-
ical realizations of the BARC flow, a significant dis-
persion was found in the flow features on the cylinder
side (Bruno et al. 2014, Mariotti et al. 2017, Man-
nini et al. 2017, Lunghi et al. 2021, Pasqualetto et
al. 2021). Recently, Moore et al. (2019) experimen-
tally investigated on the shear layers dynamics through
the inspection of the average and fluctuating vector
fields and defined important length scales such as tran-
sition lengths and reattachment lengths, whereas Roc-
chio et al. (2020) and Mariotti et al. (2020) numeri-
cally highlighted that a very small rounding of the up-
stream edges has a significant effect on the location
of Kelvin-Helmholtz instability and on the mean reat-
tachment length.

The aim of the present work is twofold: (i) give
new insights on the geometrical and fluid-dynamical

Figure 1: Instantaneous vortex indicator λ2 and mean flow
streamlines.
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Figure 2: Sketch of the numerical set-up.

features that rule the dynamics of the shear layers de-
taching from the upstream edges of the BARC geom-
etry by synergically using LES simulations and exper-
iments; (ii) study the effects of a small rounding of
the upstream edges on the shear-layer dynamics and,
hence, on the flow features on the cylinder side. The
work starts from an in-depth analysis of the numerical
results of our simulations having sharp or rounded up-
stream edges, whose set-up is sketched in Fig. 2. We
adopt the same numerical set-up of one of the simula-
tions in Mariotti et al. (2017) having perfectly sharp
edges, which predicts a short mean recirculation re-
gion, and small values of the rounding r of the up-
stream edges of the body are introduced, of the order
of manufacturing tolerances. Complementary experi-
ments are ongoing in the subsonic wind tunnel of the
University of Pisa, considering 5:1 rectangular cylin-
ders with almost sharp and rounded upstream edges.
Pressure and hot-wire-velocity measurements are ac-
quired, with particular focus on the region close to the
location at which the shear layer rolls up in Kelvin-
Helmholtz vortexes.

The mean pressure coefficient distributions for the
simulations carried out with different degree of round-
ness of the upstream edges are compared in Fig. 3
with the results of the simulation with sharp edges
in Mariotti et al. (2017), with the ensemble statis-
tics of the BARC experiments (Bruno et al., 2014)
and with the experiments in Mannini et al. (2017).
Even for the smallest considered radius of curvature,
i.e. r/D = 0.0037, the mean recirculation region,
which is related to the location at which the mean pres-



sure start to increase, is much longer than with a sharp
edge and, hence, the agreement with the experimental
data is much improved. The length of the mean recir-
culation is, in turn, related, with the location at which
the shear layer rolls up in Kelvin-Helmholtz vortexes
(see Fig. 1) that can be estimated in simulations by an-
alyzing the evolution of the TKE along the shear-layer
outer edge. It is found that the shear-layer transition
length, smaxTKE

0.99 , i.e. the position at which the max-
imum TKE value occurs, is the key parameter for the
length of the mean recirculation region, sr.
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Figure 3: Mean pressure coefficient distribution on the cylin-
der side.

In Fig. 4 the results obtained for simulations hav-
ing upstream-edge roundings (colored markers) and
the ones for sharp edges (grey markers) collapse on
a straight line. In particular, the more upstream roll-
up of the shear-layer, and consequently the shorter
length of the mean recirculation region, for the sharp-
edge case are related with the faster TKE growth.
Even very small values of the edge curvature radius
have a dramatic impact on the numerical solution.
Experiments are, thus, ongoing for different values
of the upstream-edge rounding, comprising hot-wire-
velocity and differential-pressure measurements. The
results will be discussed in the final presentation, in-
cluding a further analysis of the physical phenomena
that control the shear-layer evolution and the charac-
terization of the relevant frequencies.
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Figure 4: Correlation of the position of the maximum of the
TKE along the shear-layer edge and the mean reat-
tachment length.
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Abstract
This paper discusses flow separation predic-

tion capabilities of different Delayed Detached-
Eddy Simulation (DDES) methods: standard DDES,
DDES with shear-layer-adapted subgrid length scale
(DDES-SLA), DDES with Baş-Çakmakçıoğlu transi-
tion model (DDES-BCM), and DDES-SLA with the
BCM model (DDES-SLA-BCM). For the transition
model, an additional term, which makes the origi-
nal model applicable to the DDES-SLA framework, is
also hereby proposed. First, the new term is calibrated
on a NACA0012 case. Then, simulations of flow over
a circular cylinder are conducted. Reynolds numbers
range from 104 to 106, revealing both transitional and
fully turbulent flow regimes. Thanks to the transition
model, the closest results to the measured data from
literature are obtained using DDES-BCM. However,
using the model with the SLA length scale seems to
disrupt the separation mechanism inside boundary lay-
ers although this is not observed in DDES-SLA re-
sults. This points to a possible interference of SLA’s
eddy reduction with the transition model, which re-
quires further development of the model.

1 Introduction
Detached-Eddy Simulation (DES) has become a

widely used approach for simulating separated flow
problems where large eddies dominate the field. De-
layed DES (DDES) aims at keeping its eddy-resolving
mode (LES-like mode) out of the boundary layers,
while being able to fully model the eddies inside them.
By contrast, in attached flow problems, where laminar-
turbulent transition takes place and/or laminar separa-
tion occurs, DDES does not easily let the instabilities
grow. This is because the underlying RANS model
assumes a fully turbulent flow throughout the field,
such that a large amount of modelled stress is trans-
ported from the modeled inner layers to the resolved
outer layers. One of the modifications to DDES, shear-
layer-adapted (SLA) subgrid length scale (Shur et al.,
2015), detects these instabilities to some extent, and
then enables quick switching from the RANS mode to
the LES-like mode by curbing the eddy viscosity. If
the near-wall resolution suffices, DDES with the SLA
subgrid length scale (DDES-SLA) yields quite accept-

able results (Yalçın et al., 2018). Nevertheless, pre-
dicting the onset location of boundary layer transition
is vital to enhance the aerodynamic results, which re-
quires the incorporation of a transition model.

Recently, a zero-equation (algebraic) correlation-
based transition model, called Baş-Çakmakçıoğlu
(BCM) model, has been introduced (Cakmakcioglu
et al., 2020). This model algebraically computes a lo-
cal intermittency function that suppresses the produc-
tion term of the turbulence model equation(s) unless
transition criteria provided by some experimental cor-
relations are met. This is a very affordable and effi-
cient model that can predict the onset of natural, by-
pass, or separation-induced transition in steady-state
flow problems without solving any transport equa-
tions. In fact, in the wall-modeled LES (WMLES)
use of DDES, solution of additional transport equa-
tions would cause much overhead. For instance, a
k − ω − γ − Reθ approach would involve solving
9 equations in total. In particular, this would be too
much overhead in the LES zone as compared to a
Smagorinsky LES, where high spatial and temporal
resolution is evident. Therefore, we estimate up to
33% increased efficiency of the solution algorithm
when BCM is used instead (6 PDEs against 9).

This study aims to devise efficient means to predict
transition in DDES. In this regard, DDES is examined
in transitional flow problems by using the BCM tran-
sition model with or without the SLA subgrid length
scale. In order to combine DDES-SLA and BCM
models smoothly, an additional triggering term for
BCM is proposed. The resulting transitional DDES
configurations are evaluated through simulations of
flow around a cylinder with low to high Reynolds
numbers and the NACA0012 airfoil under slight sep-
aration. This paper starts with a brief introduction of
the methodology of the transitional DDES, and then
demonstrates the aerodynamic results with compar-
isons to available numerical and experimental data.
The paper ends with the closing remarks.

2 Methods

Flow Solver
METUDES (Cengiz, 2018), is a time-accurate,

compressible, in-house Navier-Stokes solver. A modi-



fied Spalart-Allmaras (S-A) turbulence model (Crivel-
lini and D’Alessandro, 2014) is used for closure. This
provides the liberty of setting zero initial eddy viscos-
ity throughout the computational domain. Whether to
resolve or model the turbulence is managed by various
DES implementations. The spatial discretization is a
fourth-order low-dissipation low-dispersion finite vol-
ume approach defined on 3-D curvilinear grids. The
temporal discretization is the preconditioning-squared
approach which makes use of dual-time stepping to-
gether with a low Mach number preconditioning and
matrix time stepping.

Transitional DDES

Shear-layer-adapted (SLA) subgrid length scale
DDES is a hybrid RANS/LES method, which uses

RANS equations everywhere, but changes the distance
function to an LES-like subgrid length scale outside
the boundary layers. The LES mode operates with
strong ties to the subgrid length scale. It is the max-
imum cell dimension in DDES. The SLA approach
(Shur et al., 2015), on the other hand, redefines this
length scale such that it depends not only on the grid
cell dimensions, but also on the flow. In fact, this is re-
alized in two levels. The first level is a vorticity-based
length scale. The second level concerns detecting the
Kelvin-Helmholtz (K-H) instabilities in shear layers,
where it reduces the subgrid length scale effectively.
As a result, the LES mode fully takes over, curbing
the damping effect of the RANS mode; therefore, the
emerging instabilities continue developing.

Baş-Çakmakçıoğlu transition model (BCM)
The BCM model (Cakmakcioglu et al., 2020) sim-

ply uses an intermittency function, γBCM, to acti-
vate/deactivate the production term of the turbulence
model’s transport equation. The function γBCM con-
sists of two terms. Term1 is used to trigger transition
in the outer boundary layer through vorticity Reynolds
number (Reν) which is computed based on only the
local values. Term2 transports the intermittency func-
tion, produced by Term1, into the boundary layer. The
idea here is to benefit from the convection and diffu-
sion features of the already-solved turbulence model
instead of solving extra transport equations. γBCM
takes the value 0 in laminar flow, while it abruptly goes
to 1 as the transition criterion is met. This function is
simply locally calculated as

γBCM = 1− exp(−
√

Term1 −
√

Term2) (1)

Term1 =
max(Reθ −Reθc, 0.0)

χ1Reθc
,

Term2 =
max(νt, 0.0)

χ2ν

(2)

where Reθ = Rev
2.193 and Rev =

d2wΩ
ν . χ1 = 0.002,

χ2 = 0.02 are the calibration constants. ν and νt are
kinematic and eddy viscosities, respectively. Ω is the

magnitude of the vorticity vector whereas dw is the
nearest wall distance. The critical momentum thick-
ness Reθc is computed as

Reθc = 803.73(Tu∞ + 0.6067)−1.027 (3)

Incorporation of the transition model into the
DDES approach

In its LES mode, DDES relies on the balance be-
tween the production and destruction terms of the S-A
equation. It can be easily shown that such a balance
resembles the Smagorinsky subgrid-scale model. In
order not to disrupt this behaviour at all, the intermit-
tency function is multiplied not only by the production
term, but also by the destruction term (unlike the orig-
inal model) as:

∂ν̃

∂t
+ V · ∇ν̃ = Ψ + γBCM(Π− Φ) (4)

where ν̃ is used to obtain the eddy viscosity, V is the
flow velocity vector, and the terms on the right hand
side represent diffusion, production, and destruction,
respectively.

An additional driving term to the transition model
The BCM transition model, by design, functions

fairly well for steady RANS simulations. However, in
an unsteady case, particularly when the flow unsteadi-
ness is as strong as in the LES mode of DES frame-
work (i.e. time and length scales are small enough),
the model fails to generate persistent values for in-
termittency. In fact, the intermittency function γBCM
itself becomes intermittent. Consequently, the pro-
duction term of the S-A equation can hardly produce
eddy viscosity, owing to the time lag between the in-
put from the transition model and the response by the
eddy viscosity generation. The aforementioned decou-
pling of the transition model from the RANS equation
can be overcome through including a history effect to
the transition model. This can be accomplished us-
ing transport-equation-based transition models, which
have been widely used in industry, not only in the
RANS area (Menter et al., 2006, 2015), but also in
DES studies (Sørensen et al., 2011; Xiao et al., 2015).

The authors hereby propose another approach to
circumvent this shortcoming. The addition of a third
term to the intermittency function is considered,

Term3 = fd(χ3 < VTM >)p (5)

where χ3 and p are calibration constants. Here,
VTM, called “Vortex Tilting Measure”, works as a de-
tector of resolved turbulence induced by the K-H insta-
bilities. The angle brackets, 〈·〉, mean the value is aver-
aged over neighboring cells. The boundary shielding
function fd from the DDES framework ensures that
Term3 can only be active outside the boundary layer.
In fact, transition in shear layers as well as in wakes
are also targeted by the new term.



The VTM sensor is already used in the SLA cal-
culation. In that situation, it detects the K-H insta-
bilities so that the eddy viscosity can be reduced dra-
matically in order to allow initiation of the 3-D tur-
bulence. In this transition context however, VTM is
used in the other direction: Above a certain level of
it, the 3-D turbulence appears. Term3 simply ensures
that eddy viscosity is produced in the existence of re-
solved turbulence. Meanwhile, the LES-like mode
takes over with the help of the SLA subgrid length
scale. Consequently, Term3 serves as a bridge on the
gap between the transition phenomenon modeled in
the RANS framework and the transition taking place
in the LES framework.

The term is included in the intermittency function
(Eq. 1) as follows,

γBCM = 1−exp(−
√

Term1−
√

Term2−Term3) (6)

Since < VTM > is already calculated in the
DDES-SLA framework, implementation of Term3 is
almost effortless.

Calibration of Term3

VTM is bounded below by 0, and abruptly rises to
1 as the vorticity vector stops being aligned with any
eigenvector of the strain rate tensor. In fact, this behav-
ior may be taken as a measure of three-dimensionality
of the local flow. In its original use, i.e. in its use in
the SLA length scale, the flow is assumed to be 2-D
or quasi-2D when VTM is between 0 and 0.15. There-
fore, the values roughly around 0.15 should be focused
on during the calibration process. After some experi-
mentation, the set of parameters p = 8 and χ3 = 12
is adopted (Figure 1), which corresponds to a boost of
the intermittency function around < VTM >≈ 0.1.

Figure 1 serves also as an illustration of the inter-
mittent behaviour of Term1. It can also be seen how
Term2 is unable to keep up with Term1 without the
help of Term3. This is a severe problem especially
when a WMLES-like spatial and temporal resolution
is considered.

3 Results

NACA0012 wing section
Flow over the NACA0012 airfoil with Re =

416000, M = 0.116 is investigated as a follow-up
study of (Cengiz and Özyörük, 2020). In the present
communication, the simulation setup is identical ex-
cept that the transition model devised here is used.
Note that the previous study does not involve any tran-
sition model at all. Instead, the transition is captured
through ”apparent transition behavior” of the modified
S-A model, whereby laminar separation bubble causes
the S-A model to transition to turbulence on its own
(Crivellini and D’Alessandro, 2014).

The grid resolution (denoted as G3 previously)
was designed for the WMLES use, having stream-
wise and spanwise grid spacings, ∆x+

max = 106 and

Figure 1: Isosurface of the BCM terms with no Term3 (top),
during calibration (middle), and the calibrated
Term3.
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Figure 2: Pressure and friction coefficient distributions over
NACA0012. Note that transition in DDES-SLA is
realized by the apparent transition behavior of the
S-A model.

∆z+ = 50, respectively. Time step was also chosen to
be 4.6 × 10−4 in dimensionless units. Consequently,



the original BCM model shows severe weakness for
such high temporal and spatial resolutions as already
stated in the Methods Section.

Hereby, enhancing the model with Term3 helps us
capture the transition location fairly well. A compari-
son of the pressure coefficient and friction coefficient
distributions on the airfoil with XFOIL (Ncr = 9),
DDES-SLA-BCM, and DDES-SLA with the help of
”apparent transition behavior” is shown in Figure 2.
The transition model indeed seems to be good at repro-
ducing the transition predicted by the ”apparent tran-
sition behavior” of the turbulence model. Both pre-
dictions are also in agreement with XFOIL (XFOIL,
2013).

Circular Cylinder
Flow simulations over a circular cylinder are con-

ducted for four different Reynolds (Re) numbers:
Re = 104, 105, 5.0 × 105 and 106. Freestream Mach
number is 0.1. O-grid is generated around a 2-D cir-
cle, and it is extruded with a uniform spacing, ∆z , in
the spanwise direction. A general DES grid is com-
posed of two regions: a RANS region, near the solid
wall and an LES region, outside the boundary layer.
The RANS region starts with y+ ≈ 1 on the wall and
grows with a grid stretching ratio of 1.2. The LES re-
gion starts from the outer layer of the boundary layer
when the subgrid length scale is activated, where the
grid stretching ratio is reduced to 1.05. The LES re-
gion is created considering the suggestions of Spalart
(Spalart and Streett, 2001). There are three regions in
the wake of the cylinder (D: diameter of the cylinder):
Viscous (0.5D − 1.5D), Focus (1.5D − 15.0D), and
Euler Regions (15.0D − 50.0D). Viscous and Focus
Regions are the zones where turbulent structures are
resolved directly by the LES-like mode. Whereas cu-
bic cells are preferable in these zones, an additional
grid is examined having ∆max = ∆z (see Table 1 for
Grid 1 and Grid 2). Another criterion is changing the
span length, using the same grid resolution as for Grid
1. 0.5D, 1.0D, and 1.5D values are selected for this
purpose, referring to as Grid 1, Grid 3, and Grid 4, re-
spectively. Close views of two grids having different
resolutions in the wake region are shown in Figure 3.
Grid 1 is a single-block domain while Grid 2 is com-
posed of two blocks that are communicated by overset
technique at the interface.

A grid dependency study was performed at the
largest Re number, 106. Table 1 shows some grid
parameters with separation angles and drag coeffi-
cients as obtained by DDES. The benchmark study
(Sørensen et al., 2011) is also included for compar-
isons. It is shown that the wake resolution of Grid
1 was good enough to predict the aerodynamic val-
ues. On the other hand, when the wake resolution was
kept unaltered, it was observed that at least 1.0D span
length was necessary. Hence, the rest of the simula-
tions were performed on Grid 3.

The rest of the results are obtained by Unsteady
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Figure 3: Close views of two grids having different resolu-
tions in the wake region

RANS (URANS), DDES, DDES with the SLA sub-
grid length scale (DDES-SLA), DDES with the BCM
transition model (DDES-BCM), and DDES-SLA with
BCM (DDES-SLA-BCM). For comparisons, DDES
with and without γ -Reθ transition model results, pre-
sented in (Sørensen et al., 2011), as well as the ex-
perimental data of (Weiselberger, 1922; Delany and
Sorensen, 1953) are used.

All current simulations start with ν̃/ν∞ of 10−8.
This provides a laminar incoming flow. Turbulent
intensity is taken as 0.13 in the benchmark studies.
No-slip conditions are applied at the solid boundary,
whereas Riemann invariants are employed at the far
field boundary. Periodic boundary condition is used at
the spanwise boundary. Mean flow values are obtained
by averaging flow data gathered for a nondimensional
time of 300, following a settling time of 100.

First, isosurfaces of Q-criterion around the cylin-
der obtained by URANS, DDES, and DDES-SLA at
the same instant in time are shown to assess the differ-



Table 1: Grid dependency study. 1: (Sørensen et al., 2011)

Grid 1 Grid 2 Grid 3 Grid 4 DDES (transitional) 1

∆z 0.03125D 0.03125D 0.03125D 0.03125D 0.0156D
∆max (Focus Region) 0.06250D 0.03125D 0.06250D 0.06250D -
span length 0.5D 0.5D 1.0D 1.5D 2.0D
total number of cells 0.69 million 0.82 million 1.37 million 2.1 million 8.4 million
Cd 0.59 0.60 0.49 0.47 0.42
θseparation 110.7 112.5 106.9 106.3 109.6

ences between turbulence modeling and resolving ap-
proaches (see Figure 4). URANS reveals larger eddy
viscosity values in the wake region, because URANS
(unlike DDES) models turbulence fully in the entire
domain; this prevents formation of 3-D structures.
DDES on the contrary can bring them out, as it ac-
tivates its LES-like mode in the wake. When the SLA
length scale is used, this activation process is accel-
erated so that these structures swiftly appear after the
flow separation. In fact, reduction of the eddy viscos-
ity at the onset of flow separation provides this result.

Drag coefficient values (Cd), computed from the
averaged flow field, are compared with literature
data (Weiselberger, 1922; Delany and Sorensen, 1953;
Sørensen et al., 2011) in Figure 5. The trend of the
measurements can only be captured by the simula-
tions using a transition model. Interestingly, DDES-
SLA-BCM shows more deviations from the measure-
ments than DDES-BCM. However, among the meth-
ods without transition models, DDES-SLA gives the
results closest to the measurements. In addition, all
DDES approaches appear to perform much better than
URANS at each Re number, as expected. The onset
angles of the flow separation are shown in Figure 6.
The reason for the sudden increase of θseparation after
the critical Re number (≈ 3 × 105), observed in the
experiment, is that the separated flow is reattached,
and it separates again downstream. This behavior is
only exhibited when the SLA subgrid length scale is
used, which starts to resolve eddies earlier than other
DDES methods. This is how two separation points are
made possible by DDES-SLA and DDES-SLA-BCM.
It should be noted that in DDES-SLA-BCM results the
first separation angles observed when Re = 105 and
Re = 5× 105 do not represent the inflection point on
the wall. Instead, they represent the starting point of
a reverse flow inside the boundary layer. Unlike the
others, the separated flow is revealed without an in-
flection point, which is not physical. This indicates an
incompatibility between SLA and BCM for this prob-
lem. The possible reason is that the reduction of eddy
viscosity via the SLA length scale affects the activa-
tion of the intermittency function inside the bound-
ary layer by Term2, which is a function of the local
eddy viscosity. This might be the reason for the de-
viations observed in Cd values. On the other hand,
the success of the simulation methods with the BCM
transition model can be understood through analyzing

Figure 7 showing the angles at which the eddy viscos-
ity reaches some certain values. The studies without
BCM model show that the eddy viscosity appearance
moves to a more upstream location as Re increases up
to Re = 5× 105, while on the contrary, unless transi-
tion criteria are met, use of the BCM model prevents
such an early appearance as it suppresses the eddy vis-
cosity production.

(a) URANS

(b) DDES

(c) DDES-SLA

Figure 4: Isosurfaces of Q-criterion colored by eddy viscos-
ity contours (νt/ν∞) by different methods (Q =
103, Re = 105)

4 Conclusions
In this paper, different DDES approaches such as

DDES, DDES-SLA, DDES-BCM, and DDES-SLA-
BCM are considered in transitional flow problems. For
the incorporation of DDES with the BCM transition
model, two modifications are proposed:

• The intermittency function used in BCM is multi-
plied not only by the production term of the S-A
turbulence equation, but also by the destruction
term. This modification ensures the balance be-
tween these terms in the LES zone.
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• An additional triggering term to the BCM model,
denoted as Term3, is proposed.

From the viewpoint of the transition model, Term3

serves as a bridge between steady RANS and highly
resolved LES. It is calibrated on a NACA0012 airfoil
case with Re = 416, 000 and α = 5.4. It is observed
that the term helps capture the transition due to the
laminar separation.

A variety of Reynolds numbers are tested on the
circular cylinder. The results show that the SLA length
scale accelerates the transition from the RANS mode
to the LES-like mode after the flow separation, ensur-
ing a reduction of eddy viscosity followed by an incre-
ment of eddy resolution. This provides a better drag
coefficient estimation as compared to DDES. In addi-
tion, higher Re causes the separated flow to reattach on
the surface, and then separate again in the DDES-SLA
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Figure 7: The angles of the first appearance of certain eddy
viscosity values (solid: νt/ν∞ = 0.001, dashed:
νt/ν∞ = 3.0) for different Re numbers. 0◦ repre-
sents the leading edge.

simulations, whereas this is not observed in DDES.
This late separation is also evident from the measure-
ments. Nevertheless, the drag coefficients given by
the simulations with the transition model are in bet-
ter agreement with the experiments. The onset angles
of certain eddy viscosity levels show how the BCM
model suppresses the eddy viscosity production un-
less the transition criteria are met. This directly af-
fects the aerodynamics of the cylinder. Then again, in
some Re cases via DDES-SLA-BCM, a reverse flow
inside the boundary layer appears without flow sepa-
ration, which is not expected and directly worsens the
drag coefficient predictions. Regardless, the onset an-
gles of reverse flow are close to the flow separation
angles. The reason for this might be that the signif-
icant reduction in eddy viscosity, caused by the SLA
length scale, is spoiling the trigger mechanism of the
intermittency function via Term2.

To conclude, this study shows that BCM is a very
attractive transition model as it captures the onset of
boundary layer transition without needing to solve any
extra transport equations. Conversely, DDES-SLA can
accurately resolve the separated flow field. Although
DDES-BCM works well thanks to the proposed mod-
ifications to the transition model, further calibration
and validation are needed. Moreover, some improve-
ment is also necessary to make DDES-SLA compati-
ble with the BCM model.
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Abstract
A numerical strategy based on an immersed bound-

ary method is presented for imposing Neumann
boundary conditions in configurations where the mesh
arrangement is disconnected from the wall geometry.
The technique is validated with DNS of heat transfer in
pipe flow with isoflux condition and then used to im-
plement a versatile strategy for conjugate heat transfer.

1 Introduction
In recent years, turbulent heat transfer in wall-

bounded configurations has been increasingly inves-
tigated by DNS. Yet, most part of these studies are
carried out for channel flow following the approach
of solving the energy equation for the fluid side only
while prescribing ideal thermal boundary conditions
(TBCs), in the hope that it may represent the heat
transfer phenomena occurring in the solid body. It is
widely recognised however that idealized TBCs (e.g.,
isothermal or isoflux) cannot provide realistic repre-
sentations of real life heat transfer in every possible
scenario (Flageul et al, 2015), since simplifications
concerning the behaviour of temperature fluctuations
at the wall cannot be avoided as long as the calcula-
tions are performed for the fluid side only. This is es-
pecially true when the thermal diffusivity of the solid
and fluid are of the same order of magnitude (Flageul
et al, 2015). Alternatively, in the conjugate heat trans-
fer (CHT) framework, the heat conduction occurring
in the solid is also solved and coupled to the fluid so-
lution. This strategy can provide a fine description
of the turbulent thermal interaction between fluid and
solid media which may be valuable, for instance, to
improve RANS/LES modelling in industrial applica-
tions where fluctuating thermal stresses are a concern
(Flageul et al, 2015).

In a previous work (Vicente Cruz et al, 2021), the
authors have presented DNS results of pipe flow with
ideal mixed-type boundary conditions (MBC). The
pipe geometry was discretized with a Cartesian regular
grid for a numerical differentiation entirely based on
high-order finite-difference schemes. Dirichlet bound-

ary conditions (DBC) were ensured (for both velocity
and temperature) at the fluid-solid interface through
an efficient immersed boundary method (IBM). Ac-
curate velocity/temperature statistics and budgets of
the turbulent kinetic energy have been presented while
highlighting the spectacular saving of computational
resources allowed by the numerical method. In the
present contribution, the same computational strategy
is used and the IBM is further developed so that ideal
isoflux conditions (IF) can be prescribed, which corre-
sponds to the imposition of a Neumann boundary con-
dition (NBC). The pipe flow configuration is consid-
ered as a prototype of complex geometry in the sense
that the computational mesh does not fit the wall ge-
ometry. Thanks to a dual IBM where the new NBC
imposition is implemented, an accurate and versatile
numerical strategy for DNS with CHT is proposed.

2 Flow configuration
We consider the fully developed flow of an incom-

pressible Newtonian fluid in a pipe subjected to a con-
stant heat flux at its outer surface, as illustrated in
Figure 1-top. In the present CHT framework, heat
is conducted through the solid subdomain Ωs - de-
fined in R ≤ r ≤ Ro - and then conveyed by the
turbulent flow in the fluid subdomain Ωf - defined
in r < R. We neglect any temperature dependence
of fluid and solid material properties, the temperature
field is treated as a passive scalar. Thus, the flow is
governed by the incompressible Navier-Stokes equa-
tions and - by defining a dimensionless temperature of
the form Θ = − 1

Nu

(
T−Tb
〈Tw〉−Tb

)
with Tb and 〈Tw〉 the

bulk and mean wall temperatures respectively - fluid
and solid energy equations are expressed as

∂Θ

∂t
+ ui

∂Θ

∂xi
=

1

Pe

∂2Θ

∂xi∂xi
+ fΘ in Ωf (1)

∂Θs

∂t
=

1

GPe

∂2Θs

∂xi∂xi
in Ωs (2)

where Θ and Θs are the temperature solutions in the
fluid and solid subdomains respectively, Pe is the
Péclet number, G = α/αs is the fluid-to-solid ther-
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Figure 1: Scheme of flow and computational configuration.

mal diffusivity ratio and fΘ = 4uz/Pe is the source
term that ensures thermal stationary state in the fluid
domain. At the interface the continuity of temperature
and heat flux are expressed, respectively, as

Θ = Θs at r = R (3)
∂Θs

∂r
=

1

G2

∂Θ

∂r
at r = R (4)

where G2 = λs/λ is the solid-to-fluid thermal con-
ductivity ratio. And the isoflux condition (NBC) ap-
plied to outer surface r = Ro is

∂Θs

∂r
= − 1

G2

R

Ro
at r = Ro . (5)

However, what is commonly done in numerical
simulation of heat transfer in wall-bounded configura-
tions is to bypass the heat conduction in the solid (2)
and solve only the advection-diffusion in the fluid (1).
In this case, the physical process in the solid is simply
represented by an ideal TBC imposed to eq.(1). This
can be done by assuming, for instance, that the heat
flux transmitted from the solid into the fluid domain
through the interface r = R is also constant and hence
solve eq.(1) with IF, which corresponds to the NBC

∂Θ

∂r
= −1 at r = R . (6)

A numerical technique for IF is presented here as a
pathway into developing the IBM for imposing NBC
in complex geometries1.

3 Numerical methodology
As this work focuses on the validation of two

numerical techniques (namely for IF and CHT), re-
sults are presented only for a low-Reynolds number
Re = 5300 based on the pipe diameter (Reτ =

1The term complex geometry refers to a mesh arrangement dis-
connected from the wall geometry.

181 based on the pipe radius) and a Prandtl number
Pr = 0.71. The massively parallel code Xcompact3d
(Bartholomew et al, 2020) is used to carry out the sim-
ulations. Its spatial differentiation is entirely based
on centred compact finite-difference schemes of sixth-
order accuracy when periodic (or free-slip) boundary
conditions are applied to the boundaries of the com-
putational domain, as in here. The cylindrical pipe is
immersed in the computational domain of dimensions
Lx×Ly ×Lz = 1.6D× 1.6D× 12.5D which is dis-
cretized with a regular Cartesian grid of nx×ny×nz =
320×320×640 nodes, see schematic view in Figure 1-
bottom. The cylindrical coordinates, associated to the
pipe geometry, relate to the Cartesian ones, used by the
code, according to r =

√
x2 + y2, φ = arctan(y/x),

z = z. The corresponding mesh resolutions in wall
units in the transverse-xy and streamwise-z directions
are ∆x+ = ∆y+ = 1.8 and ∆z+ = 7 respectively.

The ability to reach DNS accuracy despite the
structurally coarse mesh resolution is a highlight of
the present numerical method. This is achieved thanks
to a small amount of artificial dissipation selectively
applied on the smallest scales to regularise the solu-
tion as in the context of implicit LES (Vicente Cruz et
al, 2020). However, differently from previous stud-
ies (Vicente Cruz et al, 2020, 2021) here, this tar-
get numerical dissipation is not introduced through
the computation of second derivatives in equations (1,
2). We use instead the viscous filtering technique for
DNS/LES recently developed by the authors (Lambal-
lais et al, 2021). It consists of designing the coeffi-
cients of a finite-difference filter to provide both the
molecular and artificial dissipations. This way, by ap-
plying the filter every time step, the diffusive terms
can be actually removed from the governing equa-
tions. In Lamballais et al (2021) for instance, the au-
thors have shown that for a DNS with this same com-
putational configuration for a Prandtl number Pr =
0.025 with MBC, the viscous filtering technique en-
abled to use a 30× larger time step with respect to the
full-explicit time integration with third-order Adams-
Bashforth used before, leading to −95% saving of
computational resources.

Another headliner of the present approach is the
customised IBM which enables the treatment of a
complex geometries despite the use of a Cartesian
mesh (Gautier et al, 2014). The method is based on
the reconstruction of an artificial solution into the im-
mersed region, as illustrated in Figure 2-right, and no-
explicit forcing is introduced in the governing equa-
tions. To ensure its effectiveness in the present compu-
tational configuration, the domain needs to be slightly
oversized by introducing the “buffer region” r > Ro,
discernible in Figure 1-bottom. For a DBC, the im-
position is straightforward, the local reconstruction is
carried out with Lagrange polynomial functions pro-
viding the desired value at the wall (Vicente Cruz et
al, 2021). For a NBC on the other hand, the technique



implemented here is an extension of the strategy intro-
duced by Narváez et al (2021) to perform CHT simula-
tion in channel configuration. The method is expanded
here to a pipe as a prototype of complex geometry.

Imposition of IF
For efficiency and simplicity reasons, partially re-

lated to the 2D MPI pencil decomposition used in the
code, all operations are carried out in 1D. This implies
that, when dealing with a complex geometry, the im-
position of a NBC - i.e. the wall-normal derivative in
eq.(6) - must be decomposed into its Cartesian com-
ponents according to

∂Θ

∂x

∣∣∣∣
w

= − cosφ
∂Θ

∂r

∣∣∣∣
w

− sinφ
∂Θ

∂φ

∣∣∣∣
w

(7)

∂Θ

∂y

∣∣∣∣
w

= − sinφ
∂Θ

∂r

∣∣∣∣
w

+ cosφ
∂Θ

∂φ

∣∣∣∣
w

(8)

where “w” denotes an inner wall value. In the present
approach however, these Cartesian wall-derivatives are
not directly imposed, instead, they are softly ensured
with the present IBM. The procedure can be under-
stood in two steps, following the scheme in Figure
2: i) Definition of a target value Θw that satisfies
the NBC; ii) Lagrange polynomial reconstruction with
Θw. In other words, the NBC is ensured through a
target DBC. Let us consider, for instance, the local
reconstruction along a x-row illustrated in Figure 2.
As Narváez et al (2021), we may define a non-centred
finite-difference scheme such as

∂Θ

∂x

∣∣∣∣
w

= aΘw + bΘi+1 + cΘi+2 + dΘi+3 (9)

so that the value Θw providing the target derivative
∂Θ

∂x

∣∣∣∣
w

(i.e., the NBC) can be estimated from

Θw =

∂Θ

∂x

∣∣∣∣
w

− bΘi+1 − cΘi+2 − dΘi+3

a
. (10)

A Taylor expansion can lead to algebraic expres-
sions for the set of coefficients (a, b, c, d) for different
orders of accuracy, they are not shown here for con-
ciseness. Nonetheless, note that these expressions are
function of the mesh size ∆x, which is constant, and
of the local mesh resolution in the vicinity of the body
∆xw, which, in turn, is geometry dependent for a com-
plex geometry. Consequently, the finite-difference co-
efficients will be geometry dependent as well. In the
code, they are defined before the time loop, as 3 × 3
matrices (using the local coordinates of the immersed
boundaries) and used later in the solver. One set of co-
efficients is needed for each of the transverse-xy direc-
tions since NBC (7) is satisfied with x-direction recon-
structions and NBC (8) with y-direction reconstruc-
tions. Because the coefficients are geometry depen-
dent, values of Θw computed with eq.(10) will be as
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ii) Lagrange polynomial reconstruction with Θwi) Estimation of target Θw ensuring the NBC

Figure 2: Two-step technique for imposing NBC.

well. This point explains how the present strategy can
reproduce temperature fluctuations at the wall (char-
acteristic feature of IF) although it is essentially based
on Dirichlet boundary conditions. Note also that first
fluid points (index i in Figure 2) are skipped. In fact,
if taken into account, ∆xw can assume very small val-
ues, leading to very large coefficients. This side ef-
fect, although algebraically correct, can cause severe
numerical instability in the solver. Here, a third-order
accurate scheme has been used which requires a sten-
cil {a, b, c, d} 6= 0.

Another obstacle still needs to be dealt with in
the present scenario. The definition of the Carte-
sian derivatives with eqs.(7, 8) depends on the knowl-
edge of their cylindrical counterparts on the right-hand
side (rhs). The wall-normal component naturally cor-
responds to the IF condition given by eq.(6). On
the other hand, the expected behaviour of the wall-
tangential component is unknown, at least in a turbu-
lent context. With a body-conformal grid, which is the
typical approach in cases like this, the imposition of
the wall-normal derivative is straightforward and the
tangential one can be simply left free. Here however,
a prediction of the wall-tangential derivative is neces-
sary in order to define the target value Θw.

We propose therefore a method based on extrapo-
lation. As a first step, the wall-tangential derivative is
computed everywhere in the fluid domain Ωf from the
Cartesian components using

∂Θ

∂φ
= − sinφ

∂Θ

∂x
+ cosφ

∂Θ

∂y
. (11)

If the Cartesian derivatives on the rhs of eq.(11) are
to be computed with the same sixth-order compact
schemes used in Xcompact3d, the temperature field
Θ should be reconstructed beforehand, since in the
present IBM framework, the reconstruction role is to
reduce contamination by spurious oscillations due to
a sharp interface (Vicente Cruz et al, 2020). In this
case, this “pre-reconstruction” should also be carried
out for a NBC which would require, in turn, a pre-
diction of Θw making the problem somehow closed-
loop. Alternatively, here, a second-order conditional
scheme is used, which consists of employing conven-
tional central difference f ′i = fi+1−fi−1

2∆x at nodes suf-
ficiently far from the immersed boundary and progres-
sively switch to non-centred difference at nodes close



to the immersed boundary2. The goal is to avoid in-
cluding nodes from the immersed region in the stencil
of the scheme, preventing contamination by interfacial
discontinuities.

Next, from its fluid values, the wall-contribution
of the tangential derivative can be extrapolated along a
Cartesian grid row. It can be done following the same
principle described for scheme (9). This time however,
instead of first-derivatives, we aim to define a finite-
difference extrapolation scheme of the form

∂Θ

∂φ

∣∣∣∣
w

= ae
∂Θ

∂φ

∣∣∣∣
i

+be
∂Θ

∂φ

∣∣∣∣
i+1

+ce
∂Θ

∂φ

∣∣∣∣
i+2

+de
∂Θ

∂φ

∣∣∣∣
i+3

(12)
As for the coefficients of scheme (9), a Taylor expan-
sion leads to expressions for (ae, be, ce, de) for dif-
ferent orders of accuracy (not shown). These coeffi-
cients are also geometry dependent because of ∆xw
and are initialized in the code together with those of
scheme (9). Differently from those however, here
∆xw does not raise stability problems and therefore
first fluid nodes may or may not be skipped, depend-
ing on the value of the coefficient ae. Here, we use a
simple first-order extrapolation without skip, i.e. with
ae = 1, {be, ce, de} = 0. From a series of prelim-
inary tests for different orders of accuracy, this con-
figuration stood out as a robust and efficient solution
to work alongside with the second-order conditional
scheme mentioned above. DNS results of validation
for this technique are presented in the next section.

Imposition of CHT
The code Xcompact3d is further developed to in-

clude a solver for the solid energy equation (2). The
method implemented is mainly based on the (post-IF
version of the) IBM to couple solid and fluid energy
equations trough the TBCs (3-5). Most commonly, in
the general CHT framework with IBM, a single com-
putational domain is used for both fluid and solid tem-
perature solutions (Narváez et al, 2021). As pointed
out by Narváez et al (2021), in most practical applica-
tions, thermal conductivities are different in the fluid
and in the solid (G2 6= 1) and hence, because of
the heat flux continuity condition at the interface, the
wall-normal derivative of the temperature can become
discontinuous. This effect is expressed by the depen-
dence on G2 in eq.(4). The resulting lack of smooth-
ness is an obvious obstacle when high-order compact
schemes are used, as in here, given the difficulty of
numerically dealing with a loss of differentiability.

In this regard, the dual IBM approach of Narváez
et al (2021) is expanded here to complex geometries.
The approach is dual in the sense that fluid Θ and
solid Θs temperature fields are defined separately, ev-
erywhere in the computational domain. In this way,
the solid subdomain Ωs is regarded as the immersed
region for the fluid solution and the fluid subdomain

2The complete formulation of the conditional scheme is not
given here for the sake of brevity.
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Figure 3: Principle of the reconstructions with the dual IBM
for G2 = 2. Solid lines are physical solutions,
dashed lines are reconstructed solutions.

Ωf becomes the immersed region for the solid solu-
tion. Consequently, each temperature solution can be
freely reconstructed without conflicting (replacing) the
physical values of its counterpart. Furthermore, com-
pact finite-difference operators of spatial derivatives
and viscous filtering perceive a smooth interface for
both Θ and Θs regardless of the value of G2, see ex-
ample in Figure 3 for G2 = 2. Hence, not only the
efficiency of the IBM is preserved but also a straight-
forward treatment for the wall-normal derivative dis-
continuity is provided.

Fluid and solid energy equations are coupled in
time with the Neumann-Dirichlet coupling method of
Giles (1997). It consists of a weak coupling where
eqs.(1, 2) are solved sequentially while admitting a
small discontinuity of the temperature at the interface.
Firstly, the fluid energy equation (1) is solved with the
TBC (3), which is prescribed as the DBC

Θ|n+1
w =

Θ|nw + Θs|nw
2

, (13)

where the superscript refers to the time-step number.
Note that for the present complex geometry, the im-
mersed boundary location does not coincide with the
Cartesian grid nodes and thus the local wall values
Θ|nw and Θs|nw must be extrapolated. This is done
with scheme (12) following the same rationale. Here
however, the extrapolation coefficients are defined to
provide fourth-order accuracy3 without skipping the
closest nodes to the interface, which requires a sten-
cil {ae, be, ce, de} 6= 0.

Next, the solid energy equation (2) is solved with
TBCs (4, 5) which are imposed as NBCs. At the outer
wall “wo”, NBC (5) is the isoflux condition

∂Θs

∂r

∣∣∣∣n+1

wo

= − 1

G2

R

Ro
, (14)

which is carried out with the IF technique described
hereinbefore. Here however, we consider this heat-
flux as purely wall-normal and hence the contribution

3Tests showed that higher-order extrapolation is better if the goal
is to extrapolate Θw instead of the wall-tangential derivative.



of the wall-tangential derivative in eqs.(7, 8) is set to
zero4. Now, to impose NBC (4) at the inner interface

∂Θs

∂r

∣∣∣∣n+1

w

=
1

G2

∂Θ

∂r

∣∣∣∣n+1

w

, (15)

the wall-normal derivative of the fluid solution (rhs)
must be known. Note that its Cartesian components
can be straightforwardly computed from the fluid so-
lution Θ with the non-centred scheme (9). Also in this
case, as the Cartesian wall-derivatives are defined di-
rectly, the estimation of the wall-tangential derivative
is not required, which makes the imposition of NBCs
in the CHT case simpler than in IF. Still, both NBCs
(14, 15) are ensured in two steps with the Lagrange
reconstruction as described for IF. More precisely, in
the illustration of Figure 3, the reconstruction of Θs

performed through the transverse-xy periodicity satis-
fies NBC (14) and the one performed through the fluid
zone r < R satisfies NBC (15).

As stressed by Flageul et al (2015), the explicit
nature of this weak coupling technique can introduce
several numerical stability limitations. Yet, the conse-
quent restriction on ∆t can be alleviated if DBC and
NBC are used for the fluid and solid fields respectively
(Giles, 1997), as it is done here. This way, for the
Prandtl number Pr = 0.71 considered here, the CFL
restriction in the fluid zone becomes stronger than the
one related to the weak coupling. In the next section,
CHT results are presented for 4 different combinations
of fluid/solid material properties - i.e. different values
of G and G2 - corresponding to distinct thermal activ-
ity ratios (Tiselj et al, 2001) K = (G2

√
G)−1. The

8 temperature solutions (4 Θ + 4 Θs) are computed in
parallel with a single velocity field in order to spare
computational resources.

4 Results

Isoflux (IF)
For the sake of conciseness and in order to directly

demonstrate the consistency of the present IF tech-
nique, only the budget terms of the temperature vari-
ance, scaled in viscous units, are assessed in Figure 4.
They are calculated as in Straub et al (2019) and com-
pared to their DNS results which were obtained with
the high-order spectral element code Nek5000. Be-
sides the small over-prediction of the molecular dif-
fusion term (which may be associated to a lack of sta-
tistical convergence), the overall agreement is satisfac-
tory, with in particular, the balance of terms being well
reproduced.

At the wall, molecular diffusive transport MDkθ

balances well molecular dissipation εkθ as the turbu-
lent transport term TDkθ vanishes due to the no-slip
condition. The two peaks of TDkθare also well cap-
tured, showing that the method reproduces well the

4The effect of the TBC imposed at the outer wall is not investi-
gated in this work.
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Figure 4: Budget of temperature variance with IF. Symbols
are DNS data of Straub et al (2019).

role associated to this term which is to drain temper-
ature fluctuations from the region where production is
most intense in order to convey them both towards the
wall and the core region (Piller, 2005).

Conjugate heat transfer (CHT)
In numerical terms, the treatment of CHT can be

seen as combination of MBC for the fluid energy equa-
tion (DBC (13)) and IF for the solid (NBCs (14, 15)).
Therefore, in the light of the validation of the IF tech-
nique and given the lack of reference results for CHT
with DNS of pipe flow, we confront our results here
only to IF and MBC (from Vicente Cruz et al, 2021).
The analysis are focused on the mean temperature
profile 〈Θ〉, temperature variance 〈Θ′Θ′〉 and stream-
wise heat flux 〈u′zΘ′〉 in function of the wall distance
(R − r), as reported in Figure 5. As IF, MBC and
CHT profiles tend to superpose each other in the core
region, axis ranges are readjusted to better assess the
near-wall behaviour of the quantities scaled in viscous
units.

No effect of the TBC is perceived on the mean fluid
temperature 〈Θ〉+ in Figure 5-top, consistently with
observations of Piller (2005) and Flageul et al (2015).
For the solid temperature 〈Θs〉+ on the other hand,
the discontinuity on the first-derivative at the interface,
provoked by the heat flux continuity condition eq.(4),
appears for the CHT cases with G2 = 2. These ob-
servations are in agreement with CHT results of Tiselj
et al (2001) and Flageul et al (2017) for the channel
flow. Note that thanks to the dual immersed boundary
technique, the smoothness of the temperature profile
is successfully preserved across the interface, regard-
less of this discontinuity and despite the fact that the
numerical differentiation for both fluid and solid en-
ergy equations (1, 2) is entirely based on high-order
compact schemes.

The profiles of the temperature variance 〈Θ′Θ′〉+
and streamwise heat flux 〈u′zΘ′〉+ are delimited by
the two ideal cases MBC and IF across the conductive
sublayer. Moreover, in the fluid region, with increas-
ing thermal activity ratio K, the profiles move from a
MBC-like behaviour (which corresponds to K = 0)



towards IF (K = ∞). This effect is evident for the
temperature variance but less visible for the stream-
wise heat flux since the no-slip condition causes it to
vanish at the wall. These conclusions cannot be trans-
posed to the solid domain as some of the profiles do
cross each other. The same behaviours has been also
observed by Flageul et al (2017) in the channel flow
framework.

5 Conclusions
New numerical techniques are introduced for sim-

ulating IF and CHT in pipe configuration. The impo-
sition of the NBCs required for both cases are mostly
based in an efficient IBM designed to ensure accu-
racy in the near-wall region. Furthermore, for the CHT
treatment, the code Xcompact3d is further developed
to include a solver for the heat conduction in the solid
which is (weakly) coupled to DNS results in the fluid,
providing a high-fidelity description of the thermal in-
teraction between the two media. Consistent results of
validation are presented which makes of this numer-
ical approach an attractive tool for RANS modelling
development while paving the way for investigating
CHT in complex geometries. Some stability aspects
of the technique need to be understood in-depth in or-
der to make the coupling method numerically stable
for any value of the thermal conductivity ratio G2.
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Figure 5: Temperature statistics with CHT at Re = 5300,
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Abstract 

In 1956 Clauser presented an approach that can be 

used for accurate estimation of the skin friction in tur-

bulent boundary layer not affected by pressure gradi-

ent. Since then, much effort has been undertaken 

worldwide aimed at improving the method to be valid 

under strong pressure gradient conditions, however, 

without succeed. This work fills the gap as it offers the 

new approach which utilises the mean velocity profiles 

and turbulence intensity profiles in estimation of the 

friction velocity. 

 

1 Introduction 

The skin friction is one of the most important parame-

ters characterising turbulent boundary layer (TBL). It is 

responsible for production of substantial portion of the 

total drag in a number of applied systems, including 

aircrafts, transportation vehicles or turbine blades. This 

parameter is of huge importance in fundamental studies 

of TBL due to its involvement into the friction velocity 

uτ which is widely used in a number of scaling ap-

proaches using in describing velocity and its fluctua-

tion profiles (Alfredsson, Segalini, and Örlü 2011; 

Artur Dróżdż, Elsner, and Drobniak 2015). Also mod-

ern computational fluid dynamics models cannot be 

validated without the information about the wall shear 

stress.  

There are few experimental methods allowing for 

measurements of the skin frictions, as for instance the 

oil film interferometry or hot wire anemometry 

(Zanoun, Jehring, and Egbers 2014), however, they are 

usually difficult to apply in practical situations. Also 

their accuracy goes down with decreasing value of the 

wall share stress – so their application in particular un-

der adverse pressure gradient (APG) condition is lim-

ited (A. Dróżdż, Elsner, and Sikorski 2018). 

In 1956 (Clauser 1956) presented an alternative so-

lution – commonly accepted as the Clauser-chart 

method (CCM) – which allows estimating the friction 

velocity based on the mean velocity profile U
+
(y

+
) by 

fitting the measured data to the logarithmic region of 

TBL. More detailed studies of CCM showed that it 

overestimates u for low Reynolds number flows 

(Blackwelder and Haritonidis 1983) and underesti-

mates u under a strong pressure gradient conditions 

(Madad et al. 2010). Since then, much effort has been 

undertaken worldwide aimed at improving the method 

to be applicable under strong APG conditions, howev-

er, without succeed. In 2009 Dixit and Ramesh (Dixit 

and Ramesh 2009) claimed that: “It appears that there 

exists no method which can yield a „quick‟ estimate of 

the skin friction especially in such strong pressure-

gradient TBLs, where the universal log law itself be-

comes invalid”. 

The recent finding of Deck et al. (Deck et al. 2014), 

suggesting that large scale motion (LSM) contributes 

much to the mean wall shear stress by their activity es-

pecially for the moderate and high Reynolds numbers, 

allowed us to find a new approach that can be used to 

determine the friction velocity based on the mean 

streamwise velocity and turbulence intensity profile 

under APG flow conditions. 

2 New method for estimation of the fric-

tion velocity under APG flow conditions  

Despite the high interest in APG TBL, there is scarce 

reliable data for flows with a strong pressure gradient 

especially close to separation that could be used to find 

the relation between the skin friction and TBL proper-

ties. Nevertheless, it was possible to identify fairly well 

amount of data for such a purpose, i.e. experimental re-

sults obtained under moderate (Monty, Harun, and 

Marusic 2011) and strong (A. Dróżdż and Elsner 2017) 

APG TBL flow conditions. The details about each ex-

periment, in particular information about ranges of fric-

tion based Reynolds number Reτ, the momentum thick-

ness based Reynold number Reθ, Clauser–Rota pres-

sure parameter β and shape factor H are collected in 

Table 1.  

As the maximum activity of LSM occurs at the 

same location as the presence of the outer peak in the 

velocity fluctuation profile we start from analysing U
+
 

value at y
+
(u‟max) in the outer zone of TBL using all the 

data collected in Table 1. When looking at the results 

(see Fig. 1a) one may observe that data from each ex-

periment can be well described using the logarithmic 

line: 

 1 ln( )U y B  
 (1)
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where κ = 0.379 and B = 3.56 (see the dashed line in 

Fig. 1a). It is also interesting to note that this logarith-

mic line almost overlaps with the  line characterised by 

κ = 0.38 and B = 4.1 and which is commonly used to 

describe the logarithmic region of TBL (Österlund et 

al. 2000). Therefore, it can be assumed that the mean 

flow at the area of the large scale centre still follows 

the logarithmic behaviour regardless of the fact that the 

wall flow is under APG. 

Table 1. Details about examined databases. 

source (Monty, Harun, 

and Marusic 

2011) 

(A. Dróżdż and Elsner 

2017) 

notation exp. 1 exp. 2 

Reτ 1780 - 3890 1910 - 3400 

Reθ 7620 - 17070 9230 - 22340 

β 1.7 - 4.75 11.5 - 27.6 

H 1.44 - 1.58 1.52 - 1.97 

Based on analysis presented in Fig.1a, one may eas-

ily conclude that the new logarithmic line (1) can be di-

rectly used in estimation of the friction velocity (for the 

range of flow parameters as in Table 1). Please note 

that the new approach, as it uses U
+
 profiles in estima-

tion of the skin friction as CCM does, will be called 

hereafter as the corrected Clauser-chart method 

(CCCM). The new CCCM relies on finding such a val-

ue of uτ, for which U
+
(y

+
) profile (represented by filled 

circles in Fig. 3a) intersects with the logarithmic line (κ 

= 0.379 and B = 3.56) at the same y
+
 position as the lo-

cal maximum in the root mean square velocity u‟ in the 

outer region of TBL, which is also the central position 

of LSM activity. 

To demonstrate performance of CCCM its effec-

tiveness in estimation of the friction velocity was con-

fronted with CCM, for experimental cases from Table 

1, in the form of the parity plot in Fig. 1. Here the grey 

symbols correspond to the shear stress velocities esti-

mated using CCM, whereas the black ones were de-

termined using newly proposed CCCM. As can be seen 

from Fig. 3 all the friction velocities estimated with 

CCCM lie within the ±2.5% limit represented by solid 

lines for all the data, i.e. for β up to 28. It is expected 

that CCCM may be valid for even higher values of β, 

however, it can be verified only when more experi-

mental results from APG will be available. Regarding 

the friction velocities estimated with the use of CCM, 

one may observe that almost all the data points are lo-

cated outside the ±2.5% limit lines. What is more, the 

relative error in estimation of uτ exceeds for most of the 

data 10% and for some of the data 20%. 

3 Summary 

This work presents a new method (CCCM) allowing 

for estimation of the friction velocity in TBL under 

APG conditions. This approach relays on finding the 

intersection point between the logarithmic line (1) and 

the mean velocity profile that can be found based on 

the location of the local maximum in turbulence inten-

sity in the outer region of TBL. The performance of 

CCCM was examined using the data obtained under 

high Reynolds number flows characterised by shape 

factors lower than 2.  It was found that the uncertainty 

of the CCCM was not higher than 2.5% for all the data, 

i.e. for β up to 28. It is expected that CCCM may be 

valid for even higher values of β, however, it can be 

verified only when more experimental results from 

APG will be available.   
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Abstract 
Turbulent length scales provide important infor-
mation for analysing and modelling turbulent flows 
and also for assessing the accuracy of simulations. 
However, while they are (relatively) easy accessible 
from Direct Numerical Simulation (DNS) data their 
accurate determination from Large Eddy Simulation 
(LES) data is less straightforward and affected by a 
variety of effects such as the physical model, the grid 
filter and discretization errors, or in other words 
some sort of unknown effective filter. The present 
work provides detailed insight in determining turbu-
lent length scales from filtered data based on a-priori, 
a-posteriori as well as theoretical analysis. 
 
1 Introduction 
The reconstruction of statistical properties from un-
der-resolved databases is a challenging ubiquitous 
problem in many applications. A general reconstruc-
tion technique based on the filtering approach has 
been proposed by Klein and Germano (2018) and ap-
plied to turbulent premixed flames in Klein et al. 
(2019). Here the same technique is applied to the re-
construction of the two point correlations and of dis-
sipation. As remarked by Davidson (2009) two-point 
correlations seem the best measure for estimating 
large-eddy simulation (LES) resolution, they are di-
rectly connected to the dissipation and a multiscale 
study of the resolved and subfilter contributions 
could be very important. Furthermore, turbulent 
length scales provide important information for tur-
bulence modelling closure strategies. The differences 
between the resolved and the total turbulent kinetic 
energy, correlation function and dissipation propa-
gate in the computation of the associated (integral) 
length scales in a yet unknown form.  

The reconstruction of second or higher order statisti-
cal moments from data provided by an LES (or un-
der-resolved DNS) is commonly based on the as-
sumption that the statistical average of the filtered 
LES quantities is the same as that of the unfiltered 
ones. As such, the statistical moment is given by the 
sum of the resolved moment associated with the 
large-eddy simulation and a subgrid scale contribu-
tion. However, this approximation is only valid for 
homogeneous turbulence and an exact relation 

between the Reynolds stress and the resolved stress, 
which contains several additional terms, has been de-
rived recently (Klein and Germano, 2018). The rele-
vance of these terms in the context of the decompo-
sition of turbulent length scales will be analysed 
based on (i) synthetic turbulence as well as Direct 
Numerical Simulation (DNS) and (ii) a-priori as well 
as (iii) a-posteriori LES data of a Taylor Green Vor-
tex. Results will be complemented by a theoretical 
analysis. 
 
2 Decomposition of Statistical Moments 
Under the assumption that mean quantities are little 
affected by filtering, i.e. ⟨𝜙𝜙⟩ = �𝜙𝜙�� where ⟨⟩ denotes 
averaging and  ⋅ �  filtering, one can easily show that 
the Reynolds stress equals the sum of resolved stress 
and the average of the subgrid scale (SGS) stress. 
While this provides only a (sometimes crude) ap-
proximation, the weaker, very general and respected 
commutation of filtering and averaging provides a 
useful starting point for an exact decomposition of 
the Reynolds stress following Klein and Germano 
(2018). From the fundamental equation �𝜙𝜙�� =
⟨𝜙𝜙⟩����  we have the decomposition of the Reynolds 
stress 𝑅𝑅𝑖𝑖𝑖𝑖 = 〈𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖〉 − 〈𝑢𝑢𝑖𝑖〉〈𝑢𝑢𝑖𝑖〉 given in Eq. 1. We re-
mark that usually the Reynolds stress is defined as 
⟨𝑢𝑢𝑖𝑖′𝑢𝑢𝑖𝑖′⟩, where fluctuating quantities are given by 𝑢𝑢𝑖𝑖′ =
𝑢𝑢𝑖𝑖 − ⟨𝑢𝑢𝑖𝑖⟩ [1,2]. 
 

𝑅𝑅𝑖𝑖𝑖𝑖 = 𝑇𝑇𝑖𝑖𝑖𝑖 + 〈𝜏𝜏𝑖𝑖𝑖𝑖〉 − 𝜗𝜗𝑖𝑖𝑖𝑖 + 𝑟𝑟𝑖𝑖𝑖𝑖  . (1) 
 
The terms on the R.H.S. of Eq. 1 are given by 
 

  𝑇𝑇𝑖𝑖𝑖𝑖 = 〈𝑢𝑢�𝑖𝑖𝑢𝑢𝚥𝚥� 〉 − 〈𝑢𝑢𝚤𝚤� 〉〈𝑢𝑢𝚥𝚥� 〉,       
𝜏𝜏𝑖𝑖𝑖𝑖 = 𝑢𝑢𝚤𝚤𝑢𝑢𝚥𝚥����� − 𝑢𝑢𝚤𝚤�𝑢𝑢𝚥𝚥� ,       

𝜗𝜗𝑖𝑖𝑖𝑖 = 〈𝑢𝑢𝚤𝚤〉〈𝑢𝑢𝚥𝚥〉���������� − 〈𝑢𝑢𝚤𝚤〉����� 〈𝑢𝑢𝚥𝚥〉����� , 
𝑟𝑟𝑖𝑖𝑖𝑖 = 𝑅𝑅𝑖𝑖𝑖𝑖 − 𝑅𝑅𝚤𝚤𝚥𝚥����  , 

 
 
(2) 

 
and only for homogeneous flows the last two terms 
in Eq. 1 vanish. The two-point correlation function is 
defined in a similar manner  
 

𝑅𝑅𝑖𝑖𝑖𝑖𝑟𝑟 (𝑥𝑥, 𝑟𝑟) = 〈𝑢𝑢𝑖𝑖(𝑥𝑥)𝑢𝑢𝑖𝑖(𝑥𝑥 + 𝑟𝑟)〉
− 〈𝑢𝑢𝑖𝑖(𝑥𝑥)〉〈𝑢𝑢𝑖𝑖(𝑥𝑥 + 𝑟𝑟)〉, 

(3) 

 



 

 

and by analogy this gives rise to the decomposition: 
 

𝑅𝑅𝑖𝑖𝑖𝑖𝑟𝑟 (𝑥𝑥, 𝑟𝑟) = 𝑇𝑇𝑖𝑖𝑖𝑖𝑟𝑟(𝑥𝑥, 𝑟𝑟) + 〈𝜏𝜏𝑖𝑖𝑖𝑖𝑟𝑟 〉(𝑥𝑥, 𝑟𝑟)
− 𝜗𝜗𝑖𝑖𝑖𝑖𝑟𝑟 (𝑥𝑥, 𝑟𝑟) + 𝑟𝑟𝑖𝑖𝑖𝑖𝑟𝑟(𝑥𝑥, 𝑟𝑟)   

(4) 

 
The longitudinal integral length scale is defined as 
the one-sided integral of the normalised autocorrela-
tion function (dropping 𝑥𝑥-dependency for clarity) 
 

𝐿𝐿11 = �
𝑅𝑅11𝑟𝑟 (𝑟𝑟)
𝑅𝑅11𝑟𝑟 (0)  𝑑𝑑𝑟𝑟

∞

0
 

(5) 

 
and it will be interesting to analyse the effects of the 
different terms of the decomposition given in Eq. 4 
onto the determination of 𝐿𝐿11 from resolved scales. 
Alternatively, a different length scale of large scale 
motions can be defined as  
 

𝐿𝐿 =
𝑘𝑘
3
2

𝜀𝜀
  𝜀𝜀 = 𝜈𝜈 �

𝜕𝜕𝑢𝑢𝑖𝑖′

𝜕𝜕𝑥𝑥𝑖𝑖
 
𝜕𝜕𝑢𝑢𝑖𝑖′

𝜕𝜕𝑥𝑥𝑖𝑖
�    𝑘𝑘 =

⟨𝑢𝑢𝑖𝑖′𝑢𝑢𝑖𝑖′⟩
2

 
 
(6) 

 
It is worth noting that turbulent kinetic energy 𝑘𝑘 and 
its dissipation 𝜀𝜀 follow similar decompositions as 
given in Eq. 1. Dissipation of turbulent kinetic en-
ergy plays also a role for determining the smallest so 
called Kolmogorov scales of turbulent motion: 
 

𝜂𝜂 = �
𝜈𝜈3

𝜀𝜀
�
1/4

 
 
(7) 

 
The focus of this work is to study the effect of the 
additional terms on extracting turbulent length scales 
from LES data and more generally on the accuracy 
of reconstructing turbulent length scales from under-
resolved simulations. 
 
3 Numerical Methods and Computa-
tional Setup 
The following discussion proceeds in two steps. The 
different terms in the decompositions given by Eq. 1 
and Eq. 4 will be first analysed based on synthetic 
turbulence generated using the digital filtering of 
random data following Klein et al. (2003). The ad-
vantage using this first approach is that turbulence 
parameters can be precisely controlled and adjusted, 
whereas in a real simulation they are dictated by 
physics. The decomposition of the Reynolds stress is 
to a large extent a matter of statistics and hence these 
results are expected to provide reliable first insights. 
Beside the analysis of synthetic turbulence a Taylor 
Green vortex (TGV) is analysed in this work. The 
configuration consists of a cube with side length 2𝜋𝜋 
and periodic boundaries in all directions. The veloc-
ity field is initialised as follows  
 

𝑢𝑢(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = cos(𝑥𝑥) sin(y) sin(z) 
𝑣𝑣(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = −sin(𝑥𝑥) cos(𝑦𝑦) sin(𝑧𝑧) 

 𝑤𝑤(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = 0  

 
(8) 

and subsequently integrated forward in time (see Fig. 
1). The flow is considered incompressible with con-
stant density. In the initial state, the Reynolds num-
ber is 1,600. The non-dimensional simulation time 
ranges from 𝑡𝑡 = 0 to 𝑡𝑡 = 25.0. After initialization of 
the flow, vortices roll up and start interacting with 
each other until they finally break down and transi-
tion to turbulence. In the final stage the flow can be 
considered fully turbulent (see Fig. 1). The open-
source code PARIS (Ling et al. 2015) has been em-
ployed for the simulations. It uses a projection 
method including a second-order predictor-corrector 
technique for time integration for solving the incom-
pressible Navier-Stokes equations. Spatial discreti-
zation is realized by the finite-volume approach on a 
regular, cubic staggered grid with second-order cen-
tred difference schemes. The computational domain 
is resolved with 2563 cells and the results provide 
good agreement with reference data from literature. 
For more details on this configuration and the com-
putational setup we refer to Reissmann et al. (2021). 
 

a)   

b)   
Figure 1. Instantaneous views of 𝑄𝑄 = 0 iso-con-
tours extracted from DNS and coloured with ve-
locity magnitude for the TGV at non-dimensional 
simulation times a) 𝑡𝑡 = 2.5 and b) 𝑡𝑡 = 25. 

 
4 Results Synthetic Turbulence 
One dimensional synthetic turbulence 𝑢𝑢 with differ-
ent turbulent length scales has been generated (Klein 
et al. 2003) on a grid of spacing Δ𝐷𝐷𝐷𝐷𝐷𝐷 and subse-
quently has been filtered using different (LES) filter 
sizes Δ employing a Gaussian filter kernel. The anal-
ysis in Klein and Germano (2018) demonstrates that 
the terms 𝜗𝜗𝑖𝑖𝑖𝑖 and 𝑟𝑟𝑖𝑖𝑖𝑖  can be approximated as 



 

 

𝜗𝜗11 = Δ2

12
�𝜕𝜕⟨𝑢𝑢⟩
𝜕𝜕𝜕𝜕
�
2

+ ⋯, 𝑟𝑟11 = −Δ2

24
 𝜕𝜕
2𝑅𝑅11
𝜕𝜕𝜕𝜕2

+ ⋯     (9) 

 
which indicates that they vanish in homogeneous tur-
bulence. Results (not shown here for brevity) have 
revealed that these additional terms  do not play a 
major role for evaluation of the longitudinal integral 
length scales 𝐿𝐿𝑖𝑖𝑖𝑖 , presumably because a normalised 
function is integrated (see Eq. 5) and the error is com-
pensated to a large extent by this normalisation. 
Therefore homogeneous synthetic turbulence has 
been considered and the decomposition of the terms 
𝑅𝑅𝑖𝑖𝑖𝑖𝑟𝑟 , 𝑘𝑘, 𝜀𝜀 assumes a simplified form consisting only of 
resolved and SGS contributions. 
Figure 2 shows that the autocorrelation function 
based on resolved scales is larger than the autocorre-
lation based on DNS fields. The filtering results in a 
spreading of information and this effect is aided by 
the missing small scales that would result in a spatial 
decorrelation. From a mathematical point of view 
this is a combination of two effects. The missing con-
tribution of 𝜏𝜏11(𝑟𝑟) in the numerator and the missing 
term 𝜏𝜏11(0) in the denominator. Both effects seem to 
compensate each other to some extent such that the 
prediction 𝐿𝐿11𝑟𝑟𝑟𝑟𝑟𝑟 based on resolved fields differs be-
tween 1% and 27% (refer to Table 1) for a ratio of 
𝐿𝐿11/Δ between 5 and 0.5 (i.e. between a well re-
solved LES grid and a very coarse LES mesh). It can 
be also seen From Fig. 2 that in the case of homoge-
neity the inclusion of the SGS contribution recovers 
the DNS results, provided a model for 𝜏𝜏11(𝑟𝑟) is avail-
able.  
 

 
Figure 2. Autocorrelation function 𝑅𝑅11(𝑟𝑟)/𝑅𝑅11(0)  
from DNS, resolved part 𝑇𝑇11(𝑟𝑟)/𝑇𝑇11(0), resolved 
part and SGS contribution normalised with corre-
sponding counterparts (𝑇𝑇11(𝑟𝑟) + 𝜏𝜏11(𝑟𝑟))/
(𝑇𝑇11(0) + 𝜏𝜏11(0)) and the individual terms 𝑇𝑇11(𝑟𝑟)/
(𝑇𝑇11(0) + 𝜏𝜏11(0)) and 𝜏𝜏11(𝑟𝑟)/(𝑇𝑇11(0) + 𝜏𝜏11(0)). 
Parameters: 𝐿𝐿11/Δ𝐷𝐷𝐷𝐷𝐷𝐷 = 10;Δ/Δ𝐷𝐷𝐷𝐷𝐷𝐷 = 10. 

 
The situation is entirely different for the length scale 
𝐿𝐿 = 𝑘𝑘3/2/𝜀𝜀 where a considerable underprediction is 
observed from Table 1 when this quantity is evalu-
ated based on filtered data. This is due to the fact that 
dissipation occurs mostly on the finest scales of mo-
tion which are smoothed out by the convolution 

operation. Table 1 shows further, that (in a-priori 
analysis) the effect depends strongly on the question 
if gradients occurring in the dissipation of turbulent 
kinetic energy are evaluated based on the equivalent 
DNS or LES mesh size. The considerable underpre-
diction of gradients on the LES mesh is consistent 
with earlier observations (Klein et al. 2015,2017) and 
can be explained based on the modified wavenumber 
diagram. All gradients have been calculated based on 
2nd order central differences.  
 

𝑳𝑳𝟏𝟏𝟏𝟏
𝚫𝚫𝑫𝑫𝑫𝑫𝑫𝑫

 |  
𝚫𝚫

𝚫𝚫𝑫𝑫𝑫𝑫𝑫𝑫
 

10|2 10|5 10|10 10/20 

𝑳𝑳/𝑳𝑳𝒓𝒓𝒓𝒓𝒓𝒓,𝑫𝑫𝑫𝑫𝑫𝑫 0.86 0.66 0.57 0.45 

𝑳𝑳/𝑳𝑳𝒓𝒓𝒓𝒓𝒓𝒓,𝑳𝑳𝑳𝑳𝑫𝑫 0.67 0.44 0.23 0.08 

𝑳𝑳𝟏𝟏𝟏𝟏/𝑳𝑳𝟏𝟏𝟏𝟏𝒓𝒓𝒓𝒓𝒓𝒓 0.99 0.96 0.89 0.73 

 
Table 1: Length scales 𝐿𝐿11𝑟𝑟𝑟𝑟𝑟𝑟 and 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 based on resolved 
quantities for different ratios of turbulent integral 
length scales 𝐿𝐿11 and filter width Δ. 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟,𝐷𝐷𝐷𝐷𝐷𝐷 
and 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟,𝐿𝐿𝐿𝐿𝐷𝐷 refer to the quantity 𝑘𝑘3/2/𝜀𝜀 evaluated 
from resolved (filtered) fields where dissipation is 
evaluated based on gradients from DNS and LES 
mesh size, respectively. 
 
5 Results Taylor Green Vortex 
 

a)  

b)  
Figure 3. A-priori evaluation of a) integral scale 𝐿𝐿𝑖𝑖𝑖𝑖 , 
note the summation over all three directions b) 
length scale 𝐿𝐿 (gradients are evaluated on the DNS 
grid) for three different filter sizes. The ratios of the 
length scales obtained from DNS and LES are 
shown. 



 

 

The analysis of synthetic data has mainly served the 
purpose of analysing possible effects of the contribu-
tions 𝜗𝜗11 and 𝑟𝑟11. Application to real turbulence is 
illustrated in terms of a-priori analysis and a-posteri-
ori analysis of the Taylor Green vortex which is 
shown in Figs. 3 and 4 respectively, where length 
scales 𝐿𝐿𝑖𝑖𝑖𝑖  and 𝐿𝐿 have been extracted from the data for 
different filter sizes.  
 
The a-posteriori LES has been conducted on a 323 
cube. Figures 3 and 4 show the ratio of the length 
scales from DNS and LES, where for the LES only 
the resolved parts are considered. Mosstly, the LES 
overestimates the integral scales in comparison to the 
DNS. Both figures indicate that, whereas 𝐿𝐿𝑖𝑖𝑖𝑖  can be 
estimated with reasonable accuracy based on filtered 
data, the determination of 𝐿𝐿 is more intricate because 
it is strongly dependent on small scale structures. It 
is important to note that the flow fields in DNS and 
a-posteriori LES (i.e. Fig. 4) diverge from each other 
with increasing time and for that reason results 
should be compared with caution. 
 

a)  

b)  
Figure 4. A-posteriori evaluation of a) integral 
length scale 𝐿𝐿𝑖𝑖𝑖𝑖  b) length scale 𝐿𝐿. Results are shown 
for the Sigma model and an LES without model. 

 
6 Theoretical analysis 
Previous results have revealed that the integration of 
the resolved autocorrelation function provides rea-
sonable estimates for the integral scales 𝐿𝐿𝑖𝑖𝑖𝑖  because 
of error compensation, whereas this is not the case 
for the length scale 𝐿𝐿, which depends on the 

estimates of 𝑘𝑘 and 𝜀𝜀 respectively. The sensitivity of 
𝐿𝐿 with respect to cut-off filter size can be quantified 
based on a theoretical analysis. Integrating the Kol-
mogorov spectrum (Eq. 10)  
 

𝐸𝐸(𝜅𝜅) = 𝐶𝐶𝐾𝐾𝜀𝜀2/3𝜅𝜅−5/3,   𝐶𝐶𝐾𝐾 = 1.5 (10) 
 
from small wavenumbers 𝜋𝜋/𝐿𝐿 to large wavenumbers 
𝜋𝜋/Δ, where Δ has been determined in such a manner 
that the integral of the corresponding dissipation 
spectrum (Eq. 11) recovers the prescribed value of 
dissipation 𝜀𝜀 appearing in Eq. 10, 
 

𝐷𝐷(𝜅𝜅) = 2𝜈𝜈𝜅𝜅2𝐸𝐸(𝜅𝜅) (11) 
provides the following estimate for the resolved ki-
netic energy:  
 

𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟 = � 𝐸𝐸(𝜅𝜅)𝑑𝑑𝜅𝜅
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(12) 

 
Here for simplicity a spectral cut-off filter has been 
assumed. It is worth remarking that for Δ2/3 ≪ 𝐿𝐿2/3 
the second term in square brackets can be neglected, 
the integral converges towards 𝑘𝑘 and the result in Eq. 
12 is consistent with the estimate 𝐿𝐿 = 𝑘𝑘3/2/𝜀𝜀 because 
the pre-factor 3/2𝐶𝐶𝐾𝐾𝜋𝜋−2/3 to the power 3/2 is close 
to unity (using 𝐶𝐶𝐾𝐾 = 1).  
 
Similarly, resolved dissipation can be estimated as 
the integral of the dissipation spectrum up to wave-
number 𝜋𝜋/Δ: 
 
𝜀𝜀𝑟𝑟𝑟𝑟𝑟𝑟 = 2𝜈𝜈 ∫ 𝐷𝐷(𝜅𝜅)𝑑𝑑𝜅𝜅𝜋𝜋/Δ
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= 3
2
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(13) 

 
This shows that for Δ2/3 ≪ 𝐿𝐿2/3 the second term in 
square brackets can be neglected, and assuming that 
𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟 ≈ 𝑘𝑘 one has  
 

𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 = 𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟
3/2/𝜀𝜀𝑟𝑟𝑟𝑟𝑟𝑟 ∼ 𝛥𝛥4/3 ∼ 𝜅𝜅−4/3 (14) 

 
Repeating the same analysis for the Kolmogorov 
scale, see Eq. 7 shows that  
 

𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 ∼ 𝛥𝛥1/3 ∼ 𝜅𝜅−1/3 (15) 
 
Assuming a turbulent Reynolds number of 𝑅𝑅𝑒𝑒𝑡𝑡 =
𝑘𝑘1/2 𝐿𝐿/𝜈𝜈 = 10000 Fig. 5 shows the ratio of 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟/𝐿𝐿  
and 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟/𝜂𝜂 as a function of cut-off wavenumber. For 
coarse resolutions both quantities are overpredicted. 
However, from the different ranges of the vertical 
axis and the asymptotic analysis it can be inferred 
that the estimation of 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 is much more reliable than 



 

 

the estimation of 𝐿𝐿. The vertical dashed lines in Fig. 
5 represent the length scale 𝐿𝐿/6, which in the high 
Reynolds number limit corresponds roughly to re-
solving 80% of turbulent kinetic energy (Pope, 
2000). 
 

a)  

b)  
Fig. 5 (a) Normalised integral length scale 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟/𝐿𝐿  
based on resolved quantities up to wavenumber 𝜅𝜅𝑐𝑐 
(solid line 𝜅𝜅−4/3) (b) Normalised Kolmogorov 
scale 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟/𝜂𝜂 based on resolved quantities up to 𝜅𝜅𝑐𝑐 
(solid line 𝜅𝜅−1/3). The vertical dashed lines repre-
sents the length scale 𝐿𝐿/6. Results are based on 
the Kolmogorov spectrum, assuming 𝑅𝑅𝑒𝑒𝑡𝑡 =
10000. 

                                                                                                              
While the Kolmogorov spectrum allows for an easy 
analysis and provides useful scaling relations it is in-
accurate in the large and small scale range. Pope 
(2000) suggested a more sophisticated model spec-
trum for turbulent kinetic energy given by the expres-
sions 
 

𝐸𝐸(𝜅𝜅) = 𝐶𝐶𝐾𝐾𝜀𝜀
2
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(16) 

 
Where 𝐶𝐶𝐾𝐾 = 1.5 and  𝛽𝛽 = 5.2, 𝑐𝑐𝐿𝐿 = 6.78, 𝑐𝑐𝜂𝜂 = 0.40,
𝑝𝑝0 = 2 are model parameters. Fig. 6 shows the en-
ergy spectrum according to Eq. 16 for 𝑅𝑅𝑒𝑒𝑡𝑡 = 10000 
and as well the energy and dissipation spectra 

integrated up to wavenumber 𝜅𝜅𝑐𝑐. It is again apparent 
from Fig. 6 that both quantities 𝑘𝑘 and 𝜀𝜀 are underpre-
dicted for underresolved data. However, whereas for 
a good LES resolution of Δ = 𝐿𝐿/6, 80% of the turbu-
lent kinetic energy are resolved the dissipation is un-
derpredicted by two orders of magnitude. This results 
in a huge overprediction of 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 as shown in Figure 
7, whereas once more the estimation of the Kolmo-
gorov scale 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 is considerably less critical. 
 

a)  

b)  
Fig. 6 (a) Energy spectrum based on Pope’s model 
assuming 𝑅𝑅𝑒𝑒𝑡𝑡 = 10000. The two solid black lines 
indicate a slope of 𝜅𝜅2 and 𝜅𝜅−5/3 respectively (b) 
Normalised, integrated energy and dissipation 
spectrum up to wavenumber 𝜅𝜅𝑐𝑐. The horizontal 
solid line indicates 80% of 𝑘𝑘. The vertical dash-
dotted, dashed and dotted lines represents the 
length scales 𝐿𝐿, 𝐿𝐿/6 and 𝜂𝜂 respectively. 

 
Figure 7 also demonstrates that the scaling relations 
obtained from the Kolmogorov spectrum still pro-
vide useful estimates in the inertial range for Pope’s  
more realistic turbulent kinetic energy spectrum. 
However, the behaviour in Fig. 7 obtained on Pope’s 
spectrum is different to Fig. 5 based on the Kolmo-
gorov spectrum for the largest and the smallest 
scales. Most importantly it can be recognized that the 
roll-off of Pope’s spectrum for wavenumbers close to 
𝜋𝜋/𝜂𝜂 results in a narrow high wavenumber range 
where both ratios 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟/𝐿𝐿 and 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟/𝜂𝜂 are close to 
unity. 



 

 

a)  

b)  
Fig. 7 (a) Normalised integral length scale 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟/𝐿𝐿  
based on resolved quantities up to 𝜅𝜅𝑐𝑐 (solid line 
𝜅𝜅−4/3) (b) Normalised Kolmogorov scale 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟/𝜂𝜂 
based on resolved quantities up to 𝜅𝜅𝑐𝑐 (solid line 
𝜅𝜅−1/3). Results are based on Pope’s model spec-
trum assuming 𝑅𝑅𝑒𝑒𝑡𝑡 = 10000. The vertical  dashed 
and dotted lines represents the length scales 
 𝐿𝐿/6 and 𝜂𝜂 respectively. 

 
6 Conclusions 

An exact relation between the two point autocorrela-
tion function in a turbulent flow and dissipation of tur-
bulent kinetic energy extracted from DNS and LES 
has been derived. Beside the resolved and the SGS 
contribution two new terms appear in the decomposi-
tion. However, due to the normalisation of the auto-
correlation function in the integrand of the turbulent 
length scales, these new terms become less important 
presumably because of error compensation of numer-
ator and denominator.  

Results based on synthetic turbulence as well as a Tay-
lor Green Vortex indicate that LES tend to overesti-
mates the turbulent length scales. Therefore LES qual-
ity assessment based on estimated large scales of tur-
bulent motion has to be treated with care. Whereas, the 
calculation of the integral length scale 𝐿𝐿𝑖𝑖𝑖𝑖  based on fil-
tered data is relatively robust due to a compensation of 
errors caused by the normalization, evaluation of 𝐿𝐿 
(which involves the dissipation 𝜀𝜀 of 𝑘𝑘) is affected by 
large errors. A theoretical analysis based on a 

Kolmogorov spectrum as well as Pope’s model spec-
trum has been conducted, showing that in the inertial 
range the scalings 𝐿𝐿𝑟𝑟𝑟𝑟𝑟𝑟 ∼ 𝛥𝛥4/3 and 𝜂𝜂𝑟𝑟𝑟𝑟𝑟𝑟 ∼ 𝛥𝛥1/3 hold 
which implies that the estimation of the Kolmogorov 
scale 𝜂𝜂 = (𝜈𝜈3/𝜀𝜀)1/4 based on resolved dissipation is 
much more reliable than the estimation of 𝐿𝐿 = 𝑘𝑘3/2/𝜀𝜀, 
because of the different powers of 𝜀𝜀 in their definition. 
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Abstract
The present work investigates the effects of three-

dimensional (3-D) distributed roughness elements on
the unsteady flow evolution within a rectangular cav-
ity with an aspect ratio of Lc/D = 3. A series of high-
fidelity eddy resolving simulations are performed at a
Mach number of 0.2 and Reynolds number of 21000,
based on the free-stream velocity and the length of
the cavity Lc. The roughness elements are periodi-
cally arranged in the spanwise direction upstream of
the cavity. We examine the effects of both sparsely and
densely distributed roughness elements on the cavity
flow physics and draw comparisons against the base-
line case without roughness. The cavity flows gener-
ate pressure fluctuations within the shear layer and on
the aft wall of the cavity due to the convection of the
Kelvin-Helmholtz roll-ups and their impingement on
the wall. We demonstrate that the roughness elements
act as passive flow control devices towards suppress-
ing these pressure fluctuations. The pre-transitional
fluctuations generated by the roughness elements pro-
mote earlier breakdown of the large coherent struc-
tures in the shear layer. When compared to the base-
line case, this has resulted in a 12dB and 4dB reduc-
tion in the sound pressure level with the densely and
sparsely packed roughness elements respectively.

1 Introduction
Cavity flows are encountered in a wide range

of engineering applications like aeroacoustics (Mar-
tin et al., 2019, Gloerfelt et al., 2003), measurement
windows of airplane configurations (Larchevêque et
al., 2003), automotive vehicle door gaps (Erbig and
Maihöfer, 2019), flow induced vibrations (Rockwell
and Naudascher, 1979), gravel-bed rivers in hydraulic
systems (Jackson et al., 2013) and so on. It has hence
been a major topic of interest within the research com-
munity for several decades, and numerous experimen-
tal and computational investigations have been carried
out in this front (Martin et al. (2019), Brès (2007)).
Flow over cavities are highly unsteady, particularly at
high Reynolds numbers. They are characterized by
destabilizing separated shear layers, unsteady interac-
tion of vortices of different scales within the cavity,

strong reverse flows, etc. In the early stages of the
shear layer evolution, primary Kelvin-Helmholtz (KH)
instabilities develop and grow exponentially leading
to two-dimensional KH roll ups. Significant pressure
fluctuations are produced as these KH roll ups convect
and impact with the aft wall of the cavity. These acous-
tic signals propagate upstream and excite the sepa-
rated shear layer. Thus a feedback loop is established
between the unsteady shear layer oscillations and re-
flected acoustic signals.

Sun et al. (2019b) investigated the effects of Mach
number on the cavity flows. It has been observed
that increasing the Mach number has a destabilising
effect in the subsonic regime and a stabilizing effect
in the transonic regime. Brès (2007) performed DNS
and global stability analysis of open cavity flows and
observed that increasing the Reynolds number signif-
icantly increases the growth rate but moderately re-
duces the oscillation frequency of the instability. It
is also noticed that when the incoming boundary layer
thickness (L/θ0) is reduced, the strength of the recir-
culation region increases, eventually leading to the de-
velopment of three-dimensional instabilities.

Unsteady flow behaviour and noise emission from
the cavity are undesirable and can degrade the entire
system performance. Heller and Bliss (1975) demon-
strated an appreciable reduction in the pressure lev-
els by slanting the cavity’s trailing edge. It ensures
that the shear layer remained uncurved over the cav-
ity length, thereby achieving a steady stagnation point
and a proper impingement angle at the rear bulk head.
Vakili et al. (1995) on the other hand used active flow
control by injecting high momentum fluid upstream of
the cavity using an external pressurised tank and ob-
served a 27dB reduction in the peak pressure.

In this paper, we discuss the behaviour of shear
layer and centrifugal instabilities in open cavity flows.
The effects of hemispherical roughness elements on
various flow parameters such as pressure fluctuations,
Reynolds stresses, shear layer growth and Rossiter
modes are examined in detail. Effects of both sparsely
and densely distributed roughness elements on the cav-
ity flow physics are studied.

2 Computational setup



Governing Equations and Numerical Schemes
Eddy resolving simulations of three-dimensional

unsteady Navier-Stokes equations are carried out us-
ing an in-house high order structured compressible
solver COMP-SQUARE. The code is extensively val-
idated in a wide range of test cases (Lin (2017), Vad-
lamani (2018), Vadlamani (2019)). The spatial deriva-
tives are estimated employing either high order com-
pact or explicit finite difference schemes of up to 6th

order accuracy. Explicit four stage 4th order Runge-
Kutta scheme is used for temporal integration. An im-
plicit filter of up to 10th order spatial accuracy with
an adjustable coefficient (−0.5 < αf < 0.5) is also
employed to eliminate spurious oscillations resulting
from the non-dissipative nature of the central differ-
ence schemes. The formulation of the numerical al-
gorithms could be found in Vadlamani (2019), Visbal
(2002), Miguel (1999). In the current simulations, all
the spatial derivatives are estimated using an explicit
4th order central difference scheme in the domain in-
terior with one-sided stencils of the same order near
the boundaries. To maintain stability and high ac-
curacy, a 6th order implicit filter with αf of 0.48 is
used. Visbal (1999) observed that the implicit filters
perform better in removing high frequency fluctua-
tions compared to subgrid scale (SGS) models. Hence,
no SGS model is used in the present study. The dis-
tributed roughness elements are represented using the
Boundary Data Immersion Method (BDIM) proposed
by Schlanderer (2017). In this technique, no slip and
no penetration conditions are enforced by solving a
meta equation. All the simulations in this study are
carried out using 2×32 GB V100 GPU cards.
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Figure 1: Schematic of the computational domain with
boundary conditions

Figure 1 shows the schematic of the computational
domain and boundary conditions employed. The ge-
ometrical configuration of the cavity considered are
inline with the experiments conducted at the Univer-
sity of Glasgow. The characteristic length scale (L),
which is the distance from the elliptic leading edge
up to the leading edge of the cavity is chosen to non-
dimensionalize all the length scales, while the free
stream velocity, (U0), is considered as the charac-
teristic velocity. The computational domain is split
into three blocks with a six point overlap between the

block interfaces to preserve the spatial accuracy of the
schemes. Riemann type inflow condition at the inlet
and a constant pressure at the exit are specified. A
slip wall condition is imposed on the entire top bound-
ary and on the bottom wall from the inlet to the elliptic
leading edge. No-slip condition is specified on the bot-
tom wall beyond the elliptic leading edge, (x/L > 5).
Periodicity is imposed in the spanwise direction. Grid
stretching is used in the wall normal and streamwise
directions at the exit to minimize any non-physical re-
flections from the boundaries.

Simulations are carried out on two grids with dif-
ferent resolutions: coarse grid (R1) and fine grid (R2)
comprising of 9.4 and 40 million grid points. Ta-
ble 1 lists the details of the test cases carried out in
this study. For the roughness cases (RCA, RCB),
grid points are doubled along the span and refined
in the streamwise direction around the roughness el-
ements to accurately resolve the geometry. A non-
dimensional time step (tU0/L) of 1.5 × 10−4 is used
for all the simulations. Initial transients are flushed
out of the computational domain for six flow through
flows (t ≈ 6L/U0). Subsequently, flow statistics are
collected for 37 through flows until the turbulent quan-
tities converged and a statistically steady state is at-
tained.

Table 1: Details of the test cases with Roughness
Test Cases

SC: Smooth Cavity surface
RCA: Rough Cavity surface A
RCB: Rough Cavity surface B

3 Results and Discussion
Inline with the experiments, the simulations are

carried out at a Reynolds number (ReL) of 31252
based on the characteristic length (L) and free-stream
velocity (U0). This corresponds to a Reynolds number
of ≈ 21000 based on the length of the cavity Lc. Ref-
erence Mach number is set to 0.2 in order to ensure
that the compressibility effects are minimal. In the
present study two roughness configurations are con-
sidered: roughness A with 7 elements and roughness
B with 14 elements. The height of the hemispheres is
chosen to be 3δ/4, where δ is the local boundary layer
thickness estimated at x/L = 5.6 for the smooth cav-
ity case. Synthetic eddy method proposed by Jarrin
et al. (2006) is used to impose free-stream turbulence
upstream of the cavity at x/L = 5.6, with a turbulent
intensity (TI) of 4%.

Validation and Grid Independence
Figures 2 a) and b) compare the streamwise

velocity and Reynolds stress profiles for both the
grids (R1, R2) against the experimental measurements
within the cavity. It can be seen that the entrainment
of the free stream fluid into cavity spreads the velocity
profile along the length of the cavity (see Fig 2 a)). In
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Figure 2: Comparison of streamwise velocity and Reynolds
stress for R1 and R2 grids against the experimental
data

Fig 2 b), it is also evident that the second order statis-
tics are in good agreement with the experimental data
till x/L ≤ 6.4 and beyond that marginal discrepancies
are noticeable. In Fig 2 b), the two peak pattern of the
Reynolds stresses beyond x/L > 6.3 observed in the
experiments is captured by the simulations. The tur-
bulence generated within the destabilizing shear layer
is the cause of primary peak while the near-wall peak
is attributed to the shear layer formed by the recircu-
lating flow within the cavity. It is also seen that the
results for both the grids are agreeing well with each
other. Hence, all the results reported in this paper are
carried out using R1 grid.

Instantaneous flow features
Figures 3 a) - c) depict the instantaneous contours

of the wall-normal vorticity within the boundary layer
at y/L=0.14. In the smooth cavity case (SC), the flow
remains laminar till x/L < 6.1; beyond this location
the separated shear layer transitions to turbulence. On
the other hand, in Fig 3 b) and c), the pre transitional
fluctuations produced by the roughness elements gen-
erate low speed and high speed streaks along the span.
The streaks induce positive and negative fluctuations
of the form ±u′ to the mean flow, Ū . The non-linear
interaction between these streaks promote laminar to
turbulent transition ahead of the cavity. In Fig 3 c),

c) RCB

-2020
y-vorticity:

a) SC 

b) RCA 

Figure 3: Contours of y-vorticity within the boundary layer
at y/L = 0.14 for a) SC, b) RCA and c) RCB

the streaks are not as distinguishable for the densely
packed elements (RCB) compared to that of RCA. The
sparse distribution of the roughness elements in RCA
induce three dimensionality to the flow field, while
the densely packed roughness elements in RCB almost
show the characteristics of a 2D roughness step.

a) RCA b) RCB

-0.5 1.3
u/u0

Horseshoe vortices

Hairpin vortices

Figure 4: Iso surfaces of Q criterion colored with stream-
wise velocity for a) RCA and b) RCB

Figure 4 shows the iso-surfaces of Q-criterion
(Q=5) coloured with the instantaneous streamwise ve-
locity. The incoming flow decelerates ahead of the
roughness element, while it accelerates in the spacing
between them. This leads to the formation of horse-
shoe vortices ahead of the roughness elements which
were also observed by Klebanoff (1992). The velocity
gradient between the roughness elements elongates the
vortical structures in the streamwise direction form-
ing high speed and low speed streaks. Near the wake
region of the roughness elements hairpin vortices are
generated, and the interaction between these hairpin
structures and the streaks promote laminar to turbulent
transition. It can be seen that the horseshoe vortices
are larger in size in RCA compared to that of RCB and



this is attributed to the spacing between the elements.
For RCB case, a turbulent boundary layer starts devel-
oping from x/L ≈ 5.8 upstream of the cavity leading
edge, once the shear layer separating over the rough-
ness elements reattach.

Time averaged flow quantities
Figure 5 shows the contours of streamwise veloc-

ity in the wall-normal and wall-parallel planes. The
slices are extracted from the planes passing through
the roughness elements at z/L = 0.225 and the wall
normal plane at y/L = 0.15. As the free stream fluid
approaches the rough surface it decelerates and be-
comes stagnant forming a horseshoe vortex which is
observable in the inset plots. Subsequently, the flow
accelerates over the hemisphere and separates from the
surface. A velocity deficit in the lee of each of the
roughness elements is clearly visible in the xz plane
for RCA. However, for RCB, the flow completely sep-
arates behind the densely packed elements. In the xy
plane view, the separated shear layer in RCA deflects
much more into the free stream compared to that of
RCB. This is attributed to an increased deceleration
of the flow by the densely packed elements. In RCB
case, the separated shear layer transitions, gains mo-
mentum and reattaches to the surface ahead of the cav-
ity at x/L ≈ 5.9.

a) RCA b) RCB

u/u0

0 1

Figure 5: Contours of streamwise velocity along with the
stream line patterns of a) RCA and b) RCB

Figure 6 shows the streamwise variation of the
maximum turbulent kinetic energy within the cavity.
For the baseline case, the growth rate of kinetic energy
can be classified into three distinguishable regions R-
I, R-II and R-III. In R-I (x/L < 6.1), the TKE value
increases gradually where the shear layer is laminar.
In R-II (6.1 < x/L < 6.4), the shear layer begins
to transition and the TKE evolves with a growth rate,
dkmax/dx = 0.25 reaching a peak value of 0.077 at
x/L ≈ 6.4. R-III corresponds to a fully turbulent
state where the maximum TKE decreases owing to
the diffusion of TKE in wall-normal and spanwise di-
recitons. Pre-transitional fluctuations triggered by the
roughness elements in RCA and RCB result in a higher
value of kmax during the initial evolution of the shear
layer in regions R-I and R-II. The TKE pattern of RCA
is similar to that of SC except for a marginal increase
in the fluctuations and a marginal upstream shift in the
peak value of TKE. On the other hand, R-I is entirely

bypassed in RCB due to enhanced mixing upstream of
the cavity. Also, kmax reaches a saturation state earlier
compared to both SC and RCA.

SC

RCA

RCB

R-I R-II R-III

Figure 6: Streamwise variation of maximum TKE along the
wall normal direction

Figures 7 a) - c) compare the streamline patterns
within the cavity for all the test cases. In SC, two dis-
tinguishable recirculating regions are observable. In
RCA and RCB, the secondary recirculation zone near
the leading edge of the cavity is diminished. Shrink-
ing of this secondary vortex is attributed to an increase
in the reverse flow. As evident from the contours of
TKE, the shear layer spreading rate also changes due
to an enhanced mixing promoted by the roughness-
induced pre transitional fluctuations. Rayleigh dis-
criminant criteria is used to capture the regions where
centrifugal instability can occur. The contours of the
Rayleigh discriminant are overlaid on the streamline
patterns. The discriminant criteria is estimated based
on the formula given below:

ηR(x, y) = −∂|r(x, y)× V̄ (x, y)|2

∂r
(1)

In the inviscid limit, the regions with positive val-
ues of Rayleigh discriminant indicate the presence of
centrifugal instability. The red region in Figs 7 a)-c)
represent the values of ηR(x, y) greater than 5% of
the maximum value. The presence of cavity walls, de-
crease the momentum of outer streamlines of the recir-
culating flow (Bres (2007)). In other words, there will
be a reduction in the angular velocity while moving
away from the centre of the recirculation zone towards
the wall. Hence, a centrifugal force develops which
can lead to the onset of centrifugal instability. In SC,
the instability is associated with both the recirculation
zones. In RCA and RCB the primary recirculation is
relatively larger while shrinking the secondary recircu-
lation closer to the upstream wall of the cavity. Hence,
the associated centrifugal instability of the secondary
recirculation is bound to diminish. The reduction of
the instability is more pronounced in RCB when com-
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Figure 7: Contours of Rayleigh discriminant and spatio-temporal averaged turbulent kinetic energy for a) SC, b) RCA, c) RCB

pared to that of RCA. Figure 7 also shows the contours
of time averaged and span averaged turbulent kinetic
energy. In SC, the TKE grows beyond x/L ≈ 6.1,
where the shear layer begins to transition. In Fig 7
e) and f), the growth of TKE ahead of the cavity is at-
tributed to the fluctuations generated by the roughness.
As discussed earlier, RCA and SC contours show sim-
ilar trends. In RCB, higher values of TKE are observ-
able at x/L = 5.9 due to the development of turbulent
boundary layer downstream of the reattachment point
as shown in Fig. 5 b).

Space - Time plot
Wall normal velocity fluctuations are tracked

within the shear layer (approximately on the line join-
ing the leading and trailing edges of the cavity) for 15
non-dimensional time units. Around 200 snapshots of
3D flow field are saved at a regular time interval of
0.075 time units. Subsequently, space-time (ST) plots
are generated using this data set. Figures 8 a) - c) show
the shear layer oscillations within the cavity using ST
plot. The onset of the oscillations occur at x/L ≈ 6.2
for SC, x/L ≈ 6.1 for RCA, and at the cavity leading
edge (x/L ≈ 6.0) for RCB. The dotted lines shown in
all these plots track the evolution of vortex shedding
from the leading edge of the cavity. The convection
speed of the vortices can be estimated from the inverse
of the slope of these lines. The solid lines, included
for comparison, indicate the convection speed in the
free stream. The convection speeds within the shear
layer are estimated to be approximately 0.5, 0.58 and
0.62 U0 for SC, RCA and RCB, respectively. With
an increase in the roughness density, a clear increase
in the frequency of the structures is observable. The
wavelength of the structures for RCA and RCB, are
relatively smaller when compared to that of SC partic-
ularly for x/L > 6.4. These small scale structures,
when impinging over the aft cavity wall at the trailing
edge, result in reduced pressure fluctuations as will be
demonstrated in the subsequent section.

Spectral Analysis
Figures 9 a) - d) compare the temporal variation

and power spectra of the pressure fluctuations for

a) LRC b) LRA c) LRB

0.2

-0.2

v'

Figure 8: Space-Time plot of transverse velocity fluctuations
(a) SC, (b) RCA and c) RCB

all the test cases. The unsteady data is recorded at
x=6.65L and y=0.15L near the cavity trailing edge.
Figure 9 a) shows that both RCA and RCB experience
pressure oscillations of higher frequency but of lower
amplitude levels compared to that of SC. This is at-
tributed to an enhanced cascade of the energy to finer
turbulent scales in the presence of roughness elements.
The impingement of these small scale structures over
the trailing edge of the cavity, reduces the level of pres-
sure fluctuations in comparison to the impingement of
larger scales. The pressure fluctuations are converted
to Sound Pressure Level (SPL) in decibels as follows:

SPL = 10log10

(
p′p′

q2

)
(2)

where q is the reference sound pressure level of 2 ×
10−5 Pa (Renz (2018)). SC, RCA and RCB show SPL
values of 91, 87 and 79 dB, respectively. The SPL has
reduced by 4dB and 12dB for RCA and RCB when
compared to SC. The roughness elements hence act as
passive flow control devices towards suppressing the
pressure fluctuations. Also, the densely packed rough-
ness elements (RCB) seem to be much more effective
in suppressing pressure fluctuations when compared to
the sparsely placed (RCA).

Instantaneous pressure data is also recorded at
P1, P2 and P3 locations marked in Fig 7 d). The



power spectra of these fluctuations is estimated using
Welch’s method. Two distinct peaks are observable
in Fig 9 b) and the corresponding Strouhal numbers
based on the cavity length and free stream velocity
are ≈ 0.35 and 1.0, respectively. These peaks corre-
spond to the first and second Rossiter modes which
are widely discussed in the literature (Bres (2007),
Sun (2019)). Semi-empirical formula proposed by
Rossiter (1964) is used to predict the Strouhal num-
ber of the Rossiter modes: StLc = Lc

U = n−α
M+1/κ ,

where α = 0.25, 1/κ = 1.75 and n=1,2,3... denote
the different modes. For n=1,2 and M=0.2, the theoret-
ical Strouhal numbers of the first and second Rossiter
modes are 0.384 and 0.895 respectively. These values
are in encouraging agreement against the values pre-
dicted from the simulations. Inclusion of roughness
elements had little effect on the peak Strouhal number.

P1
P2

P3

Figure 9: Variation of power spectral density with Strouhal
number for all the cases investigated

4 Conclusions
In this investigation, a series of high fidelity eddy re-
solving simulations are carried out to analyse the effect
of distributed roughness elements on the flow evolu-
tion within the cavity. The numerical framework has
been validated against the experiments by comparing
mean and turbulent statistics. We have subsequently
examined the effects of both sparsely and densely dis-
tributed roughness elements on the flow physics within
the cavity. The presence of roughness elements pro-
moted an earlier transition of the shear layer promot-
ing energy cascade to smaller scales. The small scale
structures impinging on the aft portion of the cavity
reduced the Sound Pressure Level by 4dB and 12dB
for sparsely and densely placed roughness elements re-
spectively. Densely packed roughness are much more
effective in reducing the SPL. Space-time plots re-
vealed that pre transitional fluctuations induced by the
roughness elements increase the convective speed of
the vortices within the cavity. Power spectral den-

sity revealed that inclusion of roughness elements had
little effect on the peak Strouhal number. The exis-
tence of Rossiter modes is confirmed by comparing
the Strouhal number with the semi-empirical formula.

Acknowledgments
The computational results reported in this work

were performed on the AQUA Cluster at the High Per-
formance Computing Environment of IIT Madras. The
authors also wish to acknowledge NVIDIA for gener-
ously donating Quadro P6000 GPU card and Depart-
ment of Science and Technology-Science and Engi-
neering Research Board (DST-SERB) for funding the
project.

References
1.Bres, G.A. (2007), California Institute of Technology.
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The aerodynamics of elongated rectangular cylin-
ders is of interest in civil engineering, because it can
be considered a model problem, for instance, for tall
buildings or bridge sections. In particular, the in-
ternational benchmark BARC focuses on the high-
Reynolds number flow around a 5:1 rectangular cylin-
der, which is characterized by flow separation at the
upstream edges and by mean flow reattachment on the
lateral cylinder side, near the downtream edges. An
accurate description of the flow dynamics and features
on the cylinder side is important to obtain accurate pre-
dictions of the mean and fluctuating pressure distribu-
tion on the cylinder and of the aerodynamic oscillat-
ing loads. Unfortunately, since the review paper by
Bruno et al. (2014), numerical results appeared to be
affected by a significant dispersion in the predictions
of the above mentioned quantities. As for large-eddy
simulations (LES), it was found that the results are dra-
matically sensitive to grid refinement and to the dissi-
pation introduced by the subgrid scale (SGS) model
(see e.g. Bruno at al. 2012 and Mariotti et al. 2017).
Moreover, a sort of ’paradox’ was raised: increasing
grid resolution or decreasing subgrid-scale dissipation,
which is a-priori expected to improve the result accu-
racy, instead leads to a deterioration of the agreement
with the experiments with a too short mean recircula-
tion region on the cylinder side. As an example, the
mean reattachment flow predicted by the most refined
simulations in Mariotti et al. (2017) was between 52%
to 60% of the cylinder side, while in experiments it
was found to be around 85% (see e.g. Moore et al.
2019).

More recently, it has been shown (see e.g. Roc-
chio et al. 2020 and Mariotti et al. 2020) that, for
the same LES computational set-up which gives a too
short mean recirculation region on the cylinder side,
the introduction of a small rounding of the upstream
edges, such that it might be ascribed to manufactur-
ing tolerances (see Fig. 1), leads to predictions of the
mean flow topology on the cylinder side, and of all the
related quantities, in much better agreement with ex-
perimental data. Therefore, the ’paradox’ previously
raised in the literature that a-priori high-fidelity simu-
lations give results in disagreement with experimental
data may be explained by the presence of a perfectly
sharp edge in the simulations which is not ’realistic’

and never exactly reproduced in experiments.
In the present work we investigate whether the ex-

treme sensitivity of LES to grid refinement and SGS
modeling is also an artifact of the perfectly sharp edges
and whether LES with a small rounding of the edges
are conversely more reliable. This question arises from
the observation that the length of the mean recircula-
tion region is related with the dynamics and roll-up of
the shear-layers detaching from the upstream edges,
which are in turn correlated with the evolution of the
turbulent kinetic energy (TKE) along the shear-layer.
A faster growth of TKE leads to a shorter mean recir-
culation length. Perfectly sharp edges have been found
to introduce a large amount of TKE in the separated
shear-layers, whose evolution is dramatically sensitive
to numerical and SGS dissipation, leading to a signif-
icant dispersion of the results. This is shown in Fig.
2, reporting the integral of TKE at the upstream edge
vs. the location of the mean flow reattachment point
on the cylider side for the simulations in Mariotti et al.
(2017) (open symbols and black filled symbol). Con-
versely, in the simulations with rounded edges (color
symbols), the TKE introduced in the separating shear
layers is remarkably reduced, leading to a smoother
evolution of TKE along the shear-layer and suggest-
ing, thus, that it might be less sensitive to numerical or
modeling dissipation.

To investigate on the reliability of LES with up-
stream edge rounding, we adopt herein the same nu-
merical method and computational set-up of the sim-
ulation in Rocchio et al. 2020 and Mariotti et al.
2020 having a radius of curvature of the upstream edge
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Figure 1: Sketch of the numerical set-up.



r = 0.0037D, D being the cylinder width, and we
analyze the sensitivity to the same parameters consid-
ered in Mariotti et al. (2017), viz. grid refinement
in the spanwise direction and a parameter controlling
the amount of SGS dissipation. As in Mariotti et al.
(2017), a stochastic approach based on the general-
ized Polynomial Chaos expansion is adopted to build
continuous response surfaces of the quantities of inter-
est as a function of the considered parameters, starting
from a rather limited number of simulations. The sim-
ulations are in progress and the results will be shown
and discussed in the final presentation.

Figure 2: Integral of the turbulent kinetic energy at shear-
layer separation vs. the coordinate of the mean
flow reattachment point.
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Abstract
Adaptive mesh refinement (AMR) in the high-

order spectral-element method code Nek5000 is
demonstrated and validated with well-resolved large-
eddy simulations (LES) of the flow past a wing pro-
file. In the present work, the flow around a NACA
4412 profile at a chord-based Reynolds numberRec =
200, 000 is studied at two different angles of attack:
5 and 11 degrees. The mesh is evolved from a very
coarse initial mesh by means of volume-weighted
spectral error indicators, until a sufficient level of res-
olution is achieved at the boundary and wake regions.
The non-conformal implementation of AMR allows
the use of a large domain avoiding the need of a pre-
cursor RANS simulation to obtain the boundary con-
ditions (BCs). This eliminates the effect of the steady
Dirichlet BCs on the flow, which becomes a relevant
source of error at higher angles of attack (specially
near the trailing edge and wake regions). Further-
more, over-refinement in the far field and the asso-
ciated high-aspect ratio elements are avoided, mean-
ing less pressure-iterations of the solver and a reduced
number of elements, which leads to a considerable
computational cost reduction. Mean flow statistics
are validated using experimental data obtained for the
same profile in the Minimum Turbulence Level (MTL)
wind tunnel at KTH, as well as with a previous DNS
simulation, showing excellent agreement. This work
constitutes an important step in the direction of study-
ing stronger pressure gradients and higher Reynolds
complex flows with the high fidelity that high-order
simulations allow to achieve. Eventually, this database
can be used for the development and improvement of
turbulence models, in particular wall models.

1 Introduction
In recent years, due to the introduction of regula-

tions affecting aviation pollutant emissions, drag re-
duction has become a the major focus of the aerospace
industry. One of the main sources of drag comes
from the development of turbulent boundary layers
(TBLs) around the aircraft wings. Due to the wing
curvature, these TBLs are subjected to strong adverse
and favourable pressure gradients (PG), which signif-
icantly affect the boundary-layer physics and devel-

opment. These effects are still not fully understood
and characterized. Traditionally, these flows have been
studied experimentally (see for instance Coles and
Wadcock (1979) or Wadcock (1987)). However, as
pointed out by Barlow et al. (2015), wind-tunnel test-
ing of wing profiles is prone to suffering from test-
section wall interference in the flow and uncertainty
from the employed measurement techniques. Recent
developments in the available computational resources
and methods have allowed to accurately simulate the
TBLs developing around wing profiles (see Sato et al.
(2016), Frère et al. (2018), Hosseini et al. (2016)
and Vinuesa et al. (2018) for instance). However, the
Reynolds numbers achieved so far are still moderate,
and the computational domains small (particularly in
the spanwise direction, a fact that affects the develop-
ment of the wake).

Providing a database of well-resolved simulation
results for the flow around wing profiles is relevant
due to a number of reasons; In the first place, specific
aspects of the pressure-gradient effects may be stud-
ied, and different scaling properties of the boundary
layer may be deduced. Similarly, such a database may
be employed for the development, assessment and im-
provement of turbulence models, in particular includ-
ing wall models in the presence of non-equilibrium
conditions such as high pressure gradients. This aspect
is particularly important as evidenced by the recently
defined canonical speed-bump geometry by Boeing
and NASA (see Slocknick 2019) which is specifically
designed to provide a well-defined favorable-adverse
pressure gradient sequence. Finally, providing an effi-
cient setup for wing simulations can be used as a test
bed for extended studies on wings such as the effect
of control and roughness, free-stream turbulence and
aeroelasticity.

In this work, we aim to increase both the achiev-
able Rec (Reynolds number based on freestream ve-
locity U∞ and chord length c), vary the angle of at-
tack, and optimize the domain size by using adaptive
mesh refinement (AMR). AMR was first introduced by
Berger and Oliger (1984), and later adapted for general
finite-element method (FEM) simulations by Johnson
and Hansbo (1992). In a previous work (Tanarro et
al., 2020), we validated the implementation at a mod-
erate angle of attack of 5◦, using a previous conformal



simulation by Vinuesa et al. (2018) as reference. In
this study, apart from the previous AMR simulation at
5◦, we extend the achievable angle of attack to 11◦,
and we validate our implementation against both DNS
(Hosseini et al. (2016)) and experimental data (Mal-
lor et al. (2021)). The framework of generating the
initial mesh, the refinement strategy and the extraction
of statistics is very general, such that this work con-
stitutes an important initial step with the aim of ex-
tending our work to a higher Rec = 1, 640, 000, as in
the experimental work by Wadcock (1987). This latter
Reynolds number is then relevant for practical appli-
cations.

2 Methodology
The AMR setup validation is performed based on

the results for the flow around a NACA 4412 wing
profile at a 5◦ and 11◦ angle of attack and Rec =
200, 000. Well-resolved large-eddy simulations (LES)
using an explicit relaxation filter, analogous to the
one described in Schlatter et al. (2004) are carried
out using the spectral-element code Nek5000 (Fis-
cher et al., 2008). Nek5000 is particularly noted
for its efficient implementation and excellent paral-
lelization properties, running on millions of concur-
rent ranks. In the work by Offermans (2019) and Of-
fermans et al. (2020), a non-conformal version of
Nek5000 was implemented, based on the p4est library
and using appropriate modified preconditioners. Com-
pared to previous LES and DNS performed on the
same wing case, the present AMR setup was com-
pletely redesigned, and presents several notable dif-
ferences. Firstly, the domain size (Lx, Ly, Lz) is con-
siderably larger: (50c, 40c, 0.4c for 5◦, and 0.6c 11◦)
in the AMR case and (6c, 4c, 0.2c) in previous confor-
mal cases. Note that x, y and z denote the horizontal,
vertical and spanwise directions, respectively. The dif-
ference in domain size can clearly be seen in Figure 1,
in which the typical domain boundary of a conformal
simulation is superposed over the mesh of an AMR
simulation. Secondly, the polynomial order used in
previous simulations (N = 11) is higher than the one
of the AMR simulation (N = 7), which gives a more
uniform local resolution and thus higher stable time
steps. Lastly, the boundary conditions in conformal
cases have to be obtained from a precursor RANS sim-
ulation due to the proximity of the domain boundaries
to the wing. As this is not an issue in the AMR case,
a uniform Dirichlet boundary condition is imposed in
the inlet, top and bottom boundaries (both cases have
an stabilized outflow condition).

In order to generate the mesh, the following proce-
dure is followed: Starting from an initial coarse mesh,
refinement is performed progressively, i.e. elements
are refined or coarsened, until a final mesh, used for
the production runs, is fixed. The so-called h-type re-
finement (element splitting) is used with a fixed fre-
quency, based on volume-weighted spectral error indi-
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Figure 1: Refined mesh (spectral-element boundaries
shown in the plot, each element consists of 8×8×8
collocation points) for the case with 11◦ angle of
attack, with the domain of a typical conformal sim-
ulation superposed in red.

Figure 2: Three-dimensional isocontours (in green) of
Ux = 0.75U∞. The background shows a two-
dimensional slice of the horizontal velocity, as
well as a projection of the spectral element bound-
aries. The top and bottom figures correspond to 5◦

and 11◦ angle of attack, respectively.



cators (developed by Mavriplis (1990) and further dis-
cussed in the context of Nek5000 by Offermans et al.,
2020) collected in each element during each period of
refinement. The resulting meshes, which are shown in
Figure 2, concentrate the refinement in areas of larger
velocity oscillations (i.e. areas with turbulence), allow-
ing to properly resolve the complex turbulent flow both
in the boundary layer and wake regions. Note that
error indicators are averaged in time, which yields a
mesh that will not adapt to individual turbulent fluc-
tuations, but rather give a grid that is optimized in a
time-averaged sense.

The current study also includes an experimental
campaign conducted concurrently at KTH. This study
is motivated by the lack of accurate boundary-layer
resolved experimental data on wing surfaces, where
the non-uniform pressure-gradient evolution and the
inflow conditions are controlled. For the time being,
the experimental data used in this work for the vali-
dation of mean flow quantities (pressure and velocity)
is obtained using the wind tunnel setup described ex-
tensively in Mallor et al. (2021). In short, a fiber-glass
NACA 4412 wing profile is mounted in the test section
of the Minimum Turbulence Level (MTL) wind tunnel
at KTH. The wing model is equipped with 65 pressure
ports located both on the suction and pressure sides of
the airfoil (as well as one in the trailing edge), which
allows to measure the pressure distribution along the
surface. Velocity data is obtained by means of hot-
wire (HW) anemometry scans (performed both in the
boundary layer and wake regions). Two-point corre-
lation (using 2 HWs) scans in the wake are used to
determine the region in which the flow is correlated.
A correct sizing of the spanwise domain in the AMR
simulations, which allows to capture the largest struc-
tures present is achieved using this data. It should
be noted that the flow around the wing is tripped (i.e.
transition to turbulence is forced) on both sides of the
chord (at x/c = 10%, clearly visible in Figure 2) both
in the experimental and numerical realizations of the
flow. The tripping of the boundary layer is particularly
important for cases at lower angles of attack where
no leading-edge separation bubble would appear nat-
urally (see Wadcock 1987 and Frère et al. 2018) to
ensure that turbulence is initiated at the same location
and thus the flow is not dependent on unknown inflow
conditions.

3 Results
In this section, mean flow quantities obtained using

the numerical setup described previously (and shown
in Figures 1 and 2) are shown and validated, includ-
ing pressure and velocity measurements in the wind-
tunnel experiments. For the sake of conciseness, re-
sults related to turbulence fluctuations will be pre-
sented at a later stage.

Figure 3 reports the mean velocity profiles at two
different chord-wise locations (x/c=0.4 and 0.75) for
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Figure 3: Mean velocity profiles at x/c = 0.4 and 0.75 for
both the 5◦ and 11◦ angle of attack cases. Solid
and dashed lines correspond to the suction and
pressure sides, respectively.

both angles of attack. The pressure gradient effect on
the TBL is apparent at a first glance: As the adverse
pressure gradient increases along the suction side, the
wake region increases substantially, which is accentu-
ated as the angle of attack is increased. On the pres-
sure side, the opposite effect is observed: by increas-
ing the angle of attack, the favorable pressure gradi-
ent (FPG) increases, which in turn leads to an almost
re-laminarization of the TBL. This effect is only ob-
served in the 11◦ case (whose pressure-side profiles
closely resemble those of a sink flow), as the FPG in
the 5◦ case is very mild, making the TBL almost a
zero-pressure gradient one. Note also that for the cases
with significant APG the velocity in the freestream is
no constant which is related to the effect of decelera-
tion and the choice of y+ as surface normal direction.
All profiles are normalized using the local friction ve-
locity, thus a perfect agreement close to the wall is ob-
tained.

In our previous work (Tanarro et al. 2020), we
performed a validation of the AMR implementation
using a 5◦ case, and a previous conformal simula-
tion (Vinuesa et al. (2018)) as a baseline. AMR was
demonstrated to lead to comparable results both in in-
tegral, mean and fluctuating (rms) quantities while re-
ducing the overall computational cost. In this work,
we turn our attention to the experimental data recently
obtained at the MTL wind tunnel. However, due to
the difficulties encountered in tripping the flow at a
Reynolds number of 2 × 105, the only experimental
data available is at 4×105. The experimental pressure
data was already validated against high-fidelity numer-
ical data in Mallor et al. (2021). In order to complete
the validation of the experimental data, mean veloc-
ity profiles on the suction and pressure sides at a 5◦

angle of attack are reported in Figure 4. The exper-
imental data is on top of the DNS data (Hosseini et
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Figure 4: Mean velocity profiles at x/c = 0.75 in the suc-
tion (top plot) and pressure (lower plot) sides. All
data is for a 5◦ angle of attack, and the Reynolds
number is of 4×105 for the experimental and DNS
data, and 2× 105 for the AMR data.

al. (2016)). Moreover, although the Reynolds number
used is lower, the AMR data agrees quite well in the
inner and logarithmic regions, with both the DNS and
experimental data. The effect of Re is of course visi-
ble in the wake region and the final value of U+

∞. This
overall agreement is important, as the pressure gradi-
ent at that moderate angle of attack is almost constant
as a function of Reynolds number (see the discussion
in Vinuesa et al. 2018), making the flow around the
NACA 4412 airfoil relevant in the study of pressure
and high-Re effects on TBLs.

One important aspect is the identification of the
wall position and the correct friction value for the ex-
perimental data. We are currently working on extend-
ing the available composite profiles to include also the
effect of pressure gradients (see Mallor et al. 2021).
For the presentation of the data here, we have identi-
fied the best fit to the DNS data to identify the surface
position (shift in y, and the friction.

Another important mean quantity, which is highly
dependent on the wake (and, therefore, the boundary
layer development), is the pressure distribution around
the wing surface. We report it as the pressure coeffi-
cient,

cp =
p− p∞
1
2ρU∞

, (1)

where ρ, p∞, and U∞ refer to the ambient density and
pressure, and inflow velocity, respectively. Note that
in incompressible simulations, it is not immediately
clear how normalize the pressure as in principle any
addititve constant is possible. Therefore, we chose to
use as normalization the averaged pressure over a large
stretch on the suction side of the airfoil, and in this way
eliminate possible effects of outflow conditions.

The results reported in Figure 5 show excellent
agreement between the numerical (AMR) and experi-
mental cp data. The collapse of both datasets is almost
perfect for the 5◦ case, and only minor differences on
the suction side near the trailing edge are present in
the 11◦ case. These differences could be indicative of
a slight acceleration in the test section around the suc-
tion side due to the blockage introduced by the wing
when placed at a high angle of attack. This accelera-
tion of the flow results in a slightly increased ”effec-
tive” angle of attack, leading to an earlier flow separa-
tion. Also, the effect of tripping at x/c may be seen
in particular on the suction side. As discussed above,
fixing this location is essential to ensure similar flow
development and thus allow for a relevant comparison.
Nonetheless, the agreement is outstanding on the pres-
sure side and along the majority of the suction side.
Note that the agreement in pressure coefficient at both

0.0 0.2 0.4 0.6 0.8 1.0

x/c

−4

−3

−2

−1

0

1

c p

LES, Re=2 × 105, AoA=5o

LES, Re=2 × 105, AoA=11o

EXP, Re=4 × 105, AoA=11o

EXP, Re=4 × 105, AoA=11o

Figure 5: Pressure coefficient (cp) distribution along the
wing surface for the 11◦ (in red) and 5◦ (in blue)
angle of attack cases. Numerical data from the
AMR simulation is shown as a solid line, and ex-
perimental pressure data as open circles.

angles of attack is despite the fact of a twofold differ-
ence in Reynolds numbers; the velocity profiles and
local friction are quite different (see Fig. 4). This ob-
servation strengthens the importance of the choice of
the underlying wing profile.

4 Conclusions and outlook
In this work, the implementation of adaptive



mesh refinement and non-conformal meshing in the
spectral-element method code Nek5000 is tested and
validated through well-resolved LES simulations of
the flow past a NACA 4412 wing profile at a chord-
based Reynolds number of 200,000 and angles of at-
tack of 5 and 11 degrees. The data acquired using
AMR, which was previously validated against confor-
mal simulations in Tanarro et al. (2020), is further val-
idated using an experimental dataset obtained with the
same wing model in the Minimum Turbulence Level
(MTL) tunnel at KTH with the setup described in Mal-
lor et al. (2021). Both mean velocity profiles (Fig. 4)
in the turbulent boundary layer, and the pressure dis-
tribution around the airfoil (Fig. 5) are found to be
in good agreement with the experimental data. Mi-
nor differences encountered near the trailing edge for
the 11◦ case can be attributed to blockage effects in
the test section of the experiments in the MTL. The
present case is particularly tricky to simulate correctly,
as the large adverse pressure gradient results in mean
flow separation near the trailing edge. This has sev-
eral implications in terms of required domain size: tur-
bulent structures become much larger in the spanwise
direction (we found via two-point synchronized HW
measurements in the wake that the flow to be corre-
lated up to z/c=0.25), causing any simulation with an
insufficient spanwise domain to fail at correctly rep-
resenting the flow in this regime. Moreover, pres-
sure fluctuations become stronger and affect a larger
area. The previous conformal simulations, in which
the domain boundaries (in which a steady Dirich-
let BC based on a precursor RANS simulation was
prescribed) were only two chord lengths away from
the airfoil (and therefore wake), which would lead
to strong interactions with these fluctuations. There-
fore, this study, together with the one by Tanarro et al.
(2021), leads to the conclusion that by combining the
advantages of AMR and high-order methods, highly
complex turbulent flows, such as that of a wing profile,
can be correctly modeled and studied to a high degree
of precision and flexibility, while reducing the compu-
tational costs and uncertainties involved. Doing this
type of simulations using a conformal structured mesh
would be essentially impossible at reasonable meshing
effort.

The aim is to exploit these computational savings
and improved setup, in order to increase the com-
plexity of the turbulent flows achievable via high-
order simulations. In the context of pressure-gradient
TBLs this will be achieved following two different
approaches. On the one hand, by increasing the
Reynolds number (with the aim of ultimately achiev-
ing a Rec = 1.64 × 106, as in the experimental work
by Wadcock 1987) at a moderate angles of attack (5◦),
high-Re effects on pressure-gradient (both adverse and
favourable) can be studied. This follows from the fact
that the pressure gradient distribution at moderate an-
gles of attack in the NACA 4412 is almost independent

of Re. On the other hand, the increase in angle of at-
tack will allow to study much larger adverse pressure
gradients, and their effect on the flow (such as the in-
crease in backflow events and the onset of mean flow
sepatation). Therefore, this work constitutes a basis
and validation of this larger body of research.

The development of the adaptive simulation frame-
work has been improved in various aspects, including
the refinement strategy, the choice of preconditioners
and load balancing. For the present case, the non-
conformal mesh does not pose any additional penalty
on the computation costs. Therefore, all the gains in
terms of time step, accuracy and cost of meshing di-
rectly benefit the actual time to solution.
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Abstract 

The present paper reports on the combined ste-

reoscopic particle image velocimetry (PIV) and pla-

nar laser induced fluorescence (PLIF) measurements 

of unsteady turbulent transport and mixing for a 

model gas-turbine combustor. The used swirl burner 

is based on a design by Turbomeca and represents a 

radial swirler with fuel supply between its blades. 

The fuel can be also injected as an axial jet from the 

swirler’s centre-body to organize a pilot flame. In 

the present study the focus is placed on the mixing 

of the central jet under the non-reacting conditions. 

Based on the measured instantaneous snapshots of 

the flow velocity and fuel concentration the spatial 

distributions of the Reynolds stress and flux are ob-

tained. The local values of turbulent viscosity and 

turbulent diffusivity coefficients are evaluated 

based on Boussinesq and gradient diffusion hypoth-

eses. The contribution of coherent velocity fluctua-

tions to the turbulent transport is evaluated based on 

a proper orthogonal decomposition (POD). The tur-

bulent viscosity and diffusion coefficients are also 

evaluated for the stochastic (residual) component of 

the velocity and concentration pulsations. 

 

1 Introduction 

Lean premixed combustion is organized in gas 

turbines to reduce NOx emissions (Dunn-Rankin, 

2008). The thermal mechanism of nitrogen oxides 

formation is suppressed by reducing the flame tem-

perature. It is important to organize steady combus-

tion and avoid too lean mixtures to maintain high ef-

ficiency of the burning and avoid increased CO emis-

sion. Besides, lean flames are sensitive to external 

disturbances (Lieuwen el al., 2001), which can lead 

to thermoacoustic pulsations in the combustion 

chamber and flame blow-off.  

Burners with flow swirl provide stable combus-

tion for a wide range of flowrates with compact com-

bustion zone. The flame stabilization is usually pro-

vided by a central recirculation zone, formed for high 

swirl rates, where the reactants are preheated by hot 

combustion products and supplied by chemical radi-

cals. On the other side, the dynamics of such high-

swirl flows is often unsteady due to precession of the 

vortex core, which produce strong pressure pulsa-

tions (Lucca-Negro and O'Doherty, 2001; Syred, 

2006).  

Therefore, the organization of steady lean com-

bustion relies on detailed studies of flow dynamics 

and mixing processes in swirl combustors. PIV and 

PLIF techniques are now widely used to measure the 

spatial distributions of flow velocity and concentra-

tion of fluorescent additive (fuel) (Estefanos et al., 

2015). The measurements of these quantities can be 

performed simultaneously by combining the PIV and 

PLIF methods. Besides, the latter one provides im-

portant information about shape of chemical reaction 

zones in combustors (Stohr et al., 2009).  

Despite the significant development of computa-

tional technologies, experimental data are still 

needed to validate numerical codes. Reynolds aver-

aged Navier-Stokes (RANS) equations models are 

widely used in industry for prompt simulation of 

turbulent flows for different engineering problems. 

However, the main issue is to use a suitable turbu-

lence closure model that allows accurate numerical 

calculations of the flow characteristics. The basic 

closure model for Reynolds stresses is Boussinesq 

hypothesis, according to which the Reynolds stress-

es are assumed to be proportional to the gradient of 

the mean flow velocity, whereas the proportionality 

coefficient is the turbulent (eddy) viscosity This 

model assumes the locally isotropic properties of 

turbulence. To account for the anisotropy of turbu-

lent fluctuations. The second way to overcome the 

closure problem is to solve transport equations for 

the Reynolds stresses.  

The simplest RANS approach to model the tur-

bulent flux of a scalar is the gradient diffusion hy-

pothesis (GDH). In this model, the turbulent diffu-

sivity is proportional to the turbulent viscosity, 

scaled by a turbulent Schmidt number (Hartmann et 

al., 2006). To account for turbulent anisotropy, Daly 

and Harlow (1970) suggested using the turbulent 

diffusivity tensor instead of single scalar value. 

Moreover, the components turbulent diffusivity ten-

sor are assumed to be proportional to the Reynolds 

stresses. 

Paglianti and Montante (2020) studied the mix-

ing in a continuous flow stirred tank using simulta-



 

 

neously the PIV and PLIF methods. The authors 

evaluated the turbulent viscosity and diffusivity co-

efficients with the corresponding turbulent Schmidt 

number based on the gradient diffusion and Bous-

sinesq hypotheses, respectively. They concluded 

that these closure models do not fit the measured 

data. Nevertheless, the obtained values of the turbu-

lent Schmidt number are in a range, recommended 

for numerical simulations. 

Hitimana et al. (2019) investigated turbulent 

mixing in a multi-inlet vortex reactor. Combined 

PLIF and PIV measurements were performed to 

evaluate the turbulent viscosity, turbulent diffusivi-

ty and turbulent Schmidt number. They showed that 

the Schmidt number value for the experimental data 

is not a constant. They also outlined that the highest 

turbulent Schmidt number variations correspond to 

the regions with the highest magnitude of the con-

centration gradient. 

The focus of the present paper is on the experi-

mental test of the performance of the gradient mod-

els for the Reynolds shear stress and radial Reyn-

olds flux for a generic gas-turbine swirl burner. The 

instantaneous snapshots are measured by the stereo 

PIV and PLIF methods. The POD is used to evalu-

ate the contribution of coherent flow pulsations, as-

sociated with the unsteady flow dynamics due to the 

vortex core precession, to the turbulent transport. 

The gradient models are also tested for the stochas-

tic (residual) component of the velocity and concen-

tration turbulent fluctuations.  

 

2 Experimental setup 

The experiments were performed for an optically 

accessible model gas-turbine swirl combustor at at-

mospheric pressure. The combustor consisted of an 

annular plenum chamber, generic swirl nozzle (based 

on a design by Turbomeca) and combustion chamber 

with square observation windows (100x100 mm with 

the thickness of 4 mm) made of fused silica. The 3D 

sketch of the swirl combustor and PIV/PLIF equip-

ment are shown in Figure 1. The inset shows the de-

sign of nozzle, which included a radial vane swirler 

and central jet. The outlet diameter of the nozzle was 

37 mm.  

 

The fuel gas could be supplied through the central 

jet or through holes between the vanes of the swirler. 

The jet was seeded by acetone vapour by bubbling 

the gas flow through a heated tank with liquid ace-

tone. The main air flow (Re = 30 000) supplied 

through a radial vane swirler, was seeded by TiO2 

particles (with an average size of 0.5 µm) by using a 

mechanical mixer. The flow rates of the main air and 

fuel gas were precisely controlled by mass flow me-

ters (Bronkhorst High-Tech). Ratios of the volumet-

ric flow rates of the main air (799 l/min) and fuel gas 

(58.3 l/m) were chosen to simulate global equiva-

lence ratio of 0.7 for the methane and air. To consid-

er the effect of the fuel gas density the mixing of the 

central air jet with the same volumetric flow rate was 

also studied.  

A tunable pulsed dye laser (Sirah Precision Scan), 

pumped by a pulsed Nd:YAG laser (QuantaRay), 

was used to excite acetone fluorescence at approxi-

mately 283 nm (average energy of the pulses was 12 

mJ). Selection of the wavelength was conditioned by 

OH fluorescence experiments made at the same ex-

perimental setup. The laser beam was converted to a 

laser sheet by using collimating optics (LaVision) 

and illuminated central plane of the flow. To account 

for the non-uniformity of the laser fluence across the 

laser sheet and shot-to-shot variation of the pulses’ 

energy, part (about 5%) of the laser beam was re-

flected by a fused silica plate into a calibration cu-

vette with a Rhodamine 6G solution. Linear fluores-

cence regime was tested by varying the energy of the 

laser pulses.  

Intensity of the acetone fluorescence was cap-

tured by sCMOS camera (LaVision, 5 Mpix, 16 bit), 

connected to a UV-sensitive image intensifier (LaV-

ision IRO, S20 photocathode). The image intensifier 

was equipped with a UV-lens and set of optical filters 

(with 90% transmittance in the range 415-455 nm). 

The exposure time for each PLIF image was 200 ns. 

A set of images post-processing algorithms was used 

for subtraction of dark current and background inten-

sity, correction for the laser-sheet intensity and spa-

tial sensitivity of the sensor. The spatial distribution 

of the fluorescence inside the cuvette was recorded 

by a CCD camera (ImperX Bobcat IGV-B4820, 16 

Mpix, 12 bit).  

The measurements of the acetone concentration 

were performed simultaneously with the instantane-

ous velocity measurements by a stereoscopic PIV 

system, included a pair of CCD cameras (ImperX 

Bobcat IGV-B2020, 4 Mpix, 8 bit) and double-head 

pulsed Nd:YAG laser (Quantel EverGreen 200, 6 ns 

pulses with 200 mJ at 532 nm). The cameras were 

equipped with lenses (Sigma 105 mm DG MACRO) 

and narrow-band optical filters, which transmitted 

light scattered by the tracer particles at 532 (±5 nm). 

The laser beam was converted into a laser sheet by 

using a system of cylindrical and spherical lenses. 

Time separation between two PIV laser pulses was 

20 µs. The PLIF laser pulse was shot right between 
 

Figure 1: 3D sketch of experimental setup 



 

 

them. Synchronization between the lasers and camer-

as was provided by a LaVision processing timing 

unit and by an in-house programmable synchronizing 

processor.  

 The PLIF images of the flow with acetone were 

processed by removing a background signal pro-

duced by the dark current, reflections and back-

ground light. The background was evaluated by cap-

turing PLIF images when the laser illuminated the 

measurement plane without the acetone supplied. The 

nonuniform spatial sensitivity of the detector was 

evaluated by capturing an image of a uniformly illu-

minated white paper sheet. The nonuniform laser 

sheet intensity was accounted for by capturing the 

fluorescence intensity distribution inside the cuvette. 

A scaled profile of the laser fluence was used for the 

correction of PLIF images inside the chamber. In ad-

dition, the attenuation of the laser sheet intensity 

along its direction due to absorption by acetone ac-

cording to the Beer-Lambert law was also corrected 

for instantaneous snapshots.  

An in-house “Actual Flow” software, developed 

in the Institute of Thermophysics, was used to ac-

quire and process the PIV data. PIV data were pro-

cessed using an iterative cross correlation algorithm 

(integration area size: 32x32 pixels, spatial overlap 

50%). The stereo reconstruction of the three-

component 2D velocity fields was based on the pair 

of two-component 2D velocity fields and the pair of 

mapping functions (Solof et al., 1997). The calibra-

tion of the PIV cameras was performed by processing 

images of a multilevel two-side calibration target 

placed, in the combustion chamber prior to and after 

the experiments. 

 
Figure 3: Mean velocity and concentration fields for methane (a) and air (b)  

 
Figure 2: Instantaneous velocity and concentration snapshots for methane (a, b) and (c, d) 



 

 

3 Results and Discussion 

To demonstrate the unsteady flow dynamics and  

mixing, Figure 2 shows the instantaneous velocity 

and concentration fields for the central jets of me-

thane and air. Each second vector is shown. Large-

scale vortex structures are indicated by arrows. The 

flow mixing takes place in a highly unsteady manner 

with strong deflection of the central jet.The averaged 

velocity and concentration fields are depicted in Fig-

ure 3. On average the central jet penetrates the central 

recirculation zone, where the fuel gas is concentrated. 

There are three shear layers in the flow. Two of them 

are between the annular swirling jet and corner and 

central recirculation zones. Another one is around the 

central jet.  

Figures 4 and 5 show the Reynolds shear stress 

x yu u   and Reynolds flux xu c  , respectively. 

Based on these distributions it is possible to evaluate 

the turbulent viscosity and diffusivity according to 

the equations (1) and (2). 
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where U and C are the mean velocity and concentra-

tion, respectively. The terms in equations (1) and (2) 

correspond to the cylindrical coordinate system, 

where the radial coordinate r = x for x > 0.  

 
Figure 4: The axial-radial Reynolds stress tensor component: methane (a), air (b) 

 
Figure 5: The distributions of radial turbulent flux for methane (a) and air (b)  

 
Figure 6: The distributions of turbulent viscosity (a) and turbulent diffusivity (b) 

 



 

 

Figure 6 shows the radial distributions of the tur-

bulent viscosity and turbulent diffusivity coefficients 

for different distances from the nozzle exit. The re-

gions with small magnitude of the concentration and 

velocity gradients (less than 8% of maximum values) 

are not taken into account. The axial component of 

the turbulent diffusivity has not been considered be-

cause the concentration gradient in the axial direction 

is biased due to a non-uniformity of the laser sheet 

profile. For the central jet, the turbulent viscosity and 

diffusivity increase downstream. For different shear 

layers, the value of the turbulent viscosity differs sig-

nificantly. This is considered to be due to the strong 

coherent pulsations in the central recirculation zone, 

associated with the flow precession (Sharaborin et 

al., 2021).  

To evaluate this effect, the Reynolds stresses and 

turbulent fluxes can be separated into the coherent 

and stochastic parts by using the SVD-based POD 

(3). The averaged contribution from the coherent 

fluctuations (indicated by the apex) are evaluated 

based on the first two POD modes. The effect of the 

stochastic pulsations is evaluated as the residual 

term. Because the temporal coefficients of the SVD-

based POD are orthonormal the correlation between 

the coherent and stochastic pulsations appears to be 

zero, viz., ˆ ˆ 0i j i ju u u u   , ˆ ˆ 0i iu c u c   . 

 
ˆ ˆ

ˆ ˆ

i j i j i j

i i i

u u u u u u

u c u c u c

    

    
 (3) 

The contribution of the coherent fluctuations to 

the Reynolds stress and radial turbulent flux are 

shown in Figures 7 and 8, respectively. The contribu-

tions locally exceed 60%.  

Figure 9 demonstrates the distributions of the tur-

bulent diffusivity and turbulent viscosity for the sto-

chastic pulsations. The main difference appears for 

the shear layers of the annular swirling jet, where the 

turbulent viscosity confident differs not so strong as 

for total turbulent pulsations. For the central jet, the 

effect of the coherent pulsations is not strong. There-

fore, the values of turbulent Schmidt number, evalu-

ated from (4) and shown in Figure 10, do not differ 

substantially for the total and stochastic pulsation 

components. The values are scattered around 0.8 and 

have a smaller spread in the stochastic pulsations.  
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4 Conclusions 

The present study reports on the experimental in-

vestigation of turbulent mixing in a model gas turbine 

combustor using simultaneously PIV/PLIF measure-

ments. Based on the measured instantaneous velocity 

and concentration snapshots, the Reynolds stresses 

and fluxes are evaluated. The data obtained are useful 

for validating numerical models. Therefore, the com-

ponents of turbulent viscosity tensor are evaluated 

based on the Boussinesq hypothesis. The gradient dif-

fusion hypothesis has been also tested and the turbu-

 
Figure 7: The contribution of coherent fluctuations to axial-radial Reynolds stress for methane (a) and air (b)  

 
Figure 8: The distributions of coherent pulsations of radial turbulent flux for methane (a) and air (b)  



 

 

lent diffusivity is estimated. Finally, the turbulent 

Schmidt number Sct is evaluated as the ratio of turbu-

lent viscosity and turbulent diffusivity. The obtained 

values of Sct are found to be close to the constant 

value of 0.8. Based on the POD the effect of coherent 

flow pulsations to the turbulent viscosity and diffu-

sivity coefficients is also evaluated. It is found to 

have a minor effect for the central pilot fuel jet. 
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Figure 9:  The distributions of stochastic turbulent viscosity (a) and stochastic turbulent diffusivity (b) 
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Radiative modification to general turbulent heat transfer models
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In high temperature flows, radiation tends to be the most relevant heat transfer mechanism. As a consequence,
the correct prediction of thermal radiative transport is of primary importance in high temperature application
such as combustors, volumetric solar absorbers and heat transfer equipment in power plants. Radiative heat
transfer is different from conduction due to its peculiarity of being inherently non-local. This non locality
causes counter intuitive interactions with other quantities such as turbulent temperature field and conductive
heat transfer. All the studies regarding combined radiative and conductive heat transfer have
reported the occurrence of turbulence radiation interactions (TRI) due to the highly non-linear coupling
between temperature and the radiative transport. Namely, the turbulence behaviour of the temperature
field causes the appearance of fluctuations of radiative quantities, which in turn modify the mixing in the
flow and the relevant scales of the thermal structures.
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Figure 1: Schematic representing the TRI pathways and the modeling procedure. The black lines are the
pathways directly available in a RANS calculation which do not require modeling. The red lines represent
the turbulent heat flux closure. The blue lines show the pathways which will be accounted for in the present
TRI model and, finally, the grey lines show negligible pathways in non-reactive flows [1, 2, 3]. On the other
hand, dashed lines (which include the negligible terms) show pathways which are automatically accounted
for since 〈κ〉, 〈E〉 and 〈G〉 are an input from the DNS solutions.

The more practical works performed in the combustion field mainly deal with the effect of temperature
fluctuations on the average radiative power and radiative transfer equation. The common conclusion is that
this effect is negligible in non reactive flows, where the average radiative quantities can be calculated directly
from the average temperature profile, but plays a large role in reactive flows where emission losses can be
enhanced up to 30% due to TRI [4, 5].
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Figure 2: Profiles of mean temperature and turbulent heat flux for the low/intermediate optical thickness,
constant absorption coefficient cases. The red dashed line shows results from setting Prt = 0.9, while the
blue lines result from the two equation model, where dashed and dash-dotted show results not including and
including TRI, respectively.

On the other hand, the first study which identified the role of radiation in the destruction of temperature
fluctuations was performed by Townsend [6]. The study of the role of radiation in the modification of the
temperature variance was advanced by findings in the field of atmospheric science [7, 8] which commonly deal
with low temperature applications. In particular, Coantic & Simonin [8] showed that radiative dissipation
is proportional to κp/ωK , where κp is the Planck mean absorption coefficient and ωK is the Kolmogorov
wavenumber. Moreover, Soufiani [9] has investigated the effect of radiation on the turbulent temperature
spectrum of high temperature radiative gasses, demonstrating that radiative dissipation is more effective at
the right end of the spectrum.

More recently, thanks to the increase in the available computational resources, several works have addressed
TRI with direct numerical simulation (DNS) to investigate the structural change of temperature turbulence
in presence of radiative heat transfer. Numerous works involve different approximations to solve the issue
of high computational requirements for radiative calculation. The most used approaches were either the
optically thin approximation [10, 11] or the gray gas approximation [2, 12, 4]. In particular, our previous
work [2] showed that TRI has a non linear dependency on optical thickness τ , which is caused by the
contrasting roles of radiative emission and absorption. While TRI largely modifies the temperature field,
its effects have not yet been included in standard turbulence modeling except for very low optical thickness
cases. In particular, the solution of the Reynolds Averaged Navier-Stokes (RANS) equations relies on the
modeling of unclosed terms, one of which is the turbulent heat transfer. This quantity is severely modified
by the presence of radiative heat transfer, leading to erroneous temperature predictions if standard models
are employed. Figure 1 shows a schematic that describes all the interaction pathways between mean and
fluctuating temperature and radiative quantities, of which κ is the absorption coefficient, E is the volumetric
emission and G is the volumetric absorbed radiation. The angle brackets denote an average value while
a prime stands for a fluctuation. Turbulence radiation interactions are divided into two main effects: the
action of radiation on turbulence (κ,E,G → T ′) and the development of a fluctuating radiative field by the
action of temperature fluctuations (T ′ → κ′, E′, G′).

The two gray lines show pathways which are considered negligible in this study. The first one (T ′ →
〈κ〉, 〈E〉, 〈G〉) is relatively small in non reactive flows, where T ′/〈T 〉 ≪ 1 (weak temperature fluctuations), as
reported in several previous investigations [4, 3, 1, 12, 2]. The second (κ′, E′, G′ → 〈T 〉) which represents the
influence of radiative quantities fluctuations on average temperature, is much smaller than the counterpart
(〈κp〉, 〈E〉, 〈G〉 → 〈T 〉). The dominant effect of radiative fluctuations on 〈T 〉 is felt through the modification
of T ′ and the consequent change in turbulent heat transfer. This last pathway (〈T 〉 → κ′, E′, G′ ↔ T ′ → 〈T 〉)

2
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is considered here the most influential in non reactive flows and is hence the only focus of this study. The
specific novelty of this work consists in the modeling the relevant TRI pathways (blue lines) and the inclusion
of these effects into a general turbulent heat transfer closure model (red lines). The proposed model consists
in a first order approximation of the fluctuating radiative field which is expressed as a linear function
of temperature fluctuations. Based on these approximations, coefficients of proportionality are employed to
close the unknown terms in the relevant model equations. A closed form of all radiation-temperature-velocity
correlation can be explicitly derived depending on the chosen turbulent heat transfer model and the required
accuracy. This concept is applied to model the turbulent heat transfer in a high temperature fully developed
turbulent channel flow bounded by a hot and a cold wall. In particular, a modification of a standard two-

equation model (˜θ′′2 − εθ, developed by Deng et al [13]) is tested and verified against Direct Numerical
Simulation (DNS) data. Several cases characterized by different properties are tested (i.e., constant/variable
density, gray/non-grey gas). As an example, figure 2 shows the results obtained for the simplest cases in
the database (incompressible and gray) with increasing optical thickness (τ). While standard models are
not able to reproduce the DNS data, especially as optical thickness increases, the new model’s results show
exceptional agreement both in terms of average temperature profiles and turbulent heat transfer for all cases.
This proves the validity (and the necessity) of the proposed model in non-reactive, radiative turbulent flows.
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Abstract
The behaviour of a liquid kerosene spray injected

into a cross-flow of high temperature vitiated air is in-
vestigated. This fundamental flow configuration has
wider implications for the design of future aeronauti-
cal fuel injectors, particularly with respect to MILD
combustion concepts. Large eddy simulation is ap-
plied to numerically study the global flame character-
istics, with the main objectives of giving further in-
sight into the reacting behaviour of sprays in cross-
flow and comparing two different approaches to model
turbulence-chemistry interaction: the conditional mo-
ment closure model and the Eulerian stochastic fields
method. Results show that the two approaches give
similar predictions of the location of the peak mean
temperature. Some differences appear in the vicinity
of the spray injection location, possibly highlighting
the important role of the modelling of the interaction
between evaporation and sub-grid mixing. Analysis
of the flame and spray behaviour at different pressures
also demonstrates the strong coupling between the re-
acting field and evaporation characteristics, which are
highly affected by the penetration of the spray into a
flow field characterised by relatively large gradients of
temperature. Results obtained in this work provide a
benchmark for the application of sprays in hot cross-
flow for the development of novel combustion tech-
nologies.

1 Introduction
The jet in cross-flow (JICF), or transverse jet, is a

flow configurations often employed in technical appli-
cations such as propulsion and power generation sys-
tems. It typically consists of a jet issuing perpendic-
ularly into a mean bulk flow and is characterised by
enhanced mixing qualities in the near-field region of
the two interacting streams. JICFs have been studied
extensively in the past, see e.g., the review paper by
Karagozian (2010), and cover a broad range of possi-
ble flow problems. One such example is the injection
of a liquid fuel spray into a cross-flow of gaseous oxi-
diser, here referred to as reacting spray in cross-flow
(SICF). This setup is related to the fuel preparation
process in aeronautical engines, where rapid droplet
evaporation and fuel-oxidiser mixing are desired to
produce homogeneous mixtures with the aim of min-
imising pollutant emissions.

A very specific case of reacting SICFs is the injec-
tion of kerosene into a cross-flow of high temperature
vitiated air. The expression ‘vitiated’ (or ‘diluted’) air
is used here to indicate a mixture of pure air and com-
bustion products (Giusti et al., 2017). At present, this
configuration is only encountered in some afterburner-
type jet engines, where fuel can temporarily be in-
jected into the exhaust gas stream to increase thrust.
However, in the near future, similar concepts may also
be employed to further reduce the formation of pollu-
tants in gas turbine engines, see e.g., de Oliveira et al.
(2021). The principle of oxidising fuel with heavily
vitiated air has already shown a promising potential in
decreasing nitrogen oxide (NOx) levels (Wünning and
Wünning, 1997) and could be achieved by deploying
exhaust gas recirculation (EGR) or sequential com-
bustor technologies (Schulz and Noiray, 2019). The
underlying concept is commonly known as moderate
or intense low-oxygen dilution (MILD) combustion
(Cavaliere and de Joannon, 2004), or ‘flameless’ ox-
idation, and relies on the creation of small tempera-
ture gradients between the reactant mixture and burnt
products, resulting in spatially well-distributed reac-
tion zones.

To the best knowledge of the authors, there are no
prior publications on reacting SICFs under high tem-
perature vitiated air conditions available in the open
literature. Previous investigations of such conditions,
both experimental and computational, have focused
exclusively on co-flow or free jet configurations. The
only exception is a study by Brown et al. (2012), which
reports on the difficulty of simulating the transverse
injection of Jet-A fuel into a vitiated cross-flow at
an intermediate temperature of 1000 K. Results from
several different computational fluid dynamics (CFD)
simulations were compared to experimental measure-
ments providing marginal agreement. Generally, the
modelling of this highly complex flow problem is con-
sidered extremely challenging and requires advanced
CFD tools with robust and accurate multi-phase flow
solvers, evaporation models and chemical reaction
schemes. The difficulties arise from the wide variety
of physical processes involved, i.e. the liquid fuel is in-
jected in the form of a spray, which after vaporisation
mixes with the excess oxygen contained in the hot vi-
tiated cross-flow and burns. Previous work on gaseous
jets in hot cross-flow (Schulz et al., 2019) also sug-



gested auto-ignition as a fundamental mechanism for
flame stabilisation, further demonstrating the impor-
tance of both chemistry and flow scales to determine
the flame dynamics.

Large eddy simulation (LES) was chosen in the
present investigation for its capability to provide
time-resolved, three-dimensional (3D) solutions to
industrial-scale flow problems at a feasible computa-
tional cost. However, the use of LES introduces an-
other dimension of complexity due to the need for a
combustion model to close turbulence-chemistry in-
teractions on the unresolved sub-grid scales. Various
combustion models have been developed in the past,
ranging from computationally less expensive methods
such as flamelet generated manifolds (FGM) and ar-
tificially thickened flame (ATF) models to more ex-
pensive approaches like the conditional moment clo-
sure (CMC) model or transported probability density
function (PDF) methods. A comprehensive review of
recent trends and developments in turbulent combus-
tion modelling can be found in Giusti and Mastorakos
(2019). Few research groups have previously pub-
lished LES studies of spray flames in vitiated air. Ex-
amples are the works of Ma and Roekaerts (2017) and
Gallot-Lavallée et al. (2017, 2021) who applied, re-
spectively, the FGM method and a transported PDF ap-
proach with the Eulerian stochastic fields (ESF) solu-
tion method to the Delft spray in hot co-flow (DSHC)
test case (Rodrigues et al., 2015). In the present work
we aim at extending the investigation of spray com-
bustion in vitiated air by simulating a kerosene spray
in hot cross-flow and comparing the predictive capa-
bilities of CMC and ESF.

The main objectives of the this work are threefold:
(i) to create a benchmark for the modelling of turbu-
lent reacting SICF configurations, (ii) to compare the
performance of two highly advanced LES combustion
models within this framework, and (iii) to improve the
physical understanding of reacting kerosene sprays is-
suing into hot vitiated cross-flows with a focus on the
effect of evaporation characteristics at different pres-
sures.

2 Methodology
Two different LES methods are used in this work.

Both methods are based on a Eulerian-Lagrangian
framework with two-way coupling between the con-
tinuous (gas) and dispersed (liquid) phase of the flow.
For the gas phase, Favre-filtered equations for mass
and momentum conservation are solved including
source terms representing the influence of the liquid
spray under a dilute spray approximation (Jenny et al.,
2012). The Smagorinsky model is applied to evaluate
the unresolved stress tensor. The interaction between
turbulence and chemistry on the LES sub-grid scales
is closed by, alternatively, the CMC model or the ESF
method. Drag is assumed to be the only force acting
on the droplets. The rapid mixing model (Miller et al.,

1998) is used to compute the evaporation rate. Note
that the diffusion properties of kerosene have been
modified to reflect the influence of the vitiated air con-
ditions on the evaporation rate evaluated by means of
single droplet computations in a quiescent gas (Giusti
et al., 2017). Secondary breakup is neglected.

LES-CMC. The CMC model uses conditional mo-
ments based on mixture fraction (Klimenko and Bil-
ger, 1999). In the present work, an in-house unstruc-
tured code for the CMC equations (Giusti and Mas-
torakos, 2017; Sitte and Mastorakos, 2019) is coupled
with an LES solver developed in the open-source CFD
platform OpenFOAM. A presumed β-FDF (filtered
probability density function) is assumed for the mix-
ture fraction. The FDF is computed starting from the
filtered mixture fraction and its variance, both of them
computed by means of a transport equation (Giusti
and Mastorakos, 2017). The LES-CMC method has
already been applied to a wide range of combustion
problems, including local extinction and blow-off in
non-premixed (Zhang et al., 2015) and spray flames
(Giusti and Mastorakos, 2017).

LES-ESF. In addition, the in-house LES code BOF-
FIN is employed, which uses a transported PDF model
solved by the Eulerian stochastic fields method, see
e.g., Sabel’nikov and Soulard (2005). The main ad-
vantage of the PDF formulation is that the chemi-
cal source terms appear directly in closed form, al-
lowing for a potentially burning regime independent
description of turbulent flames. Note that an addi-
tional stochastic dispersion model is included in the
Lagrangian formulation of this code following the
approach of Bini and Jones (2008). The LES-ESF
method has been applied extensively to test cases in-
volving premixed (Jones et al., 2012), partially pre-
mixed (Fredrich et al., 2019) and non-premixed (Jones
and Prasad, 2010) flames, and does not require any
tuning of the model parameters.

Reaction mechanism. Kerosene-air combustion is
described by a reduced 4-step reaction mechanism,
which was devised from a global reaction scheme
originally developed for alkanes (Jones and Lindstedt,
1988). It includes 7 species (kerosene is represented
by C12H23) and involves the following four global re-
action steps:

H2 + 0.5O2 
 H2O (R1)

CO +H2O 
 CO2 +H2 (R2)

C12H23 + 12H2O ⇀ 12CO + 23.5H2 (R3)

C12H23 + 6O2 ⇀ 12CO + 11.5H2 (R4)

The respective forward rate constants, ṙf were derived
such that the measured burning velocities of gaseous
kerosene-air mixtures are reproduced over a range of
operating pressures, initial temperatures and mixture



equivalence ratios:

ṙf,1 =
1.0× 1015

T
exp

(
−40, 000

RT

)
ρ0.4

n0.5H2
n1.9O2

nH2O

ṙf,2 = 2.75× 109exp

(
−20, 000

RT

)
ρnCOnH2O

ṙf,3 = 3.0× 108exp

(
−30, 000

RT

)
ρnC12H23

nH2O

ṙf,4 = 8.5× 109exp

(
−30, 000

RT

)
ρ0.4n0.5C12H23

n0.9O2

where n is the specific mole number of each species,
T is the temperature, ρ is the density and R is the
universal gas constant. The reverse rates are obtained
from the appropriate equilibrium constants based on
the Gibbs free energy, which can be evaluated from
thermodynamic data.

The performance of the global reaction mechanism
is assessed against that of the more detailed hybrid
chemistry (‘HyChem’) approach by Xu et al. (2018)
involving a total of 843 reactions and 119 species. For
this purpose, a ‘zero-dimensional’ (0D) version of the
CMC solver is applied, providing a solution to the tem-
perature and species concentrations in mixture frac-
tion space at constant scalar dissipation rates (SDR)
(Paxton et al., 2019). The investigated conditions are
identical to those of the SICF setup described in the
next section with the fuel vapour temperature assumed
to be 475 K. Figure 1 shows the temperature profile
for a range of values of SDR. Results demonstrate that
the 4-step mechanism is able to capture with reason-
able accuracy both the peak value of temperature and
the flame behaviour around the stoichiometric region.
Some noticeable discrepancies, as also shown by the
species profiles in Figure 2, appear on the rich side of
the flame, which can be attributed to the absence, in the
4-step reaction mechanism, of a detailed description of
the pyrolysis process. The 4-step mechanisms is used
in this study since the main focus is on the global char-
acteristics of the flame. However, the use of detailed
chemistry is recommended for future work to enable
a more comprehensive analysis of the reacting region
and pollutant formation.

3 Setup
The computational domain consists of a 250 mm

long square duct with a 62 × 62 mm2 cross section
area. It is spatially discretised by a structured mesh
containing approximately 8 million hexahedral cells
with uniform edge lengths of ∆x = 0.5 mm. All solid
boundaries are treated as adiabatic walls with no-slip

Figure 1: 0D-CMC computations of the temperature, T ,
versus mixture fraction, η, where the scalar dis-
sipation rate (SDR) was gradually increased from
1 ×101 (black line) to 1 ×106 s−1.

Figure 2: 0D-CMC computations of the species mass frac-
tions, Y , versus mixture fraction, η, for a constant
scalar dissipation rate of SDR = 100 s−1.

conditions. The same computational mesh is used
in both LES-CMC and LES-ESF simulations. Fol-
lowing common practice (e.g., Zhang et al. (2015)),
CMC equations are solved on a coarser mesh, which
consists of about 6,800 cells uniformly distributed in
the domain. Second-order accurate schemes and the
Crank-Nicolson method are used for the discretisation
of space and time, respectively. The CMC equations
are discretised as described in Giusti and Mastorakos
(2017). A numerical time-step of 3 × 10−6 s is used
to limit the Courant-Friedrichs–Lewy (CFL) number
to 0.3. A flat velocity profile with a magnitude of U cf
= 34 m/s is applied at the domain inlet. The cross-
flow conditions are summarised in Table 1. These have
been determined from the burnt equilibrium state of
methane and air at an equivalence ratio of 0.7. The re-

Table 1: Mass flow rate, velocity, temperature, density, pressure and species concentrations, Y of the cross-flow.
ṁcf [kg/s] Ucf [m/s] Tcf [K] ρcf [kg/m3] pcf [bar] YCO2

[-] YH2O [-] YO2
[-] YN2

[-]
0.0241 34.0 1849 0.184 1.01325 0.108 0.088 0.067 0.737



sulting mixture of hot vitiated air contains CO2, H2O,
O2 and N2 with a temperature of T cf = 1849 K. The
cross-flow Reynolds number, Re, is 6610.

The fuel spray injection takes place 70 mm down-
stream of the cross-flow inlet. Liquid kerosene
droplets are injected in the transverse direction with
a cone opening angle of θ = ±9◦, a mass flow rate
of ṁf = 0.23 g/s, a velocity of Ud,0 = 25 m/s and
a temperature of Td,0 = 300 K. The initial droplet
diameters are prescribed following a Rosin-Rammler
distribution with a sauter mean diameter (SMD) equal
to 50 µm and a dispersion parameter of q = 4.

4 Results
First, results from the full three-dimensional (3D)

LES-CMC computations are compared to those ob-
tained using the LES-ESF method. This allows us to
investigate whether a mixture fraction-based formula-
tion (CMC) can predict the main features of a spray
in highly diluted air. Then the analysis is extended
to a SICF at elevated pressure to provide further in-
sight for the application of SICFs in practical applica-
tions. Both the reacting field and spray characteristics
are analysed.

Comparison of combustion models. Figure 3, left,
shows profiles of the time-averaged temperature along
a vertical line 30 mm downstream of the spray injec-
tion location. The two approaches give similar pre-
dictions of the mean reacting region, as shown by the
location of the peak temperature. Differences between
the results obtained with the two methods are evident
in the region close to the injection location, charac-
terised by a strong coupling between the evaporation
rate and mixing field, which results in a different dis-
tribution of fuel in the region between the two peaks of
temperature (LES-ESF shows a longer penetration of
the fuel-rich region). The effects of spray evaporation
on the micro-mixing could be crucial to determine the
gas-phase temperature in this region and consequently
the evaporation rate. This suggests that scalar dissi-
pation rate and mixing models could be important to
predict the early characteristics of spray flames and
future work should focus on models able to reliably
represent the coupling with evaporation. Analysis of
the temperature and mixture fraction fields (see Fig-
ure 3, right, and Figure 4, bottom) also shows that the
two quantities are well correlated, suggesting that ap-
proaches based on the correlation of flame characteris-
tics with the mixture fraction could be appropriate for
the investigated conditions.

Elevated operating pressures. The effect of pres-
sure is examined by increasing the cross-flow operat-
ing pressure from 1 atm to 2 bar and 4 bar, respec-
tively. In doing so, the inlet velocities of the cross-
flow and fuel spray are adjusted to keep the respective
mass flow rates, overall equivalence ratio, Reynolds

120 mm

30

-30

0

70

0

0.4

𝜉

Figure 3: Left: profiles of time-averaged temperature, 〈T 〉,
100 mm downstream of the cross-flow inlet, ob-
tained from LES-CMC and LES-ESF for p =
1 atm. Right: time-averaged mixture fraction, 〈ξ〉,
from LES-ESF simulation at p = 1 atm.

number and spray-to-cross-flow momentum flux ratio,
J = ρd,0U

2
d,0/ρcfU

2
cf constant. The resulting inlet ve-

locities are summarised in Table 2. Figure 4 shows the
time-averaged temperature of the three investigated
cases. The extension of the low temperature region in
the vicinity of the injection location decreases with in-
creasing pressure. This is mainly due to a decrease of
the evaporation rate at high pressure, further demon-
strated in Figure 5, which shows that the penetration
of the spray increases with increasing pressure. Over-
all, the location of the reacting region is similar for all
the pressures. However, the reacting region appears
thinner at elevated pressures.

To gain further insight into the evaporation be-
haviour of kerosene droplets, single droplet simula-
tions in quiescent air at low and elevated pressure
have been performed using the method reported in
Giusti et al. (2017). Figure 6 shows the time evolu-
tion of d2/d20 and the droplet temperature, Td. The
total evaporation time increases with increasing pres-
sure, mainly due to an increase of the heat-up pe-
riod. Note that the droplet temperature at equilibrium
increases with increasing pressure, which allows for
higher vapour pressure at the droplet surface. Consid-
ering again the SICF investigated here, the evaporation
rate at high pressure is further affected by the differ-
ent characteristics of the cross flow (Table 2), overall
resulting in the higher penetration of the spray with
increasing pressure described above.

Figure 7 shows the PDF of the age, temperature
and velocity of the droplets at different pressures.
The results demonstrate that the residence time of the
droplets in the channel increases with increasing pres-

Table 2: Cross-flow and fuel spray inlet velocities for differ-
ent operating pressures.

p 1 atm 2 bar 4 bar
Ucf 34.0 m/s 17.23 m/s 8.61 m/s
Ud,0 25.0 m/s 17.8 m/s 12.58 m/s



Figure 4: Snapshots of the time-averaged temperature, 〈T 〉
for mean operating pressures of 1 atm, 2 bar and
4 bar. Solid and dashed lines indicate isocontours
of 〈T 〉 = Tcf and the time-averaged fuel mass
fraction, 〈Yf 〉 = 0.25, respectively. Simulations
performed with the LES-ESF method.

0

0.5

1

Figure 5: PDF of the instantaneous droplet distribution for
p = 1 atm, 2 bar and 4 bar. Simulations performed
with the LES-ESF method.

Figure 6: Time evolution of the droplet diameter and tem-
perature from single droplet computations in qui-
escent air: d0 = 50 µm, Td,0 = 300 K, Tf =
1000 K at different pressures.

sure. The droplet temperature PDF appears bi-modal
in all the investigated cases, with a low temperature
peak representing droplets in the vicinity of the injec-
tion location and a high temperature peak indicating

Figure 7: PDF of the instantaneous droplet age, temperature
and axial velocity for p = 1 atm, 2 bar and 4 bar.
Simulations performed with the LES-ESF method.

droplets that have reached equilibrium closer to the
flame brush. The relative number of droplets reach-
ing high-temperature equilibrium is higher at low pres-
sures. Furthermore, it is also evident that the maxi-
mum droplet temperature increases with pressure, con-
sistent with the single droplet investigation of Fig-
ure 6. The bi-modal shape could be representative of
a quick transition from the equilibrium temperature in
a relatively low temperature region, to a higher equi-
librium temperature of droplets that penetrate closer
to the flame region. Note that droplet autoignition,
which may be present for relatively large droplet di-
ameters (Giusti et al., 2017), is not modelled in the
present work and should be considered in future work.

5 Conclusions
This work numerically investigated the behaviour

of a kerosene fuel spray injected into a high tempera-
ture vitiated cross-flow. Results show the strong cou-
pling between the spray evaporation behaviour and the
global flame characteristics. In particular, when keep-
ing the droplet cross-flow momentum ratio constant,
the change of evaporation time scales with pressure
affects the region impacted by evaporative cooling and
the thickness of the mean reaction zone. Comparison
between the conditional moment closure approach and
transported PDF simulations shows a similar location
of the mean reacting region, and also highlights dif-
ferences in the fuel distribution in the vicinity of the
injection location, which results in a different pene-
tration of the fuel-rich mixture. Such results suggest
the important role of the modelling of the interaction
between evaporation and the turbulent reacting field,
which should be the focus of future research.
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Abstract 

The unstable phenomena induced by the natural 

convection at a moderate Rayleigh number 5.4×105 

in an open-ended vertical channel with hot-cold wall 

configuration are investigated. To well conditionally 

assign the boundary conditions at inlet and outlet, the 

compressible solver combining absorbing and 

non-reflecting boundary conditions for extremely 
low Mach numbers is applied to eliminate the prob-

lem of requiring a priori knowledge of the flow rate. 

It is found that the flow and temperature fields are 

closer to those in an enclosure rather than in a ver-

tical channel with only one-side heated wall under 

the condition of the same Rayleigh number. The 

present results suggest that the existing empirical 

experience for the natural convection in a vertical 
channel is not suitable for the current configuration. 

Instead, based on the distribution of the kinetic dis-

sipation and the thermal dissipation, the bounda-

ry-layer behavior for the current configuration can be 

more appropriately described by Grossmann-Lohse 

(GL) theory, originally proposed of horizontal 

(Rayleigh-Benard) convection.  

 

1 Introduction 

The natural convection in a vertical channel with 

hot-cold walls is very common to see in our daily life 

such as a wall mounted-panel heater. Differently 

from the most well-known case, the natural convec-

tion in an enclosure, how to well conditionally assign 

the boundary condition at inlet and outlet is a chal-

lenging topic. Especially, due to the different direc-

tion of the buoyancy force in a hot-cold wall con-
figuration, the opposite velocities locating on the 

same boundary for both upper and lower apertures in 

the channel increases the difficulty of performing the 

simulation. Besides the issue of the boundary con-

dition, to the authors’ best knowledge, the current 

configuration has not been numerically studied be-

fore, so how to appropriately analyze the results and 

describe the flow characteristics using the known 
flow patterns to understand the new physical insights 

should be also taken into consideration.  

To appropriately assign the boundary condition 

for the natural convection in a vertical channel flow, 

Fu et al (2009) modified the local one-dimensional 
inviscid relations (LODI), originally proposed by 

Poinsot and Lele (1992) for a subsonic compressible 

flow, for extremely low Mach flows to a simple 

coupled equation only considering the variation of 

the pressure and the streamwise velocity on the 

boundary for two dimensional simulations. In the 

later research, the same group in Fu et al (2010) ex-

tended the method to the three dimensional cases by 
considering the variations including pressure, ve-

locities in streamwise, vertical, and spanwise direc-

tions, and temperature. The opposite velocities at the 

apertures due to the natural convection in a hori-

zontal channel can be appropriately assigned. 

However, because of the lack of the damping term, 

this method can only be applied to a stable flow field. 

In order to conduct the transient state problems, Li et 
al. (2015) combine the non-reflecting boundary 

condition developed in Fu et al (2009) and Fu et al 

(2010) with the absorbing boundary condition for 

natural convection Fu et al (2014) to conduct the 

transition in a vertical channel.  

The unstable phenomena in natural convection 

play an important role in the heat transfer near the 

wall. One of the most well-known unstable phe-

nomena is Rayleigh Benard convection and usually, 

it happens in such configuration that a heated wall 

from below and a cooled wall from above. To study 

such flow fields, Grossmann and Lohse (2000) 
proposed Grossmann-Lohse (GL) theory to analyze 

the fluid behavior near the wall. Basically, GL theory 

decomposes the kinetic dissipation into the boundary 

layer contribution and bulk contribution to appro-

priately scale the flow characteristics near the wall. 

Most of the literature studies GL theory by adopting 

the horizontal natural convection that the normal 

direction of the wall parallels the buoyancy force. As 
the authors know, Ng et al (2015) is the first research 

that applied GL theory in vertical natural convection. 

It is confirmed that GL theory can be applied not 

only on the horizontal natural convection but also on 

the vertical convection. However, all of the research 

mentioned above adopt the enclosure model. The 

generalized applicability of the GL theory for the 

channel flow has not been studied yet. 



 

 

Therefore, this study aims to investigate the un-

stable phenomena induced by the natural convection 

in a vertical channel with asymmetric hot-cold walls 
at the Rayleigh number 5.4×105. To the authors’ best 

knowledge, the physical model proposed here has 

not been studied yet due to the opposite directions of 

the velocity at the same boundary condition. To 

overcome this problem, the non-reflecting boundary 

condition with the absorbing boundary condition 

developed in Li et al (2015) is applied to the current 

physical model. Besides, the unstable phenomena 
near the wall generate small flow structures, which is 

different from past cognitions about the flow pattern 

at the same Rayleigh number. To study the scale of 

the fluid property, following Ng et al (2015), the GL 

theory, originally proposed for the horizontal con-

vection, is applied to investigate the flow and tem-

perature fields to better understand the physics. From 

the scale analysis, it can be known that, even at a low 
Rayleigh number, instead of the laminar flow field, a 

similar Rayleigh-Benard convection is shown. 

 

2 Physical model and numerical method 

The open-ended finite length channel with extra 

regions is shown in Fig. 1. The streamwise, vertical, 

and spanwise directions are denoted x1, x2, and x3, and 

their corresponding velocities are u1, u2 and u3, re-

spectively. Gravity is in the negative minus x1 direc-

tion. The related parameters used in this study are 

listed in Table 1. 

 

 

The governing equations are the original Na-

vier–Stokes equations with the source term to calcu-

late the effect of the buoyancy force, 
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Finally, Eq. (2) can be rearranged as 

1 3 3

3
[ ( )]

2

k k k k

x p x p x p p

I
M A B C U R

t
  


     

 
. (3) 

The lower–upper symmetric-Gauss–Seidel 
(LUSGS) implicit method is adopted to solve Equa-
tion (3). 

At extremely low Mach numbers, the fluid speed 

is several orders of magnitude lower than the sound 

speed. The Weiss and Smith Roe scheme is then 

adopted to resolve the term F in the governing equa-

tion given by Eq. (1).  
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Where dF  is the Roe dissipation term. 

 For the inlet and outlet boundary condition, 

following [3], a hybrid boundary condition is used 
outside the inlet and outlet shown in Fig. 1. 

 

3 Result and Discussion 
The natural convection in a vertical channel as 

shown in Fig. 1 is investigated and the Rayleigh 
number based on the width of the channel H is 5.4×105. 

Two different cases are conducted. CaseI is that the 

wall temperatures in the left and right are Tc=T0-15K 

and Th=T0+30K, respectively. CaseII is that the wall 

temperatures in the left and right are Tc=T0 and 

Th=T0+45K, respectively. Please note here. The 

temperature differences between the two walls for 

these two cases are the same so the Rayleigh numbers 
are also identical. 

Fig 2. shows the contour of the instantaneous 

temperature and the instantaneous velocity for both 

CaseI and CaseII. For CaseII, except for the region 

near the outlet, where the circulation zone can be ob-

served, the flow field and the temperature field are 

stable. On the other hand, Case I shows unstable 

 
Figure 1:Physical model  

Table 1. Computational parameters 

 
 



 

 

phenomena. The obvious thermal boundary layer at 

both hot and cold walls can be observed and the 

buoyancy force caused by the heat transfer induces the 
upward flow at the hot wall and the downward flow at 

the cold wall. The opposite directions of the velocity 

interact with each other between two walls causing the 

flow to be unstable. Generally speaking, at this mod-

erate Rayleigh, the natural convection in a vertical 

channel should be stationary such as shown in CaseII. 

However, the interactions for both velocity and heat 

transfer between two walls lead the instability even 
the Rayleigh number is still far from being turbulence. 

Therefore, it should be admitted that the existing em-

pirical experience for the vertical channel flow can’t 

be applied to Case I. 

    To investigate the unstable phenomena in CaseI, 

one of the most well-known theories related to unsta-

ble phenomena in natural convection, which is 

Grossmann-Lohse (GL) theory (2002), is referred to 

describe the flow filed in CaseI. GL theory was orig-

inally proposed for the Rayleigh Benard convection, 

where the physical model contains a hot wall on the 

bottom and a cold wall on the top. So the effect of the 
streamwise velocity is not needed to be considered. 

However, in the present study, the streamwise veloc-

ity appears between two walls so the results applying 

GL theory on the case with the streamwise velocity in 

Ng et al (2015) are firstly compared. In Ng et al (2015), 

the natural convection in an enclosure with aspect ra-

tio 1/8 (H/L) using direct numerical simulation (DNS) 

at the same Raleigh Number with the present study, 
5.4×105, is conducted, and GL theory is applied to 

describe the flow field. In Fig. 3, the statistical data at 

x1=0.2m are compared with DNS results in Ng et al 

(2015). Please note here. The discrepancy especially 

near the center of the channel height, x2/H=5, is 

caused by the unsymmetrical condition of the tem-

perature between two walls here. In Ng et al (2015), 

the condition of Tc=T0-1/2ΔT and Th=T0+1/2ΔT is 
assigned. On the other hand, in CaseII, the condition 

of   Tc=T0-1/3ΔT and Th=T0+2/3ΔT  is assigned. Even 

the boundary conditions between CaseII and Ng et al 

(2015) are different, the qualitatively good agreement 

with the DNS results still implies that the GL theory 

and analysis method developed in Ng et al (2015) can 
be directly applied to the current configuration. 

 

    To study the flow and thermal fields near the 

wall in more detail, the boundary-layer behavior is 

investigated. Following Ng et al (2015), for the hot 

wall, the kinetic boundary-layer thickness δ u  is 

calculated by intercepting 
2 2

/u x du dx    and  

max
u u . Similarly, the thermal boundary-layer 

thickness δ T  is calculated by intercepting 

2 2/hT T x dT dx     and / 2hT T T   . Through 

these calculations, the effects on the flow can be 

clearly separated. One is from the boundary-layer due 

to the velocity gradient,  
2

/du dx   and the other is 

from the bulk region caused by the bulk velocity, 

max
u u . These distributions are compared with the 

kinetic dissipation and the thermal dissipation shown 

in Fig. 4(c) and (d) respectively to better understand 

the physical insight. The kinetic dissipation due to the 

mean velocity, 
2 2

(d / d )
u

u x    and due to the 

velocity fluctuations 2
( / )

u i j
u x 
   , and the 

thermal dissipation due to the mean temperature, 

2
(d / d )

T
k T x    and due to the temperature fluctu-

ations,  2
( / )

T j
k T x 

    are shown. Based on the 

results, inside the boundary layer, the physical prop-

erties of the mean dominate the flow field. On the 

other hand, outside the boundary layer, the physical 

properties of the fluctuation dominate the flow field. 

The above observation is consistent with the GL the-

ory. Because away from the wall, the turbulence due 

to the natural convection is not strong enough to 

generate the boundary layer, GL theory decomposes 
the kinetic dissipation into the boundary layer and 

bulk contribution. 

 
Case I                            Case II 

Fig. 2 The instantaneous temperature and veloc-

ity 
 

 
Fig. 3 Statistical data 

 



 

 

4 Conclusion 
    The natural convection in an open-ended vertical 

channel with hot-cold wall configuration has been 

studied for the first time. The compressible solver 

with the hybrid boundary condition is utilized to ad-

dress the problem about the unknown flow rate at inlet 
and outlet. Based on the statistical data, it can be 

known that the existing empirical experience for the 

vertical channel flow cannot be applied to the present 

study. Therefore, the kinetic dissipation is analysized 

and it is found that the current flow field is closer to 

that in an enclosure and the GL theory can be used to 

describe the phenomena. 
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Abstract
The unsteady flow patterns which emerge in a 90◦

pipe bend are investigated here by means of High
Speed Stereo Particle Image Velocimetry measure-
ments. Therefore, a fully transparent pipe bend geom-
etry made from silicone is integrated in a test rig. Flow
Reynolds numbers are varied from laminar to turbulent
range from 1000 - 7000. All three velocity component
were measured in a planar cross section near the bend
exit in order to investigate steady and unsteady flow
patterns in laminar and turbulent flow. The analysis of
the mean streamwise velocity component for increas-
ing Re revealed a homogenization of the velocity dis-
tribution induced by enhanced cross flow and stochas-
tic fluctuations. This furthermore leads to a weakening
of the Dean vortex structure. By applying Taylor’s Hy-
pothesis, the origin and development of traveling wave
instabilities could be approximated.

1 Introduction
Pipe bend flows in the transitional and lower tur-

bulent range typically occur in nature such as the flow
within the human bronchial tree or in blood vessels.
Recent efforts are usually aimed at modeling most re-
alistic lung structures experimentally [1] as well as nu-
merically [2] in order to predict typical flow distribu-
tion and moreover particle distribution and deposition.
However, exact numerical prediction of flow and par-
ticle deposition, especially in the transitional regime,
is rather challenging. Different numerical models re-
veal large deviations with respect to turbulent statistics
and more importantly, resulting particle motion behav-
ior [2]. Experimental validation data are rare [1, 2, 3]
and cannot differentiate between model specific flow
physics and basic transition phenomena in pipe bends.
Thus, there is a strong need to understand the physical
behavior of transitional and low turbulent pipe bend
flows in principle. While there is an increasing number
of numerical investigations, especially on transitional
pipe bend flow, the vast majority of these studies are
carried out in toroidal pipes [4, 5]. Experimental stud-
ies in 90◦ pipe bends are rare and have predominantly
been carried out in the highly turbulent regime ( e.g.
[6, 7]) due to a vast majority of technical applications
in that regime.

Based on DNS simulations in toroidal pipes, Can-
ton et al. [8] have shown that flow structures in curved
pipes do not scale with the Dean number De, at least
not for δ > 10−6 and De > 10. Emerging vortices
rather depend individually on the Reynolds number Re
and curvature ratio δ = d/D. In contrast to previous
publications [9] they have proven that secondary Dean
vortices even emerge for all non-zero curvature and
any Re. Their analysis furthermore revealed a struc-
tural variation of the Dean vortices. With increasing
δ the maximum velocity near the outer wall decreases
and for δ > 0.6 the maximum velocity is shifted to-
wards the inner bend featuring even two symmetric
maxima. This phenomenon has previously been qual-
itatively described by Masud et al. [10].

Considering the laminar to turbulent transition, it
has been observed in toroidal pipes that the critical
Reynolds number increases for larger curvature ratios
δ [11, 12]. While for straight pipes the values for the
spreading and decay rate of turbulent spots coincide
forRe ∼= 2040 [13] which define a natural criterion for
the onset of turbulence, critical values for bent pipes
were found to be much higher with about Re ∼= 4000
[12]. However, it should be noted that only mild cur-
vatures with δ < 0.1 have been considered here.

Based on DNS simulations, Lupi et al. [14] ob-
served the onset of periodic flow in a 90◦ pipe bend
for Re > 2550, thus denoting much lower critical
Reynolds numbers than in toroidal flows. This in-
stability is attributed to an oscillating behavior of the
backflow region at the inner pipe bend. The oscil-
lating frequency appears again in the oscillations of
the streamwise flow. They furthermore found a more
complex structure of 90◦ pipe bend flows compared to
toroidal flows, which explains the more unstable be-
havior of these pipe bends.

Nevertheless, the Reynolds-dependent develop-
ment of steady and unsteady flow structures in pipe
bends has to the best of our knowledge not been inves-
tigated so far. Thus, in the current paper characteristic
flow structures emerging in the laminar to low turbu-
lent range in a 90◦ pipe bend are investigated. High
peed stereoscopic Particle Image Velocity (HS-SPIV)-
measurements are applied at the bend outlet in order to
analyze the mean and unsteady, fluctuating structures
in such flows.



2 Experimental Methods
A test rig was built featuring an optically transpar-

ent pipe bend (Fig. 1). The transparent pipe geometry
is made from silicone (Elastosil RT 601, Wacker) sur-
rounded by an octagonally shaped Plexiglas housing
which provides optical access to the pipe flow from
each facet (Fig. 1 (b)).

Flow direction

R = 2D

D

0.066D

L = 33D

camera

water-glycerin
f lled prism

a)

b)

Figure 1: (a) Schematic of the test section and camera set-
up, (b) photo of the transparent measurement sec-
tion including the pipe bend.

The pipe diameter is D = 30mm with a bend cur-
vature ratio of δ = 0.25. The straight pipe inflow
length is L = 30D. The flow rate within the pipe was
varied to cover a range of 1000 < Re < 7000. Such
variations could thus be realized with a frequency con-
trolled pump in combination with a bypass in order to
increase the measurement range to lower flow rates.
The required flow rate was adjusted by using an ultra-
sonic flow rate sensor (FLEXIM FLUXUS 601).

A water/glycerol mixture is used as working fluid
to match the refractive index of the silicone. Thus,
the optical flow measurement technique of HS-SPIV
could be applied here. The measurement plane is de-
fined just downstream of the bent section at a dis-
tance of z = 0.066D (Fig. 1(a)). A high speed
laser (Litron NanoLite LDY354) and two high speed
cameras (Phantom V12.1), each equipped with a
Scheimpflug-adapter were used to capture time re-
solved images.The liquid was seeded with neutrally
buoyant Polyamid tracer particles (Vestosint, d50 =
50µm). A total of 5000 successive images were

recorded for each flow rate with a sampling frequency
between 1500− 6000Hz, thus achieving a mean par-
ticle displacement of 6 pixels between successive im-
ages. These frame rates furthermore provide, to the
best of our knowledge, the highest temporal resolu-
tion of experimental pipe bend flow investigations by
means of SPIV reported in literature so far.

For calibration purposes, a self built 3D target fea-
turing two reference planes was used, which could be
placed within the measurement plane inside the pipe
bend. PIV-data evaluation was done using the Soft-
ware Davis 8.4 from LaVision. After applying im-
age calibration including self calibration, a multi-pass
cross correlation starting with 64 × 64 px2 interroga-
tion window size and ending with 16× 16 px2 at 50%
overlap, was employed. This yields a spatial resolu-
tion of 0.34mm.

3 Results and discussion
Mean velocity patterns

a)

b)

c)

d)

e)

f)

g)

u/u0

A A

O I

x

y

z

Figure 2: Non-dimensional streamwise velocity uz/uB at
the measured cross section for different Reynolds
numbers, a) Re = 1000, b) Re = 2000, c) Re =
2500, d) Re = 3000, e) Re = 4000, f) Re = 6000, g)
Re = 7000.

At first, the influence of increasing Re on the
mean velocity field is analyzed. Fig. 2 shows the
streamwise velocity and in plane velocity vectors of



the measured cross section. The streamwise velocity
is normalized with the bulk velocity uB which was
calculated from the set flow rate. It can be seen that
the normalized peak velocity strongly decreases with
increasing Reynolds number, with a well defined high
speed region at the outer wall (O) of the bend which
captures about one quarter of the cross section at Re =
1000 (Fig. 2 a)). As the Reynolds number increases,
the high speed region is extended towards the inner
pipe radius (I) but with lower relative velocity. This
more homogeneous distribution of the streamwise
velocity is obviously caused by the increasing fluctu-
ations which occur at larger Reynolds numbers. The
consequence is a more blunt velocity profile similar
to the profile change from laminar to turbulent flow
in straight pipes. This observation is in accordance
with [15] who speculated that with the increase of
the Reynolds number, the velocity profile at the
inner core of the pipe bend tries to recover its fully
developed shape by decelerating and accelerating
effects at the outer and the inner parts of the pipe
bend, respectively. They furthermore assume that
this might cause decreasing pipe curvature effects for
higher values of the Reynolds number. The velocity
vectors furthermore denote a relative attenuation of
the Dean vortex pair with increasing Re. While the
structure can be clearly identified for Re = 1000, it
continuously weakens and can hardly be recognized
for Re = 7000 (Fig. 2 g)).

Unsteady flow patterns

uz'/uB

1

4

5 10

Figure 3: Carpet plot of the streamwise velocity fluctua-
tions u′/uB along the symmetry axis from the
outer bend (r/R = −1) to the inner bend wall
(r/R = 1), values are plotted against the normal-
ized streamwise location z∗ = t uB/D based on
Taylor’s hypothesis.

By applying Taylor’s hypothesis and converting
the time axis into the normalized streamwise coordi-
nate z∗ = t uB/D, instantaneous flow structures can
be visualized. Fig. 3 shows the relative streamwise
fluctuating component u′z/uB for increasing Re in the
symmetry plane from the bend outside (r/R = −1)

towards the inside (r/R = 1) along the section A-
A (see Fig. 2 g). Already in the laminar range at
Re = 1000 large scale periodic structures with al-
ternating positive and negative fluctuation velocities
emerge in the pipe center. Such structures are typi-
cally not expected low Re in the laminar range. Con-
sidering the instantaneous velocity fields, a character-
istic switching of the Dean vortex symmetry axis can
be observed. This has previously only been reported
for fully turbulent flows [16]. Thereby, each single
vortex alternately dominates the Dean pair leading to
an oscillating incline of the symmetry axis. Based
on a frequency analysis by FFT, a characteristic fre-
quency of 3Hz has been found. Streamwise fluctua-
tions in laminar bent pipe flows have however already
been reported before. Experimental measurements by
Tsuda and Ohba [17] in U-bends revealed an oscil-
lating streamwise velocity at a bend angle of 90◦ for
Re = 670 and Re = 1340. Their oscillation fre-
quency was with 3Hz even similar to our oscillation
frequency. Similar observations at the same Reynolds
number have been made by Arnal et al. [18] who at-
tributed the streamwise fluctuations in laminar flow to
meandering Goertler-type vortices which develop in
the boundary layer.

1

4

uz'/uB

5 10

Figure 4: Carpet plot of the streamwise velocity fluctuations
u′/uB at the unrolled pipe perimeter of r/R =
0.85, values are plotted against the normalized
streamwise location z∗ = t uB/D based on Tay-
lor’s hypothesis.

At Re = 2000, the periodic structures in the pipe



center are elongated to a length of about 4D and are
characterized by varicose type oscillations in stream-
wise direction on a smaller scale. Such traveling wave
instabilities have previously been reported by Web-
ster and Humphrey [19] who investigated the flow in a
toroidal pipe by numerical methods. Moreover, large
coherent structures occasionally emerge at the inner
and outer pipe bend. For increasing Re the number of
small scale fluctuations is increased. Especially at the
inner half of the pipe bend where the intensity of sec-
ondary flows is largest for Re in the lower turbulent
range, more turbulent fluctuations emerge, while the
initial central structures become weaker. Furthermore,
the amplitude of the relative streamwise fluctuations
reaches its maximum at Re = 2000 and reduces again
for Re = 4000 and Re = 7000.

Similar to Fig. 3, Fig. 4 shows the distribution
of the streamwise fluctuations at the constant radius
of r/R = 0.85 where the position θ = π denotes
the outer pipe bend and θ = 0 the inner pipe bend
position. In agreement to the periodic structures in
the pipe center at Re = 1000, the peripheral section
reveals similar periodic structures at the inner bend
wall of θ = 0. At Re = 2000 the elongated bands of
high and low speed structures are strongly enhanced
near the inner pipe wall. In addition, isolated inclined
long streaks emerge. A further increase of Re leads
to a break up of the large structures near the inner
pipe bend wall. This behavior was also observed
by Sreenivasan and Strykowski [20] for fully devel-
oped flow in helically curved pipes. The strength
and frequency of the inclined streaky structures
are furthermore enhanced with increasing Re. In
contrast to straight pipes, where such streaks also
occur, their inclination originates from the helical mo-
tion of the flow in the pipe bend, i.e. the Dean vortices.

Spectral analysis
As the patterns of the streamwise fluctuations have

shown, there exist periodic structures with characteris-
tic frequencies. By employing a Power Spectral Den-
sity (PSD) analysis their energy content can be com-
pared.

At five selected points within the cross section (see
inset in Fig. 5 a)) the PSD is calculated and exem-
plarily shown in Fig. 5 a) for Re = 2000. It can be
seen that at point 1 (pipe center) and point 4 (location
with the maximum velocity gradient) the PSD reaches
it maximum with a Strouhal number of Sr = 0.1. The
location with the maximum velocity (point 5) is char-
acterized by a PSD which is about one order of mag-
nitude lower than that at point 1. Thus, the PSD for
all Reynolds numbers received from point 1 is sum-
marized in Fig. 5 b). Due to a lower number of images
recorded at Re = 1000, very low frequency struc-
tures could not be calculated for this Reynolds num-
ber from the PSD, here. However, it is obvious, that
the emerging structures contain their highest energy at

a)

b)

r/R = 0.85

1

2
5

34

Figure 5: Power Spectral Densities as function of the
Strouhal number at (a) 5 selected locations within
the cross section (see inset) for Re = 2000 and
(b) variation of the Reynolds number from 1000 -
7000 at point 1.



Re = 2000. This was already indicated by the car-
pet plot of the Taylor Hypothesis. Maximum energies
could be found for Strouhal numbers between 0.08 and
0.11 for all flow rates.

4 Summary and Conclusions
The results of Stereo PIV measurements in a 90◦

pipe bend have been presented here. The high tem-
poral resolution, which could nevertheless not resolve
structure at kolmogorov time scale, yet allowed to get
insight into emerging flow structures for increasing
Reynolds number from the laminar to the lower tur-
bulent regime. Increasing the Reynolds number leads
to a homogenization of the mean streamwise velocity
component and relocation of the peak velocity towards
the pipe core. This hence causes a relative weakening
of the secondary Dean vortex structures. The investi-
gation of the streamwise fluctuations revealed that un-
steady, periodic structures already occur in the lami-
nar regime. By applying Taylor’s hypothesis, origin
and development of traveling wave instabilities could
be approximated. These reach their maximum inten-
sity at Re = 2000 and decay for further increasement
of Re.
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Abstract
This study focuses on assessing a variety of RANS

and Hybrid RANS-LES turbulence methodologies and
their mesh sensitivities for the prediction of the flow
around a finite rectangle prism in the vicinity of a sta-
tionary wall. Results demonstrate that the predicted
size of separation bubble generated by the sharp front
corner is very sensitive to both turbulence model and
mesh choice, while the prediction of re-circulation in
the wake region is less sensitive to the mesh resolu-
tion. The under prediction of resolved turbulence ki-
netic energy, due to either grid size limitation or tur-
bulence model, is the primary cause of imprecision in
the flow field prediction.

1 Introduction
Drag reduction in Heavy Commercial Vehicle

(HCV) design becomes important with the growth of
environmental awareness, particularly given that com-
mercial vehicles are currently responsible for around
a quarter of all road transport emissions in EU ac-
cording to European Commission (2019). Computa-
tional Fluid Dynamics (CFD) plays an important role
in the external aerodynamic design of commercial ve-
hicles, although precisely predicting flow field at high
Reynolds number is still a challenge.

A key problem in flow field prediction is how to
treat turbulence. Ashton and Revell (2015) reports that
the most widely used turbulence models in the indus-
try, linear eddy viscosity Reynolds Averaged Navier-
Stokes (RANS) models, are unable to correctly pre-
dict flow fields due to their inability to accurately re-
solve turbulent fluctuations. On the contrary, while
high-fidelity methods such as Large Eddy Simulation
(LES) are generally able to resolve fluctuations, these
methods are too expensive for complex geometries
and high Reynolds number scenarios. Therefore, Hy-
brid RANS-LES Method (HRLM), and in particular
Detached Eddy Simulation (DES), was proposed by
Spalart et al. (1997) to address these issues. De-
layed Detached Eddy Simulation (DDES), which in-
corporates a more robust boundary layer shielding
method, was demonstrated by Spalart et al. (2006),
and Gritskevich et al. (2012) also adpoted for use

with the k-ω Shear Stress Transport (SST). Mean-
while, Shur et al. (2015) proposed a new Sub-Grid
length Scale (SGS) for DDES to reduce the delay of
RANS-to-LES transition in separation regions, known
as the Shear Layer Adapted (SLA) model. DDES and
its derivatives have evolved substantially and are cur-
rently a mature and commonly used tool in engeineer-
ing simulation.

In the field of turbulence modelling and simula-
tion applied to ground vehicle aerodynamics there has
been substantial focus on the testing of new methods
on generic car geometries; ranging in complexity from
the basic Ahmed body to the detailed DriveAer model;
see e.g. Ashton and Revell (2015) and Guilmineau
et al. (2017). In comparison there has been notably
fewer systematic studies of vehicles with dimensions
relevant to larger, taller vehicles, such as freight trans-
port and train aerodynamics. Relevant examples or
taller generic geometries include the work on both
Large Eddy Simulation (LES) and Partially Averaged
Navier-Stokes (PANS) reported by Rao et al. (2018,
2019), who studied a generic model known as the
Ground Transportation System (GTS). This particular
geometry includes a curved front corner, representing
the aerodynamic fairing on most cab-trailer configu-
rations. This feature, while relevant, introduces addi-
tional complexity on account of the additional chal-
lenge associated with correct prediction of boundary
layer separation from a smooth surface; evident in
Rao et al (2018), wherein the LES results indicate a
flow separation not clearly observed in the experimen-
tal data. To avoid this uncertainty, the present work
focuses on the flow around a finite rectangular prism;
where flow separation is fixed at both the leading and
trailing edges and instead the challenge is restricted
to the interaction of the flow recirculation regions over
the top and sides, as well as the prediction of the wake.

In this paper, we report both experimental and nu-
merical results from the group of Manchester for tur-
bulent flow around a finite rectangular prism, based
on a wagon model from Li et al (2017). Focus is
placed on the assessment of several turbulence mod-
els, both RANS and HRLM methods in order to inves-
tigate their sensitivities to the underlying mesh with



the aim of developing a clearer understanding of pre-
cisely where refinement is needed and for what gain.

2 Methodology
The geometry is defined as a 0.5m(L) ×

0.219m(H) × 0.0855m(W) rectangular prism. The
experiments were performed in an open-circuit wind
tunnel at the University of Manchester with a 5m(L)×
0.9m(H)×0.9m(W) test section. Turbulence intensity
of the wind tunnel is less than 1% and the blockage ra-
tio is less than 5%. Flow speed is U∞ = 18m/s with
a corresponding Reynolds number of ReW = 105

based on the model width. The wagon is mounted
0.233m downstream from the leading edge of split-
ter plate with a 0.014m ride height. Force balance,
pitot tube, and particle image velocimetry (PIV) meth-
ods are used to acquire both integral and flow field
quantities. The detailed experimental setup and results
are reported by Savoie et al (2020). The experimental
setup and CFD domain are shown in Figure 1.

(a)

(b) Top (c) Front

Figure 1: (a) Experimental, and CFD domain in (b) top, and
(c) front views.

As shown in the Table 1, for CFD part, 5 tur-
bulence models, including widely used RANS and
HRLM, are assessed with 5 mesh sizes through
the open-source software OpenFOAM v6. Three
different RANS methods are tested, including two
widely used Linear Eddy Viscosity Models (LEVM),
Spalart-Allmaras (SA) and k-ω SST, and the Ellip-
tic Blending Reynolds Stress Model (EBRSM) devel-
oped by Manceau (2015). Meanwhile, k-ω SST DDES
(DDES) model is tested with two different SGSs: cube
root volume (∆vol), and Shear Layer Adapted (∆SLA)
developed by Shur et al (2015). Since ∆SLA is de-
signed to the delay of RANS-to-LES transition, the
simulation is expected to resolve more turbulence in
the initial stage of shear layer comparing with ∆vol.

Figure 2 shows eddy viscosity ratio (νt/ν) calcu-
lated by SST-DDES-∆vol model with three represen-
tative meshes, namely 5M, 18M, and 36M, and the

z = 0 plane of corresponding mesh is attached at the
right top corner: The 18M mesh is designed as the
baseline mesh; the 5M and 36M meshes are in differ-
ent refinement levels. Two further meshes, not shown,
have a further reduction in resolution. The 3M-WM
(Wall Modelled) is the 5M mesh with a wall modelled
prism layer (y+max ≈ 100) over the wagon, and the
3M-nW (no Wake) is the 5M mesh without wake re-
finement. As indicated in Figure 2b (18M), the eddy
viscosity ratio is less than 20 around the geometry,
which generally represents a satisfactory mesh reso-
lution. Meanwhile, as shown by Figure 2a, the eddy
viscosity ratio in the downstream is much higher com-
paring with the other cases due to a poor mesh resolu-
tion, which meets our expectation.

In the simulations, the time step is ∆t = 10−5[s],
with a corresponding CFL ≈ 10. For each physi-
cal second, the simulation requires approximately 24
hours by runing with 30 thousand mesh cells per
processor. The Characteristic Time Unit (CTU) is
0.056[s], and all the simulations are averaged by ap-
proximately 30 CTUs, starting from t = 5 CTU.

(a) 5M

(b) 18M

(c) 36M

Figure 2: z = 0 plane view of turbulence viscosity ratio
(νt/ν) with corresponding mesh.

3 Results
In this section, we start by considering drag and

pressure coefficient, before undertaking a more de-
tailed comparison of the flow fields.



Figure 3: Drag coefficient comparison between results from experiment (grey dash
line), different meshes and turbulence models.

Mesh
Turbulence Modelling

RANS SST-DDES

SA SST EB-
∆vol ∆SLARSM

3M-WM X X X X X
3M-nW X X X X X

5M X X X X X
18M X X X X X
36M X X

Table 1: Test matrix of this study.

Drag coefficient
Comparison ofCD between meshes and turbulence

models is first shown in Figure 3. All simulations but
one over-predict the drag coefficient, compared to with
the experimental result. The difference between two
SST-DDES cases is small, where both show a dimin-
ishing reduction in CD with increasing mesh size be-
yond 5M cells, highlighting the convergence of the
solution. However, there is still an offset between
finest DDES results and the experimental. Meanwhile,
results from three coarse meshes (3M-WM, 3M-nW,
5M) show that the difference between with and with-
out wake refinement is not as significant as the differ-
ence caused by wall modelled prism layer.

Surface pressure profile comparison
Figure 4-top compares pressure distribution over

centre line (z = 0) of front and rear surfaces calculated
by different meshes with SST-DDES-∆vol model. In
the plot, comparing with experimental results, CFD
shows an over-prediction at both ends of the front sur-
face, and an overall under-prediction over the rear sur-
face. Among CFD results, 18M and 36M meshes have
a good alignment. Meanwhile, results from 3M-nW
and 5M are very close, though there is a disagreement
in the near region of y ∈ [0, 0.1]. The 3M-WM curve
shows a different pattern in the lower half region of
rear surface, which explains its outlying CD result.

Figure 4-btm compares results from different tur-
bulence models calculated with the 18M mesh. Simi-
lar to Figure 4-top, all models have a good alignment
over the front surface, but two LEVMs behave differ-
ently over the rear surface compared with EBRSM and
both DDES models. The SST model has the closest
prediction to the experimental results, leading to a sim-
ilar CD, though we will see later that this is somewhat
fortuitous. The pressure distribution predicted by SA
model is different from both DDES models, although
it has a similar CD result, which suggests a imprecise
wake structure prediction.

Figure 5-top compares results from different
meshes calculated by DDES-∆vol over the top sur-
face. The plot shows a good alignment among 5M
and below cases. However, these coarse meshes fail

Figure 4: Pressure coefficients over centre lines of front and
rear surfaces calculated by (top) different meshes
with SST-DDES-∆vol model, and (btm) different
turbulence models with 18M mesh.

to correctly capture the pressure recovery between
x/L ∈ [0.2, 0.4]. On the contrary, both fine meshes,
18M and 36M, are able to correctly capture the recov-
ery in this region, though there are disputes in the rest
of regions.

Figure 5-btm compares results calculated by dif-
ferent turbulence models with 18M mesh. Compar-
ing with Figure 5-top, the alignment between differ-
ent turbulence models is much better, though both
LEVMs fail to capture the pressure recovery. The



Figure 5: Pressure coefficients over top surface centre line
calculated by (top) different meshes with SST-
DDES-∆vol model, and (btm) different turbulence
models with 18M mesh.

result from EBRSM shows a good agreement with
both DDES cases, which indicates the capability of
Reynolds Stress Model in the shear layer prediction.
Inspection appears to show that the EBRSM returns
unexpected low values of modelled turbulence, which
requires further investigation.

Flow field in wake region
Figure 6a-6f shows flow field over the z = 0 plane

in the wake region predicted by PIV and different tur-
bulence models with the 18M mesh. PIV result indi-
cates two main vortices in the wake, one sourced by
flow shedding from top surface, the other formed by
up-wash from the underbody. Both DDES models (6e,
6f) describe a good alignment with PIV result, and the
difference between two SGSs is not significant. Mean-
while, the EBRSM result (6d) is very close to DDES
and PIV ones, although potentially for the wrong rea-
son as mentioned previously. On the contrary, results
from both LVEMs are quite different, due to their in-
herent overprediction of the flow separation. The SA
model fails to capture the lower vortex, while the SST
model have an over-prediction of vortex sizes. In ad-
dition, the overall velocity magnitudes from both SA
and SST are smaller then the other three.

Figure 7-top compares results from different
meshes calculated by both DDES models. The stream-
wise velocity profiles (top-left) indicate that the dif-
ference of velocity field prediction between meshes
mainly occurs in the near wall region (y < 0.06[m]).
Such differences are observed in the Reynolds stress

(a) PIV (b) 18M-SA

(c) SST (d) 18M-EBRSM

(e) 18M-DDES-∆vol (f) 18M-DDES-∆SLA

Figure 6: (a) PIV stream line, and time averaged velocity
magnitude field over the z = 0 plane in the wake
region calculated by (b) SA, (c) SST, (d) EBRSM,
(e) SST-DDES-∆vol, (f) DDES-∆SLA with 18M
mesh.

profiles, where coarse meshes show a large value at
x = 0.51[m]. In the region away from floor (y ∈
[0.06[m], 0.12[m]]), fine meshes show a higher re-
solved turbulence level, but the difference is not sig-
nificant and it quickly disappears at x = 0.59[m].

Separation over top surface
Figure 8a-8f compares flow structure on the z = 0

plane over the top surface predicted by PIV and differ-
ent turbulence models with the 18M mesh. EBRSM
(8d) and both DDES models (8e, 8f) show good agree-
ment with PIV in terms of separation bubble size, vor-
tex centre, and reattachment point. On the contrary
both SA (8b) and SST (8c) models fail to correctly
capture the separation bubble, due to their incapability
of resolving flow fluctuation.

Figure 8g-8j compares flow structure on the z = 0
plane over the top surface calculated by coarsest (3M-
WM) and finest (36M) meshes with two SST-DDES
models. With reference to both Figure 8e and 8f,
the reattachment point moves from x ≈ 0.25[m] to
x ≈ 0.15[m] when the mesh is refined from 3M-WM
to 36M. It is clear that the change of flow field is
mainly due to the mesh refinement, while SGS shows
little influence.



Figure 7: Time-averaged streamwise velocity and resolved Reynolds stress profiles over the z = 0 plane in the wake region
(top row), and over the top surface (bottom row) calculated by different meshes with SST-DDES-∆vol (dash) and
SST-DDES-∆SLA (solid) models.

The influence of mesh refinement and SGS choice
is more clearly demonstrated in Figure 7-btm, compar-
ing time-averaged values from the different meshes,
each computed using two versions of the SGS length
scale. It is clear that with increased mesh resolution,
there is a greater proportion of turbulence resolved in
the initial stage of separation (x ≤ 0.1[m]), which re-
sults a more accurate flow recirculation from point of
separation onwards. Further downstream, the differ-
ence between meshes is less significant, which high-
lights the importance of resolving fluctuation in the
early stage of the shear layer. Compared to mesh re-
finement, the predicted flow field is less sensitive to
the choice of SGS model, though ∆SLA (solid line) ap-
pears to provide slightly elevated levels of turbulence
resolution in early stage (x ∈ [0.05, 0.15][m], y ∈
[0.25, 0.27][m]), shown most clearly in the w̄w and ūv
plots. We note that some results presented above may
require longer time-averaging, but trends are not ex-
pected to change.

4 Conclusions
In this study, both experimental and computational

methods are used to predict the flow field around a fi-
nite rectangular prism. All CFD methods manage to
keep the difference of CD below 10% comparing with

reference data. However, it should be noted that the
CFD pressure prediction over the rear surface is lower
than experimental results as a whole. The potential
influence of boundary layer thickness will be investi-
gated in the next stage.

Five turbulence models and five meshes are tested
in computational part in order to understand the capa-
bility and mesh sensitivity of RANS and HRLM meth-
ods. The results show that LEVM methods are unable
to correctly capture the flow field due to its incapa-
bility of resolving turbulence fluctuation. In the wake
region, it shows that as long as the model has a ca-
pability of resolving turbulence, the mesh refinement
influence on flow structure prediction is very limited.
On the contrary, mesh refinement plays an important
role on the separation bubble prediction over the top
surface. It shows that more turbulence energy will be
captured by higher level of mesh refinement, and the
flow prediction is then more accurate.

A more recent SGS, ∆SLA, is also assessed in this
study. Results demonstrate marginally elevated levels
of resolved turbulence fluctuation, but no substantial
improvement for this case, when compared to the im-
provement made by mesh refinement. This work is
ongoing.
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(a) PIV (b) 18M-SA

(c) 18M-SST (d) 18M-EBRSM

(e) 18M-DDES-∆vol (f) 18M-DDES-∆SLA

(g) 3M-WM-∆vol (h) 3M-WM-∆SLA

(i) 36M-∆vol (j) 36M-∆SLA

Figure 8: (a) PIV stream line, and time averaged velocity magnitude field on the z = 0 plane over the top surface calculated by
(b) SA, (c) SST, (d) EBRSM, (e) SST-DDES-∆vol, (f) SST-DDES-∆SLA with 18M mesh, by SST-DDES-∆vol with
(g) 3M-nW, and (h) 36M meshes, and by SST-DDES-∆SLA with (i) 3M-nW, and (j) 36M meshes.
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Abstract
We study the performance of extended wind farms
with very large inter turbine spacings, i.e. with an in-
ter turbine spacing of more than 10 turbine diame-
ters, using large-eddy simulations (LES) for the spe-
cial case of neutral conditions. We compare the results
with predictions from different analytical modeling
approaches and discuss in which parameter regimes
the different model predictions agree with the LES
predictions. We find in LES that the normalized power
output variance increases further downstream in the
wind farm. This proceeding is a summary of Stevens
and Meneveau [2020].

1 Introduction
To optimize wind farm performance, it is crucial

to have accurate predictions for the expected power
production for different wind farm designs. For this
purpose, the industry uses computationally efficient
wind farm design tools based on the ideas put forward
in simple analytical wake models [Stevens and Men-
eveau, 2017, Porté-Agel et al., 2020]. Wake models
focus on capturing the wake profile accurately. How-
ever, the wake model approach in isolation is less suit-
able for large wind farms in which it is difficult to cor-
rectly capture the wake-wake interactions and the in-
teraction with the atmosphere. The so-called top-down
model approach, on the other hand [Calaf et al., 2010],
aims at capturing the mean interaction between the
wind farm and the atmospheric boundary layer (ABL).
An important drawback of the top-down model is that
the relative turbine positioning is not accounted for.
[Stevens and Meneveau, 2020]

Frandsen et al. [2006] made essential contribu-
tions to combine the wake and the top-down model
approaches. Later, Peña and Rathmann [2014] and
Yang and Sotiropoulos [2016] introduced a one-way
coupling between the Frandsen et al. [2006] and
Jensen [1983] model. In previous work, we devel-
oped the coupled wake boundary layer (CWBL) model

[Stevens et al., 2015, 2016a] in which a two-way cou-
pling between the Jensen [1983] and the Calaf et al.
[2010] top-down model is introduced. It was shown
that the CWBL model gives improved predictions over
its constitutive models Stevens et al. [2015, 2016a]
when the wind is aligned with the farm layout. For
example, Gaumond et al. [2014] show that the Jensen
[1983] model does not accurately predict the measure-
ment data for a wind direction of 270◦ in Horns Rev,
while the results for other wind directions are captured
well. The CWBL model shows a better prediction for
the 270◦ direction, while for other wind directions, the
Jensen and CWBL models provide similar levels of
accuracy predicting the mean power observed in LES
[Porté-Agel et al., 2013] and field data [Barthelmie
et al., 2009]. [Stevens and Meneveau, 2020]

Here we use LES to analyze wind farm dynam-
ics in a regime not considered before in LES and
for which no measurement data are available, namely
wind farms with very large turbine spacings, i.e. when
the spacing between turbines in the downstream direc-
tion is more than ten turbine diameters. This large inter
turbine spacing limit is relevant as a test case that al-
lows us to verify model predictions in this regime. Ob-
taining accurate predictions for the large spacing limit
is relevant as previous studies have shown that the “op-
timal” wind turbine spacing depends on the size of the
wind farm and may be as large as 15 turbine diame-
ters in infinitely large wind farms [Meyers and Mene-
veau, 2012, Stevens, 2016, Stevens et al., 2017]. These
predictions are based on predictions obtained by top-
down models. Considering that larger and larger wind
farms are envisioned it is crucial to study the perfor-
mance of wind farms in this large scale limit, which
may become relevant for the design of future wind
farms. We also wish to point out that we believe that
good wind farm models should be built so that they
provide accurate predictions in asymptotic limits and
not limited to conditions of present-day industry rel-
evance. In this study we will compare the LES data
against predictions from the Jensen [1983], the Calaf



et al. [2010] top-down, and the CWBL [Stevens et al.,
2015, 2016a] model. We emphasize that more ana-
lytical models are available in the literature, e.g. a
recent dynamical extension of the CWBL approach
[Shapiro et al., 2019]. Other models are described in
reviews, see e.g. [Stevens and Meneveau, 2017, Porté-
Agel et al., 2020]. [Stevens and Meneveau, 2020]

Many wind farm studies focus on the mean per-
formance of the wind farm. However, there are large
temporal fluctuations in the flow speeds, which lead
to substantial variations of the power output over time
for individual wind turbines and the entire farm. De-
tailed knowledge about the power output variations of
wind farms enables better predictions of the power re-
quired to enable the provision of a constant level of
power to the power-grid [Shapiro et al., 2016]. This
is relevant information for grid operators who prefer
smooth power signals rather than rapidly varying ones.
In this work, we will also analyze the variance of the
turbine power output, i.e. the level of its fluctuations
and temporal variability, and the correlation between
the power output of turbines in the farm. [Stevens and
Meneveau, 2020]

The simulation approach and analytical models,
on which this proceeding is based, is described in
Stevens and Meneveau [2020], and we refer the inter-
ested reader to that work.

2 Results

Power development in wind farms
Figure 1 shows the turbine power output as a func-

tion of the downstream position in the wind farm, nor-
malized by the power output of turbines in the first
row. The vertical bars indicate the uncertainty in the
data based on the difference in the turbine power out-
puts obtained over the first and second half of the con-
sidered simulation time interval (after removing an ini-
tial transient period). The considered simulation inter-
val for the data analysis varies between approximately
2 to 20 flow-through times. For the smaller cases, we
find that the uncertainties in the data are small. As
discussed in Stevens and Meneveau [2020] the uncer-
tainty for some of the largest cases is larger than one
would ideally aim for due to limitations in available
computational time.

Figure 1 shows that for aligned wind farms, the
power degradation as a function of the downstream
position is similar in the entrance region of the wind
farm for the different spanwise spacings considered
here. Around 35 to 45 turbine diameters downstream,
the turbine power output in aligned wind farms with
a spanwise spacing of 3.49D becomes lower than
for the other spanwise spacings. This is most pro-
nounced in the wind farms with a streamwise spacing
between sx = 5.24 and sx = 11.78. This observa-
tion is in agreement with a first-order approximation of
the wake expansion, according to which wake effects

for an aligned wind farm with a spanwise spacing of
3.49D should set in at x = (3.49D − D)/kw,0 ≈
43D. A similar estimate gives that differences be-
tween aligned wind farms with a spanwise spacing of
sy = 5.24 and sy = 7.85 should become visible at
≈ 73D. However, the data in figure 1 do not show a
visible performance difference between aligned wind
farms with sy = 5.24 and sy = 7.85 at this location.
Instead, the performance of aligned wind farm with a
spanwise spacing of 5.24D to 11.78D is, within the
obtained accuracy, very similar. The reason is that the
secondary sideways wake effects are negligible com-
pared to the wake effects of directly upstream turbines
for such large distances. This implies that increasing
the spanwise spacing beyond a specific spanwise value
(sy ∼ 4 − 5) does not increase the total power out-
put of the wind farm and therefore reduces the average
power output density normalized by the area occupied
by each turbine, i.e. sxsyD2.

Comparing the results for aligned and staggered
wind farms confirms the expected trend that a stag-
gered configuration leads to a significantly better per-
formance in the entrance region of the wind farm be-
cause more turbines in the entrance region do not expe-
rience wake effects from an upstream turbine and the
effective distance between consecutive downstream
turbines is doubled. In agreement with the results in
Stevens et al. [2016b] figure 1 reveals that the bene-
fit of a staggered configuration becomes less further
downstream in the wind farm, in particular when the
spanwise spacing is relatively small. For sy = 3.49
the performance for aligned and staggered wind farms
is almost identical in the fully developed wind farm
regime, while for sy = 5.24 the turbines in a stag-
gered wind farm perform slightly better in the fully
developed regime than in an aligned wind farm. For
sy = 7.85, a staggered wind farm configuration of-
fers a substantial performance benefit compared to an
aligned wind farm, even in the fully developed regime.
Increasing the spanwise spacing from sy = 7.85 to
sy = 11.78 in staggered wind farms results in a minor
increase in the performance of the turbines in the fully
developed wind farm regime.

Figure 2 compares the performance of the Jensen,
top-down, and CWBL model with the LES observa-
tions in the fully developed wind farm regime. This
figure presents the performance of the turbines in
the fully developed regime compared with the perfor-
mance of the turbines in the first row, i.e. P∞/P1 as a
function of the turbine spacing (not downstream dis-
tance). P∞, the power production data in the fully
developed regime is determined over the last 25% of
the wind farm. In this study, we analyze the data of
46 simulations as presented in Stevens and Meneveau
[2020] So each data point in figure 2 presents the per-
formance in the fully developed regime of a different
wind farm simulation, i.e. with different turbine spac-
ing s, different combinations of streamwise and span-
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Figure 1: Normalized power output Pi/P1 in aligned (black) and staggered (red) wind farms for different streamwise and
spanwise turbine spacings. Each panel shows the results for wind farms with the same streamwise turbine spacing
and different spanwise spacings; see the legend. The vertical error bars indicate the uncertainty based on the power
output of the turbines obtained from the second part of the simulation with the full simulation interval. Figure taken
from Stevens and Meneveau [2020].

wise spacing, and aligned and staggered configuration.
To quantify the ability of the different models to pre-
dict the LES data, we determined the relative differ-
ence between the LES and model predictions for all
available cases as

Difference = (Model/LES− 1) · 100% (1)

For staggered wind farms, we see that the performance
of the turbines in the fully developed regime measured
in the LES reasonably collapses when plotted against
the mean geometric turbine spacing for most spanwise
spacings, except for the very large spanwise spacings
of sy = 11.78. For the Jensen model, we observe
the largest deviations with respect to the LES results
for relatively small inter turbine spacings, while the
large inter turbine spacings limit is satisfactory pre-
dicted. For the top-down model, the predictions for
the aligned configuration are rather unsatisfactory, es-
pecially for small streamwise spacings. The reason
is that the top-down model assumes horizontal homo-
geneity to compute the interaction between the wind
farm and the ABL. As this assumption is reasonably

satisfied for most staggered wind farm configurations
considered here, the corresponding top-down model
predictions are quite accurate. The presented model
uncertainties in figure 2, see equation 1, shows that
the CWBL predictions capture the general LES trends
better than the Jensen and the Calaf et al. [2010] top-
down model. In particular, figure 2 shows that for
small inter turbine spacings, i.e. s . 7, the difference
between the CWBL model and LES predictions is con-
sistently below 15%, while differences up to 35% be-
tween the LES and wake and top-down model results
are observed for some cases.

We note that the CWBL model builds on the Jensen
model and adjusts the wake expansion coefficient to
account for changes in turbulence intensity by using
information from the top-down model. It was sug-
gested by, for example, Nygaard [2014] that appropri-
ate adjustment of the wake decay exponent can im-
prove the Jensen model predictions. Nygaard [2014]
showed that the Jensen model, in its basic form, al-
ready predicts the performance of several wind farms
well. We emphasize that the results in figure 2 do
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Figure 2: Comparison between the LES observations with the predictions by the Jensen [1983], the Calaf et al. [2010] top-
down, and the CWBL model Stevens et al. [2015, 2016a] as function of the mean geometrical mean turbine spacing
s =

√
sxsy . Panels (a-l) show the results for fixed streamwise spacing and panels m-x for fixed spanwise spacing.

Figure taken from Stevens and Meneveau [2020].
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Figure 3: Normalized turbine power variations output
√

P var
i /Pi in aligned (black) and staggered (red) wind farms as function

of the downstream position for different streamwise and spanwise turbine spacings. Each panel shows the results for
wind farms with the same streamwise turbine spacing and different spanwise spacings; see the legend. The vertical
error bars indicate the uncertainty based on the power output of the turbines obtained from the second part of the
simulation with the full simulation interval. Figure taken from Stevens and Meneveau [2020].
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Figure 4: Normalized power variations in the fully devel-
oped regime
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P var
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geometrical mean turbine spacing s =
√
sxsy .

Left panels show the results for fixed streamwise
spacing and right panels for fixed spanwise spac-
ing. Figure taken from Stevens and Meneveau
[2020].

not contradict these observations as we show that each
model has a parameter regime in which satisfactory
model predictions are obtained. In figure 2 we find
that for many cases the Jensen model predictions are
within 15% of the LES results. Overall we find that
the Jensen and CWBL model predictions are good for
the large spacing limit, while the top-down model pre-
dictions for this limit are less accurate.

Power fluctuations
Figure 3 shows the normalized power output vari-

ations, which are determined by calculating the vari-
ance of the turbine power output normalized with its
mean value as a function of the downstream posi-
tion for all cases considered in this study. It should
be pointed out that the variability computed from the
LES is due to the ABL turbulence under steady-state
mesoscale conditions. In real wind farms, additional
variability at longer timescales occurs due to the at-
mospheric mesoscale phenomena. At the entrance of
the wind farm, the normalized power variance is ap-
proximately 0.3. The normalized power variance in-
creases further downstream in the wind farm. The
power variations increase more quickly as a function
of the downstream position in aligned wind farms than
in staggered wind farms. The power variations in the

fully developed wind farm regime are higher when the
average turbine density is higher. This is more clearly
visible in figure 4, which shows the normalized power
variance as a function of the geometrical mean turbine
spacing s =

√
sxsy in the fully developed regime.

From figure 4 it is clear that a higher normalized power
variance is observed for wind farms with a smaller ge-
ometrical mean turbine spacing. Looking at the results
for the aligned wind farms, it appears that the normal-
ized power variance depends more on the streamwise
spacing than on the spanwise spacing. However, such
a trend is not visible in the staggered wind farm data.

3 Conclusions
We discussed the result of large scale LES focus-

ing on the performance of extended wind farms with
large inter turbine distances, i.e. wind farms in which
the spacing between subsequent downstream turbines
is more than 10 turbine diameters. The LES results are
compared with predictions obtained from the Jensen,
top-down, and CWBL models. In the fully developed
regime, we find that the CWBL model predictions
are closest to the LES results over the extensive
range of wind farm configurations considered here.
Besides, the simulations show that the power output
variance increases with downstream distance in the
wind farm due to the added turbulence intensity by
the wakes. This proceeding is a summary of [Stevens
and Meneveau, 2020]
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Abstract 

The goal of the study is to establish the NASA CS0 

diffuser as a test case for Scale-Resolving Simulation 

(SRS) methods and to evaluate the ability of such 

simulations to accurately predict flows with adverse 

pressure gradients and separation. Fine-grid DNS data 

have been used as a basis for comparison with 

simulations on reduced grids, using different 

combinations of wall treatments and turbulence model 

formulations.  

 

1 Introduction 

Computations of wall-bounded flows using Large-

Eddy Simulation with resolution of the turbulence to 

the wall (Wall-Resolved LES or WRLES) are 

prohibitively expensive due to their strong Reynolds 

number scaling, see Spalart (1997), Choi and Moin 

(2012),  Larsson et al. (2016). Strategies are therefore 

needed to reduce the computational cost and mesh 

requirements. A common strategy is the use of coarse 

grid LES approaches in which LES is employed in the 

outer part of the boundary layer, whereas for the inner 

part, a wall modelling technique is used. There are two 

common coarse-grid approaches. 

The first one is based on using RANS models in 

the inner part of the boundary layer. The approach is 

known as Wall Modelled LES (WMLES), see 

Piomelli and Balaras (2002). It allows to refine the 

mesh in wall normal direction, without the 

corresponding refinement in the streamwise and 

spanwise directions required in WRLES. 

The second approach employs wall functions to 

bridge the near wall region.  Different types of the 

wall functions exist in the literature (for the review 

see e.g. Wilhelm et al. (2021)). LES with wall 

functions will be called here Wall-Function LES 

(WFLES).  

For both WMLES and WFLES approaches, 

simplifications are introduced which are often derived 

from equilibrium assumptions. These assumptions are 

not necessarily compatible with adverse pressure 

gradient flows or flows with separation. The near wall 

treatment is therefore often considered a major source 

of error for coarse grid LES and more sophisticated 

closure assumptions are sought. In recent years, a 

large variety of such formulations has been proposed 

(for a review see e.g. Bose and Moin (2014), Wilhelm 

et al. (2021)).  

From a practical standpoint it is difficult to decide 

on the merit of the different approaches, especially, 

considering that some require a highly complex 

implementation-infrastructure. In addition, it is not 

always clear, if the improvements achieved are of 

sufficient generality to warrant the implementation 

effort. A counter example is the study of a hump flow, 

see Park (2017), where the non-equilibrium model did 

not perform better than the equilibrium wall function, 

or the simulation of a wing-body configuration using 

equilibrium wall functions with a surprisingly 

accurate solution as seen in Lozano-Duran et al. 

(2020). Furthermore, there does not seem to exist an 

accepted set of test cases, which are used to evaluate 

the different models and systematically compare them 

to standard formulations.  

The current work is an effort to establish the well-

known NASA CS0 diffuser of Driver (1991) as a 

building-block case for the evaluation and comparison 

of SRS methods for wall-bounded flows with adverse 

pressure gradients and separation. The CS0 case was 

used successfully in RANS model development for 

decades and provides a solid database for flows 

gradually approaching separation. One may note that 

the CS0 configuration is much closer to the boundary 

layers development on airfoils and wings than e.g. the 

widely used LES test case of periodic hill, see e.g. 

Temmerman et al. (2003), where separation is 

enforced by a fairly strong curvature of the lower 

channel wall and where the periodic conditions in 

streamwise direction result in a mix of channel flow 

and boundary layer behaviour. Results of recent DNS 

of the CS0 flow of Stabnikov et al. (2021) together 

with experimental data of Driver are used for 

comparison with the current LES results. 

The CS0 case is computed on a series of grids 

starting from coarse WFLES/WMLES grids with 

aggressive mesh refinement up to quasi-DNS mesh 

resolution. The influence of mesh resolution, model 

formulation, numerics and wall treatment is evaluated. 

All simulations shown have been computed with: 

Ansys Fluent®. Some of the simulations have been 

re-computed with an in-house code from NTS (for 

details see Shur et al. (2004)) confirming the current 



 

 

findings (comparison not shown here for space 

limitations).  

Fluent is a commercial general purpose CFD 

code, see e.g. Fluent Manual (2016). In the 

incompressible branch of the solver, the Navier-

Stokes equations are approximated on collocated 

grids using SIMPLEC algorithm. Convective terms 

are approximated with a CD scheme of 4th order. A 

second order backward scheme is employed for the 

time derivative term. Mass flux interpolation is used 

similarly to Rhie and Chow (1983). The Least Square 

Cell Based method is employed for velocity-gradient 

approximation and a 2nd order scheme for pressure.  

Three LES approaches are studied within the 

current paper, namely WFLES, WMLES and 

WRLES. For the WRLES and WFLES computations 

the WALE turbulence model of Nicoud and Ducros 

(1999) is employed. For WFLES, a blend between a 

linear and a logarithmic velocity profile is used 

(Kader (1981)). For the WMLES computations an 

algebraic WMLES-SW (Fluent Manual (2016)) is 

employed. The model is a mix of a Prandtl mixing 

length model near the wall and a Smagorinsky-type 

model for the rest of the boundary layer. Instead of 

the strain rate used in the Smagorinsky model, the 

difference between the Strain Rate and the Vorticity 

rate (|𝑆 − Ω|) is used in order to subtract the mean 

shear.  

Due to space limitations, and the desire to show 

all major results, the discussion is compact. The 

findings will later be published in more detail.  

2 Mesh requirements for LES of wall 

bounded flows 

Typical grid spacings required for WRLES are 

controlled by the necessity to resolve turbulent flow 

structures up to the viscous sublayer.  According to 

Larsson et al. (2016) the following grid spacings 

given in wall units are required: 

where r is mesh stretching factor in wall normal 

direction, 𝑦1
+ is the wall distance from the first cell 

centre to the wall, Δ𝑥 +, Δ 𝑧 + are the grid spacings in 

streamwise- and spanwise- directions, respectively. 

The wall normal stretching is typically employed 

from the wall surface until the resolution in wall 

normal direction reaches half of the streamwise 

resolution: max (Δ𝑦) = Δ𝑥/2.  

Compared to WRLES approach, the mesh 

requirements for WMLES are relaxed  to the 

resolution requirements for LES in the outer part of 

the boundary layer, see Larsson et al. (2016): 

 
Δ𝑥 = 2 Δz =  𝛿/10 

𝑦1
+ ≤ 1.0 

𝑟 = 1.15 

(2) 

One of the main advantages of the WMLES 

approach is that it may be applied at nearly the same 

grid resolution (per boundary layer volume) for a wide 

range of Reynolds numbers. One should note that the 

mesh for WMLES has to be stretched in wall normal 

direction and a relatively high number of cells in the 

wall-normal direction, 𝑁𝛿 > 30, is still needed. 

 

Figure 1:  Velocity profile in WFLES, WMLES and 

WRLES of channel flow at 𝑅𝑒𝜏  = 395. 

 

  

Figure 2:  Velocity profiles in WMLES (on top) and 

WFLES (at bottom) of channel flow at various Re 

numbers. 

WFLES allows to further relax the mesh 

requirements of WMLES by usage of a uniform mesh 

in wall normal direction. Based on previous 

experience, see Kolmogorov et al. (2021), to 

accurately predict the first and second order statistics 

of wall bounded flows, meshes with nearly isotropic 

cells have to be employed. They should satisfy the 

following mesh requirements: 

Δ𝑥+ = 40 − 60 

Δ𝑧+ = 15 − 40 

𝑦1
+ ≤ 1  at walls 

𝑟 = 1.1 − 1.2 

(1) 



 

 

 

1≤ Δ𝑥 / Δy ≤ 2 

Δ𝑥 = 2 Δ𝑧 = 𝛿/𝑁𝛿 , where 

𝑁𝛿 ≥ 10 for attached flows 

𝑁𝛿 ≥ 16 for separated flows 

(3) 

Results of LES of a channel flow on meshes 

satisfying the mesh requirements mentioned above are 

in good agreement with reference data, see Figure 1. 

As seen from Figure 2 both WFLES and WMLES 

provide sufficiently accurate results for a wide range 

of Re numbers. 

3 Separated flow in the CS0 diffuser 

In the experiment of Driver (1991) a turbulent 

boundary flow developing in the axial direction of a 

circular cylinder with adverse pressure gradient was 

studied. The cylinder with diameter of 0.14m was 

placed into a wind tunnel with a rectangular cross 

section, see Figure 3. The Reynolds number based on 

a length of L0 = 1m and an inlet velocity U0 = 30m/s is 

equal to Re=2.0·106. Separation of the boundary layer 

on the cylinder wall occurs due to the strong adverse 

pressure gradient imposed on the flow by diverging all 

four outer tunnel walls. The distance from the cylinder 

axis to the upper wind tunnel wall was 0.125m in the 

narrow part and 0.196m in the wide part. To avoid 

flow separation on the tunnel walls, suction was 

applied. 

The computational set-up of the CS0 flow is 

similar to the common practice used in RANS and 

DNS studies, see Rumsey C. L., Dudek et al. (1996) 

and Stabnikov et al. (2021). The upper boundary is 

aligned with the experimental streamline at 

approximately half height of the diffuser and a slip 

boundary condition is impose on it. Periodic boundary 

conditions are set in circumferential direction with a 

domain width of 60°. This spanwise domain size is 

equal to approximately 10· 𝛿, where 𝛿 is the 

boundary layer thickness at the inlet of the domain. 

At the inlet boundary, the velocity and turbulent 

characteristic profiles from a precursor SST RANS 

simulation are used along with a synthetic turbulence 

content generator, see  Shur et al. (2014). Constant 

pressure is set at the outlet and a no-slip wall 

condition at the cylinder wall. It is important to stress 

that the current set-up is identical to the set-up used 

for the DNS reference solution, which was computed 

on a mesh with 600 million cells.  

According to Driver (1991) and the DNS data of 

Stabnikov et al. (2021), the flow in the CS0 diffuser 

has three distinguishable zones. The initial part is the 

attached boundary layer in the constant width part of 

the tunnel (x < -0.3L0). Further downstream, the 

attached boundary layer is subjected to an adverse 

pressure gradient due to tunnel expansion until it 

finally separates from the cylinder surface at 

approximately x = 0.05 L0. The flow then reattaches at 

about x = 0.3L0 and continues further downstream to 

the outlet plane. Beginning with the separation, large 

turbulent structures develop, the size of which are 

about the magnitude of the angular size of the domain. 

Starting from about x = 0.3L0 these structures reach 

the upper slip wall boundary, which can result in their 

deformation and an introduction of errors to the flow 

structure downstream. Therefore, both LES and DNS 

results are reliable only up to the point of 

approximately x = 0.3L0.  The main interest is in any 

case as to how accurately the separation zone is 

predicted. For this purpose, 𝐶𝑓, 𝐶𝑝 and velocity 

profiles in the separation zone are shown, whereas 

detailed analysis of the flow evolution together with 

second order turbulent statistics (shear stress, normal 

stresses etc.) will be published later.  

First, the WFLES approach is applied to the CS0 

flow on three subsequently refined meshes, see Table 

1. Even though there is a tendency to predict the flow 

separation with mesh refinement, see Figure 4, the 

flow remains attached even on the finest mesh, M3, as 

seen the velocity profiles on Figure 4 (c). A 

remarkable aspect of these simulations is the moderate 

changes of the solution in the adverse pressure 

gradient and separation region with mesh refinement. 

There are several possible reasons for WFLES 

failure: inaccuracy of wall function treatment, SGS 

modelling error or mesh resolution.  To shed a light on 

this topic, a test with the mean DNS wall shear stress 

imposed on the cylinder wall (WFLES-SH) is carried 

out. As seen from Figure 5, the friction distribution 

obtained with WFLES-SH agrees with DNS as 

expected, however the solution in the separation zone 

is characterized by lack of separation, see velocity 

profile on Figure 5 (other velocity profiles, which are 

nor shown here, also differ from DNS). The results of 

the test are indirect evidence of the fact that the 

possible inaccuracy of the wall function treatment is 

not the only (and probably not the primer) source of 

error in prediction of flow separation in the CS0 

diffuser.  

Next, results of computations using the WMLES-

SW approach are presented. One should note that the 

meshes (see Table 1) are substantially finer than the 

 

Figure 3:  Schematic experimental setup from 

Driver (1991). 



 

 

mesh requirements discussed in previous sections for 

equilibrium flows. 

 

 

 

 

Figure 4:  Sensitivity of the WFLES results to mesh 

refinement: 𝐶𝑓 and 𝐶𝑝 (a-b); horizontal velocity 

prior to and within the area of flow separation (c). 

 

 

 

Figure 5:  Friction and velocity profile at section 

within separation zone: WFLES and WFLES-SH on 

mesh M2. 

The results of WMLES-SW (see Figure 6) on the 

finest mesh show that only incipient separation is 

predicted similarly to the WFLES results. Again, the 

differences between mesh M4 and M5 were found to 

be surprisingly small (not shown). 

The results obtained with both WFLES and 

WMLES approaches show the inability of the coarse 

grid LES approaches to accurately predict the flow 

separation in the CS0 diffuser. This motivated us to 

carry out a series of computations using WRLES, 

which is considered the most accurate LES approach 

for wall bounded flows, see Table 1 for mesh 

specifications. 

The results on the finest mesh, M5, are shown in 

Figure 6. Even though, results of WRLES are closer to 

DNS than the results of the other methods, the 

predicted flow is still not sufficiently separated.  

To investigate further, sensitivity studies to SGS 

model and numerical influences were carried out. The 

application of a more dissipative numerical schemes 

results in even more attached flows, whereas the 

results with the Dynamic Smagorinsky model are very 

similar to the ones obtained with the WALE model 

(the comparison is not shown here due to space limits). 

In a final test, the extreme case with zero SGS 

model was considered. The WRLES with zero model 

(WRLES-ZM) predicts the flow separation similarly 

to DNS data: mean friction, velocity (see Figure 7) and 

other turbulent characteristics, such as pressure, shear 

and normal stresses (not shown here) also match the 

DNS data fairly well. 
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WFLES 

M1 140 70 8 4 

M2 70 35 16 14 

M3 30 20 33 88 

WMLES-SW 

WRLES 

M4 60 30 25 19 

M5 40 20 50 94 

Table 1:  Specifications of meshes used for coarse 

and fine grid LES of flow in CS0 diffuser prior to 

separation. 



 

 

 

The results of another extreme case, WFLES with 

zero SGS model (WFLES-ZM, M2), show a similar 

trend: the friction distribution agrees with DNS and 

the reverse flow in the separation zone is recovered, 

however the size and magnitude of the reverse flow is 

stronger than in DNS, see Figure 7.  

4 Conclusions 

The CS0 diffuser case was computed on a series 

of grids starting from coarse WFLES/WMLES grids 

up to WRLES and Quasi-DNS mesh resolution. The 

influence of mesh resolution, model formulation, 

numerics and wall treatment was evaluated. The main 

observations are as follows:  

• All simulations match the reference data (DNS and 

experiment) reasonably well. Even for the coarsest 

mesh, the results did not deteriorate dramatically.  

• WFLES, WMLES and WRLES tend to under-

predict or miss separation onset and strength. Mesh 

refinement had only a moderate effect.  

• For WFLES on a coarse mesh, with the wall-shear 

stress specified from DNS, no significant 

improvement was obtained. This is an indicator 

that wall functions are not the primer source of 

inaccuracy in the prediction of flow separation.  

• For LES on both coarse and fine meshes, the main 

effect to match the DNS reference data was 

achieved, when the SGS model was turned off for 

the WFLES and WRLES (note that for WMLES 

the model cannot be turned off without violation of 

the underlying principles of that method). These 

observations can be an indication of excessive 

dissipation introduced by SGS turbulence models 

when applied to nonequilibrium flows. 

It needs to be emphasized that the last bullet 

point is not a recommendation to turn off LES 

models for such flows. It is only an observation, that 

this modification had the strongest effect on the 

solution and that there is a potential that better LES 

models could improve simulations of the current 

type.  
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Abstract
A comparative assessment of different modeling approaches for the heat flux −u′jθ, with the gradient of which
representing the turbulence-related heat source in the temperature transport equation, is in focus of the present
computational study. The convective heat transfer under consideration takes place within two benchmark con-
figurations: a fully-developed channel flow and a jet impinging perpendicularly onto a heated wall. The heat
flux models’ performance is investigated in conjunction with a scale-resolving Reynolds-stress model employed
within a time-accurate RANS (Reynolds-Averaged-Navier-Stokes) simulation. DNS simulations are performed
in parallel aiming at generating a corresponding database. In the framework of the scale-resolving Improved
Instability-Sensitive Reynolds Stress Model (IISRSM) (Jakirlic and Maduta 2015), the turbulent correlations are
employed within the set of Reynolds-averaged transport equation as ’sub-scale’ quantities. The scalar flux mod-
els represent functional relationships formulated in terms of various tensor quantities. The ’sub-scale’ turbulent
length and time scales constituting these relationships are determined by utilizing the unresolved residual part of
the turbulence kinetic energy and its viscous dissipation rate. The IISRSM enables furthermore usage of the entire
sub-scale Reynolds-stress tensor which makes it possible to use higher-order scalar flux models being capable of
correctly accounting for the anisotropy of residual turbulence. Complementary to the modelling activities the heat
transfer and related turbulence properties are investigated by means of direct numerical simulation (DNS) with the
spectral element solver NEK5000.

1 Introduction
A crucial disadvantage of heat transfer predictions when using Reynolds-Averaged Navier-Stokes (RANS) models
at high Prandtl numbers is their lack of accuracy in even weakly complex flow configurations. Even in conjunc-
tion with the models accounting for the near-wall turbulence, the majority of the wall heat transfer models fails
to capture correctly the heat transport in the diffusive sub-layer and the thermal buffer layer, Saric and Basara
(2018). The influence of modelled heat transport in RANS simulations is therefore of great importance. Even the
heat transfer studies in simpler flow configurations with exclusively gaseous media by using near-wall turbulence
models are often reported to deliver wrong Nusselt number predictions compared to corresponding experimental
data, Chang and Shyu (2000). A common underlying problem seems to be the variation of the turbulent Prandtl
number (Prt) in the wall proximity, which is not captured correctly when applying for example the most-widely
used Boussinesq approximation as follows:

−u′jθ = αt
∂Θ

∂xj
with αt =

νt
Prt

(1)

with the eddy diffusivity of the temperature field αt expressed commonly in terms of the eddy viscosity νt and the
turbulent Prandtl number Prt. This kind of formulation leads to another major weakness: a simple formulation
like this is not capable of capturing turbulence anisotropy residing in modelled sub-scale diffusive fluxes due to the
scalar nature of the eddy viscosity. The present work focuses therefore on studying various higher order algebraic
expression for the heat flux correlation −u′jθ aiming at improving the near-wall temperature field and Nusselt
number predictions in RANS simulations.

2 Governing Equations
All simulations in the present study are performed by using the Reynolds-Averaged, incompressible Navier-Stokes-



Equations within an unsteady framework:

∂

∂t
(Ui) + Uj

∂(Ui)

∂xj
=

∂

∂xj

[
ν

(
∂Ui
∂xj

)
− u′iu

′
j

]
(2)

The Reynolds-stress tensor u′iu
′
j is determined by a second-moment closure formulation by solving the follow-

ing transport equation:
Du′iu

′
j

Dt
= Pij + Φij − εhij +

∂

∂xk

(
0.5Dν

ij +Dp′

ij +Du′

ij

)
(3)

The source terms on the RHS of the Reynolds-stress transport equation describe the exactly treated produc-
tion rate Pij , the redistribution process Φij , the viscous dissipation correlation εij and various diffusion terms
D

(ν+p′+u′)
ij . The molecular diffusionDν

ij , similar as the production rate, is to be exactly treated; all other processes
have to be adequately modelled. Unlike a conventional RANS Reynolds-stress model, being incapable of describ-
ing any spectral dynamics of the turbulence field, the presently utilized IIS-RSM, representing its scale-resolving
version, is appropriately sensitized towards adequate capturing of turbulent fluctuations. The latter feature is in-
troduced along with the SAS (Scale-Adaptive Simulation) methodology, proposed by Menter and Egorov (2010).
The model accounts for an additional production term which is introduced into the equation governing the specific
dissipation rate ωh = εh/k, with εh = ε− 0.5Dν

k and k = 0.5u′iu
′
i .(

Dωh

Dt

)
IIS−RSM

=

(
Dωh

Dt

)
RSM

+ PIIS−RSM (4)

The inherence of the model is its self-adjustment to the scales residing in the unresolved residual motion, by
interplaying with the underlying grid resolution. Herewith, the development of turbulent fluctuations is enabled.
Unlike the initial SAS proposal employing the von Karman length scale (LvK) as a triggering parameter to enable
the resolving mode, the presently utilized term is modelled only in terms of the second velocity derivative, as
originated from the equation governing the integral length scale, Rotta (1972). By doing so the sensitivity of the
model in capturing the turbulence fluctuations is enhanced enabling the use of coarser grid resolutions.

The temperature equation used resembles the most common form of the energy equation for an ideal gas with
constant heat capacities, thermal conductivity and density, small temperature variations (< 20K) and without
consideration of thermal radiation (Chang and Shyu, 1999):

∂(Θ)

∂t
+ Uj

∂(Θ)

∂xj
=

∂

∂xj

(
ν

Pr

∂Θ

∂xj
− u′jθ

)
(5)

The turbulent heat flux −u′jθ is commonly modelled by the so-called SGDH formulation (Simple Gradient
Diffusion Hypothesis). In models of this type, the scalar fluxes are related to the mean scalar-field gradients via a
scalar turbulent diffusivity (Γt).

−u′jθ = Γt
∂Θ

∂xj
with Γt =

νt
Prt

or Γt =
Cµ
Prt

k2

ε
(6)

As it is well-known the models of this type, commonly applied in terms of a constant Prandtl number, result
in a poor outcome in even simple flow configurations. The absence of an explicit dependence on the Reynolds
stresses u′iu

′
j makes these models incapable of dealing with turbulence anisotropy, which is especially pronounced

in the wall vicinity. Accordingly, the isotropic nature of the turbulent diffusivity implies obvious alignment of the
turbulent scalar flux and the mean scalar gradient. This is clearly not the case in any complex flow configuration.
A more extensive closure formulation is in focus of the present modelling activities, representing a generalization
towards the gradient–transport hypothesis by using a turbulent diffusivity tensor Dij (see e.g. Abe and Suga,
2001):

−u′jθ = Dij
∂Θ

∂xj
with Dij = kτ

(
Cθ,1

u′iu
′
j

k
+ Cθ,2

u′iu
′
k u
′
ku
′
j

k2

)
(7)

with τ = k/εh representing the turbulent time scale. In the case of Cθ,2 = 0 the model reduces to the well-known
General-Gradient Diffusion Hypothesis (GGDH). The above model is an anisotropy-reflecting algebraic model
capable of dealing with complex flow straining. The full-length paper will cover further modelling strategies and
provide an in-depth look at strengths and weaknesses of certain models.

3 Case Description and Computational Details



The presently considered flow configurations are concerned with the convective heat transfer in a fully-developed
channel flow at Reτ = 150 at different wall-heating boundary conditions and an impinging jet onto a smooth,
heated wall at Re = 10000. All simulations are performed with the finite-volume-based open source toolbox
OpenFOAM R©(Open Source Field Operation and Manipulation). Both the conventional Reynolds-stress model
and its instability-sensitized version (Jakirlic and Maduta, 2015) are applied in the time-accurate RANS frame-
work. A controlled adaptive time step ensures a Courant number smaller than one in the entire solution domain.
The discretization of the convective terms in the momentum and temperature equations is performed by applying
the 2nd order accurate Central Differencing Scheme (CDS). The flow domain is meshed by using the OpenFOAM’s
mesh utility denoted as ’blockMesh’. The mesh is generated with an appropriate grading towards the walls, pro-
viding the wall-next computational node situated well within the viscous sublayer, exhibiting a dimensionless wall
distance y+ substantially smaller than one. This is especially important for the correct calculation of the sub-scale
heat flux in the immediate wall proximity.

4 Results and Conclusion
As an illustration, Fig. 1 displays the instantaneous temperature fields in both considered configurations, plane
channel (left) and impinging jet (right) obtained by the IIS-RSM. In both cases the temperature difference between
the working fluid and the heated wall is 10oC. The scale-resolving capabilities of the IIS-RSM is clearly visible
at the temperature field exhibiting turbulent fluctuations. The dynamics of the temperature field is mainly driven
by the resolved turbulent velocity field entering the temperature transport equation via the convective term. In the
wall proximity however the sub-scale turbulent heat flux is dominant and therefore crucial for capturing correctly
the Nusselt number distribution.

Figure 1: Velocity field in a turbulent channel flow (left) and an impinging jet (right) with fixed wall temperatures obtained by
the IISRSM

The full-length paper will offer a detailed explanation of the IIS-RSM model’s structural properties and details
about the DNS methodology. Furthermore, the results of various channel flow and impinging jet configurations
will be in-depth analysed along with the complementary DNS database.
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1 Abstract 

A new algebraic RANS model for laminar-turbu-

lent transition will be presented. The new model is 

based on the Local-Correlation-based Transition 

Modeling (LCTM) concept.  

2 Introduction 

RANS-based modeling of laminar-turbulent 

boundary-layer transition has made significant ad-

vancements in the last decades (for overviews see 

e.g. Kaynak et al., (2019), Dick and Kubacki, (2017), 

Lopes et al., (2020)). A sub-family of such models are 

‘Local-Correlation Based Transition Models’ 

(LCTM). The LCTM concept was first demonstrated 

in a highly simplified one-equation formulation 

(Menter et al., (2002)). This was then developed into 

the -Re model (Menter et al., (2004)), (Langtry and 

Menter, (2009)), which has been widely adopted in 

the community. A substantial simplification and re-

duction to only one transport equation was achieved 

later (-model) Menter et al., (2015), which was also 

better adapted to general industrial flow simulations 

due to its Galilean invariance. In the current paper, a 

further simplification down to an algebraic formula-

tion will be presented. The new model is again based 

on the LCTM concept. The requirements for the 

model are Galilean invariance, combined with the 

ability to predict natural, bypass and separation-in-

duced transition. The model has been validated for a 

significant number of test cases. 

The potential for reducing RANS-based transi-

tion models to algebraic form is apparent, consider-

ing that the transport-equation models are strongly 

source-term dominant and typically do not respond 

to changes in e.g. inlet boundary values. This does 

however not imply that the formulation of such mod-

els is trivial, as the transport-equation models do ben-

efit from the convection and diffusion terms inside 

the boundary layer. The diffusion terms help in push-

ing the γ = 1 front towards the viscous sublayer in the 

inner part of the boundary layer. This is essential to 

recover the fully turbulent behavior of the underlay-

ing turbulence model. The convection terms, on the 

other hand, help to push the transition location from 

an upstream to a downstream location. This is e.g. 

required, if the simulation starts from a fully turbu-

lent solution and the transition location has to move 

downstream to its calibrated position. This is a diffi-

cult task, especially in low turbulence intensity (Tu) 

environments, where the front can get locked during 

its downstream motion. This can result in non-unique 

solutions, where a case started from a laminar field 

results in a more downstream transition location than 

a case starting from ‘fully turbulent’ field. It will be 

shown that special numerical precautions must be 

taken, to avoid this effect.  

The current proposal is not the first algebraic 

transition model using local variables. Two noticea-

ble developments are the models given in Kubacki 

and Dick, (2016), Kubacki et al., (2015), Kaynak et 

al., (2019). So far, none of these models addresses all 

the requirements listed above, with the models pro-

posed by Kubacki et al. being focused on bypass 

transition, whereas the model of Kaynak et al., 

(2019) being linked to the Spalart-Allmaras model 

and thereby being only valid for constant, pre-speci-

fied Tu levels. This does not imply that these models 

do not have a valid range of applicability, but they 

are not optimal for a general-purpose CFD solver. A 

comparison of these models for some generic cases 

can be found in Stabnikov and Garbaruk, (2018) 

where they are compared to the -Re model.  

In the following, the derivation of the new model 

will be discussed and some of the test cases used for 

its calibration will be shown. Simulations are carried 

out with the commercial software Ansys Fluent® 

R21. All solutions were cross-validated against the 

academic NTS code, showing very close agreement 

between the codes. Due to space limitations, this 

comparison will not be shown. Furthermore, due to 

the simplicity of the test cases, no detailed set-up in-

formation is provided. All cases were conducted with 

mesh refinement studies and the results presented are 

mesh converged. Boundary conditions were match-

ing experimental settings, including wind tunnel 

walls for the airfoil simulations.  

3 Model formulation 

Within the LCTM concept, transition onset is 

computed from the ratio defined by the state of the 

laminar boundary layer (as represented by the vorti-

city Reynolds number ReV22) and the transition onset 



 

 

correlation, Rec. In the current algebraic form, the 

intermittency  is computed directly from this ratio: 

 𝛾 = 𝑡𝑎𝑛ℎ(𝑅𝑎𝑡𝑅𝑒
2 )  (1) 

 𝑅𝑎𝑡𝑅𝑒 =
𝑚𝑎𝑥(𝑅𝑒𝑉22,60)

𝑅𝑒𝜃𝑐
  (2) 

 𝑅𝑒𝑉22 =
Ω̃𝑑𝑤

2

2.2𝜈
,   Ω̃ = max (𝑆, Ω, 0.1𝜔)  (3) 

where dw is the wall distance, S,  are the Strain- and 

Vorticity rates,  is from the -equation, and  is the 

kinematic viscosity. 

The starting point is a correlation, approximately 

proportional to 𝑅𝑒𝜃𝑐~1 𝑇𝑢⁄  which is quite accurate 

for high Tu levels. To achieve higher flexibility for 

low Tu cases, the coefficient 𝐶𝑇𝑢𝐶𝑟𝑖𝑡 is made a func-

tion of ReV22 through FRV1 (see Eq. 5). This allows to 

change the model coefficient from 𝐶𝑇𝑢𝐻𝑖𝑔ℎ for bypass 

transition to 𝐶𝑇𝑢𝐿𝑜𝑤 for natural transition. The same 

provision was made for the pressure gradient coeffi-

cients in 𝐹𝑃𝐺(𝜆𝜃𝑙), since bypass transition reacts dif-

ferently to pressure gradients than natural transition.  

The correlation 𝑅𝑒𝜃𝑐 based on the turbulence in-

tensity Tul and the pressure gradient 𝜆𝜃𝑙 reads: 

𝑅𝑒𝜃𝑐 = 𝑚𝑖𝑛(
𝑅𝑒𝐶𝐶1

𝑇𝑢𝑙
𝑅𝑒𝐶𝐶2

𝐶𝑇𝑢𝐶𝑟𝑖𝑡,  𝑅𝑒𝐶𝑀𝑎𝑥)𝐹𝑃𝐺(𝜆𝜃𝑙) (4) 

𝐶𝑇𝑢𝐶𝑟𝑖𝑡 = 𝐶𝑇𝑢𝐻𝑖𝑔ℎ(1 − 𝐹𝑅𝑉1) + 𝐶𝑇𝑢𝑙𝑜𝑤𝐹𝑅𝑉1  (5) 

 𝐹𝑅𝑉1 = 𝑚𝑖𝑛 [(
𝑅𝑒𝑉22

𝑅𝑉1𝑠𝑤𝑖𝑡𝑐ℎ
)
2
, 1]  (6) 

Local indicators for Tul and 𝜆𝜃𝑙 are computed 

based on (for details see Menter et al., (2015)):  

 𝑇𝑢𝑙 = 𝑚𝑖𝑛(
√2�̃�/3

𝜔𝑑𝑤
, 1) ∙ 100  (7) 

 �̃� = 𝑛/∑
1

𝑘𝑖

𝑛
𝑖=1   (8) 

 𝜆𝜃𝑙 = −0.1111
𝑑𝑉

𝑑𝑛

𝑑𝑤
2

𝜈
+ 0.1875  (9) 

Where the pressure gradient indicator, 𝜆𝜃𝑙 is limited 

between [-10,10]. dV/dn is the normal-to-the wall 

gradient of the wall normal velocity. �̃� is the har-

monic average of the turbulent kinetic energy, k, over 

all face-connected cells (including the local cell).  

The pressure gradient function 𝐹𝑃𝐺(𝜆𝜃𝑙)is: 

𝐹𝑃𝐺 =

{
 

 
𝑚𝑖𝑛[𝑚𝑎𝑥(1 − 𝐶𝐹𝑃𝐺𝑚𝑎𝑥(𝜆𝜃𝑙 , 0), 0.25), 4]

𝑖𝑓 𝜆𝜃𝑙 ≥ 0

𝑚𝑖𝑛[𝑚𝑎𝑥(1 − 𝐶𝐴𝑃𝐺𝑚𝑖𝑛(𝜆𝜃𝑙, 0), 0.25), 4]

𝑖𝑓 𝜆𝜃𝑙 < 0

 (10) 

with coefficients: 

𝐶𝐹𝑃𝐺 = 𝐶𝐹𝑃𝐺𝐻𝑖𝑔ℎ(1 − 𝐹𝑅𝑉1) + 𝐶𝐹𝑃𝐺𝑙𝑜𝑤𝐹𝑅𝑉1 (11) 

𝐶𝐴𝑃𝐺 = 𝐶𝐴𝑃𝐺𝐻𝑖𝑔ℎ(1 − 𝐹𝑅𝑉11) + 𝐶𝐴𝑃𝐺𝑙𝑜𝑤𝐹𝑅𝑉1 (12) 

As known from existing RANS transition models, 

additional terms are required for modeling separa-

tion-induced transition. As shown in Menter et al., 

(2015), Langtry and Menter, (2009), without such 

terms, the size of the laminar bubble is typically too 

large, as the underlying turbulence model tends to 

transition too slowly. Like in the cited references, an 

increase in the intermittency is proposed in such sit-

uations:  

 𝛾 → 𝛾 + 𝛾𝐵𝑢𝑏𝑏𝑙𝑒  (13) 

 𝛾𝐵𝑢𝑏𝑏𝑙𝑒 = 𝐶𝑏𝑢𝑏𝑏𝑙𝑒𝐶1 ∙ 𝛾 ∙ Φ1 ∙ Φ2 ∙ Φ3 (14) 

 Φ1 =
𝑚𝑎𝑥 (𝜇 −

1
2
𝜇𝑡, 0)

0.2𝜇 + 𝜇𝑡
 (15) 

 Φ2 = 𝑚𝑖𝑛 [(
𝑅𝑒𝑉22−𝐻
300

)
2

, 1] (16) 

 Φ3 = 𝑚𝑖𝑛[𝑚𝑎𝑥(𝑅𝑎𝑡𝑅𝑒 − 𝐶𝑏𝑢𝑏𝑏𝑙𝑒𝐶2 , 0), 5] (17) 

 𝑅𝑒𝑉22−𝐻 =
𝑚𝑖𝑛 (𝑅𝑒𝑉22,1000)∙𝑚𝑖𝑛(𝑆,𝛺)

𝑚𝑎𝑥(𝑆,𝛺,0.1𝜔)
  (18) 

In other words, inside transition bubbles, the inter-

mittency is increased locally beyond a value of one. 

The Φ𝑖 serve as indicator functions for such scenarios.  

The constants for the model are given in Table 1:  

Table 1: Model coefficients 

𝐶𝑇𝑢𝐻𝑖𝑔ℎ 𝐶𝑇𝑢𝐿𝑜𝑤 𝐶𝐹𝑃𝐺𝐻𝑖𝑔ℎ 𝐶𝐹𝑃𝐺𝐿𝑜𝑤 𝐶𝐴𝑃𝐺𝐻𝑖𝑔ℎ 𝐶𝐴𝑃𝐺𝐿𝑜𝑤 

1.06 2.25 0.6 1.0 -0.5 -0.5 
      

𝑅𝑒𝐶𝐶1 𝑅𝑒𝐶𝐶2  𝑅𝑒𝐶𝑀𝑎𝑥 𝑅𝑉1𝑠𝑤𝑖𝑡𝑐ℎ 𝐶𝑏𝑢𝑏𝑏𝑙𝑒𝐶1∙ 𝐶𝑏𝑢𝑏𝑏𝑙𝑒𝐶2∙ 

210 1.0 1000 1000 0.5 2.5 

The intermittency is introduced into the underly-

ing turbulence model (SST or GEKO) (Menter, 1994) 

(Menter et al., 2020) only through the production 

term (changed only in the k-equation): 

 𝛾𝑃𝑘 → 𝛾𝑃𝑘  (19) 

The production term of the ω-equation uses a small 

modification in comparison with the original SST 

model (Menter, 1994) to prevent division by zero. 

 𝑃𝜔 =
𝛼𝜌

𝜇𝑡 + 0.001𝜇
𝑃𝑘 (20) 

The modification to the SST F1 blending function 

is introduced as given in Langtry and Menter, (2009). 

The limiter ‘60’ in the definition of 𝑅𝑎𝑡𝑅𝑒 in Eq. 2 

is important to ensure that γ = 1 close to the wall 

downstream of the transition zone, to recover the fully 

turbulent model behaviour.  

The limiter  𝑅𝑒𝐶𝑀𝑎𝑥  puts an upper limit on the 

transition location in case of vanishing Tul.  

One important aspect of the model is the use of a 

harmonic average in the computation of the local Tul 

values). This is necessary, as the Tul value needs to 

represent the ‘laminar’ solution. However, in the tran-

sition zone, Tul becomes compromised by the produc-

tion of turbulence once Pk production is activated 

(through increases in ). The more relevant Tul level is 

therefore the one from the upstream cells. The use of 

the harmonic-mean in Eq. 7 emphasizes the small up-

wind values over the large local and downstream val-

ues. This is essential in cases where a turbulent front 

needs to be pushed from an upstream to a downstream 

location, as e.g. when the simulation is started from a 

fully turbulent run. When using local k for the Tul eval-

uation, the front can get ‘locked’ relative to the posi-

tion it would reach when starting from a laminar solu-

tion. This will be illustrated below. Note that similar 

issues where observed in some applications with the 

one-equation -model (Menter et al., (2015)). For this 



 

 

reason, the use of the harmonic mean is also trans-

ferred to that model. As a note, multiple solutions were 

also obtained with the alg. model of Kubacki and 

Dick, (2016) in the limit of low Tu levels (it is empha-

sized that the model is not intended for that limit).  

In summary, the basic idea behind the proposed 

model if simple. Complexity arises due to the desire 

for high flexibility in model tuning and the need to 

capture essentially different physics from bypass to 

natural as well as separation induced transition. The 

model is designed for use in general-purpose CFD 

solvers and the corresponding desire to allow users 

fine-tuning of the model, based on transparently de-

fined coefficients for different types of transition.  

4 Test Cases 

4.1 Consistency Studies 

To demonstrate the influence of the limiter in  

Eq.2, the T3A flat plate transition case was run with 

the default limiter (60) and without limiter. The left 

part of Figure 1 shows that without the limiter, the tur-

bulent solution is compromised and shifted away from 

the log-correlation, whereas the solution with the lim-

iter follows the expected behaviour. The right part 

shows that the intermittency extends its range of γ = 1 

deeper into the sublayer with the limiter than without. 

 

Figure 1: Velocity profile (left) and intermittency 

profiles (right) in fully turbulent region for T3A test 

case with and without limiter on 𝑹𝒂𝒕𝑹𝒆 in Eq. 2. 

The impact of using the harmonic average instead 

of the local cell value in Eq. 7 is shown in Figure 2. 

The SK (Table 1) flat plate case was computed with 

the use of local cell values, k, (left) and harmonic val-

ues, �̃�, (right) starting once from a fully turbulent and 

once from a laminar solution. As can be seen, the use 

of the local cell value results in multiple solutions not 

observed when using the harmonic mean.  

 

Figure 2: Wall shear stress coefficient for the SK case 

for different initial conditions. Left: Local cell value, 

k, in Tu. Right: Harmonic averaged value, �̃� in Tu.  

4.2 T3X Flat Plate Test Cases 

The T3 series of test cases (T3A, T3B, T3A-, 

T3C2, T3C3, T3C4 and T3C5) has often been used to 

evaluate transition models. All T3 series test cases 

have freestream turbulence intensities of about 1% or 

higher, and as a result bypass transition is the domi-

nant transition mode. The T3A, T3A- and T3B cases 

differ only through changes in inlet conditions. The 

T3C cases are dominated by a pressure distribution 

imposed on the boundary layer. To test the current 

transition model’s ability to predict natural transition, 

the SK (Schubauer and Klebanoff, (1955)) flat plate 

experiment has also been computed. All inlet condi-

tions are described in Table 2.  

Table 2: Inlet conditions for flat plate test cases 

Case U0 (m/s) Tu (%) t / 

Zero pressure gradient boundary layer 

SK 50.10 0.03 1.0 

T3A- 19.80 0.90 8.0 

T3A 5.40 3.00 12.0 

T3B 9.40 6.00 80.0 

Flows with pressure gradient 

T3C2 5.29 3.00 8.0 

T3C3 4.00 3.00 5.0 

T3C4 1.37 3.00 2.0 

T3C5 9.00 3.00 15.0 

The results for the zero pressure gradient cases are 

shown in Figure 3 for the three LCTM models. As can 

be seen, the -alg-SST model matches the experi-

mental data with similar accuracy as the other models. 

Figure 4 shows the wall-shear stress comparison 

for the T3C cases with pressure gradient. Again, there 

is no noticeable quality difference between the differ-

ent models with an overall satisfactory agreement be-

tween the data and the -alg-SST model.  

 

Figure 3: Wall shear-stress distribution of different 

LCTM models for flat plate cases. Top Left: T3B, Top 

Right: T3A, Bottom Left: T3A-, Bottom Right: SK.  



 

 

 

Figure 4: Wall shear-stress distribution of different 

LCTM models for flat plate cases. Top Left: T3C2, 

Top Right: T3C3, Bottom Left: T3C4, Bottom Right: 

T3C5. 

4.3 NLF(1)-0416F Airfoil with Natural Transition 

The simulation is performed for the flow around a 

NLF(1)-0416F airfoil at Re = 4·106 and Tu = 0.1% 

(Somers, (1981)). The transition location on the upper 

airfoil surface for various angles of attack is shown on 

Figure 5. In the experiment, the transition location 

could only be determined as occurring somewhere be-

tween two adjacent orifices where laminar (open sym-

bols) or turbulent flow (solid symbols) was detected. 

The transition locations predicted by the γ-Reθ-SST 

model is typically downstream of the experimental 

range for all the considered angles of attack. This 

model tends to predict bubble transition. The one-

equation γ-SST model predicts natural transition in 

better agreement with the experimental data, with a 

slight delay for negative angles of attack. The alge-

braic model prediction of the transition location agrees 

with the experimental data for all the considered an-

gles of attack. 

 

Figure 5: Transition location on upper surface for 

NFL(1)-0416F airfoil at Re = 4·106 for different 

angles of attack. 

4.4 Flat Plate Cases with Laminar Bubbles 

A series of experiments has been carried out by  

Volino and Hultgren, (2001) for flat plate boundary 

layers with pressure gradients resulting in separation 

bubbles and turbulent reattachment. The size of the 

bubble was varied by changes in Reynolds number 

and Tu levels. The challenge for transition models is 

the correct prediction of the bubble size. Figure 6 

shows the results for two different Reynolds numbers 

and a low Tu level of Tu = 0.02%. The new model 

does capture the reduction in size due to the change in 

Reynolds number quite well but does show a tendency 

to underpredict the bubble size.  
 

 

Figure 6: Wall-shear stress distribution for flat plate 

with separation bubble. Left: Re = 5·104. Right 

Re = 30·104. Both cases Tu = 0.2%.  

4.5 S809 Airfoil with Bubble Transition 

The S809 airfoil at Re = 2·106 and Tu = 0.04% as 

measured by Somers, (1997) was computed for differ-

ent angles of attack. For this airfoil, there is a sudden 

shift in transition location from the middle of the air-

foil towards the leading edge, starting at an angle of 

 = 5°. The predicted transition locations are shown in 

Figure 7 for the -alg model (left) and the -Re model 

(right). The one-equation -model lies between these 

models (not shown). 

 
Figure 7: Transition location on the suction side of the 

S809 airfoil at Re = 2·106. Left -alg model. Right:  

-Re. Data: symbols (○) - natural transition and 

symbols (●) turbulent reattachment for «bubble 

transition». 

The -alg model is better representing the shift of 

the transition location from the middle of the airfoil to 

the leading edge at  = 5°. On the other hand, the  

-Re model represents the reattachment location of 

the bubble separation more accurately. This is con-

sistent with the findings for the Volino case. Both 

models are generally in good agreement with the data.  

4.6 Eppler 387 Airfoil 

The Eppler airfoil experiment (McGhee et al., 

(1988)) was conducted at relatively low Reynolds 

numbers and low Tu = 0.06%. Three different Reyn-

olds numbers were computed (Re = 1·105, Re = 2·105, 

Re = 3·105) for a sweep of angles of attack. All cases 

transition through separation bubbles. The onset (LS) 

and end of the bubbles (TR) were measure in the ex-

periments and are compared to the simulations in Fig-

ure 8 as a function of angle of attack, . Again, the -

alg model predicts slightly smaller bubbles than meas-

ured, whereas the other two models tend to over-pre-

dict the bubble size. A noticeable deviation from the 

data occurs for the one-equation -model for the low 



 

 

Reynolds number, where the bubble size is severely 

over-predicted. This points to a lack of efficiency of 

the ‘bubble’ terms in that model, which are formulated 

as an additional source in the k-equation. Considering 

the simplicity of the -alg model, its results are in good 

agreement with the data.  

 

Figure 8: Laminar Separation (LS), Turbulent 

Reattachment (TR) and Natural Transition (NT) 

locations on Eppler 387 airfoil. Comparison of models 

and experimental data for variation in angle of 

attack,. 

4.7 Pak-B Turbine Blade 

The Pak-B blade represents a turbine blade as found in 

modern aircraft engines (Dorney et al., (2000)). The 

experiments by Huang et al., (2003) were conducted 

at different Reynolds numbers and freestream turbu-

lence intensities.  The main transition mechanism is 

separation-induced transition. The size of the transi-

tional bubble depends on both Reynolds number and 

Tu-levels, posing a challenging test case for transition 

models.   

Figure 9 shows the wall pressure distribution for 

four different combinations of Reynolds number and 

Tu levels. The figure includes the three LCTM models 

as well as the exp. data. The main focus is on the size 

of the separation bubble as represented by the plateau 

in Cp, which is largest on the upper left and smallest 

on the lower right. In general, all three models repre-

sent the trends correctly, with the -alg model being 

on the lower side for the Re = 5·104, Tu = 0.08% case 

and the one-equation -model overpredicting the 

Re = 5·104, Tu = 2.85% bubble size.  

 

Figure 9: Wall pressure distribution for Pak B blade 

for different Reynolds numbers, Tu levels and models 

as indicated in plots.  

4.8 Mesh Sensitivity 

A final question concerns the sensitivity of the 

models to changes in the mesh resolution. For this pur-

pose, a flat plate test case was set up with the boundary 

conditions given by the T3A case. The mesh was then 

modified in a first study by variation of the cell size in 

the streamwise direction and a second study where the 

mesh was changed in the wall normal direction. In 

both studies, the resolution in the fixed-mesh direction 

was sufficient to not affect the findings. The sensitiv-

ity of the skin friction coefficient and, therefore, the 

transition location to the mesh resolution is shown in 

Figure 10.  

The streamwise spacing was defined by the grid 

spacing divided by the boundary thickness near the 

transition location. The -alg. model solution starts to 

deteriorate for a ratio between x/ = 2-5 he one-

equation -model is less sensitive, with mesh insensi-

tivity up to x/ = −. The -Re model shows re-

markably little impact of the changes in x spacing 

and gives very close solutions even for x/ = . 

The wall-normal variation is defined by the expan-

sion ratio (ER) of the mesh cells ∆𝑦𝑗+1 = ∆𝑦𝑗 ∙ 𝐸𝑅, 

with the first cell at y+~1. Note that the issue is not the 

expansion ratio itself, but the decreasing cell count in-

side the boundary layer with increasing ER. The vari-

ation of ER results in less pronounced changes be-

tween the models than the x variation, again with the 

-Re model showing the least sensitivity.  

The higher robustness against mesh variations of 

the -Re model is a clear advantage against the sim-

pler models and might in some applications outweigh 

the higher CPU costs of that model. The -Re model 

evaluates the correlation outside the boundary layer 

and is thereby less sensitive to boundary layer mesh 

resolution. However, the mesh sensitivity for the  

-alg and the -model are not in a range where the use 

of the models becomes unfeasible. It should be noted 

that overly coarse meshes are not recommended and a 

value of x/ =  is quite sensible. Large x spacings 

should be avoided as they can lead to resolution prob-

lems in case of bubble-transition, where the bubble 



 

 

can be missed entirely on coarse grids even with the 

-Re model. 

 

Figure 10: Influence of mesh on transition prediction 

for different models. Left column: Streamwise 

variation. Right column: Wall-normal variation. Top: 

-alg, Middle: -model, Bottom: -Re model.  

5 Summary 

A new, algebraic formulation for laminar-turbulent 

transition modeling was presented. The model is based 

on the LCTM concept and employs only local varia-

bles. The model is Galilean invariant and can handle 

natural, bypass and separation-induced transition. 

Many test cases have been computed to demonstrate 

the viability and the limits of the model.  
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Abstract
Using large eddy simulations, we demonstrate that
windbreaks can enhance the power production of large
wind farms. The optimal windbreak height in a wind
farm depends on the balance between the flow speedup
and drag effects associated with windbreaks. This
result is surprising since it has been argued that the
added drag would cancel any benefits resulting from
the flow speedup. We find the ideal windbreak height
in a wind farm is lower than for an individual turbine.
This limits the added drag from the windbreaks and
enables their effective use in wind farms. This pro-
ceeding is a summary of Liu and Stevens [2021].

1 Introduction
A wind farm is an assembly of wind turbines that
converts wind energy into electricity. The wind tur-
bines extract kinetic energy from the flow, which leads
to the formation of wakes. Further downwind, the
wind turbine wakes expand and interact with the at-
mospheric boundary layer (ABL). In large wind farms
the performance of downwind turbines is significantly
impacted by these wind turbine wakes [Stevens and
Meneveau, 2017, Meneveau, 2019, Porté-Agel et al.,
2020]. Therefore, wind farm layout optimization and
control methods to improve the performance of large
wind farms are actively investigated.
Windbreaks have been used for centuries to reduce
near-surface wind speeds and soil erosion, control
snowdrift, and provide a favorable micro-climate for
humans, animals, and plants. When the windbreak
porosity is sufficiently low, the flow behind and above
the windbreak can be divided into three distinct re-
gions. According to the definitions of Counihan et al.
[1974], the region downwind of the windbreak and ad-
jacent to the wall is the wall region, where the velocity
follows the logarithmic law. The region downwind of
the windbreak and above the wall region is the mixing
region, where the perturbation velocity allows a self-
preserving solution. The region above the windbreak
and the mixed region is the external region, an inviscid

perturbation of the boundary layer flow. The stream-
wise flow velocity is reduced in the wall and mixing
regions due to windbreak wake formation. However,
in the external region, the flow velocity increases due
to the flow speed-up over the windbreak. In addition
to the porosity, the windbreak wake also depends on
the windbreak aspect ratio, the incidence angle, and
the surface roughness [Laws and Livesey, 1978]. Re-
cently, Tobin and Chamorro [2018] found experimen-
tally that the so-called wake-moment coefficient does
not change when the windbreak aspect ratio is larger
than 10; however, it may become lower for an aspect
ratio of 5. Basnet and Constantinescu [2019] showed
in simulations that the main features of the wake flow
are the formation of a bottom-attached recirculation
region behind the windbreak and corotating vortices
originating from eddies shed inside the separated shear
layer at the top edge of the windbreak.

Windbreaks can also be used to increase the power
production of wind turbines due to the local speed-up
effect over the windbreaks. Tobin et al. [2017] showed
using inviscid flow theory that, for low windbreaks,
the power production increases approximately linearly
with windbreak height. Their wind-tunnel measure-
ments confirmed this result. Kim and Jeon [2019] ana-
lyzed the hourly Supervisory Control and Data Acqui-
sition (SCADA) data of the Gunsan wind farm, which
consists of a row of 10 wind turbines spaced about four
turbine diameters apart. The SCADA data showed
that the turbine power production is increased by about
1.5% due to the flow speed-up over a nearby seawall,
which was in agreement with their Reynolds-averaged
Navier-Stokes simulation model predictions.

Tobin and Chamorro [2017] investigated the effect of
windbreaks on the performance of infinite wind farms
theoretically and numerically. Following the idea of
the top-down model pioneered by Frandsen [1992] and
further developed by Calaf et al. [2010], the wind-
breaks were parametrized as increased surface rough-
ness. These model calculations showed that wind-
breaks in an infinite wind farm reduce the wind speed
at hub-height due to the increased drag. Their large-



eddy simulations (LES) confirmed these model calcu-
lations, which suggests that windbreaks are not effec-
tive in improving the performance of large wind farms.
Zhang [2018] carried out wind tunnel measurements to
quantify the effects of windbreaks in very large wind
farms. Their model wind farm consists of 5 columns
and 20 rows, and their measurements show that the
negative impact of the windbreak wakes outweighs the
local speed-up effect over the windbreaks.
While previous studies showed that windbreaks can in-
crease the power production of isolated turbines, it is
argued that the additional drag imposed by the wind-
breaks makes their use ineffective in wind farms. In
this study, we use LES to explore whether windbreaks
can improve wind farm power production. This pro-
ceeding is a summary of Liu and Stevens [2021].

2 Numerical method and validation

Numerical method
The simulations are performed with a code that solves
the spatially-filtered continuity and momentum equa-
tions, where the subgrid-scale (SGS) shear stress is
parameterized using the scale-dependent Lagrangian
dynamic model [Bou-Zeid et al., 2005]. The com-
putational grid is uniform in the horizontal and ver-
tical directions and staggered in the wall-normal di-
rection. The first vertical velocity grid plane is located
at the ground, while the first horizontal velocities grid
plane is located at half a vertical grid spacing above
the ground. We use a pseudo-spectral discretization,
and thus periodic boundary conditions, in the hori-
zontal directions and a second-order finite difference
method in the vertical direction. We enforce a zero
vertical velocity at the top boundary and a zero shear
stress. At the bottom boundary, we employ the clas-
sic wall model to determine the wall SGS stress. Time
integration is performed using a second-order Adams–
Bashforth method, and the projection method is used
to ensure that the velocity field is divergence-free. We
use the concurrent precursor method to generate tur-
bulent inflow conditions that match atmospheric tur-
bulence [Stevens et al., 2014].
The wind turbines are modeled using an actuator disk
approach in which the free-stream velocity U∞ is used
to calculate the turbine force Fwt

Fwt = −1

2
ρCTU

2
∞
π

4
D2, (1)

where ρ is the density of the fluid, CT is the thrust
coefficient based on U∞, and D is the turbine diame-
ter. However, when a turbine operates in the wake of
upwind turbines or windbreaks, the free-stream veloc-
ity is not readily available. Calaf et al. [2010] pointed
out that actuator disk theory can be used to model the
turbine force as follows

Fwt = −1

2
ρC ′TU

2
d

π

4
D2, (2)

where C ′T is the thrust coefficient based on the disk-
averaged velocity Ud. These two thrust coefficients
are related by C ′T = CT /(1−a)2, where a is the axial
induction factor.
The windbreaks are modeled in a similar way by defin-
ing the windbreak force Fwb as

Fwb = −1

2
ρkU2

wbh, (3)

where k is the pressure coefficient, Uw is the
windbreak-averaged velocity, b is the windbreak
width, and h is the windbreak height. Taylor and
Davies [1944] found that for sparse screens k can be
related to the porosity η by the following empirical re-
lationship:

k = ce
1 − η

η2
, (4)

where ce = O(1) is the drag coefficient of a screen
element. Equation (4) is based on velocity enhance-
ment due to flow constriction through hole and may
not be accurate for dense-screens or vegetative barrier.
In this paper, we use Eq. (4) and document the prop-
erties of the windbreak by giving η. In particular, we
use ce = 1.2 such that the simulation results agree
well with field measurements (see below).

Numerical validation
To validate our simulation approach for the wind-
breaks we compare our simulation results with the
classical field measurements for flow over windbreaks
[Finnigan and Bradley, 1983]. The roughness height at
the site was z0 = 2.0 mm, the windbreak height was
h = 1.2 m, and the windbreak porosity is η = 0.5. To
simulate this case we consider a computational domain
of 96h × 12h × 8h in the streamwise, spanwise, and
vertical directions, respectively, which is discretized
on a 384 × 48 × 129 grid.
Figure 1(a,b) shows that the time-averaged horizontal
and vertical profiles of the normalized streamwise ve-
locity U/Uh, where U is the streamwise velocity and
Uh is the velocity at windbreak height far upwind, is
in good agreement with the field measurement data by
Finnigan and Bradley [1983]. The figure shows that
our simulation method correctly captures the speed-up
over the windbreak and the subsequent flow recovery
further downwind.

Considered cases
To study whether windbreaks can increase the power
production of a wind farm, we perform a series of LES
of wind farms with and without windbreaks. We con-
sider a wind farm with six rows in the downwind di-
rection. Following the work of Tobin and Chamorro
[2017] the flow is driven by a constant pressure gradi-
ent u2∗/δ = 5× 10−4 m/s2, where the friction velocity
u∗ = 0.5 m/s and the ABL thickness δ = 500 m. The
roughness height is z0 = 0.01 m. The turbine diameter
D and hub-height zh are 100 m, and the turbine thrust
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Figure 1: (a) Horizontal and (b) vertical profiles of the normalized streamwise velocity U/Uh. Lines: LES data; symbols: field
data taken from Finnigan and Bradley [1983] as presented in the reanalysis by Wilson [1985]. Figure cited from Liu
and Stevens [2021].

coefficient is C ′T = 0.9. The streamwise and span-
wise turbine spacings are Sx = 8D and Sy = 5D, re-
spectively. All simulations are performed for 54 flow-
through times, and statistics are averaged over the last
11 flow-through times to ensure that statistically con-
verged data are obtained.
The first row of wind turbines is always located at
8D downwind of the entrance. A long fringe region
of 10% of the computational section is used to en-
sure a smooth transition from the flow formed behind
the wind farm towards the applied inflow condition
[Stevens et al., 2014]. For all wind farm simulations,
the streamwise domain size is Lx = 80D, and the
vertical domain size is Lz = 5D. To save compu-
tational resources, the spanwise domain size of most
of the simulations is Ly = 5D. We verified that this
choice does not affect the main results by performing
additional simulations in a wider spanwise domain of
Ly = 20D.

3 Results

Flow over windbreak
As discussed before, the speed-up over the windbreak
can increase the power production of turbines down-
wind of the windbreak. A first-order estimate gives
that the expected power production increase can be
obtained from the flow field over a windbreak. Tobin
et al. [2017] found that, for low windbreaks, there is an
approximately linear relationship between the power
increase ∆P and the height ratio between the wind-
break and hub-height h/zh,

∆P

P0
=

(
1 +

∆U

Uhub

)3

− 1 = α
h

zh
+ β, (5)

where P0 is the power production of a stand-alone
wind turbine, Uhub is the incoming streamwise veloc-
ity at hub-height, ∆U is the increase in the streamwise
velocity at hub-height caused by the windbreak, and
α = α(η, xt) and β = β(η, xt) are fitted constants.
We set β = 0 as there should be no power increase
when there is no windbreak (h/zh = 0). Experimental

data show that α increases with decreasing η because
the speed-up over the windbreak is stronger for lower
porosity [Fang and Wang, 1997, Dong et al., 2007, To-
bin et al., 2017].
Figure 2(a) shows the streamwise flow pattern for flow
over a windbreak with a height h/D = 0.24 and
porosity η = 0.03. In contrast to the high-porosity
case we see the formation of a recirculation zone. The
recirculation length, defined as the streamwise dis-
tance of the last semi-saddle point on the ground, is
about 10h [Fang and Wang, 1997]. Figure 2(a) also
indicates the expected power increase based on the
streamwise velocity profile over the windbreak using
the first equality in Eq. (5). The figure shows that the
maximum power production increase is predicted at
xt/h = 4 ∼ 6. To further illustrate these predic-
tions, we show the expected power increase as a func-
tion of the windbreak height h/zh for different xt in
Fig. 2(b). This figure shows that the expected power
production increase is highest for windbreaks of height
h/zh ∼ 0.25 − 0.35, and depends on the distance be-
tween the windbreak and the wind turbine.
To assess the accuracy of these predictions, we com-
pare them with the results from simulations in which
both the wind turbine and windbreak are considered.
In agreement with experimental results [Fang and
Wang, 1997, Dong et al., 2007, Tobin et al., 2017] we
find that for low windbreaks (h/zh ≤ 0.12), the nor-
malized power production for the first row agrees well
with these predictions. However, we find that for high
windbreaks, especially for large xt, the power produc-
tion increase obtained in the simulations with wind-
breaks does not necessarily agree with the simple es-
timates. The reason is that the turbine influences the
flow development over the windbreak. The presence
of such non-linear interactions emphasizes the need to
perform detailed simulations, which can capture these
effects. The error bars in the figure indicate the stan-
dard deviation of the power output, which shows that
the power fluctuations increase with windbreak height.

Effect of windbreaks on wind farm performance
Figure 3 shows the time-averaged normalized power
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Figure 2: (a) Streamline pattern for flow through a windbreak with porosity η = 0.03. The background colour shows the
estimated power increase according to the first equality in Eq. (5). The solid line denotes the windbreak. (b) Power
production increase for a turbine located at xt/h = 2 (blue), xt/h = 4 (yellow), and xt/h = 6 (red). The solid lines
indicate the predicted power production increase calculated from the flow field over a windbreak obtained from LES,
see panel (a). The dashed lines are fits to solid lines using the second equality in Eq. (5) with β = 0 and α = 1.9
(blue), α = 2.4 (yellow), and α = 2.3 (red). The symbols indicate the result from simulations in which both the
windbreaks and wind turbines are included. Figure cited from Liu and Stevens [2021].

(a) (b) (c) (d)

Figure 3: The normalized power production P/P0 as a function of downwind position for different xt, where P0 is the power
production of a stand-alone wind turbine without windbreak. The windbreak porosity is η = 0.03 and its height is (a)
h/zh = 0.12, (b) h/zh = 0.24, (c) h/zh = 0.36, and (d) h/zh = 0.48. Figure cited from Liu and Stevens [2021].

production P/P0 as a function of downwind position
for different windbreak heights and locations, where
P0 is the power production of a stand-alone wind tur-
bine without windbreak. Figure 3(a) shows that low
windbreaks (h/zh = 0.12) increase the power produc-
tion of each turbine in the wind farm compared to the
corresponding reference case. This shows that wind-
breaks can be successfully employed to increase the
power production of a wind farm. Figure 3(b) shows
that windbreaks of intermediate height (h/zh = 0.24)
increase the power production of all rows when xt ≤
4h. However, Fig. 3(b,c) also show that windbreaks of
intermediate heights (h/zh = 0.24 and h/zh = 0.36)
can significantly affect the performance of turbines
further downwind. Figure 3(d) shows that the high-
est windbreaks (h/zh = 0.48) have a strong negative
effect on the wind farm performance.

To further analyze the effect of the windbreaks on the
wind farm performance, we show the normalized time-
averaged power production of the various wind farms
with windbreaks in Fig. 4(a). Figure 4(b) shows the
normalized performance of the first row. A compari-
son between both panels reveals that the front row ben-
efits more from the windbreaks than the entire wind
farm. For example, Fig. 4(a) shows that low wind-
breaks (h/zh = 0.12) increase the wind farm produc-
tion by 10% to 14%, while the same windbreak in-
creases the power production of the first row by 20%
to 25%. The spacing between the windbreak and wind
turbine has a relatively small effect on the wind farm
production for these low windbreaks. Windbreaks of
intermediate height (h/zh = 0.24) can increase the
wind farm power production more than low wind-
breaks. However, for these windbreaks, wind farm
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Figure 4: The normalized (a) wind farm Pt/Pr and (b) first row P1/P0 power production as a function of the distance xt/h.
Here Pr and P0 are the power production of a wind farm and a stand-alone wind turbine without windbreak, respec-
tively. The windbreak porosity is η = 0.03. Figure cited from Liu and Stevens [2021].

(a) (b) (c)

Figure 5: (a,b) The normalized wind turbine power production P/P0 as a function of downwind position using a different
number of windbreaks Nwb with η = 0.03 located at (a) xt/h = 6, h/zh = 0.12 and (b) xt/h = 4, h/zh = 0.24.
(c) The corresponding normalized wind farm power production (Pt/Pr, filled symbols) and the first row power
production (P1/P0, open symbols) as a function of the number of windbreaks. Figure cited from Liu and Stevens
[2021].

production strongly depends on the spacing between
the windbreak and wind turbine. The wind farm pro-
duction is usually reduced for high windbreaks, which
is more pronounced for h/zh = 0.48 than for h/zh =
0.36. It is crucial to note that windbreaks that can in-
crease the power production of the first row can reduce
the power production of a wind farm.
One may wonder how a windbreak that increases the
performance of a single row may reduce the perfor-
mance of a wind farm. To better understand this, we
performed simulations with windbreaks installed up-
wind of only the first Nwb rows, where Nwb is the to-
tal number of windbreaks. In Fig. 5 these cases are
compared to the reference case without windbreaks
(Nwb = 0) and the wind farm with windbreaks in-
stalled in front of every row (Nwb = 6). The figure
shows that installing a windbreak in front of the first
row (Nwb = 1) results in a substantial increase in the
production of the first row. However, the wake created
behind this windbreak significantly reduces the power
production of the second row. Installing a windbreak
in front of the second row (Nwb = 2) increases the

power production of the second row compared to the
Nwb = 1 case. However, due to the wake effect of the
first windbreak, the second row’s power production is
only slightly higher than for the reference case with-
out windbreaks. A similar effect is observed for the
third row in the Nwb = 3 case. Figure 5(c) shows that
the wind farm power output monotonically increases
with the number of installed windbreaks. However,
the front row benefits most from the windbreak due to
the effect described above. This means that the effect
of windbreaks on wind farm performance cannot be
readily estimated. Note that Nwb has only a negligible
effect on the first row production for high windbreaks
(h = 0.24zh). For low windbreaks (h = 0.12zh) the
the first row increases when windbreak are placed fur-
ther downwind in the wind farm.

4 Conclusions
In agreement with experimental findings [Fang and
Wang, 1997, Dong et al., 2007, Tobin et al., 2017] we
show that windbreaks can increase wind turbine power



production. In agreement with Tobin et al. [2017],
we find that the power production increases approxi-
mately linearly with windbreak height for low wind-
breaks. However, for higher windbreaks, the perfor-
mance of downwind turbines is negatively affected by
the windbreak wake. A crucial finding of the present
study is that windbreaks can increase the power pro-
duction of large wind farms. Previously it had been ar-
gued by Tobin and Chamorro [2017] that the increased
drag imposed by the windbreaks makes their use in-
effective in very large wind farms. Indeed we find
that the optimal windbreaks for a singular wind turbine
can reduce wind farm production. However, a crucial
finding of the present study is that lower windbreaks
can significantly improve wind farm power produc-
tion. This proceeding is a summary of Liu and Stevens
[2021].
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Abstract
This paper presents work on minimising the spa-

tial extent of the Large Eddy Simulation (LES) do-
main in an Embedded LES (ELES), while maintain-
ing satisfactory accuracy. In order to effectively con-
fine the LES region it is necessary to transition from
Reynolds Averaged Navier Stokes (RANS) to scale re-
solved LES and vice versa. The developed method is
tested on the flow over tandem wall mounted cubes.
This case is chosen to provide complex recirculating
flow with multiple features to test the coupling be-
tween RANS and LES in both directions. Multiple
configurations of the ELES approach are tested with
different LES extents in order to provide an insight
into the effectiveness of the approach under a range
of conditions.

1 Introduction
For the increasingly complex applications targeted

by computational fluid dynamics (CFD), the use of
Reynolds averaged Navier Stokes (RANS) modelling
is often either insufficiently accurate or inherently lim-
ited by the range of scales it returns, while the use
of scale resolving simulations can be too costly. As
a compromise between RANS modelling and wall-
resolved large eddy simulation (LES), hybrid RANS-
LES methods endeavour to combine both approaches
in a synergistic manner. One such approach, Embed-
ded LES (ELES) [1] can be used to notable effect by
minimising the required spatial regions of scale reso-
lution and employing RANS in the remainder of the
domain. This study utilises a nested ELES, composed
of a global RANS region, with LES regions nested
within, as shown in Figure 1. In this study we address
the challenges involved when spatially confining the
extent of the LES regions.

Towards this aim, there must be a transition
from statistically-steady RANS quantities into a time-
varying velocity field containing coherent eddy struc-
tures. A significant body of work has investigated the
use of the Synthetic Eddy Method (SEM) for this pur-
pose [2]. As recently demonstrated [3], with improved
normalisation of the fluctuations on the inlet plane, this
method can accomplish a short recovery of the turbu-

Figure 1: Schematic of the nested ELES configuration de-
tailing the SEM and drift terms.

lent statistics. However, when confining the LES re-
gion to a small area of the flow, where the RANS solu-
tion is known to fail to capture the necessary physics or
resolution, the inflow to the LES region may be more
complex. Earlier work has focused on 1D inflow con-
ditions such as channel flows, pipe flows and boundary
layer flows. Recent work by the authors has therefore
focused on testing the application of the SEM to com-
plex 2D inflow conditions. Further complexity may
be present when considering areas of reversed flow,
as shown in Figure 2, and in cases with statistical un-
steadiness at the inlet. In such cases the SEM must
update the creation of the turbulent structures in real
time to account for the unsteadiness and automatically
handle moving areas of outflow.

In order to effectively confine the LES region, it
is also necessary to transition from an area of scale
resolved LES back to time averaged RANS. In order
to achieve this, statistical quantities required in the
RANS region should be constructed from the turbu-
lent fluctuations in the LES field through averaging.
This can be achieved by using a running time aver-
age. The time window used for the averaging should
be selected such that the obtained quantities are ap-



proximately equal to the Reynolds averaged quantities.
The statistics in the global RANS region can then be
forced towards the time averaged LES values over a
volume through the inclusion of a drift term allowing
for a smooth transition between the regions [4].

2 Computational Method

Embedded LES
In each of the RANS and LES domains in ELES

the respective governing equations are separately
solved. In order to achieve a two way coupling be-
tween the domains, information must be passed from
the RANS domain to the LES domain and vice versa.
The boundary conditions of the LES domain are de-
fined using the information provided from the RANS
domain. Figure 2 shows the boundary conditions ap-
plied to the LES in different flow conditions. When the
flow is directed into the LES domain, the LES bound-
ary velocity and pressure gradient are defined using
values provided from the RANS domain. Conversely,
when the flow is directed out of the LES domain, the
LES velocity gradient and pressure are defined using
values provided from the RANS domain. The SEM is
used to provide a time-varying velocity field with re-
solved turbulence at the inlet boundaries as is required
for LES. The turbulent statistics required for the con-
struction of the fluctuating field are also provided from
the RANS domain.

Figure 2: Schematic of the boundary condition types used
for the LES specifying either inflow and outflow
conditions based on the flux of the RANS velocity.

The solution provided by the LES domain can then
be used to update the RANS solution in the volume
where the LES is present. This is done by including
drift terms [4] in the RANS governing equations to
force the solution towards that provided from the LES
domain.

In this study, the finite volume code OpenFOAM-
v1812 [5] is used along with the code coupling library
preCICE [6] which transfers the information between
the two domains.

LES Governing Equations
In the LES region the filtered Navier Stokes equa-

tions are solved. These are given by,

∂ 〈ui〉
∂xi

= 0 (1)

∂ 〈ui〉
∂t

+
∂ 〈uiuj〉
∂xj

= −1

ρ

∂ 〈p〉
∂xi

+ ν
∂2 〈ui〉
∂x2j

, (2)

where the triangular brackets denote a filtering opera-
tion to remove the smallest scales, 〈ui〉 is the resolved
velocity field, 〈p〉 is the resolved pressure field, ρ is
the fluid density and ν is the kinematic viscosity of
the fluid. 〈uiuj〉 are the turbulent stress terms and are
comprised of both the resolved term and the effect of
the sub grid scales (SGS), which must be modelled us-
ing a SGS model. In the current work the PISO algo-
rithm is used with second order schemes employed in
space and time and the k-equation SGS model is used.

RANS Governing Equations
In the RANS domain the Navier Stokes equations

are subject to Reynolds averaging, yielding,

∂Ui
∂xi

= 0 (3)

∂Ui
∂t

+ Uj
∂Ui
∂xj

= −1

ρ

∂P

∂xj
+ ν

∂2Ui
∂x2j

− ∂uiuj
∂xj

, (4)

where, in the final term, uiuj are the Reynolds stresses
and require modelling. In the current work these are
modelled by the k-omega SST eddy viscosity model
with the PISO algorithm. Second order schemes are
used in space and time.

Synthetic Eddy Method (SEM)
The Synthetic Eddy Method was first proposed by

Jarrin [2] and superimposes randomly generated ed-
dies, scaled to match the turbulent statistics, onto the
mean velocity field. The resulting, fluctuating velocity
field therefore contains turbulent structures that are co-
herent in both time and space and exist over a range of
scales. Improvements to the accuracy and efficiency
over the origional SEM were made by Skillen et al.
[3].

In [3], the instantaneous velocity field, uj , is con-
structed from the mean velocity field, uj , and a fluctu-
ating field, u′j , such that,

uj = uj + aiju
′
j , (5)

where the precursor RANS calculation is used to pre-
scribe the mean velocity, uj , and the Lund matrix, aij ,



is determined by,

aij =[ √
R11 0 0

R21/a11
√
R22−a221 0

R31/a11 (R32−a21a31)/a22
√
R33−a231−a232

]
, (6)

where the Reynold stresses, Rij , are also obtained
from the RANS domain. The fluctuating velocity field
is constructed from the contribution of all nearby tur-
bulent spots,

u′j(xj , t) =

∑N
i=1 εijf(xj − xij , σij)√〈∑N
i=1 f

2(xj − xij , σij)
〉avg (7)

where each turbulent spot, i, has a physical location of
its center given by xij . The length scales, σij , deter-
mine the size and shape of the turbulent spots and is
defined by,

σij = max

(
min

(
R

3/2
jj

ε
, σmax

)
, ∆max

)
, (8)

where σmax is a user defined maximum eddy size and
∆max is the maximum grid dimension.

All spots are randomly assigned a direction εij ∈
[−1,+1] in each dimension j. The shape function, f ,
of the turbulent spot is described by a Gaussian func-
tion and the operator 〈·〉avg is an exponential weighted
moving average. The turbulent spots are advected
through the boundary at the local mean velocity and
a new random spot is generated when one leaves the
inlet plane. The mean velocity and turbulent Reynold
stresses provided from the RANS are updated at each
time step.

RANS Drift Terms
In order to force the solution in the RANS domain

towards the time averaged quantities of the LES do-
main, drift terms are introduced to the RANS equa-
tions. A momentum volume forcing, Fi, is applied to
the RANS momentum equation in the region of the
domain where the ELES is located as,

Fi =
w

γR

(
〈ui〉

LES
− URANSi

)
(9)

where 0 ≤ w ≤ 1 is a spatial weighting term
included to smooth the introduction of the forcing to
the RANS solution and γR is a temporal relaxation
term , defining the time-scale over which the RANS
is adapted to the LES. This temporal relaxation term is
calculated using the turbulent quantities as,

γR = max

(
Cγ

k

ε
, dt

)
(10)

Where the constant Cγ = 0.2 for the momentum term
[4].

An additional drift term is included in the turbulent
kinetic energy equation of the RANS given by,

Fk =
w

γR

(
0.5 tr

(
〈ui〉 〈uj〉

)LES
+ kLESSGS − kRANS

)
(11)

where the constant used to calculate the temporal re-
laxation term γR is Cγ = 0.02.

The spatial weighting term is given by the equa-
tion,

w = 1− dθ
dmax

(12)

where dmax is the maximum distance across the drift
region and dθ is the distance from each point in the
flow to the boundary in the direction of the fluid mo-
tion. This provides a function that increases towards
any outlet of the ELES region, independent of the di-
rection of the flow.

3 Tandem Cube Case
In this study we investigate the performance of our

newly developed ELES capability on the flow around
tandem mounted cubes on a flat plate at a Reynolds
numberRe = 22, 000. The spacing between the cubes
is L = 4H , where H is the cube height, with the full
set-up shown in Figure 3.
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Figure 3: Schematic of the geometric set-up including the
dimensions of the geometry and the computational
domain.

Previous experimental and numerical studies have
been performed on this configuration. The experi-
mental investigations of Martinuzzi and Havel [7] [8]
showed that, with cubes separated by a distance of 4H ,
the flow separates at the leading edge of the upstream
cube and reattaches at the wall before reaching the sec-
ond cube, allowing a second horseshoe vortex system
to be formed upstream of the second cube. The nu-
merical study of Paik et al. [9] compared the results of
computations using RANS and various formulations
of Detached Eddy Simulations (DES). They found that
the RANS failed to capture the second horseshoe vor-
tex in the upstream junction. Other key features of
the flow, such as the recirculating flow on the top sur-
face of the downstream cube and the turbulent statis-
tics, were poorly predicted by RANS.

The tandem cube configuration presents a complex
flow where the flow around the second cube is highly
sensitive to the upstream flow conditions. As such, it is



ideally suited to test the implementation of a confined
ELES approach. Both the transition from RANS to
LES, using SEM to generate the turbulent structures,
and the transition from LES to RANS are tested by ad-
justing the placement of the LES domain to encompass
either the leading or trailing cube. By placing the LES
region around the second cube, the inlet to the LES
region is positioned in an area of recirculating flow,
providing challenging conditions for the SEM. In the
case with the LES region placed around the first cube,
the LES to RANS coupling through the drift terms is
tested.

4 Results
This section presents results from applying the

ELES method to the tandem cube case with different
configurations in order to test the effectiveness of the
developed method. Initial results are presented com-
paring prior experimental results to pure RANS and
pure LES results in order to establish a baseline for the
performance of the methods. The implementation of
the LES boundary conditions are then tested by start-
ing the LES domain in the recirculation region of the
the first cube. We investigated a further configuration
to test the effectiveness of the drift terms in the RANS
domain by applying the LES region around only the
first cube.

Baseline tests
The flow field at the center-line of the cubes for

the full RANS and full LES are shown in Figure 4,
compared to experimental results [7]. To aid in the vi-
sualisation of the recirculation regions, the contour of
zero stream-wise velocity is shown as well as the po-
sition of the key separation and reattachment location
in the experiment.

Figure 4: Comparison of the flow field at z = 0 between
(top:) a full domain RANS, (middle:) a full do-
main LES and (bottom:) experimental results [7].

The recirculation regions behind both the first and
second cubes predicted by the LES match closely to
those observed in the experimental results. However,

the RANS model over predicts the length of the recir-
culation region behind both of the cubes which is in
line with the findings of Paik et al. [9]. Further analy-
sis showed that the failure to capture the reattachment
between the first and second cube is due to an over-
prediction of the turbulent kinetic energy by the RANS
model. Although better results may have been achiev-
able using a better configured RANS set-up, the dis-
crepancy between the results of the RANS and LES
will enable the effect of the ELES to be highlighted.

RANS to LES
In order to test the LES boundary condition’s abil-

ity to switch between acting as an inlet and an outlet,
an ELES configuration was set up with the LES do-
main starting at a location of x = 4, downstream of
the first cube. This location was chosen as it is located
in a recirculation region. Figure 5 shows slices of the
stream-wise velocity at the z = 0 and y = 0.1 planes
respectively, with the ELES results shown for x > 4
and the background RANS results for x < 4.

Figure 5: Slices of the x component of the velocity in the
(top:) z = 0 and (bottom:) y = 0.1 planes for the
RANS to LES configuration.

As the LES begins in the recirculating region, the
coupling procedure is working well with the RANS
velocity at this location matching the mean velocity at
the start of the LES. The SEM is also successfully gen-
erating the fluctuating velocity required when the flow
is an inlet. The recirculating region is also well trans-
ferred from the RANS to the LES with the boundary
condition switching to act as an outlet condition.

To highlight how the boundary condition switches
between an inlet and an outlet, Figure 7 shows the ve-
locity component in the x-direction on the boundary



Figure 6: Profiles of the x component of the velocity in the z = 0 plane for the RANS to LES configuration comparing the
ELES to full domain RANS and LES results.

of the LES at x = 4. The flow is acting into the LES
region is shown in yellow whilst the reversed flow that
is leaving the LES domain is shown in blue.

Figure 7: A slice of the x-component of the velocity at the
inlet to the LES highlighting the inlet and outlet
regions.

To show how the ELES in this configuration com-
pares to the full domain RANS and LES calculations,
velocity profiles along the z = 0 plane are shown in
Figure 6. The velocity profiles at x = 4 shows how the
ELES LES starting at this location matches closely to
the background RANS result differing from the LES
calculation run on its own. The ELES LES profiles
then continues to match the RANS result all the way
through the domain maintaining the difference from
the stand alone LES results. We would therefore ex-
pect the ELES LES to match better with the pure LES
given an improved upstream RANS prediction.

LES to RANS
In order to test the drift terms included in the

RANS calculation, an ELES configuration was used
where the LES region spans from x = 0 to x = 4.
Again, this configuration means that the transition oc-
curs within the recirculation zone between the two
cubes. This configuration allows for the effect of
the ELES region around the first cube to be assessed
downstream, around the second cube. The drift terms
were included in the RANS equations to force provide
forcing towards the LES in the region 2 < x < 4. A
standard outlet condition was used for the LES bound-
ary at x = 4 so as to isolate the effects of the drift
terms.

Figure 8: Slices of the x component of the velocity in the
(top:) z = 0 and (bottom:) y = 0.1 planes for the
LES to RANS configuration.

The contours of the instantaneous stream-wise ve-
locity at the z = 0 and y = 0.1 planes are shown in
Figure 8 for the ELES where x < 4 and for the cou-
pled RANS domain where x > 4.

Again, the transition between the ELES region and
the RANS is quantitatively consistent at the x = 4
boundary. To assess the effect of the forcing along
the length of the domain the profiles are plotted on the
z = 0 plane as shown in Figure 9. The profiles at lo-
cations x ≤ 2 show how the RANS and LES results
in the ELES match those of the stand alone calcula-
tions. Between 2 < x < 4 the drift terms are applied
to the ELES RANS result and the profiles show a di-
vergence with the ELES RANS result moving towards
the ELES LES. The difference between the ELES and
standalone LES at x = 4 can be explained by the use
of a generic outlet condition which would be avoided
by coupling the boundary as in the previous section.

Downstream of the ELES at x > 4 there are
no longer any drift terms applied to the background
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Figure 9: Profiles of the x-component of the velocity in the z = 0 plane for the LES to RANS configuration comparing the
ELES to full domain RANS and LES results.

RANS however it maintains the effect of the ELES re-
gion introduced by the upstream drift term, with the
ELES RANS profiles closer to the full domain LES
results than the full domain RANS results are. This
effect is maintained far downstream as the flow passes
over the second of the tandem mounted cubes.

The drift term is also applied to the turbulent ki-
netic energy equation solved by the RANS model.
Slices of the turbulent kinetic energy in the ELES
RANS on the z = 0 and y = 0.1 planes are shown
in Figure 10.

Figure 10: Slices of the turbulent kinetic energy in the (top:)
z = 0 and (bottom:) y = 0.1 planes showing
only the RANS domain of the ELES.

The turbulent kinetic energy at the inlet of the cou-
pled RANS is initially relatively high due to the value
prescribed as the inlet boundary condition. This then
drops at x = 2 due to the drift term forcing the solu-
tion towards that of the ELES. Between 2 < x < 4
the drift term is being applied and the RANS is being
forced towards the time averaged turbulent kinetic en-
ergy calculated from the turbulent fluctuations in the
ELES region. Some fluctuations are still visible in the

turbulent kinetic energy in this region suggesting that
the time window used for the LES averaging could be
improved. Downstream of the forcing region the re-
duction in the turbulent kinetic energy compared to the
full domain RANS calculation is maintained.

5 Conclusions
The challenges involved with confining a region

of ELES within a RANS domain have been investi-
gated by applying the ELES framework to tandem wall
mounted cubes. The developed framework couples
the ELES boundaries to the background RANS calcu-
lation whilst introducing resolved turbulence through
the use of the SEM. This boundary was tested by start-
ing the ELES region within the complex recirculating
flow between the two cubes. Coupling was also tested
from the ELES back to the background RANS calcu-
lation by application of drift terms. These drift terms
were shown to have a lasting effect on the flow down-
stream of the ELES region.

These tests show that it is possible to embed a
small region of LES to improve a RANS calculation
where it is known to, or expected to, struggle in com-
plex flows, where the boundaries of the LES region are
a mix of inlets and outlets.

Further work will look at constricting the ELES re-
gion in all three directions. Work is also required to
optimise the application of the ELES framework. This
would include optimising the positioning of the ELES
within the flow to areas where it is is most needed and
therefore provides the largest benefit.

The tandem wall mounted cubes present a good op-
portunity to test the application of small areas of ELES
with the developed framework to complex flows that
could then be extended to industrially relevant cases.
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Abstract
The paper focuses on a global instability in

counter–current round jets issuing from coaxial noz-
zles. Three different configurations that differ in a way
of the counter flow generation are investigated. Be-
sides typical configurations used in experimental and
numerical research performed so far, in which suction
applied in an annular nozzle is a driving force for the
counterflow, a novel set–up is proposed where the an-
nular nozzle is oriented in the opposite direction and
placed above the main one. The research are per-
formed using a large eddy simulation (LES) method
and the computations are carried out applying a high
order numerical code. In agreement with a number of
the previous works it has been shown that the global
modes can be triggered only when the velocity ratio
(I) between the main jet velocity and the velocity of
the jet issuing from the annular nozzle is above a cer-
tain threshold level (Icr).

1 Introduction
Round jets due to their occurrence in many in-

dustrial applications have received a huge interest for
decades. A special attention has been devoted to en-
hancement of the mixing processes, which are essen-
tial for efficient and safe work of various devices, es-
pecially these employing combustion process where
a proper mixing is crucial for a good performance.
A very interesting phenomenon emerging in round
jets, which significantly intensifies the mixing inten-
sity, is the self–excited global instability phenomenon
triggered by absolutely unstable local flow regions
(Huerre and Monkewitz (1990)). The linear stabil-
ity calculations (Monkewitz and Sohn (1988); Jen-
doubi and Strykowski (1994)) exhibited that the ab-
solute instability can be observed in low–density and
counter–current round jets. Contrary to the variable–
density jets, which have been extensively investigated
theoretically, experimentally, and numerically for last
decades, the constant-density counter-current jets re-
mains significantly less explored.

Up to date, in all the experiments the counter–
current jets were generated by an annular nozzle
placed around the main nozzle where fluid was as-
pirated. Strykowski and Niccum (1991) revealed a
great potential of the counter–flow in terms of the
jet mixing enhancement. They analysed the counter–

current round jets for a wide range of the velocity ratio
I = −U2/U1 = 0.0−0.2 (U1–the jet velocity, U2–the
velocity of the counterflow) and registered that above
a critical value Icr ≈ 0.14 well–organised vortices
were formed at a single characteristic frequency. As
a consequence, the level of the velocity fluctuations,
as well as the decay rate of the mean velocity at the jet
axis, were reduced. They claimed that the transition
at Icr was a result of the self–excited global oscilla-
tions. Strykowski and Wilcoxon (1993) conducted an
analogous experiment with one crucial modification of
the configuration. They put an extension tube on the
external nozzle in order to increase the streamwise do-
main of a counter–current shear layer. Such an adjust-
ment caused a more pronounced effect on the overall
jet development and global mixing enhancement. It
should be noted that the time–averaged velocity fluc-
tuations were significantly different from those shown
by Strykowski and Niccum (1991). The fluctuations
levels were elevated and their maxima were shifted up-
stream when the velocity ratio was above Icr. The sub-
sequent experiments (Favre-Marinet and Boguslawski
1999; Boguslawski et al. 1999; Asendrych 2007) re-
vealed the formation of side-jets and the substantial
increase of the jet spreading rate, commonly consid-
ered as an indication of global instability. The research
cited univocally showed that the counterflow produces
self-excited oscillations. Nevertheless, the discrepan-
cies between the results obtained with and without an
extension tube have not been clarified.

A new light on this phenomenon in the counter–
current round jets could be shed by LES, especially
that this method turned out to be a reliable tool for
predictions of the global instability in low-density jets
(Boguslawski et al. 2016). To the best authors’ knowl-
edge, there is a lack of extensive numerical investi-
gations regarding the global modes in counter-current
round jets in the available literature. Therefore, the
present paper aims to LES studies of the counter–
current round jets with special attention devoted to a
possibility of global modes emerging. An extended
discussion on this issue can be also found in recent
work of Wawrzak et. al. (2021).

2 Computational configurations and nu-
merical approach

The analysis is performed for various configura-
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Figure 1: The schematic view of CONF–1 (a), CONF–2 (b)
and CONF–3 (c).

tions that differ in a way of the counter–flow genera-
tion as presented in Fig. 1. The configurations denoted
CONF–1 and CONF–2 correspond to the experiments
of Strykowski and Niccum (1991) and Strykowski and
Wilcoxon (1993), respectively. Boguslawski et al.
(1999) estimated the flow rate, which originated from
the main nozzle and returned to the suction slot. It
turned out that for I > 0.06 this flow rate increased
rapidly and caused that the region where the jet and
the counter–current flow were parallel, as assumed in
the linear stability theory, did not exist. Therefore,
in order to eliminate the suction of the fluid from the
main jet stream, in the present research we propose a
different configuration (CONF–3), where the counter–
current flow is generated by placing the annular nozzle
above the main one and orient it in the opposite direc-
tion.

The calculations are performed using an academic
high–order solver SAILOR (Tyiszczak 2014). The
code gives a possibility to perform calculations in
Cartesian (x, y, z) or cylindrical (x, r, φ) coordinates.
In the present study the filtered equations of motion
for incompressible fluid are solved in the latter coor-

dinate system. The solution algorithm is based on a
projection method for pressure–velocity coupling. The
time integration is conducted by a low storage third
order Runge–Kutta method. The spatial discretisation
is based on a sixth order compact difference scheme
for the radial and axial direction and the Fourier pseu-
dospectral method for the azimuthal one. The discreti-
sation for the radial and axial direction is performed on
half–staggered meshes. The sub–grid scales resulting
from the LES filtering are modelled using the sub–grid
model proposed by Vreman (2004).

3 Flow and computational parameters
The Reynolds number in the simulations defined

as Re = U1D/ν, where the symbol ν denotes
the kinematic viscosity and D is the jet diameter,
was equal to Re = 5000. The analysis was per-
formed for various velocity ratios I = 0.0 − 0.3 and
shear layer thicknesses characterised by the parameter
D/θ = 24, 32, 40, where θ is the momentum thick-
ness. Choosing a relatively thick shear layer avoids
interactions with the self–sustained convective oscil-
lations reported by Boguslawski et al. (2013) which
appear for a shear layer characterized by D/θ > 50.
The computations were carried out on the mesh con-
sisting of 272 × 110 × 64 points in axial, radial and
azimuthal directions, respectively. Preliminary com-
putations showed that such a mesh density is sufficient
to obtain virtually grid independent results.

One of the necessary conditions for the occurrence
of the global instability is a low level of the inlet turbu-
lence intensity Ti = u′/U1, as shown by Monkewitz
et al. (1990). The existence of too high turbulence in-
tensity tends to inhibit the global instability. In all the
simulations we assume Ti = 0.1%.

4 Results
In all the cases the scenario of the simulations

was the same. The jets were injected impulsively
and then tracked as it developed in the domain. The
calculations were conducted with the constant time
step ∆t = 0.00125DU1. After the time 100DU1 ,
when the flow was fully developed, the time-averaging
procedure started for the next 300DU1 which corre-
sponded to 20 flow through times. In order to make
the analysis clear the particular cases are denoted as
C1/C2/C3 −D/θ − I , where C1, C2 and C3 stand
for CONF–1, CONF–2 and CONF–3, respectively.

LES results for CONF–1
Figure 2a presents the profiles of the time-averaged

axial fluctuating velocity along the jet axis obtained
for CONF–1, D/θ = 24 and velocity ratio varying
from I = 0.0 − 0.3. For I = 0, 0.05 and 0.1 their
shapes are similar and typical for round free jets. In
these cases the fluctuations start growing at x/D = 2
and attain the maximum level of 20% of U1 at the dis-
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Figure 2: Fluctuating velocity profiles for D/θ = 24 (a),
D/θ = 32 (b) and D/θ = 40 (c). The results
obtained for CONF–1

tance equal to 9D. A faster perturbation growth is ob-
served starting from x/D ≈ 1 for I = 0.15 − 0.275.
Additionally, for I = 0.25 and 0.275 the profiles are
characterised by the local maxima at x/D ≈ 3. A
sudden change is found for I = 0.3 . In this case, the
fluctuations grow right from the inlet and attain two
maxima. The first one on the level of 10% of U1 at
the axial distance x/D = 2 and the second one fur-
ther downstream where the flow is fully developed. It
should be stressed that the second maximum is located
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Figure 3: Evolution of the spectra of the axial velocity fluc-
tuations registered at the jet axis. The results ob-
tained for CONF–1

closer to the inlet and achieves a lower value than in
the other cases with lower I . Analogous evolutions
of the time-averaged profiles for D/θ = 32 are pre-
sented in Fig. 2b. Similary to the cases withD/θ = 24
the characteristic feature of the solution for I = 0.3
is the occurence of the local maximum at x/D ≈ 1.
These results suggest that for I = 0.3 the character
of the flow significantly changes and I = 0.3 can be
regarded as the critical Icr. The increase of D/θ to
40 changes Icr that in this case is equal to 0.275 (see
Fig. 2c). Moreover, one should notice that the first lo-
cal maxima for the cases with I ≥ Icr are lower than
in the cases with D/θ = 24, 32. Similar damping of
the velocity fluctuations was observed by Strykowski
and Niccum (1991). In their studies this effect was
even stronger, however, they analysed a jet with a con-
siderably thinner shear layer D/θ = 230.

Figure 3 presents the amplitude spectra of the axial
velocity calculated on the basis of time signals regis-
tered at the jet axis and the axial distance x/D = 1. As
seen, in the cases for which I ≥ Icr the spectra reveal
existence of precisely defined distinct peaks which
confirms the triggering of the globally unstable mode.
The peaks occur at StD = 0.75, 0.91, 0.96, 1.02 for
the casesC1−24−0.3, C1−32−0.3, C1−40−0.275
and C1 − 40 − 0.3, respectively.

LES results for CONF–2
An analogous analysis was conducted for the

second configuration (CONF–2) for which the wall
around the main jet was used to extend the region of
the parallel counterflow. The fluctuating velocity pro-
files along the jet axis obtained for CONF–2 are pre-
sented in Fig. 4. It can be seen that the profiles qualita-
tively differ from those obtained for CONF–1. Firstly,
a sudden change of the flow bahaviour is observed al-
ready for Icr = 0.125 for D/θ = 24 and Icr = 0.1
for D/θ = 32 and 40. Additionally, the perturbation
growth is observed right from the inlet plane and the
maximum of the fluctuations increases with I . Signif-
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Figure 4: Fluctuating velocity profiles for D/θ = 24 (a),
D/θ = 32 (b) and D/θ = 40 (c). The results
obtained for CONF–2

icant differences between configurations are also seen
in the spectra of the axial velocity fluctuations, which
for CONF–2 and velocity ratio above critical are pre-
sented in Fig. 5. Contrary to CONF–1, the spectra are
not characterised by sharp peaks but rather a broad-
band distribution. The characteristic frequency that
indicates formation of strong vortical structures can be
found only for I = 0.1 − 0.15. For a higher velocity
ratio, the peaks are completely destroyed. Such a de-
pendence of the spectra on the I parameter means that
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Figure 5: Evolution of the spectra of the axial velocity fluc-
tuations registered at the jet axis. The results ob-
tained for CONF–2

there must be a significant change in the flow regimes
between the cases with lower and higher values of I .

The differences are readily seen in Fig. 6 show-
ing the isosurfaces of the Q-parameter and the axial
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Figure 6: Iso-surfaces of instantaneous value of the Q-
parameter with the axial velocity contours in the
main cross-section.E mbedded figures present the
axial velocity contours in the cross-section perpen-
dicular to the jet axis at xD = 3.0 and the veloc-
ity vectors with vorticity contours at the the main
cross-section. The results obtained for the cases:
(a) C2− 40− 0.1, (b) C2− 40− 0.2.

velocity contours for the cases C2 − 40 − 0.1 and
C2 − 40 − 0.2. The sub-figures embedded in Fig. 6
show: (i) the axial velocity contours in a cross section
perpendicular to the jet axis; (ii) the vorticity contours
and the velocity vector field in a vicinity of the inlet.
The instantaneous values of Q-parameter reveal the
formation of large vortical structures only for I = 0.1.
As can be seen in the vector distribution in this case
the conditions for establishing almost perfectly paral-
lel flow between the jet and counter–current stream are
favourable. It can be seen that toroidal vortices form
already very close to the nozzle exit. They succes-
sively grow up to the distance x/D = 3.0, mutually
interact and eventually break up downstream. The ax-
ial velocity contours at the main cross–section reveal
the occurrence of a separate stream inclined approxi-
mately 45 deg to the jet axis. This stream is released
from the main jet core, it is called side–jet. In view
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Figure 7: Fluctuating velocity profiles for D/θ = 32 (a)
and D/θ = 40 (b). The results obtained for
CONF–3

perpendicular to the jet axis it can be seen that there
are five side–jets, which are non uniformly distributed
in the azimuthal direction. Regarding the impact of the
velocity ratio I Fig. 6b shows that the increase of the I
to 0.15 completely alters the flow picture. The toroidal
vortices do not exist and the flow field seems to be
highly turbulent. The vector field shows that the fluid
from the main jet is taken to the suction slot and conse-
quently the parallel regions, which existed for I = 0.1
are completely destroyed in this case.

LES results for CONF–3
Configuration CONF–3 presented in Fig. 1 was de-

signed to minimise the impact of the counter–flow on
the parallel flow region and to eliminate the suction
of the fluid from the main jet stream. In CONF–3
the counter–current mixing layer is formed in between
the streams released from the opposite nozzles. The
profiles of the axial velocity fluctuations along the jet
axis for D/θ = 32, 40 are compared in Fig. 7. The
black vertical line at x/D = 1.0 indicates the end
of the main nozzle, which in CONF–3 is the part of
the computational domain. Regarding the impact of
I it can be seen that below I = 0.15 the profiles are
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Figure 8: Evolution of the spectra of the axial velocity fluc-
tuations registered at the jet axis. The results ob-
tained for CONF–3

only slightly different from the case with I = 0.0. For
I < 0.15 the fluctuations start growing at the distance
x/D ≈ 2.0 (i.e. 1.0D from the nozzle exit) and at-
tain the level around 0.2U1 at x/D = 6.0 − 8.0. The
situation changes drastically for I > 0.15 as in these
cases two local maxima are readily seen. The first one
is located at the distance x/D ≈ 2.5 and it reaches
the level 0.06U1 − 0.12U1 depending on I and D/θ.
Hence, one can assume that I = 0.15 is the critical
value above which the global instability emerges.

The amplitude spectra of the axial velocity at the
location x/D = 1.5 (0.5D above the main nozzle) are
shown in Fig 8. Similarly, as in CONF-1, the spectra
for I ≥ 0.15 stand out by clearly visible sharp peaks.
It can be seen that the levels of the peaks is quite ro-
bust in respect to D/θ and only slightly increases with
I . The peaks occur at frequencies which are almost
independent of I and visibly dependent on D/θ.

5 Conclusions
The paper presented the analysis of the global

instability phenomenon in the counter–current round
jets. The research was performed using the LES
method. We studied two configurations (CONF–1,
CONF–2) of the round jet with the suction applied
around the nozzle to establish the counter-current flow
in the same way as in earlier experimental investiga-
tions. Additionally to these typical set-ups, we pro-
posed, a new configuration (CONF–3) in which the
counter–current flow resulted from the fluid streams

released from two opposite nozzles. The presented re-
sults univocally revealed the occurrence of the global
instability phenomenon in all the configurations anal-
ysed. Nevertheless, the differences between the con-
figurations have not been revealed and the counter–
current jets still requires further investigations.
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Abstract
The appropriate representation of the pressure-

strain term is one of the major challenges in second-
moment closure RANS modeling. For the most com-
mon modeling approach of the pressure-strain term,
the task reduces to modeling only several coefficients
depending on invariant flow features. In this study, a
feed-forward neural network is trained on DNS data
to predict these coefficients as the output from in-
variant flow feature inputs. Based on the knowledge
gained from the machine learning process, a simple
algebraic approach for modeling the coefficients is es-
tablished. The constants involved in this approach are
determined by global optimization on DNS data first.
Afterwards, the derived model in its entirety is eval-
uated within a flow solver, and the constants are op-
timized further in direct conjunction with flow com-
putations. The study is conducted with a differential
near-wall Reynolds stress transport model.

1 Introduction
The closure of the Reynolds-averaged Navier-

Stokes (RANS) equations, which are used to describe
turbulent flows, has occupied scientists for more than
half a century. Of all RANS models, the Reynolds
stress transport models (RSMs) are the most compre-
hensive ones since they include a differential trans-
port equation for the Reynolds stress tensor uiuj and
close the equations on the second-moment level ba-
sis. Therefore, they are inherently cable of capturing
complex turbulent flow phenomena, as e.g. streamline
curvature effects, which eddy-viscosity-based closure
models can not represent. According to Jakirlić and
Hanjalić (2013), the appropriate representation of the
pressure-strain term is a major challenge in second-
moment closure (SMC) modeling.

For some years now, RANS modeling is gaining
new momentum due to the rise of data-driven methods
and machine learning (ML) techniques. An up-to-date
overview on this topic is given by Duraisamy (2020).

Although RANS modeling was always kind of a ’data-
driven’ procedure, the term now mainly refers to meth-
ods that derive functional model forms or corrections
based on accurate flow data with only a few constraints
and only little prior knowledge.

Most of the current work focuses on improving or
deriving new eddy-viscosity models. Applying ML
methods directly on high-fidelity (HF) data seems not
to be reasonable for first-order closure due to the lim-
ited available data and the lack of accuracy, consis-
tency and robustness within computational fluid dy-
namics (CFD) computations. Model-consistent learn-
ing approaches, including the entire RANS model
in direct conjunction with flow computations, have
proven to be advantageous. However, applying a
model-consistent learning approach for SMC models
is very complicated and very computationally inten-
sive. Therefore, only few studies have applied new
data-driven methods to SMC models yet.

In this study, we presume that SMC modeling can
benefit from using ML methods directly on HF flow
field data since the turbulent flow quantities are repre-
sented much more appropriately due to the more com-
plex physical modeling. Here, data-driven and ML-
based methods are used for modeling the pressure-
strain term for SMC models. A new relatively sim-
ple and interpretable model should be derived, which
does depend only on local, invariant flow features.
The study is performed with a near-wall differential
RSM and uses the common pressure-strain model-
ing approach, as explained in Section 2. An arti-
ficial neural network, or just neural network (NN),
is applied to learn the representation of coefficients
in the pressure-strain model based on invariant flow
features. Informed by the results, a new simple ap-
proach for modeling the required coefficients is pro-
posed and afterwards derived by global optimization.
Both procedures are conducted only on HF data from
direct numerical simulations (DNS) and are presented
in Section 3. The developed pressure-strain model, in-
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cluded in the RSM, is investigated and further opti-
mized within flow computations in Section 4.

2 Second-Moment Closure Modeling
The general differential equation for the Reynolds

stress transport without considering body forces can
be written as

Duiuj

Dt
= Pij+Dν

ij+
[
Dt

ij +Dp
ij +Φij − εij

]
. (1)

The production Pij and the molecular diffusion
Dν

ij are represented exactly. The terms in brackets,
the turbulent diffusion Dt

ij , the pressure-related diffu-
sion Dp

ij , the pressure-strain term Φij and the viscous
dissipation εij , have to be modelled.

The pressure-strain term, or more precisely the
pressure-rate-of-strain tensor, represents the Reynolds
stresses’ redistribution due to pressure fluctuations.
This term initially arises from the decomposition of
the velocity-pressure gradient Πij . It is split into Φij

and Dp
ij because of the lack of a suitable physical in-

terpretation of Πij . Directly at walls, the velocity-
pressure gradient is zero such that pressure-strain and
diffusion transport cancel each other out. The pressure
diffusion takes non-zero values only close to walls.
Therefore, the pressure diffusion is often neglected
or rather implicitly modeled within the pressure-strain
term, as it is done here. Consequently, the pressure-
strain term actually represents the velocity-pressure
gradient in the following.

A deeper physical understanding of the complex
redistribution process of the pressure-strain tensor can
be obtained with the help of the exact Poisson equa-
tion of the pressure fluctuations, explained in detail by
e.g. Hanjalić and Jakirlić (2002). As a result of the
physical understanding, the term can be split into parts
as

Φij = Φij,1 +Φij,2 +Φij,w, (2)

where the so-called ’slow term’ Φij,1 represents the
return to isotropy of non-isotropic turbulence and the
’rapid term’ Φij,2 is the ‘isotropization’ of the process
of stress production due to the mean rate of strain.
The associated wall blockage and pressure reflection
effects are given by Φij,w.

Based on the works of Rotta (1951) and Naot et al.
(1970), a modeling approach for the ’rapid’ and ’slow’
pressure-strain was derived which is commonly used
in most of the SMC models. Neglecting higher-order
terms, this approach reads for only the linear terms as

Φij,1 = −C1εaij , (3)
Φij,2 = C3kSij

+C4k(aipSpj + ajpSpi −
2

3
apqSpqδij)

−C5k(aipWjp + ajpWip), (4)

with the viscous dissipation rate of the turbulence
ε, the turbulent kinetic energy k, the mean rate-
of-strain Sij and the mean rate-of-rotation Wij .

The Reynolds stress anisotropy tensor is defined as
aij = uiuj/k − 2/3δij and δij represents the Kro-
necker unit tensor. For near-wall RSMs, also the wall
blockage and reflection term Φij,w have to be mod-
elled which in itself is a tremendous challenge.

In general, the coefficients are functions of
the turbulent Reynolds number Ret = k2/(νϵ),
the stress anisotropy invariants A2 = aijaij and
A3 = aijajkaki and Lumley’s ’flatness’ parameter
A = 1 − 9/8(A2 − A3). Furthermore, Han-
jalić and Jakirlić (2002) suggested to use also the
analogous quantities E2, E3 and E based on the
stress-dissipation tensor εij and the corresponding
anisotropy tensor eij = εij/ε − 2/3δij to account
for wall-blocking effects. Consequently, the task of
modeling the pressure-strain term reduces to model-
ing the coefficients depending on local, invariant flow
features, which can be written as

Ci = fi(Ret, A,A2, A3, E,E2, E3). (5)

Hanjalic-Jakirlic-Maduta RSM
A differential near-wall RSM based on the work of

Jakirlic and Hanjalic (2002) and Jakirlić and Maduta
(2015) which will be denoted as HJM-RSM is used
in the following study. The HJM-RSM is formulated
within the concept of the homogeneous part of the dis-
sipation rate εh = ε−0.5ν∂2k/(∂xl∂xl) and includes
a transport equation for the corresponding inverse tur-
bulent time scale ωh = ϵh/k as the scale-supplying
variable.

The ’slow’ and ’rapid’ part of the pressure-strain
term are modelled with the commonly used approach
Eq. (3) and (4) with the homogeneous dissipation rate
instead and the coefficients

C1 = 2.5AF 1/4fRe +
√
AE2, C2 = 0.8

√
A,

C3 =
4

3
C2, C4 = C2, C5 = −C2,

with

F = min[0.6, A2], fRe = min
[
(Ret/150)3/2, 1

]
.

The wall blockage and reflection term is relatively
complex and extensive. The term depends on non-
local variables like the wall normal vector and dis-
tance, which is generally undesirable however some-
times necessary in turbulence modeling. The entire
HJM-RSM is given in Jakirlić and Maduta (2015).

3 Data-driven Pressure-strain Modeling
Based on DNS Data

In the following, machine learning and data-driven
based methods, and ’modeling intuition’, are used to
derive a new model for the pressure-strain term from
DNS data. The common linear pressure-strain model-
ing approach Eq. (2), (3) and (4) is followed, such that
only the coefficients have to be determined depending
on invariant, local flow features as defined in Eq. (5).
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Figure 1: Neural network for predicting the coefficients of
the pressure-strain model by Eq. (3) and (4)

The pressure-induced wall blockage and reflection ef-
fects should be implicitly modeled within the ’slow’
and ’rapid’ term. Therefore, no additional wall term is
required, usually including complex expressions and
non-local variables. Near-wall flow regions are also
considered to enable the application of the derived
pressure-strain model within near-wall RSMs.

Initially, a neural network is trained and tested to
represent a relation between the invariant flow fea-
tures and the pressure-strain coefficients. Afterwards,
insights from this machine learning step are used to
propose a new simple algebraic formulation for mod-
elling the coefficients. This approach is then specified
by global optimization.

The study is conducted with DNS data from chan-
nel and boundary layer flows at different Reynolds
numbers. The DNSs were performed by Schlatter and
Örlü (2010), Lee and Moser (2015) and Moser et al.
(1999). The Reynolds number Reτ is based on the wall
friction velocity uτ and the half channel height or the
99%-boundary-layer thickness, respectively. Eighteen
different cases with Reτ = 180−5200 are included in
this study. The pressure-strain components shown in
the following is always normalized by u4

τ/ν.

Neural Network Prediction
One feed-forward neural network is trained to de-

termine the pressure-strain model coefficients in Eq.
(3) and (4) based on the invariant, local flow features.
The coefficients are represented by the different out-
put nodes of the neural network and the flow features
from Eq. (5) are used as input features, as sketched in
Fig. 1. A limiting function is applied to the turbulent
Reynolds number since it can take high values but is
important only in the near-wall region. Here, the mini-
mum function from the HJM-RSM model is used such
that f(Ret) = fRe.

The input features and the outputs of the NN are
connected via many linear combinations while apply-
ing so-called activation functions. The weights and bi-
ases of each node in the neural network are determined
and optimized during the training process. The NN
predicts the coefficients and therefore the pressure-
strain for each data point individually. The applied NN
consists of two hidden layers with 25 nodes each. The
hyperbolic tangent function is used as the activation

Table 1: DNS data of channel and boundary layer flow cases
used during the ML by their Reτ

Reτ Channel Boundary Layer
Training 180, 395, 590, 252, 359, 671,

2000, 5200 830, 974, 1043,
1145, 1271

Validation 1000 492
Testing 550 1245

function for the hidden layers. This architecture had
proven successful in preliminary studies.

The DNS data of the channel and boundary layer
flows are divided into training, validation and test parts
for different cases. Two test cases are used for the val-
idation and test purposes. An overview of the different
cases by their Reynolds numbers is given in Table 1.
In total, 5597 data points are included for the training,
767 for the validation and 701 for the testing. The val-
idation data is used in the applied early stopping cri-
terion, stopping the training when the validation error
does not decrease any more.

The loss function L is defined as the mean square
error of the predicted pressure-strain Φij,NN to the cor-
responding DNS values Φij,DNS summed up over all
components of the tensor. The square error is scaled by
the factor βRe which is set for each flow test case with
different Reynolds numbers individually to achieve
equal weighting of the different cases. For n evaluated
data points, the loss function can be written as

L =
1

n

n∑
c=1

βc
Re

(
Φc

ij,DNS − Φc
ij,NN

)2
. (6)

Since the invariant variables partly reflect redundant
information, not all variables are probably required as
input features. Therefore, a feature selection process is
conducted to reduce the number of input features and
to identify the most essential ones. This is done by a
sequential backward-elimination algorithm. The algo-
rithm starts with all possible input features and eval-
uates the NN performance for different feature sets
where one feature is always left out. The feature set
with the best performance is kept and the left out fea-
ture is eliminated. The procedure continues until only
one input feature is left. The NN is trained 20 times
for each feature set configuration and evaluated by the
mean error on the validation data.

The results of the sequential backward-elimination
are presented in Fig. 2; the features are eliminated
from the left to the right. The input feature set can
be reduced to only two features A and A3 with only
a minor increase of the loss function. The best results
for a single feature NN are obtained with A for which
the loss function increases about 50%.

Despite the increase of the loss function, the neu-
ral network with only A as the input feature, denoted
as NN-A, still predicts the pressure-strain very accu-
rately, as shown e.g. by Fig. 3 for the test channel
flow case Reτ=550. The best NN with two features
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Figure 2: Feature selection by sequential backward-
elimination: Features are eliminated from left
to right with the corresponding loss L of the
validation data after removing the indicated
feature

NN-(A,A3) matches the DNS data only slightly bet-
ter with the exception of Φ22 near the wall, which
is probably due to the definition of the loss function.
However, in contrast to the NN-(A,A3) the single fea-
ture NN-A is not cable of capturing the pressure-strain
for the channel flow with the lowest Reynolds number
Reτ=180 appropriately. Apart from this, the pressure-
strain prediction by the NN-A matches the DNS data
for all remaining cases well, as also proven for the
boundary layer flow at Reτ=1240 in Fig. 6. Surpris-
ingly, the NN-A predicts even the pressure-strain in
the complex, separating periodic hill flow at Re=10595
Fröhlich et al. (2005) quite well, as presented for ex-
ample in horizontal direction at x/H = 1.4 in Fig. 7.
It should be mentioned that although the pressure-
strain model of the HJM-RSM shows relatively large
deviations to the DNS data, it obtains good results
within flow computations since it is calibrated directly
with the other parts of the RSM.

The resulting coefficients Ci for the NN-(A,A3)
and NN-A are relatively similar, apart from the direct
near-wall region, as shown for different channel flows
in Fig. 4. Interestingly, the values for the coefficients
C3, C4 and C5 are similar to the constant values of
some already existing pressure-strain models and also
C5 takes negative values, which is common.

ML-Informed Modeling

The results of the ML step with the neural network
suggests that only A as a modeling feature might be
sufficient for the pressure-strain coefficient modeling
to achieve good results. Moreover, the resulting co-
efficients for NN-A in different channel flows as pre-
sented by Fig. 4 resemble in some way transformed
and scaled identities of A. Based on these findings, a
simple algebraic expression exhibiting a linear depen-
dence on A is proposed to model the coefficients of
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Eq. (3) and (4) as:

C1 = q1AfRe, (7)
C3 = q′3 + q3A, (8)
C4 = q′4 + q4A, (9)
C5 = q′5 + q5A, (10)

where qi and q′i are constants. As a modeling deci-
sion, the function of the turbulent Reynolds number is
included for the coefficient C1 to account for viscos-
ity effects in the near-wall regions. In contrast to a
NN, the proposed algebraic approach has several ad-
vantages since it is interpretable, easy to implement,
computationally cheap and easy to adjust.

The constants qi are determined by a global and
derivative free optimization algorithm performed on
the DNS data of the training test cases as described in
Table 1. The simplicial homology global optimization
(SHGO) algorithm from Endres et al. (2018) is used
within a Python environment and the objective func-
tion is the same as for the NN procedure Eq. (6). The
resulting constants are presented in Table 2. The cor-
responding coefficients for the pressure-strain model
due to the linear algebraic approach are comparable to
the ones from the NN results.

The pressure-strain prediction by this optimized
linear algebraic approach, denoted as opt-A, only



Table 2: Constants from global optimization opt-A on DNS
data for algebraic modeling approach Eq. (7)-(10)

q1 q′3 q3 q′4 q4 q′5 q5

2.20 0.054 1.065 0.292 0.856 -0.079 -0.472

slightly deviates from those obtained with the NN-A.
The loss function for the validation test cases slightly
increases from L = 2.51 · 10−2 to L = 3.05 · 10−2.
However, this very simple pressure-strain model
achieves still good results with regards to the DNS
data, as shown by the channel flow Reτ=550 Fig. 5
and the boundary layer flow Reτ=1240 Fig. 6, al-
though both test cases are not included in the optimiza-
tion process. Furthermore, the pressure-strain compo-
nents in the much more complex separating periodic
hill flow are approximated relatively well by this ap-
proach too, as illustrated in Fig. 7.

0.08

0.06

0.04

0.02

0.00

Φ
ij

Φ11

DNS
HJM
NN-A
opt-A 0.00

0.01

0.02

0.03 Φ22

0 50 100
y +

0.00

0.02

0.04

0.06

Φ
ij

Φ33

0 50 100
y +

0.00

0.02

0.04

0.06

0.08
Φ12

Figure 5: Pressure-strain components in channel flow with
Reτ=550 calculated on DNS data
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Figure 6: Pressure-strain components in boundary layer flow
with Reτ=1240 calculated on DNS data

4 Results within full CFD Computations
The pressure-strain model opt-A, derived only

from DNS data, is implemented in a flow solver in-
cluded in the HJM-RSM model. The model perfor-
mance within CFD computations is evaluated for the
channel flow Reτ=550. Additionally, the flow is com-
puted with the HJM-RSM model with fixed pressure-
strain values from the DNS data.
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Figure 7: Pressure-strain in periodic hill flow with
Re=10595 calculated on LES data at x/H = 1.4

Although not perfect, the opt-A model integrated
in the HJM-RSM achieves decent results for the
streamwise velocity shown in Fig. 8 and the Reynolds
stresses in Fig. 9. The velocity in the buffer layer is
predicted too low and the Reynolds stress u1u1 shows
a somewhat larger deviation from the DNS data for the
expected peak. However, both issues might be due to
other model parts of the HJM-RSM since the compu-
tation with the fixed DNS pressure-strain values shows
a similar behaviour.

To adjust the pressure-strain model according to
the HJM-RSM within flow simulations, a optimization
is performed in direct conjunction with CFD compu-
tations. The constants of the algebraic expression Eq.
(7)-(10) are modified in the flow solver while the ob-
jective function is determined by the results of CFD
computations. The choice of the objective function has
a crucial impact on the solution and is here based on
the streamwise velocity and the Reynolds stress com-
ponents. For the sake of brevity this will not be dis-
cussed in detail.

A gradient-based optimization starting from the
opt-A constants and the global, derivative free opti-
mization SHGO algorithm are applied. Both optimiza-
tion algorithms lead to nearly the same constants that
are close to the ones from the optimization on the DNS
data. The resulting constants for the gradient-based
optimization are given in Table 3. This CFD optimized
pressure-strain model optCFD-A improves the predic-
tion of the Reynolds stresses only slightly, whereas the
computed velocity and pressure-strain are closer to the
DNS data, as presented in Fig. 9, 8 and 10, respec-
tively. Moreover, the CFD optimized model achieves
comparably good results for the different channel and
boundary layer flows with higher Reynolds numbers,
which is not shown here.

However, the fact that the original HJM-RSM
shows the same issues for appropriately predicting
the peak of u1u1 while giving a good approximation
of the pressure-strain, also indicates inaccuracies in
other parts of the HJM-RSM which are not due to the
pressure-strain modeling.



Table 3: Constants from the optimization with CFD compu-
tations optCFD-A for the algebraic modeling ap-
proach Eq. (7)-(10)

q1 q′3 q3 q′4 q4 q′5 q5

2.15 0.066 0.970 0.290 0.792 -0.0884 -0.427
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Figure 8: Streamwise velocity in channel flow with
Reτ=550
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Figure 9: Reynolds stress components in channel flow with
Reτ=550

5 Conclusion
This study shows that machine learning can be a

useful tool for second-moment closure RANS mod-
eling. Even if not used directly in flow compu-
tations, machine learning can assist RANS model-
ing to gain new insights and discover potential func-
tional modeling forms on high-fidelity flow data. Al-
though a model-consistent approach is still desirable, a
pressure-strain model directly derived from DNS data
achieved relatively good results in CFD computations.
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Abstract
The physical mechanisms underlying the dynam-

ics of the flame kernel in relation to isotropic and
anisotropic turbulence are studied using large eddy
simulations (LES) combined with Eulerian stochastic
fields (ESF) method as the combustion model. Three
different modes for generation of the anisotropic tur-
bulence are discussed prior to the simulations. Con-
cerning the combustion process a special attention is
given to auto-ignition time, localization of the auto-
ignition spots in mixture fraction space and size of the
flame. Different stages of ignition are analysed for var-
ious levels of the initial velocity fluctuations and tur-
bulence length scales. Depending on the type of initial
conditions, the flame dynamics is found to be notice-
ably different and more or less dependent on turbu-
lence level.

1 Introduction
Homogeneous isotropic turbulence (HIT) is an ide-

alised model of turbulent flow that has attracted atten-
tion of researchers for many years. A relative sim-
plicity of this configuration caused that for a long
time it has been also the focus of research related
to fundamental problems of auto and forced ignition
phenomena. A prominent example of such investi-
gations is a study of Mastorakos et al. (1997) who
performed a Direct Numerical Simulation (DNS) of
the auto-ignition process in a 2D mixing layer be-
tween methane and air. The most important findings of
this research were that the ignition is a localised phe-
nomenon and that turbulent flows ignite earlier than
laminar ones. More recently, a 3D hydrogen/air con-
figuration was analysed by Doom and Mahesh (2009).
Their DNS results showed that when the flame kernels
collide they do not always extinguish as reported by
Mastorakos et al. (1997) for 2D cases. It was observed
that the flame kernels could also combine and spread
with/without increasing a flame intensity. Compared
to the auto-ignition phenomenon a situation in spark
ignition problems seems more complex. Here, the
born flames can have very complex structures, e.g.
a tribrachial one as shown by Chakraborty and Mas-
torakos (2008), or their occurrence can be significantly
conditioned by shear stresses formed in between flow
streams (Wawrzak and Tyliszczak, 2019). The pres-
ence of strong shear stresses causes that an initially

assumed isotropic field evolves and becomes highly
anisotropic leading to significantly different regimes
than in the HIT conditions.

Although in the real world anisotropic turbulent
flows are common the fundamental research devoted
to them are rare and definitively less advanced com-
pared to the HIT studies. Knowing that the igni-
tion process originates in small turbulent scales one
should assume that their anisotropy can affect both the
flame kernel occurrence as well as its further devel-
opment. The objective of this paper is to investigate
relation between an anisotropic flow field and the na-
ture of the auto-ignition process in hydrogen/air mix-
tures. We consider the homogeneous anisotropic tur-
bulence (HAT) with various turbulent intensities and
length scales generated in accordance to an extension
of the procedure proposed by Orszag (1969). As the
reference cases, the HIT combustion simulations are
performed for the corresponding turbulent Reynolds
numbers. The research is performed using Large Eddy
Simulation (LES) method combined with the Proba-
bility Density Function (PDF) approach based on ESF
method. The LES-ESF approach has been proved to
work well for ignition problems, e.g., in a study of the
auto-ignition of a hydrogen jet performed by Jones and
Navarro-Martinez (2007).

2 Mathematical formulation

LES modelling
In LES, the conversations equations for reacting

flows are derived applying the mass-weighted Favre
filtering procedure for the instantaneous balance equa-
tions, i.e. continuity equation, transport equations for
the momentum and scalar quantities (mass fractions,
enthalpy) (Geurts, 2004):

∂tρ̄+∇ · (ρ̄ũ) = 0 (1)

ρ̄∂tũ + (ρ̄ũ · ∇)ũ +∇p̄ = ∇ · (τ + τSGS) (2)

ρ̄∂tỸα + (ρ̄ũ · ∇)Ỹα

= ∇ ·
(
ρ̄(Dα +DSGS

α )∇Ỹα
)

+ ẇα
(3)

ρ̄∂th̃+ (ρ̄ũ · ∇)h̃ = ∇ ·
(
ρ̄(D +DSGS)∇h

)
(4)

where ρ - density, u - velocity vector, Yα (α =
1, . . . , N ) - mass fractions of N reacting species, h



- total enthalpy, p - hydrodynamic pressure. The
symbols τ and Dα = µ/ρ̄Sc, D = µ/ρ̄Pr rep-
resent the viscous stress tensor and the mass and
heat diffusivities where Sc = 0.7, Pr = 0.7 are
the Schmidt and Prandtl number. The sub-grid
scale stress tensor is computed as τSGS = 2µtS,
where S is the strain rate of the resolved veloc-
ity field and µt is the sub-grid viscosity computed
using the model of Vreman (2004). The terms
DSGS
α , DSGS are the sub-grid diffusivities. Equa-

tions (1)–(4) are complemented with the equation of
state p0 = ρRT̃ , where p0, R and T are the thermody-
namic pressure, gas constant and temperature, respec-
tively.

The chemical source terms ẇα representing the net
rate of formation and consumption of the species are
computed according to the pdf approach where the
scalar Equations (3) and (4) are replaced by an equiv-
alent evolution equation for the density-weighted fil-
tered PDF function, which is solved using the stochas-
tic field method proposed by Valiño (1998). Each
scalar φ̃α is represented by 1 ≤ n ≤ Ns stochastic
fields ξnα such that

φ̃α =
1

Ns

Ns∑
n=1

ξnα (5)

The stochastic fields evolve according to:

dξnα =− ũ · ∇ξnαdt +∇ · (Γ∇ξnα) dt

+
√

2Γ∇ξnα · dW

− 0.5τ−1
(
ξnα − φ̃α

)
dt + ẇα(ξnα)dt

(6)

where the total diffusion coefficient is defined as Γ =(
Dα +DSGS

α

)
, the micro-mixing time scale equals

to τ = ρ̄∆2/(µ+ µt) (Jones and Navarro-Martinez,
2007) with ∆ = V

1/3
cell being the LES filter width and

dW represents a vector of Wiener process increments
different for each field.

The numerical algorithm applied in this work in-
volves the projection method for pressure-velocity
coupling. The time integration is based on a predictor-
corrector approach, the spatial discretisation is per-
formed on half-staggered meshes by high-order (6th)
compact difference approximation for the Navier-
Stokes and continuity equations. For the species trans-
port equations the 5th order WENO (Weighted Es-
sentially Non-Oscillatory) is used. The chemical re-
actions are computed using a CHEMKIN interpreter
with the detailed mechanism of Mueller et al. (1999)
involving 9 species and 21 reactions. The applied nu-
merical code has been used in previous research per-
formed by Tyliszczak (2014).

Synthetic turbulence generation
In the present work we extend the procedure pro-

posed by Orszag (1969), originally formulated for
isotropic turbulent velocity field, for an anisotropic

turbulent flow field. According to this procedure, a
synthetic 3D turbulent flow is generated from a ran-
dom series in the spectral space with initially pre-
scribed energy distribution. In case of anisotropic tur-
bulence the random vector fields depends on the spa-
tial direction. Formally, one-dimensional spectrum
could be modelled separately, with different velocity
RMS and dominating wave numbers imposed. We ap-
ply the kinetic energy spectrum given by Passot and
Pouquet (1987) and recently used by Doom and Ma-
hesh (2009) that can be written as:

Ei(k)= 16
3

√
2
π

u2i,RMS

ki,0

(
k

ki,0

)4

exp

[
−2

(
k

ki,0

)2
]

(7)

E(k) =

3∑
i=1

Ei(k) (8)

where k is the wave number. An adjustable param-
eters are ki,0 denoting the wave number of the dom-
inating spectral component and ui,RMS representing
the RMS of the velocity components (i = 1, . . . , 3).
Their global RMS value is defined as uRMS =∑3
i=1 ui,RMS/3. In practice, certain constraints on

components at each wave number must be satisfied:

E1(k) > [E2(k) + E3(k)] /9

E2(k) > [E1(k) + E3(k)] /9

E3(k) > [E1(k) + E2(k)] /9

(9)

If there are different dominant numbers of waves in
each direction (k1,0 6= k2,0 6= k3,0), the above condi-
tions cannot be met. On the other hand, imposing only
constraints on the overall kinetic energy integrated in
the spectral space, only the constraints for RMS values
must be satisfied:

u1,RMS >
(√

u22,RMS + u23,RMS

)
/3

u2,RMS >
(√

u21,RMS + u23,RMS

)
/3

u3,RMS >
(√

u21,RMS + u22,RMS

)
/3

(10)

The procedure applied allows for generation of the
velocity fluctuations u′i with a required Taylor length
scale λi for a particular velocity component. In the
HIT conditions the Taylor length scale is defined based
on an arbitrary velocity component and an arbitrary di-
rection. In the case of HAT the global Taylor length
scale is defined, as λ =

∑3
i=1 λi/3 with λi referring

to particular directions. Table1 shows the sets of RMS
values of u′i calculated for the assumed ki and values
of turbulent length scales for the particular HAT fields
characterized by Reλ = u′RMSλ/ν ≈ 50 (ν - the air
kinematic viscosity) but generated in three different
modes. There are: Mode I - u′i,RMS 6= u′j,RMS, ki,0 =
kj,0; Mode II - u′i,RMS 6= u′j,RMS, ki,0 6= kj,0; Mode III
- u′i,RMS = u′j,RMS, ki,0 6= kj,0 (i, j = 1, . . . , 3, i 6= j).



Table 1: Parameters of the HAT fields generated in three different anisotropic modes.

Mode u′1,RMS u′2,RMS u′3,RMS u′RMS k1,0 k2,0 k3,0 λ1 λ2 λ3 λ Reλ
(m/s) (m/s) (m/s) (m/s) (-) (-) (-) (m) (m) (m) (m) (-)

I 0.24 0.42 0.52 0.39 16 0.0017 0.0020 0.0021 0.0019 48
II 0.24 0.42 0.52 0.39 28 16 14 0.0017 0.0020 0.0022 0.0020 49
III 0.42 0.42 28 16 14 0.0016 0.0018 0.0019 0.0018 50

(a) Mode I (b) Mode II (c) Mode III

Figure 1: Energy spectra for different anisotropic modes.

Figure 1 shows the energy spectra calculated from the
simulated velocity fields and compared with the ex-
act function (7) for 64 Fourier modes and different
anisotropic modes I-III. It can be seen that if dominat-
ing wave numbers are different (Mode II and III) the
components corresponding to these wave numbers are
present in all three velocity components. For example,
since the u3 component has the highest level the k3,0
wave number component visibly affects all the veloc-
ity components when the Mode II is applied (Fig.1(b)).
The velocity components for each mode are presented
in Fig. 2 showing that the flow field is anisotropic. The
turbulence length scales in all the velocity components
seem to be similar, however they are different as it was
shown in Table 1. To generate the initial HAT fields for
combustion simulations we limit the number of case
choosing the Mode I, which corresponds to the situa-
tion where turbulent structures emerge at a certain fre-
quency and evolve with different velocity fluctuations
in each direction.

3 Auto-ignition simulations

Problem Description
We consider an auto-ignition phenomenon in a sta-

tionary mixing layer. Figure 3 shows a computational
domain (Lx × Ly × Lz = 0.25 × 0.04 × 0.025 m3)
along with the iso-surfaces of the velocity fluctuations
(all three components) of the initial turbulent field de-
fined in the centre of the domain. The flow is periodic
in the x and z directions and the no-slip walls are as-
sumed at y = ±Ly/2. A fuel (0.1 H2/ 0.9 N2) at y < 0
and the air at y > 0 have the temperatures 300 K and
1000 K, respectively. The fuel concentration is given

Figure 2: Velocity components u′
1, u′

2, u′
3 (in rows) for three

different anisotropic modes, I-III (in columns).
Contours illustrate 9 quidistant level from -1.5 to
1.5 m/s.

Figure 3: Stationary mixing layer problem - initial temper-
ature and anisotropic turbulent field: u′

1 = u′
2 =

u′
3 = 1 m/s (red, green and blue colour, respec-

tively). The mesh points are drawn every four.



Table 2: Details of the initial turbulent velocity fields used in combustion simulations.

HIT

Case u′1,RMS u′2,RMS u′3,RMS u′RMS λ Reλ τt
(m/s) (m/s) (m/s) (m/s) (m) (-) (s)

HIT-050 1.55 1.55 1.55 1.55 0.0005 50 0.0003
HIT-100 1.55 1.55 1.56 1.55 0.0010 99 0.0006
HIT-150 1.49 1.50 1.51 1.50 0.0016 156 0.0011
HIT-200 1.52 1.55 1.54 1.54 0.0020 199 0.0013

HAT

Case u′1,RMS u′2,RMS u′3,RMS u′RMS λ1 λ2 λ3 λ Reλ1 Reλ2 Reλ3 Reλ τt
(m/s) (m/s) (m/s) (m/s) (m) (m) (m) (m) (-) (-) (-) (-) (s)

HAT-050 0.24 0.42 0.52 0.39 0.0017 0.0020 0.0021 0.0020 26 55 70 49 0.0050
HAT-100 0.33 0.59 0.73 0.55 0.0024 0.0029 0.0030 0.0028 51 108 140 97 0.0050
HAT-150 0.40 0.71 0.89 0.67 0.0030 0.0037 0.0038 0.0035 78 166 218 150 0.0053
HAT-200 0.47 0.84 1.03 0.78 0.0034 0.0041 0.0043 0.0039 101 221 283 196 0.0051

Figure 4: Energy spectra used for the calculations of initial
turbulent velocity fields.

by C(y) = (tanh(2y/δ) + 1)/2, where δ denotes
the initial vorticity thickness assumed to be equal 0.5
mm. We consider four different initial conditions with
Reλ = u′λ/ν ≈ 50, 100, 150, 200 within the HIT
and HAT regimes. Their detailed characteristics are
given in Table 2 where the last column shows the tur-
bulent time scale defined as τt = λ/u′RMS to which we
will refer discussing the auto-ignition time. The en-
ergy spectra (8) used for the initial velocity fields are
compared in Fig. 4. In this work we keep the same
dominating wave numbers for the corresponding HIT
and HAT cases regarding the turbulent Reynolds num-
ber. However, as can be seen, the energy distributions
are different due to the initial RMS values, which are
kept constant for all Reλ in case of isotropic turbu-
lence and noticeable higher than in anisotropic cases.

The LES-ESF computations are carried out using
four stochastic fields on the mesh with 192×128×192
nodes distributed uniformly in the periodic directions
and compacted in the y direction in a vicinity of the
mixing layer. To verify the sensitivity of the results to

the settings of the combustion model, in the selected
cases the simulations have been performed applying
eight stochastic fields and the ’fine mesh’ consisted of
224× 160× 224 nodes.

(a) HAT-050 (b) HAT-200

Figure 5: 3D flame iso-surfaces (T ≥ 1050 K) at two dif-
ferent time moments: t = 0.9 ms (left snapshots)
and t = 1 ms (right snapshots) shown in different
views for two different test cases.

Auto-ignition event
When the simulations start the flow evolves and

the initially imposed turbulent structures combine and
develop enhancing the fuel and oxidiser mixing. Ac-
cordingly, chemical reactions start to proceed and ig-
nition spots appear at the most reactive mixture frac-
tion in locations where the scalar dissipation rate is
low (Mastorakos, 1997). Figure 5 presents the iso-
surfaces of the temperature showing two different 3D
views, along the ‘x’ and ‘z’ directions, on the flame
kernels that spread and merge into wavy surface in 0.1



(a) t = 0.9 ms (b) t = 0.95 ms (c) t = 1.0 ms

Figure 6: Scatter plots of the temperature at subsequent ignition stages. Points are coloured by HO2 mass fractions. Results for
the case HAT-200.

ms. The results are gettered for the cases HAT-050
and HAT-200. Formation of the flame kernels is man-
ifested by the production of pre-igition species HO2.
Its high mass fraction appears at the lean composition
(ξ < ξST = 0.225) as can be seen in Fig. 6 presenting
the scatter plots at three different time moments cover-
ing the whole ignition process for the case HAT-200,
i.e., Figs. 6(a,c) correspond to the flame presented in
Fig.5(b). After the flame auto-ignites, it propagates to-
wards the stoichiometric composition where the tem-
perature grows significantly (see Fig.6(c)). The time
evolution of the maximum temperature is presented in
Fig. 7 for the cases HAT-200 and HAT-050 calculated
both on present and the ’fine mesh’. The results pre-
sented were obtained applying 4 and 8 stochastic fields
(Ns in Eq. (5)). It can be seen that their number has
only a minor influence on the solutions. The exist-
ing differences are only quantitative, slightly depen-
dent on the used mesh. It can be assumed that the ap-
plied combustion model provides the results regarded
as independent of Ns. A more detailed discussion on
the validation of the numerical grid can be found in the
recent studies performed by the authors (Wawrzak and
Tyliszczak, 2021) for computational configuration cor-
responding to the present one. The auto-ignition time
for the all cases analysed in this study can be deduced
from Fig. 8(a) comparing the maximum OH mass frac-
tions evolving in time. We assume that the ignition
occurs when YOH > 2 × 10−4 (Cao et al., 2005),
the level corresponding to the beginning of the trans-
verse axis in Fig. 8(a). Ignition occurs first in the cases
HIT-150 and HIT-200 whereas the HAT-050 is char-
acterized by the longest ignition delay. However, the
differences are only of 0.01 ms. Apparently, the con-
ditions favourable for the ignition occurs in all these
cases with nearly the same probability. Much more
pronounced are the differences in the maximum OH
mass fractions during the flame propagation phase. At
the time moment t = 0.9 ms the mass fraction of the
OH is almost two time times larger in case of HIT
regimes. On the other hand it is worth to note that the

Figure 7: Time evolution of maximum temperature. Com-
parison of solutions obtained for HAT regimes
with different Reynolds numbers using 4 and 8
stochastic fields and different meshes.

particular HAT profiles nearly overlap whereas in HIT
cases the differences resulting from turbulence level
are much more pronounced, especially when we com-
pare the cases HIT-050 and HIT-200. These differ-
ences are most likely due to the fact that the turbulent
time scale is constant under the HAT conditions.

The flame volume is a measure of the flame growth
at its later phase. We define this parameter as the
sum of the volume of the computational cells in which
the temperature is larger than 1200 K, i.e., Vf =∑
V T>1200K

cell . The temporal evolution of Vf is pre-
sented in Fig. 8(b). It can be seen that Vf starts grow-
ing immediately after the temperature rise (cf. Fig.7).
Concerning the highest Reynolds numbers, the flame
expands initially faster in the isotropic case and at the
end of the simulation time its volume is approximately
20% larger than in HAT regimes. Apparently, the sig-
nificant differences in the initial flow conditions have
a larger impact on the flame propagation phase than
on the ignition delay and early development of the ig-
nition kernels. The anisotropy causes a faster flame
growth. The steepest change of the Vf profile is found



(a) (b)

Figure 8: Time evolution of maximum OH mass fraction (a) and flame volume (b) for all test cases.

for the case HAT-050. However, a qualitative com-
parison of the flame kernels at an early stage of their
development (see Fig.5) does not indicate promoting a
faster growth in any preferred direction. Certainly, this
issue needs further studies.

4 Conclusions
The paper discussed the ignition process in homo-

geneous isotropic/anisotropic turbulent velocity field
imposed on laminar hydrogen-air mixing layer. The
known procedure used for the generation of the HIT
fields was extended to the HAT regimes. Three differ-
ent anisotropic modes can be introduced using the pre-
scribed energy distribution, with the same or different
dominating wave numbers and RMS of velocity com-
ponents. In this work four different turbulent levels,
Reλ = 50 − 200, were investigated. They were con-
trolled by the velocity fluctuations and turbulent length
scales. The velocity components of initial HAT fields
were obtained setting the same dominating wave num-
ber and different RMS values. The performed research
showed that depending on the type of initial conditions
the flame dynamics can be noticeable different and can
be more or less dependent on Reλ. It is advisable
to use other modes to generate HAT fields that would
give an information to what extent the flame evolution
depends on the turbulence length scale in the particular
directions.
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Abstract
The present paper focuses on the large eddy simu-

lation (LES) of the n-heptane and n-dodecane flames
of the Cambridge swirl flames data repository (Sidey
et al., 2017). The applied tabulated chemistry spray
combustion model reproduces well the key phenom-
ena controlling flame dynamics. The distinct volatility
of the fuels is identified as the source of main differ-
ence between the n-heptane and n-dodecane flames.

1 Introduction
Spray combustion is the dominant fuel conversion

method of the aerospace industry. The use of liquid
fuels with high energy density is a common strategy
to reduce the weight and increase the specific power
in propulsion systems. However, the understanding of
liquid fuel combustion requires fundamental concepts
from multiphase flows besides the description of the
combustion process. Advanced numerical techniques
such as large eddy simulation (LES) (Pitsch, 2006) are
becoming more essential in the development pipeline
of aero-engines, as it gives insight into the highly tran-
sient phenomena that affects the range of operation
and the levels of emission likewise.

This study is focused on the LES of a model aero-
engine combustion chamber: the Cambridge swirl
spray flame (Sidey et al., 2017). In particular, we con-
centrate on the differences between single component
fuels like n-heptane and n-dodecane in order to ob-
tain further understanding on the fuel effects on spray
flames of aeronautical combustors.

This configuration has been the subject of vari-
ous LES studies. Giusti and Mastorakos (2017) stud-
ied the strain induced localized extinction in a stable
ethanol flame of this configuration using Conditional
Moment Closure (CMC). Paulhiac et al. (2020) used a
2-step chemistry mechanism to study the flame struc-
ture of an n-heptane flame of this burner. Elasrag and
Li (2018) studied n-heptane cases of the database us-
ing flamelet generated manifold based on premixed
flamelets. Recently Foale et al. (2021) simulated a
blow-off transient event using CMC to analyse the key
phenomena leading to global extinction. In this study,
the steady state behaviour of the system operated with
different fuels is investigated using a tabulated chem-

istry approach, which allows an important reduction
in computational cost compared to other approaches
based on the transport of species. This approach is
similar to the work from Elasrag and Li (2018), but
using stable and unsteady extinguishing counterflow
diffusion flamelets.

Air

Fuel

Figure 1: Illustration of the Cambridge swirl spray flame
burner geometry.

Figure 1 shows the burner geometry. The domain
is composed of an annular air inlet with a swirl gener-
ator, that surrounds the bluff-body that acts as a flame
stabilizer. The plane of the bluff-body is aligned with
an abrupt expansion of the cross section, as the air duct
transitions into the combustion chamber. The bluff-
body is cylindrically symmetric and reaches its high-
est diameter just before the entrance of the combustion
chamber: D = 25 mm. The fuel injector is located in
the center of the bluff-body, supplying fuel in a hollow
cone pattern with a nominal spray angle of 60◦. The
outer diameter of the air duct is 37 mm. It joins in the
center of combustion chamber, that has a square cross
section of 95 mm×95 mm and length of 150 mm. For
further details on the burner geometry may be found in
Yuan et al. (2018).

In all studied cases, the fuel is supplied at a rate of
0.27 g/s. Both fuel and air are at ambient temperature,
and the system is open to the atmosphere. The relevant
cases of the Cambridge swirl spray flame database
are summarized in Tab.1. Both H1S1 and DD1S2
are stable cases at the same gas phase Reynolds num-



ber, and very similar global equivalence ratio since the
two fuels have comparable stoichiometric air fuel ra-
tios: AFRst,H = 15.08 and AFRst,DD = 14.92
(in therms of mixture fraction: Zst,H = 0.0622 and
Zst,DD = 0.0628). Note, that H1S1 and DD1S2 are
the same in terms of air flow, but the two cases are
significantly different, as the stable n-dodecane case is
much closer to blow-off conditions than the n-heptane
one.

Fuel Ub [m/s] Reg φglob
H1S1 n-heptane 17.11 13500 0.32
H1B n-heptane 22.8 18000 0.24

DD1S2 n-dodecane 17.11 13500 0.32
DD1B n-dodecane 20.1 16000 0.27

Table 1: Global properties of the relevant cases of Cam-
bridge swirl spray flame repository. H1S1 and
DD1S2 are stable cases, while H1B and DD1B
mark the onset of blow-off in the experiments. Ub:
bulk air velocity at the entrance of the combustion
chamber, Reg: gas phase Reynolds number based
on the bulk air velocity and the bluff-body diame-
ter, φglob: global equivalence ratio.

In general terms, as a combined effect of the
swirling air inlet, and the bluff-body geometry, a
strong central recirculation zone (CRZ) is generated,
that stabilizes the flame on the bluff-body. The flame
takes an M shape, as it features inner and outer re-
action layers. The inner reaction layer interacts with
the spray and the recirculating reaction products, while
the outer reaction layer is strongly disturbed by the
high velocity swirling air and shows signs of shear in-
duced extinction. Both layers show considerable in-
termittency. The presence of strong recirculation and
localised extinction, and the significant droplet flame
interaction pose a challenge to the numerical models.

In the rest of the present study, the modelling ap-
proach is briefly described including the gas and liq-
uid phase models, then the numerical cases are intro-
duced and compared with experiments. Finally, the
behaviour of the different flames is studied, highlight-
ing the effect of the fuel.

2 Simulation approach
The spray flame is simulated using our in-house

finite element code Alya including a gas phase solver
coupled with Lagrangian particle transport. These two
components are described below .

Gas phase models
The Navier-Stokes equations are solved under the

low Mach number assumption, i.e.: the gas density
and the hydrodynamic pressure are decoupled, and the
density is only a function of the thermo-chemical state.
Consequently acoustic phenomena are neglected, re-
laxing the restrictions of time step size.

The momentum equation is solved with a non-

incremental fractional step method, while the thermo-
chemical state is described with four transported
scalars: enthalpy, mixture fraction, sub-grid mixture
fraction variance, and progress variable. All equa-
tions are discretized in space using the same finite el-
ement grid. Linear finite elements are used resulting
in a second order discretization in space, and the time
marching is executed with a third order Runge-Kutta
scheme (Both et al., 2020). The solved partial differ-
ential equations are presented below:

∂tρ+∇ · (ρũ) = Seρ,

(1)

∂t (ρũ) +∇ · (ρũ⊗ ũ) +∇p−∇ · τ (ũ) = Seu,
(2)

∂t

(
ρh̃
)

+∇ ·
(
ρh̃ũ

)
+∇ ·Φh = Seh,

(3)

∂t

(
ρZ̃
)

+∇ ·
(
ρZ̃ũ

)
+∇ ·ΦZ = SeZ ,

(4)

∂t (ρZv) +∇ · (ρZvũ) +∇ ·ΦZv = (5)

−ρχSGSZv − 2ΦSGS
Z · ∇Z̃ + SeZv ,

∂t

(
ρỸc

)
+∇ ·

(
ρỸcũ

)
+∇ ·ΦYc = (6)

ω̇Yc + SeYc

where ρ, ũ, h̃, Z̃, Ỹc are the filtered density, veloc-
ity, enthalpy, mixture fraction, and progress variable,
while Zv denotes the sub-grid mixture fraction vari-
ance. Non-density weighted and Favre filtering are
marked with bar and tilde superscripts using standard
notation.

The total stress tensor is expressed as: τ = (µ +
µt)
(
∇ũ +∇Tũ

)
− 2

3 (µ + µt) (∇ · ũ) I considering
the viscous and sub-grid diffusion of momentum. Here
µ, µt, and I are the molecular viscosity, sub-grid vis-
cosity, and the identity tensor respectively. The Vre-
man (2004) sub-grid model is used in this work.

The diffusive fluxes of enthalpy, mixture fraction,
sub-grid mixture fraction variance, and progress vari-
able are denoted by Φh, ΦZ , ΦZv , and ΦYc respec-
tively. Each is composed of a molecular diffusion and
a sub-grid scale transport component, for an scalar
variable ξ ∈ {h, Z, Zv, Yc} the fluxes are written as:
Φξ = ΦD

ξ +ΦSGS
ξ , where ΦD

ξ = −ρD̃ξ∇ξ̃ is the flux
of molecular diffusion, and ΦSGS

ξ = − µt
Scξ
∇ξ̃ is the

flux of sub-grid diffusion. The unity Lewis number as-
sumption is followed for the diffusive scalar transport,
thus the molecular diffusivity is: Dξ = λ

ρcp
, whit the

thermal conductivity λ and the specific heat cp. Sim-
ilarly all the gas phase sub-grid Schmidt numbers are
taken equal: Scξ = 0.7.

The sub-grid scalar dissipation rate of mixture
fraction expresses the dissipation of its sub-grid vari-
ance, this term is modelled as: χSGSZv

= 2 Zv
τSGS

where

2



τSGS =
(
C2
ε
µt
ρ
|S|2
∆2

)−1/3

is the sub-grid time scale.
Here Cε = 3.24 is a modelling constant of the sub-
grid model, S is the strain rate tensor, and ∆ is the
grid size.

All equations are extended with a source term, that
couples them to the Lagrangian particle cloud: Seρ,
Seu, Seh, SeZ , SeZv , SeYc , for mass, momentum, en-
thalpy, mixture fraction, mixture fraction variance, and
progress variable respectively.

10 100 1000
250
500

1000

1500

2000

T s
t
[K
]

a) heptane

crad=0
crad=2
crad=4

crad=8
crad=16
crad=32

10 100 1000
a [1/s]

250
500

1000

1500

2000

T s
t
[K
]

b) dodecane

Figure 2: Temperature at the stoichiometric mixture in
the flamelets included in the thermo-chemical
database as a function of the applied strain rate.
Different curves correspond to different scaling
(crad) of the radiative term.

The thermo-chemical database is constructed from
counterflow diffusion flames solved in physical space
using Chem1D (Somers, 1994). N-heptane flamelets
are computed using the mechanishm of Lu and Law
(2006) containing 188 species and 939 reactions,
while the mechanism of Kathrotia et al. (2018) is used
for n-dodecane that includes 189 species and 1327 re-
actions. The databases are generated from steady solu-
tions of the stable branch, and temporal samples of the
unsteady extinguishing solution at a fixed strain rate,
as illustrated in Fig.2.

In this work, two methods are applied simultane-
ously to account for enthalpy deficit: the inlet tem-
peratures of the opposing diffusion flamelets are de-
creased, and a radiative heat loss term is included in
the flamelet equations (Lammers and De Goey, 2004)
multiplied with a scaling coefficient crad ranging from
0 (adiabatic) to 32.

Latter scaled radiative method has different effects
along different points of the flame, since the higher

temperature gasses suffer a higher heat loss. Further-
more, the strain rate of the opposing diffusion flame
also affects the level of enthalpy deficit, as lower
strains correspond to a higher residence time and thus
allow higher amount of radiative heat loss.

The computed stable and unsteady extinguishing
flamelets are represented by their stoichiometric tem-
peratures and strain rates in Fig.2, for all 6 enthalpy
levels of the two fuels. Steady flamelets are computed
between amin = 10 1/s and the extinction point: aext,
except for crad = 32 where no stable solutions are
found below a ≈ 20 1/s.

In terms of extinction and stoichiometric temper-
ature, the two fuels are fairly similar. The maximum
stoichiometric temperature of all flamelets only differs
by less then 50 K: for n-heptane: Tmaxst,H = 2110 K,
and for n-dodecane: Tmaxst,DD = 2154 K. The extin-
guishing strain rates are fairly close as well .The dif-
ferences diminish with the transition to lower enthalpy
levels, suggesting that the difference between the fuels
is partially caused by the different fuel inlet tempera-
ture at the adiabatic level, that was taken as the boiling
point of the fuels at atmospheric pressure.

The states along the flamelets are uniquely iden-
tified by the control variables: mixture fraction Z,
progress variable Yc, and enthalpy h. The mixture
fraction is computed using Bilger’s (1990) definition
and the progress variable is computed as a liner com-
bination of the species mass fractions. The progress
variable definitions are optimized using a genetic algo-
rithm (Both et al., 2021) that minimizes the occurrence
of ambiguously identified flamelet states.

The progress variable is re-scaled, by the overall
limits at each mixture fraction, thus the scaled progress
variable is:

C =
Yc − Yc,min(Z)

Yc,max(Z)− Yc,min(Z)
. (7)

A similar normalization is applied for the enthalpy,
with the difference that the scaling values are a func-
tion of both mixture fraction and progress variable.
The normalized enthalpy is expressed as:

i =
h− hmin(Z,C)

hmax(Z,C)− hmin(Z,C)
. (8)

The counterflow diffusion flamelets are re-sampled
along a rectilinear discretization of Z, C, and i to gen-
erate a table. Subsequently this table is PDF-integrated
along the mixture fraction with a β-PDF as customary,
to yield the full thermo-chemical database used in the
LES calculations.

Spray models
Lagrangian particles are transported in the compu-

tational domain representing the spray cloud. Each
particle is described by a set of ordinary differential
equations (ODE) that describe the evolution of their
location, velocity, mass, and temperature.

3



The motion of the droplets is tracked using a
Newmark/Newton-Rhapson time integration scheme
developed by Houzeaux et al. (2016). In this work
the drag is determined by the Schiller-Naumann cor-
rection (1935).

The evaporation is modelled following Abramzon
and Sirignano (1989), yielding ODEs describing the
evolution of individual droplet temperature Tp and
droplet mass mp:

dTp
dt

=
πdpλg,mNu

∗,AS
m

mpcp,p
(Ts − Tp)

ln (1 +BT )

BT
(9)

+
Lv

mpcp,p

dmp

dt
,

dmp

dt
=− πdpρg,mDg,mSh∗,ASm ln (1 +BM ) , (10)

where dp is the droplet diameter, λg,m the mean gas
thermal conductivity, cp,p the droplet specific heat,
Nu∗,ASm the corrected Nusselt number, Ts the seen gas
temperature, BT the Spalding heat transfer number,
and Lv the latent heat of evaporation. The terms in
the mass transfer ODE are: ρg,m the mean gas density,
Dg,m the mean molecular diffusivity of the fuel vapour
in the gas, Sh∗,ASm the corrected Sherwood number,
and BM the Spalding mass transfer number.

Equilibrium vapour mass fractions are enforced on
the droplet surface. The gas properties are evaluated
using the ”1/3-law” (Yuen and Chen, 1976), while the
liquid and phase change properties of the fuels are
taken as a function of the droplet temperature follow-
ing Daubert and Danner (1985). The Reynolds num-
ber dependence of the uncorrected Nusselt and Sher-
wood numbers are taken into account using the Ranz-
Marshall correlation. (1952)

Configuration
Two computational grids composed by hybrid el-

ements with refined boundary layers and tetrahedral
elements in the bulk of the flow are tested are con-
sidered. A coarse grid characterized by a grid size of
1 mm in the region of interest yielding a mesh of 1.2M
degrees of freedom, and a fine grid of 0.5 mm with
3.4M degrees of freedom.

The air inlet flow rate is prescribed upstream of the
swirler as sown in Fig.1. The air inlet temperature is
288 K, while constant temperature boundary condi-
tions of 700 K are imposed on the vertical and bot-
tom walls of the rectangular combustion chamber to
account for the wall heat loss. Note that the bluff-body
is treated as adiabatic.

The computational droplets are introduced in the
domain at the injection location with an initial temper-
ature of 288 K. They are characterised by a truncated
Rosin-Rammler distribution of D = 65 µm and width
parameter n = 2.5. This size distribution is imposed
for both fuels, the number of injected droplets in each
time step is such, that the mean fuel mass flow rate is

recovered.
The initial droplet velocity is determined to recre-

ate a hollow cone spray pattern. The droplets veloc-
ity direction is uniformly distributed azimuthally. The
spray half angle is likewise selected randomly in a
range cantered at 32◦ with a span of ±8◦. The veloc-
ity magnitude is prescribed such, that the axial com-
ponent of the initial velocity follows a normal distri-
bution with an expected value of 18 m/s for n-heptane
and 14 m/s for n-dodecane respectively, with a stan-
dard deviation of 10% in both cases.

3 Spray flame structure
The simulations of the H1S1 case were executed

on the coarse and fine grid. The change in resolution
has neglibile effect on the mean droplet cloud proper-
ties presented in Fig.3. Subsequently the DD1S2 flame
was simulated using the coarse grid. Figure 3 shows
good general agreement with the measurement results,
the axial droplet velocity and Sauter mean diameter are
reproduced well near the mean spray half angle, while
disagreements are observed on the outer edge of the
spray where the occurrence of droplets is lower.
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Figure 3: Comparison of mean droplet properties of the
PDA measurements of Yuan et al. (2018) and the
LES results of the present work.

The scaled control variables are shown on Fig. 4
illustrating which parts of the chemistry tables are ac-
cessed. The evaporation of the hollow cone spray cre-
ates a similarly hollow cone shaped mixture fraction
field. This partially premixed mixture fraction struc-
ture (Z̃ < 0.25) can be clustered in three parts: 1) a
low progress variable region is situated near the bluff-
body (C̃ ∼ 0.4) corresponding to the unsteady ex-
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tinguishing flamelets in the thermo-chemical database;
2) a higher progress variable region enclosed between
the inner and outer reacting layers (C̃ > 0.7); and
3) the flame surface itself that contains the transition
from partially to fully reacted states. The scaled mix-

a) H1S1

b) DD1S2

Figure 4: Instantaneous contours of the scaled control vari-
ables; top left: mixture fraction Z̃, top right:
scaled mixture fraction variance Zv/(Z̃(1− Z̃)),
bottom left: scaled progress variable C̃, bottom
right: normalized enthalpy ĩ.

ture fraction variance is almost negligible, indicating
that the modelling choices of the presumed-shape FDF
model are of little importance. Finally the corner recir-
culation zones are characterized by medium normal-
ized enthalpies (̃i ∼ 0.5) due to heat transfer to the
burner walls, while the central recirculation zone is
slightly below the adiabatic enthalpy level (̃i ∼ 0.9)
mainly due to heat transfer between the gas and liq-
uid phases. In other regions, the normalized enthalpy
shows a high dependence on the scaled progress vari-
able, as the scaling values depend on both mixture
fraction and progress variable. In particular, the radia-
tive heat loss method has more effect on low strains,
thus the low progress variable regions (the flame sur-
face and the region near the bluff-body) are charac-
terised by lower normalized enthalpy.

Figure 5 and 6 show a cross section of the time av-
eraged mixture fraction field and source term of mix-
ture fraction from the droplet cloud. The mixture frac-
tion highlights, that while the two fuels generate qual-
itatively similar structures, the lower volatility of n-
dodecane results in significantly lower mixture frac-
tions.

The effect is highlighted by the average evapora-

H1S1

DD1S2

Figure 5: Temporal average of filtered mixture fraction.

tive source term. The main difference is in the magni-
tude of the source term peak. While in the n-heptane
case the peak source term is over 60 kg/m3s, in the
case of n-dodecane it is less than half of this. The peak
is located shortly after the injection, approximately in
the same location in case of the two fuels.

H1S1

DD1S2

Figure 6: Temporal average of mass source term generated
by the evaporating droplet cloud.

The lowest iso-contour of < SeZ > is more simi-
lar in the two cases. This suggests that the key differ-
ence between the two fuels is the time the droplets take
to approach the saturation conditions that lead to high
Spalding mass transfer numbers and high evaporation
rates.
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4 Conclusions
The H1S1 and DD1S2 cases of the Cambridge

Swirl Flames Data Repository (Sidey et al., 2017) have
been successfully simulated using LES. The applied
spray model captures the mean droplet properties well,
highlighting the importance of elaborate evaporation
models in flames characterized by strong flame/droplet
interaction. Our analysis suggests, that the main dif-
ference between the studied large hydrocarbon fuels
originates from the different volatility of the two spray
clouds.
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Abstract
The aerodynamic performance of active flow con-

trol on wings using synthetic jets with zero net-mass
flow is investigated. The study is conducted via
wall-modeled large-eddy simulations using a finite-
element-based solver. The performance of synthetic
jets is evaluated for the high-lift configuration of the
JAXA Standard Model at realistic Reynolds numbers
for landing Rec = 1.96 × 106. The results show
that, at high angles of attack, the control success-
fully eliminates the laminar/turbulent recirculations
located downstream the actuator, which increases the
aerodynamic performance. Our efforts illustrate the
technology-readiness of large-eddy simulation in the
design of control strategies for real-world external
aerodynamic applications.

1 Introduction
The aerodynamic performance of an aircraft wing is
significantly affected by the interaction of the flow
with the nacelle and brackets, as well as by boundary-
layer flow separation, specially at the high angles of at-
tack (AoA) typically encountered during take-off and
landing operations. At high angles of attack, the loss
of momentum across the boundary layer leads to the
flow separation and eventually the wing stall. In such
situations, adding momentum to the flow might pre-
vent the flow detachment, thus increasing the aerody-
namic performance of the wing. The control of the
boundary layer over wings has been the subject of
many investigations in the past decades, studying dif-
ferent flow control techniques such as vortex genera-
tors, plasma actuators, synthetic jets, etc. Comprehen-
sive reviews regarding these techniques can be found
in [9, 6, 11]).

Several studies exploring the capabilities of AFC
actuators in high-lift devices (i.e. suction and blow-
ing, sweeping jets, fluidic oscillators, plasma actua-
tors, synthetic jets) have been conducted. A brief re-
view on the state of the art of active flow control tech-
niques for civil aircrafts can be found Batikh et al. [4].
Radespiel et al. [26] reviewed different techniques for
AFC using constant blowing showing that tangential
blowing can be promising at increasing the lift at high

angles of attack. Recent results published in the lit-
erature have shown that AFC can be beneficial for in-
creasing the side force of an aircraft tail [31, 3] or that
the use of microjets is interesting when it comes to
drag reduction [16, 1].

The present work is focused on the application of
synthetic jets with zero net mass flux as a promis-
ing technique for AFC of wings.Indeed, synthetic jets
have been shown to succeed at reducing the fuel burnt
during the operations of take-off and landing [12]. In
the context of synthetic jets for AFC, there have been
significant advances in the past years in airfoils (see,
for instance, [22, 2, 10]). However, whether they can
be implement on a full aircraft is still subject of inves-
tigation. Nonetheless, recent studies point out at their
successful use to control separation in wings during
short-duration operations (see for instance [13, 30, 5]).

In the present work, the use of synthetic jets for
AFC of the wing boundary layer of a full aircraft in
stall is explored by means of wall-modeled large-eddy
simulations (WMLES). Slotted synthetic jets are lo-
cated at both the main and slat of the JAXA Stan-
dard Model (JSM). This geometry was the subject of
study in the recent 3rd AIAA CFD High Lift Predic-
tion Workshop [29], where RANS-based methodolo-
gies, challenged to predict the onset of stall and max-
imum lift, had difficulties to predict the lift coeffi-
cient at high angles of attack AoA. A landing con-
figuration with the high-lift devices (slat and flap) de-
ployed in the absence of nacelle/pylon is considered
at Rec = U0C/ν = 1.93 × 106 and Mach number
M0 = 0.15. Here, the Reynolds number is defined
in terms of the free stream velocity U0 and the wing
mean chord C. Ten different actuations strategies are
explored to assess the impact of the different control
parameters in stall conditions.

2 Mathematical formulation

In the present work, wall-modeled large-eddy simula-
tions of the flow are performed. The incompressible
spatially filtered Navier-Stokes equations read,
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The variables are normalized using the reference
length L and reference velocity U0, which define the
Reynolds number Re = U0L/ν, where ν is the kine-
matic viscosity of the fluid. The filtered velocity is
ui, P = p/ρ is the modified pressure, and τij =
uiuj − uiuj is the subgrid-scale stress (SGS) tensor.
The SGS stresses tensor is modeled using an eddy vis-
cosity approach with its deviatoric part parametrized
as

τdij = τij −
1

3
δijτkk = −2νsgsSij (2)

where δij is the Kronecker delta and
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1
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is the strain-rate tensor. The formulation is closed by
using a proper SGS viscosity, νsgs. In the present study
the Vreman [34] model is used.

The simulations are performed using the code Alya
[33], which is a parallel multi-physics/multi-scale sim-
ulation code developed at the Barcelona Supercom-
puting Center to carry out high-performance compu-
tations efficiently. In this work, second-order spatial
discretizations are used. The convective term is dis-
cretized using a Galerkin finite element (FEM) scheme
proposed by Charnyi et al.[7]. This scheme preserves
linear and angular momentum, and kinetic energy at
the discrete level. In the formulation used, neither up-
winding nor any equivalent momentum stabilization
is employed. Pressure stabilization, by means of a
fractional step scheme [8], is introduced to use equal-
order elements. This approach is similar to those used
for pressure-velocity coupling in unstructured, collo-
cated finite-volume codes [15]. An explicit third-order
Runge-Kutta method combined with an eigenvalue-
based time-step estimator [32] is used for the temporal
integration of the equations. The current approach is
less dissipative than the traditional stabilized FEM ap-
proach as shown in Lehmkuhl et al. [18].

In order to deal with the grid-resolution require-
ments necessary to well resolve the small-scale flow
motions in the near-wall region, a wall model is here
used. In the model, the no-slip boundary condition at
the wall is replaced by a wall-stress boundary condi-
tion. The wall-shear stress from the algebraic equi-
librium wall model is imposed as the wall boundary
condition, and the wall is assumed to be isothermal.
A finite element extension [24] of the wall law of Re-
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Figure 1: Comparison of JSM results of the WMLES from
Lehmkuhl et al. [19] with wind tunnel data from
[35, 23]. (a) Lift coefficient, (b) Drag coefficient.

ichardt [27] is used:
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where y+ = yn uτ/ν, yn being the wall normal
distance and uτ =

√
τw the skin friction velocity

and τw the wall normal shear-stress . The velocity
is here normalized with the skin friction velocity as
u+ = un/uτ . The exchange location suggested by
Kawai et al. [17] is here used.

3 Definition of the cases and com-
putational domain

The JAXA Standard Model (JSM) in high-lift configu-
ration, experimentally studied at JAXA [35, 23] is se-
lected to investigate the different AFC strategies. The
landing configuration with the high-lift devices, i.e.
slat and flap, deployed is considered. The Reynolds
number Rec = U0 C/ν is Rec = 1.93 × 106 and
the free-stream Mach number M0 = 0.17. The na-
celle/pylon components are not included in the simu-
lations.

The performance of the WMLES in the JSM con-
figuration was already assessed by Lehmkuhl et al.
[19] at different angles of attack (AoAs) correspond-
ing to the linear lift regime, maximum lift and stall
conditions, i.e. at AoA = 10, 18.58, and 21.57◦ .
In that study, a computational grid of about 65 × 106

collocation nodes was used. The results from the val-
idation exercise, reproduced here for completeness in
Figure 1, show that the lift coefficient is in good agree-
ment with the experimental results; the drag coeffi-
cient is slightly over estimated compared to the exper-
imental measurements. However, as discussed in [19],
these differences might be due to the geometric differ-
ences between the computations and the experimental
set-up.

Following the studies carried out in [19], present
computations are performed in a domain of x ≡
[−35.7, 142.8]; y ≡ [−71.43, 0] and z ≡
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Figure 2: (a) Computational domain (not-to-scale) and (b)
location of the slotted synthetic jets (main at
x/C = 0.5 and flap at x/C = 0.1)

(a) (b)

Figure 3: Detail of the mesh used. (a) Mesh refinement at
the wing at y/C = 1 (b) detail of refinement close
to wall.

[−71.43, 71.43] (see figure 2a). All sizes are normal-
ized with the wing mean chord. The body is placed at
[x, y, z] ≡ [0, 0, 0]. As we are interest in study the ef-
fect of the actuation on a high-lift configuration, in the
present study the AoA = 21.57◦ is considered. The
actuation is imposed in both the main wing and the
flaps, as shown in Figure 2b. The slotted actuators are
located across the whole wing at x/C = 0.5 for the
main, and at x/C = 0.1 for the flap wings; the width
of the actuator is h = 0.01C .

The mesh here adopted is similar to that reported
in Lehmkuhl et al. [19]. The mesh consist of 180 mil-
lions of finite elements, and is composed of anisotropic
wedge/prism layers near the wall and tetrahedra else-
where. Additionally, dedicated mesh density zones are
designed to provide a proper mesh resolution in the
wakes of the slant, flap, and main wings. A detail of
the mesh used is shown in figure 3. The mesh is refined
in the near-wall regions so that the number of grid cells
across the local boundary layer thickness ranges from
5 to 10. Notice that with the wall-model the first node
off the surface is located at about y+ ≈ 30.

A uniform plug flow as the inflow boundary con-
dition, i.e. a uniform velocity profile (u, v, w) =
(U0 cos(AoA), 0, U0 sin(AoA)), is set. At the outlet,
the Navier–Stokes characteristic boundary condition
for subsonic non-reflecting outflow and top planes is
imposed [25]. Homogeneous Neumann boundary con-
ditions are used in the symmetry plane. At the surface
of the aircraft, the equilibrium model as described in
the previous section is imposed. Actuation slots in the
main wing and in the flaps are used. The main goal of
the actuation is to control both the separation induced
by the brackets connecting the slant and main wing,
and the laminar separation bubbles in the flap region.
At the outlet of the actuation line, the jet velocity vjeti
(or (u, v, w)jet in x-, y- and z-direction) is defined as,

(u, v, w)jet =Vmax sin(2πft) cos(2πτyy)

(cosα, sinα, 1)(sin Φ, sin Φ, cos Φ)

(5)

where f is the actuator frequency F+ = fC/U0, τy
is the spanwise period of the signal (0 in 2D actu-
ations and Njet/Ly in 3D), Vmax is obtained from

Cµ =
(ρV 2

max)Aact

(ρU2
0 )Aref

, α is the angle with respect to the
y-axis and Φ is the angle respect to the wing surface
normal. The actuation can be two-dimensional (2D)
across the whole slot area or three-dimensional (3D)
where a slot period along the span is imposed. In the
case of a 3D actuation, the outlet mimics a determined
number of jets in the wing span (Njet) adjusted to have
a period τy = 0.1. The period used here was proven
to be successful at introducing momentum mixing to
reduce the separation bubble formed on airfoils at low
Reynolds numbers (see [28]).

The complete set of actuation cases is reported in
Table 1. The set of cases comprises the variation of
the actuation angle, the momentum coefficient and the
frequency, as well as the effect of using a 2D actuation
along the whole wing span.

4 Results
The results of the actuation for all cases are reported
in figure 4 for the lift and aerodynamic efficiency in
terms of the differences respect to the baseline case
(CL = 2.685, CD = 0.405, CL/CD = 6.63). In gen-
eral, except for cases 1-3, the lift is improved, the case
10 being the best situation, whereas in all cases aero-
dynamic efficiency is increased. Actually, the largest
reduction in the drag is observed when actuation is
only applied to the flap (case 2). However, the largest
lift increase is observed when a combination of both
actuation in the flap and main is applied (case 10).

The results of the actuation for all cases are re-
ported in figure 4 for the lift and aerodynamic effi-
ciency in terms of the differences respect to the base-
line case (CL = 2.685, CD = 0.405, CL/CD =



Table 1: AFC considered parameters for the main wing and flap.

Case Φ[deg] Cµ F+ type Φ[deg] Cµ F+ type
Main Flap

AFC1 0 0.015 1.52 3D 0 0.015 1.52 3D
AFC2 - - - - 0 0.015 1.52 3D
AFC3 0 0.0075 1.52 3D 0 0.0015 1.52 3D
AFC4 - - - - 0 0.0015 1.52 3D
AFC5 60 0.0075 1.52 2D 0 0.0015 1.52 3D
AFC6 60 0.015 1.52 2D 0 0.0015 1.52 3D
AFC7 60 0.0075 1.52 3D 0 0.0015 1.52 3D
AFC8 45 0.015 1.52 2D 0 0.0015 1.52 3D
AFC9 45 0.015 15.2 2D 0 0.0015 15.2 3D
AFC10 45 0.015/0.023 1.52 3D 0 0.0015 1.52 3D

6.63). In general, except for cases 1-3, the lift is im-
proved the case 10 being the best situation, whereas
in all cases aerodynamic efficiency is increased. Actu-
ally, the largest reduction in the drag is observed when
actuation is only applied to the flap (case 2). However,
the largest lift increase is observed when a combina-
tion of both actuation in the flap and main is applied
(case 10).

To understand the effect of the actuation on the
main wing, we inspect the flow patterns in the pres-
ence and absence of actuation. Figure 5 shows the
mean streamlines for the un-actuated base flow and
for cases AFC3, AFC6, and AFC8. The visualizations
suggest that the main losses in the lift force are due to
the formation of large separated zones. In the uncon-
trolled case, a large recirculation region occurs behind
the flap, which lifts up the boundary layer in the rear
end of the main wing right after the flow changes di-
rection as induced by the flap deployment. For actu-
ated cases with Φ = 0◦ (AFC1 and AFC3), the turbu-
lent boundary layer is vertically displaced, which de-
creases the lift coefficient. When the actuation in the
main wing is suppressed, the variations in the lift is
very small, and the jet located at the flap can barely
act on the recirculation zone. The present results sug-
gest that Φ = 0o is not a viable option to improve the
lift forces, and the most efficient actuations are in the
tangential direction with angles between Φ = 45o and
Φ = 60o. For Φ = 45◦, the jet is injected directly into
the main boundary layer, enhancing mixing and pre-
venting separation. The actuation strategies which ap-
proximates the best the ideal linear behavior of CL are
AFC8 and AFC10, with a slight improvement for case
AFC10. In both cases, the large recirculation zone be-
hind the flap is almost suppressed and the streamlines
evolve parallel to each other behind the flap (see fig-
ure 5 bottom right and figure 6). Therefore, the ac-
tuator with spanwise-varying Cµ along the wing is ef-
fective in compensating for the geometrical changes in
the wing.

Figure 4: JSM high-lift at Rec = 1.93 × 106 and AoA =
21.57o. AFC results. (left) Percentage of lift vari-
ation respect the baseline configuration. (rifgt)
Percentage of variation of the aerodynamic effi-
ciency

Figure 5: JSM high-lift at Rec = 1.93 × 106 and AoA =
21.57o. 2D streamlines at different span-wise lo-
cations: baseline case vs different actuator jet an-
gles. Top left) baseline; top right) AFC3(Φ = 0o);
bottom left) AFC6(Φ = 60o); and bottom right)
AFC8(Φ = 45o).

5 Conclusions

Since the early days of aviation, many efforts have
been devoted to the design of devices capable of pro-
viding the required lift, while reducing the associated
drag of the device, such as slotted flaps or other high-
lift mechanisms. Among the various approaches, ac-
tive flow control via synthetic jets has emerged as a
versatile technology for a broad range of applications
at moderate and high Reynolds numbers. However, the
use of CFD in the design of active flow control strate-
gies for real-world applications has been hampered by



Figure 6: JSM high-lift at Rec = 1.93 × 106 and AoA =
21.57o. Streamlines colored by non-dimensional
streamwise velocity at the JSM high-lift wing:
left) baseline configuration; right) AFC10.

the prohibitive computational cost associated with the
computation of all the scales of the motions typically
encountered in turbulent flows.

In the present work, we have investigated the im-
pact of AFC on the aerodynamic performance of actu-
ated high-lift wings. To make the problem tractable,
the methodology employed has been wall-resolved
and wall-modeled LES. A systematic study of the ef-
fect of synthetic jets is addressed by performing a cam-
paign of WMLESs varying the jet inclination angle
relative to the solid boundary, the value of the mo-
mentum coefficient, actuating jet frequency, and the
number of actuation lines (flaps or wing+flaps). The
comprehensive matrix of cases provides rich informa-
tion about the impact of the AFC on the flow. The
most effective control in terms of aerodynamic per-
formance (with 6.2% improvement) is achieved for
jets with 45 degrees inclination angles, frequencies of
F+ = 1.52, and variable spanwise momentum coef-
ficient along the wing. Interestingly, cases where the
actuation is limited to the flaps reveal that the addi-
tional momentum injected into the boundary layer oc-
curs too late downstream flow to efficiently remove the
recirculation pattern.
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Abstract 

The paper deals with an experimental analysis of a 

new passive skin friction control method applicable for 

a high Reynolds number turbulent boundary layers 

close to separation. A proposed approach is based on 

the mechanism of scale interaction observed in the 

wall-bounded flows known as amplitude modulation of 

small scales by large-scale motion, which causes se-

quentially increase and decrease of the flow velocity 

close the wall, what surprisingly leads to increased net 

convection velocity of small structures and to increased 

wall-shear stress. In particular, the study is focussed on 

searching for the optimal geometry of the wall includ-

ing amplitude to the period ratio of the wavy surface. 

This geometry was designed in a way ensuring en-

hancement of the amplitude modulation process by in-

creasing the activity of pseudo-induced large-scale mo-

tion and thus strengthen convection velocity of the 

small scales in high-speed zones on the crests of wavi-

ness. Results show that the small waviness of the sur-

face can be used in an efficient way to postpone the 

turbulent boundary layer separation for high Reynolds 

numbers, where other methods based on roughness fail. 

This method introduces asymmetry between sweep and 

ejection events within the flow, which results in posi-

tive skewness of streamwise fluctuations and addition-

ally increases the momentum near the wall. The mo-

mentum is increased only in the inner part of the 

boundary layer. Consequently, increased wall-shear 

stress and postponing of turbulent boundary layer sepa-

ration is achieved. 

 

1 Introduction 

Development of TBL in APG is accompanied 

with decrease in the wall shear in the streamwise 

direction and the separation usually takes place 
when τw reaches zero (Gad-el-Hak and Bushnell 1991). 

So, an effective separation postponing method should 

allow either to increase the τw locally (when the separa-

tion is expected to occur) or to reduce its decreasing 

rate within entire APG area.  

Available literature offers a variety of different ap-

proaches allowing for flow separation delay which are 

generally classified as active or passive. The former 

ones involve a number of diversified solutions as dilu-

tion of polymer additives in flowing liquids (White and 

Mungal 2008; Zhang, Duan, and Muzychka 2019), gas 

injectors (Mäkiharju and Ceccio 2018; Zhao et al. 

2020), heating and cooling processes (Benschop and 

Breugem 2017), moving wall systems (Quadrio 2011; 

Tomiyama and Fukagata 2013) or exposing the flow to 

the action of electromagnetic field (Shatrov and 

Gerbeth 2007). These methods are usually effective on 

one hand, on the other hand they require a considerable 

energy input, which leads to higher energy consump-

tion and reduction in the total efficiency. Consequent-

ly, a widespread attention is paid to the passive meth-

ods as they do not require an external energy source.  

Such methods may include, distributed roughness, 

blowing and suction or vortex generators. 

The recent progress in both measuring and compu-

tational techniques has allowed acquiring a valuable 

data which ensured a better understanding of processes 

occurring in TBL. Particularly interesting is discover-

ing of the amplitude modulation phenomenon discov-

ered by Mathis, Hutchins, and Marusic (2009), which 

relays on interaction between large scale motion 

(LSM), located in the outer region, with small struc-

tures close the wall. For relatively large Reynolds 

number LSM causes sequentially increase and decrease 

of the flow velocity close the wall, what surprisingly 

leads to increased net convection velocity of small 

structures and to increased wall-shear stress (A. Dróżdż 

and Elsner 2017; Niegodajew, Dróżdż, and Elsner 

2019a). As it was showed further by Agostini and 

Leschziner (Agostini and Leschziner 2019) the small 

scales rather than LSM have a dominant contribution to 

the wall-share stress, however this is done though the 

amplitude modulation.  

In the present study we would like to present a con-

ceptual passive method, which relies on modification 

of the wall topology by waviness which shape is in-

spired by amplitude modulation process. This geome-

try was designed in a way ensuring an enhancement the 

amplitude modulation process by increasing the activi-

ty of pseudo-induced LSM in high speed zones on the 

crests of waviness and thus strengthen convection ve-

locity of the small scales. Consequently, increased 

wall-shear stress and postponing of TBL separation is 

achieved. In particular, the study is focussed on search-

ing for the optimal geometry of the wall including am-

plitude to period ratio of wavy surface. Worthy to note 

is that the research undertaken in this work has a pio-



 

 

neering character as such an attempt aimed at postpon-

ing separation at high Reynolds number has not been 

undertaken before. 

 

2 Experimental setup 

The experiment was performed in an open-circuit wind 

tunnel, where the TBL was developed along a flat 

plate, which was 5035 mm long, what allows to reach 

boundary layer thickness, δ = 95 mm at the inlet to the 

test section (shown in Fig. 1a). The wavy wall of dif-

ferent length was mounted just after the inlet plane 

(shown in Fig. 1b). The specially design diffuser shape 

test section with a length of 1.835 m equipped with a 

perforated movable upper wall allows to generate the 

turbulent boundary layer on the bottom wall which is at 

the verge of the separation. The velocity measurements 

were performed with hot-wire anemometry Dantec 

Dynamics Streamline Pro apparatus. A single hot-wire 

probe of a diameter d = 3 µm and length l = 0.4 mm 

was used. The hot-wire bridge was connected to a 16-

bit A/D converter. To have the verified reference fric-

tion velocity uτ along the flow the CCCM technique 

was applied introduced by Niegodajew, Dróżdż, and 

Elsner (2019). The wavy wall was manufactured from 

a high-density polyurethane material which ensures a 

hydraulic smoothness of the surface right after me-

chanical processing. The amplitude of the wavy wall is 

changing in the streamwise direction to have the fixed 

ratio to the boundary layer thickness. 

 
Figure 1. Test section geometry (a), actual wavy-wall 

geometry (b). Flow from left to right 

 

3 Results  

The measurements were performed for the high inlet 

Reynolds number based on momentum thickness  

Reθ =14600 which is equivalent to the Reynolds num-

ber based on friction velocity Reτ equal to 4000. Sever-

al different wavy surfaces were used during step by 

step optimisation characterised by different amplitude, 

length and period of wavy wall. At each step the veloc-

ity profile was measured at the fixed distance from the 

inlet. The ongoing study showed that the applied meth-

od, with appropriately selected geometrical parameters, 

allowed obtaining a 23% increase in wall shear stresses 

and thus ensuring a delay of turbulent detachment of 

boundary layer. As can be seen in Fig. 2, a positive ef-

fect was obtained by changing both the length of board 

and the amplitude of wave. Further study showed that 

the applied method, with appropriately selected 

geometrical parameters (A+/( λ /δ99,in) ≈ 110, λ 

/δ99,in = 1.71 in Fig. 3), allowed obtaining a 13% 

increase in wall shear stresses at sepation relating 

to the value at the ZPG inlet and thus ensuring a 

delay of turbulent detachment of boundary layer. 
a)  

  
b)  

 
Figure 2. Wall shear stress downstream of corrugation 

wall as a function of A/ a) and length of corrugation 

L for A/ = 0.026. 
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Figure 3. The wall shear stress at x = 1000 mm as a 

function of normalised both wave amplitude and 

length. 

 



 

 

In order to assess how the corrugated wall affects the 

boundary layer, the mean and fluctuation velocity pro-

files as well as the skewness factor at the certain loca-

tion downstream the modified surface has been ana-

lysed. The effect of increased momentum could be as-

signed either to modulation of convection velocity 

or/and to production of turbulent kinetic energy (TKE) 

in the location preceding recirculation zone. To con-

firm this statement, the following figures show the 

Reynolds stress reduced by outer scale velocity Ue, and 

the skewness factor for chosen location (900, 1000, 

1100 and 1200 mm from the inlet). As above, the new 

data (red lines) were compared with those obtained for 

a flat plate (dark lines). The outer scaling by Ue is the 

best for comparison between flat and wavy wall as it is 

based on the outer part of mean velocity profile, which 

is unaffected by the wavy wall (see Fig. 4a). When 

analysing the distributions of Reynolds stress uu (Fig. 

4b) it can be noticed that the outer part of the profile is 

modified in terms of location of the outer maximum, as 

for wavy wall (dark profiles) it is located slightly far-

ther from the wall. This is very likely to be the result of 

the impact of the crest of the wavy surface. However, 

already above 0.5 all the profiles perfectly collapse 

using  Ue , meanwhile the boundary layer thickness de-

creases by 5%, which suggests that the total drag in-

crease is reduced. It means that the most affected area 

is the near-wall region. For corrugated wall the in-

creased uu stress value is observed in the wall vicinity. 

Fig. 4c shows that the skewness factor is also signifi-

cantly affected near-wall region, where the turbulent 

structures, generated by the increased strain rate induc-

es the lower sweep event (in comparison to those for 

the flat-plate), which is manifested by the lower skew-

ness values. 

 

3 Summary  

It was demonstrated that for the specific amplitude and 

the period of wavy wall the maximum of the skin fric-

tion value can be achieved when dealing with high 

Reynolds number turbulent boundary layer in adverse 

pressure gradient leading to separation. The undergo-

ing results shows that the method can be used in an ef-

ficient way to postpone the turbulent boundary layer 

separation, where classical methods based on turbuliza-

tors fail. The optimized wavy wall shape substantially 

increases the momentum near the wall for high Reyn-

olds number turbulent boundary layer and acts in simi-

lar way as the amplitude modulation mechanism lead-

ing to increase in convection velocity of turbulence. 

 

 

 
Figure 3. Effect of a wavy surface on mean velocity, streamwise Reynolds stress and skewness factor profiles at x = 

900, 1000, 1100 and 1200 mm. 

 



 

 

The significant increase of velocity is observed in the 

inner region of boundary layer (<0.5), which coin-

cides well with the area of the boundary layer where 

the effect of amplitude modulation is usually observed. 

Such reorganization of turbulence production introduc-

es the dominance of the sweep over the ejection. In-

creased sweep enhanced momentum transfer to the 

wall and cause the higher turbulence production down-

stream the flow. All the details were presented in 

Dróżdż et al., (2021). 
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Abstract 

The low Reynolds number flow over a 30P30N 

multi-element airfoil is investigated computationally 

by employing a high-fidelity eddy-resolving Reyn-

olds stress model within the URANS (Unsteady 

Reynolds-Averaged Navier-Stokes) time accurate 

framework at a Reynolds number of Rec = 1.83 × 104 

and angle of incidence of α = 4°. This scale-resolving 

model follows the Scale-adaptive Simulation (SAS) 

concept of Menter & Egorov (2010) and is capable 

of providing a reliable three-dimensional fluctuating 

flow field. The wake-triggered double-secondary 

vortices topology, reported in recent experiments, is 

successfully identified in the boundary layer of the 

main element. The downstream three-dimensional 

evolution of these double-secondary vortices and the 

related wake-induced transition could be comprehen-

sively mapped with the aid of the three-dimensional 

velocity databases obtained computationally. It is 

found, amongst other issues, that the specific topol-

ogy of the wake-triggered double-secondary vortices 

is responsible for the unsteady aerodynamic lift. 

1 Introduction 

Multi-element airfoils are widely used in com-

mercial aircrafts due to their capabilities of stall de-

lay and lift augmentation (Van Dam 2002). These 

aerodynamic benefits enable multi-element airfoils 

becoming potential candidates for the optimization 

of wind turbines (Ullah et al. 2020). The slat wake is 

characterized by a complex vortical structures and 

could disturb the boundary layer of the main element 

(Agoropoulos & Squire 1988; Squire 1989). This 

kind of wake/boundary layer interaction is vital for 

the physical understanding of the flow pattern past 

multi-element airfoils and represents therefore the 

focus of the current work. 

Recently, a series of experimental studies (Rec = 

8.32 × 103 ~ 3.05 × 104) have been conducted to in-

vestigate the vortical structures in the slat wake of a 

30P30N multi-element airfoil and their interactions 

with the boundary layer of the main element (Wang 

et al. 2018a; Wang et al. 2018b; Wang & Wang 

2021b, a). In the Reynolds number range of Rec ≤ 

1.27 × 104 the boundary of the slat-cove bubble plays 

the role of a virtual curved wall representing a starting 

point of generating the centrifugal instability, leading 

subsequently to the formation of Görtler vortices in 

the slat wake (Wang et al. 2018a; Wang et al. 2018b). 

The Görtler vortices interact with separated shear 

layer generated at the leading-edge of the main ele-

ment via triggering process of the streamwise streaks 

inside the shear layer. On the other hand, if Rec ≥ 1.38 

× 104, the hydrodynamic feedback of the slat-cove 

bubble results in the spanwise vortices shedding into 

the slat-cusp shear layer (Wang & Wang 2021a). 

These spanwise vortices are deformed afterwards by 

the accelerated flow within the gap between the slat 

and the main element, enabling so to the coexistence 

of spanwise and streamwise vortices in the slat wake 

(Wang et al. 2018b). Notably, one spanwise vortex 

triggers concurrently two secondary vortices (denoted 

as double-secondary vortices) in the boundary layer of 

the main element, because the wake disturbances of 

fundamental frequency and harmonics could simulta-

neously penetrate into the boundary layer of the main 

element (Wang et al. 2018b; Wang & Wang 2021b). 

The wake disturbances related to the streamwise vor-

tices were found to trigger the three-dimensional in-

stability of secondary vortices via “direct injection” or 

“indirect induction” (Wang & Wang 2021b). The de-

formed secondary vortices finally evolved into hairpin 

vortices and contributed eventually to the turbulent 

boundary layer development over the main airfoil ele-

ment (Wang & Wang 2021b), representing an event 

analogous to the wake-triggered bypass transition re-

ported in Pan et al. (2008), Mandal & Dey (2011) and 

He et al. (2013) by means of a rod-element mounted 

on a flat-plate configuration. 

The experimental investigations mentioned above 

have made progress in the wake-shear layer interac-

tions over a 30P30N multi-element airfoil and high-

lighted the important role of the three-dimensionality 



 

 

in these complex interactions. However, these experi-

mental investigations were mainly focused on two-di-

mensional measurements, limiting so a comprehen-

sive understanding of the wake-shear layer interac-

tions. Aiming at enhancing the insight into the three-

dimensionality of the wake/shear-layer interactions, 

high-fidelity numerical simulations were presently 

performed to provide a detailed three-dimensional da-

tabase of the flow over a multi-element airfoil. 

Several computational methodologies have mani-

fested their potentials for providing reliable three-di-

mensional fluctuating velocity field of the flow over 

multi-element airfoils at high Reynolds number (Rec ~ 

106). As a prominent contributor to the airframe noise 

(Dobrzynski 2010), the flow around the slat element 

represents an important focus within the academic 

community. Aiming at reducing the computational 

cost, a zonal hybrid RANS/LES (Large-Eddy Simula-

tion) scheme was developed to provide fluctuating ve-

locity field around the slat by means of LES and an 

adequately-averaged mean velocity field in the re-

mainder of the flow region by means of RANS 

(Imamura et al. 2008; Terracol et al. 2015a). However, 

Deck & Laraufie (2013) found that there could be an 

acoustic coupling between the slat and flap coves. 

Therefore, the unsteadiness around the flap should 

also be considered within the simulations. The Lattice-

Boltzmann Method (Satti et al. 2012; Souza et al. 2019; 

Himeno et al. 2021), global hybrid RANS/LES 

method (Deck & Laraufie 2013; Lockard et al. 2015; 

Terracol et al. 2015b; Ashton et al. 2016), wall-mod-

eled LES (Zhang et al. 2017) and a wall-resolved LES 

(Terracol & Manoha 2020) have manifested their ca-

pability for achieving this goal. The wall-resolved 

LES of Terracol & Manoha (2020) has captured very 

fine flow structures in the flow over a multi-element 

airfoil. However, 2.6 billion cells were needed in their 

simulation, being unaffordable for many researchers. 

LES and Direct Numerical Simulation (DNS) have 

recently been employed to provide three-dimensional 

fluctuating velocity field of the flows over multi-ele-

ment airfoils at low Reynolds number (Rec ~ 104). 

Naskar & Sarkar (2020) conducted LES with a dy-

namic sub-grid scale model proposed by Germano et 

al. (1991) and modified by Lilly (1992) to investigate 

the flow over a 30P30N multi-element airfoil at Rec = 

8.32 × 103, in which Görtler vortices should exist in 

the slat wake (Wang et al. 2018a). They obtained com-

parable mean flow characteristics with the experi-

mental results of Wang et al. (2018a), but failed to ob-

serve Görtler vortices in the slat wake. In contrast, the 

DNS of Vadsola et al. (2021) successfully resolved 

Görtler vortices in the slat wake of a 30P30N multi-

element airfoil at Rec = 8.32 × 103. However, the dis-

crepancies of the mean flow characteristics between 

DNS and experimental results (Wang et al. 2018a) 

could not be neglected. Furthermore, the wake-trig-

gered double-secondary vortices, reported in experi-

mental investigations (Wang et al. 2018b; Wang & 

Wang 2021b), were not observed in the DNS investi-

gations at Rec = 1.83 × 104 (Vadsola et al. 2021). 

In the present work, a high-fidelity turbulence 

model representing an eddy-resolving Reynolds stress 

model utilized within the URANS time accurate 

framework is employed to investigate the low Reyn-

olds number flow over a 30P30N multi-element air-

foil at Rec = 1.83 × 104 and α = 4°. This method, de-

veloped by Jakirlić & Maduta (2015), follows the 

Scale-adaptive Simulation (SAS) concept of Menter 

& Egorov (2010). The wake-triggered double-sec-

ondary vortices and their three-dimensional evolu-

tions are further analysed with the aid of three-di-

mensional fluctuating velocity field. The links be-

tween these secondary vortices and the unsteady aer-

odynamic loads could also be established. 

2 Computational methodology 

The computational domain accommodating the 

30P30N multi-element airfoil (at α = 4°), covering a 

reasonable extent of the experimentally utilized water 

tunnel (Wang et al. 2018b; Wang & Wang 2021b), is 

shown in Fig. 1. 

 
(a) 

 

 
(b) 

Figure 1. (a) Flow domain and mesh structure; (b) 

details of the mesh around the slat 

The “snappyHexMesh” meshing tool of the open-

source toolbox OpenFOAM 2.4.x 

(www.opencfd.co.uk/openfoam) is applied to gener-

ate the unstructured numerical mesh. The mesh quality 

is checked by several geometry parameters (aspect ra-

tio, non-orthogonality and skewness). The (two-di-

mensional) grid resolution in vertical plane is appro-

priately refined (with the near-wall grid cells comply-

ing with 1 y ) in order to potentially resolve im-

portant fluctuations revealed by experiments, resulting 

http://www.opencfd.co.uk/openfoam


 

 

in 0.53 million cells. The three-dimensional mesh is 

extruded directly from the 2D mesh covering the 

spanwise extent of 0.2c (with c representing the chord 

length) meshed by 72 cells, leading to 38 million cells 

in total. Periodic boundary conditions are employed in 

the spanwise direction. The inlet conditions, e.g. free-

stream velocity and turbulence intensity, are pre-

scribed to adequately replicate the experimental re-

sults in Wang et al. (2018b) and Wang & Wang 

(2021b) corresponding to Rec of 1.83 × 104. 

Conventional two-dimensional URANS computa-

tions have been first performed to initialize the starting 

fields for the subsequent eddy-resolving simulations. 

Herewith, the Reynolds stress tensor 
i ju u  is 

calculated directly by a second-monent closure model 

based on the homogeneous dissipation rate h
 (

20.5      h l lk x x ) as a scale-supplying variable, 

where   denotes the total viscous dissipation rate of 

0.5 i ik u u  (Jakirlić & Hanjalić 2002). In contrast to 

Jakirlić & Hanjalić (2002), the current URANS 

computations emplyos a scale-supplying equation 

governing the specific dissipation rate h
 ( h h k ), 

showing to be a more convenient choice with respect 

to its eddy-resolving model version (Jakirlić & 

Maduta 2015). 

Subsequently, an appropriately modified Reynolds 

stress model within the URANS framework is em-

ployed to conduct three-dimensional time-accurate 

simulations. This eddy-resolving Reynolds stress 

model represents an adequate extension of the conven-

tional Reynolds stress model, as presented in Jakirlić 

& Maduta (2015), aiming at capturing the fluctuating 

turbulence to a corresponding extent. In accordance to 

the SAS concept of Menter & Egorov (2010), an addi-

tional production term is introduced into the transport 

equation governing the specific dissipation rate h
, 

representing the scale supplying quantity serving for 

determination of the characteristic turbulence length 

and time scales. This term contributes to a selective 

increase of the dissipation rate production (spatially, 

mostly in the separated shear layer regions), suppress-

ing subsequently the (initially fully-modelled) turbu-

lence kinetic energy towards corresponding sub-scales 

describing so the dynamics of the unresolved residual 

motion. Accordingly, the resolved turbulence originat-

ing from the nonlinear convective transport in the 

equation of motion will be generated. Detailed model 

specifications can be found in Maduta et al. (2017) and 

Jakirlić & Maduta (2015). The eddy-resolving Reyn-

olds stress model employed here represents a numeri-

cally robust version, denoted as an improved instabil-

ity-sensitive Reynolds stress model - IISRSM. The 

IISRSM model has been intensively validated in a 

number of flows subjected to differently complex 

straining, exhibiting very good predictive perfor-

mance in terms of the results quality. 

The model equations have been implemented into 

the OpenFOAM 2.4.x version. For the eddy-resolving 

simulations, the Pressure-Implicit method with Split-

ting of Operators (PISO) is utilized for coupling the 

velocity and pressure fields. A second-order accurate 

three-point backward scheme is employed for the time 

discretization with the maximum CFL number not ex-

ceeding the values of 0.3 in the entire solution domain. 

The diffusive terms are discretized by a second-order 

central differencing scheme (CDS), whereas the “fil-

teredLiner3V” scheme in OpenFOAM is utilized for 

discretization of the convective transport terms. The 

latter scheme, being globally of 2nd order accuracy, 

has been shown to successfully mitigate the numerical 

spurious oscillations appearing if a pure CDS by lo-

cally blending it with an upwind differencing scheme 

(Krumbein 2019) would have been applied. 

4 Results and discussion 

4.1 Mean flow characteristics 

The mean resultant velocity (√𝑈2 + 𝑉2) profiles, 

Figures 3 and 4, extracted at the sampling positions 

depicted in Fig. 2, are found to agree well with the ex-

perimentally determined profiles by Wang & Wang 

(2021b). 

 
Figure 2. Root-mean-square of the normalized result-

ant velocity, calculated from the experimental 

databases of Wang & Wang (2021b). The black 

lines A-P show the sampling positions for the 

velocity profiles in Figures 3 and 4. The blue 

crosses 1-9 corresponds to the local maxima of 

the root-mean-square velocity profiles 

 
Figure 3. Mean resultant velocity profiles extracted at 

the sampling positions A-H in Fig. 2. The black 

and red dots represent the results of experi-

mental (Wang & Wang 2021b) and present 

computational investigations, respectively 

https://en.wikipedia.org/wiki/Dissipation


 

 

 
Figure 4. Mean resultant velocity profiles extracted 

from the sampling positions I-P in Fig. 2. The 

black and red dots represent the results of ex-

perimental (Wang & Wang 2021b) and present 

computational investigations, respectively 

4.2 Spectral properties 

The power spectral densities (PSD), evaluated at 

the wall distance locations denoted by blue crosses 1-

9 in Fig. 2, are displayed in Fig. 5. The computation-

ally obtained PSDs exhibit good agreement with the 

measurements by Wang & Wang (2021b), especially 

with respect to the frequency values corresponding to 

the PSD peak maximum. 

 

Figure 5. Local PSDs of resultant velocities evaluated 

at the wall distance denoted by blue crosses 1-

9 in Fig. 2. The black and red lines represent 

the results of experimental (Wang & Wang 

2021b) and present computational investiga-

tions, respectively 

4.3 Vortex dynamics 

The wake-triggered double-secondary vortices 

are clearly observed in the results obtained by the pre-

sent computational investigations (Fig. 6). The three-

dimensional destabilization of these secondary vorti-

ces and the resulted hairpin-like vortices are visualized 

by the λ2 iso-surfaces in Fig. 7(a). Benefited by the 3D 

simulations, the instability of the vortex originating 

from the slat-cusp-related shear layer, which is diffi-

cult to be visualized experimentally due to the geomet-

rical complexity, can be clearly observed in Fig. 7(b). 

Furthermore, the streamwise vortices were qualita-

tively correctly captured in the slat wake (Fig. 7c) by 

reference to the hydrogen bubble visualization (cf. Fig. 

6d in Wang et al. (2018b)). The subsequent post-pro-

cessing based on the computational database could 

confirm the relationship between the 3D instability of 

the vortex formed by the slat-cusp shear layer shed-

ding and the generation mechanism of the streamwise 

vortices in the slat wake, promoting further the physi-

cal understanding behind the wake-triggered double 

secondary vortices. 

 

Figure 6. Instantaneous spanwise vorticity contours at 

the mid-span slices 

 

 
(a) 



 

 

  
(b) (c) 

Figure 7. Iso-surfaces of λ2. (a) Vortex pattern above the main element coloured by spanwise vorticity; (b) vortex 

structure around slat cove coloured by streamwise vorticity; (c) streamwise vortices in the slat wake 

coloured by streamwise vorticity 

4.4 Unsteady aerodynamic loads 

The unsteady lift and drag signals emitted from 

the 30P30N multi-element airfoil are illustrated in Fig. 

8. The lift signal is found to have the same dominant 

frequency as that of the wake-triggered double-sec-

ondary vortices, indicating that the secondary vortices 

are responsible for the unsteady aerodynamic loads. 

 
Figure 8. Computationally obtained unsteady lift (a) 

and drag (b) signals of the 30P30N airfoil. The 

PSD of the lift signal in (a) is shown in (c) 

3 Conclusions 

High-fidelity eddy-resolving simulations employ-

ing an adequately extended Reynolds stress model as 

a sub-scale model within the URANS time-accurate 

framework are shown to be capable of providing a 

comprehensive three-dimensional fluctuating field for 

the low Reynolds number flow (at Rec = 1.83 × 104 

and α = 4°) past a 30P30N multi-element airfoil. It 

enables an enhanced understanding of the role the 

three-dimensionality plays in the interactions be-

tween the slat wake and the boundary layer of the 

main element. 
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Abstract
A major phenomenological feature of the flow

around a smooth cylinder is a sudden reduction in the
drag at high Reynolds numbers called the drag cri-
sis. Precise determination of the exact Reynolds num-
ber constituting the drag crisis and the detailed cap-
ture of the relevant flow physics has historically been
computationally challenging. This study first consid-
ers the case at a Reynolds number 140000 (based on
the diameter of the cylinder and the free-stream veloc-
ity), near to the onset of the drag crisis, using Large
Eddy Simulation (LES) methods. The focus is on
the required numerical choices to achieve optimum re-
sults. If sufficiently resolved, the WALE LES model
shows good agreement with reference data and can
capture the shear layer breakdown behaviour accu-
rately. Subsequently a novel Scale Resolving Hybrid
(SRH) simulation is considered to examine the poten-
tial of hybrid models to achieve near LES-level results
at RANS resolutions. The results for the SRH model at
Reynolds 140000 are encouraging, with a good agree-
ment with the WALES LES data and published refer-
ence data. This model can capture the correct break-
down and transition behaviour, but on a grid with a
factor of 5.6 fewer cells than the WALES LES simu-
lation. Given the success of the SRH model a further
case at Reynolds number 380000, located at the centre
of the drag crisis, is conducted, to examine the poten-
tial of the SRH model to broadly capture the drag crisis
phenomenon. The results for this case are encouraging
with a good prediction for the drag coefficient com-
pared with previous studies in literature. However, the
absence of a bias in the lift coefficient and of clear
laminar separation bubbles undermines confidence in
these results.

1 Introduction
The accurate prediction of the separation and tran-

sition physics is key for determining the forces expe-
rienced by a body in highly-separated external aero-
dynamic flows. Reynolds Averaged Navier-Stokes
(RANS) based methods, which do not resolve turbu-
lent flow structures, have generally proved incapable
of correct separation predictions except with higher-

order models. This leaves Scale Resolving Simula-
tions (SRS) as the major class of models available to
tackle massively separated turbulent flows. The most
well known of these approaches is Large Eddy Simula-
tion (LES), but popular also is Detached Eddy Simula-
tion (DES) which, by using RANS in the near-wall re-
gion, is computationally cheaper and is known to per-
form well with moderately separated flows.

A major phenomenological artefact of higher
Reynolds numbers, massively separated flows such as
the flow around a smooth cylinder, is the existence of
a drag crisis, i.e. a sudden decrease in the drag expe-
rienced by the cylinder. Crucially, the flow around a
cylinder can be classified into different regimes, the
key ones here being sub-critical, critical and super-
critical flow, see Zdravkovich (1997). In the sub-
critical regime the flow separates laminarly from the
cylinder and transitions to turbulence in the free shear
layers. At the onset of the critical regime the boundary
layer on one side of the cylinder transitions to turbu-
lence before separation, then forms a laminar separa-
tion bubble (LSB). This leads to an asymmetry in the
flow giving non-zero mean lift and disrupting the vor-
tex shedding. Finally, in the super-critical regime, the
flow has passed the critical regime and both attached
boundary layers are turbulent before separation with
symmetrical LSBs, leading to a restoration of zero
mean lift. Importantly, as the boundary layers become
turbulent they stay attached for longer, leading to a re-
duction in pressure loss over the cylinder and therefore
a sudden drop in drag.

The exact boundaries of the critical regime are
highly sensitive to disturbance, which is highlighted
by the spread of experimental data seen in Figure 4
of Rodriguez et al. (2015) for example. How this is
reflected in the ability of numerical simulation to ac-
curately capture the regime transitions is largely un-
known and this is what the present study seeks to
explore, in particular, the critical aspects for scale-
resolving simulations. The performance of the simula-
tions can be assessed by the accurate prediction of the
mean aerodynamic forces and their variances, which
are largely governed by the near-wall physics, criti-
cally by the transition and separation physics.



Table 1: Mesh parameters and time steps used with wall-unit measurements given

Mesh Nr Nθ Nz Lz/D ∆r1/D ∆r+ × ∆θ+ × ∆z+ Ntotal ∆tU∞/D
A 165 165 64 2 4 × 10−4 1.3 × 146.5 × 240.4 1742400 2 × 10−3

B 220 600 128 2 2 × 10−4 1.3 × 40.3 × 120.2 16890000 2 × 10−3

C 238 400 32 3 2 × 10−4 1.3 × 60.0 × 721.1 2995200 2 × 10−3

D 262 500 72 2 5 × 10−5 1.3 × 193.3 × 854.7 9432000 2 × 10−3

2 Methodology
The present study is focusing on the three-

dimensional, incompressible flow over an ’infinite-
length’ smooth cylinder of diameter D. The simu-
lations are carried out with the flow solver Simcen-
ter Star-CCM+, a commercial body-fitted grid soft-
ware with RANS, LES and hybrid RANS/LES capa-
bilities. In this study the three major LES models,
namely the Smagorinsky from Smagorinsky (1963),
Dynamic Smagorinksy from Germano et al. (1991)
and Wall Adaptive Large Eddy Simulation (WALES)
from Nicoud and Ducros (1999) models are consid-
ered, as well as the k − ω SST Delayed DES (DDES)
model by Spalart (2008) and a novel Scale Resolving
Hybrid (SRH) model by Duffal et al. (2019) using a
Lag Elliptic Blending k− ε RANS model by Manceau
and Hanjalic (2002) as its basis.

Figure 1: Example of the O-grid mesh used for the
present simulations.

The simulations in this study were conducted on an
O-type grid based on the one used by Breuer (2000)
in his earlier studies of LES applied to flow around a
cylinder, with the mesh dimensions shown in Table 1.
The meshes are uniform in the azimuthal and spanwise
directions. In the radial directions the mesh is sretched
to provide small cells in the near wall region achiev-
ing a low wall Y+ value. The stretching factor is kept
under 1.05 to prevent negative effects associated with
stretching and the width of the first cell ∆r1 is given
in Table 1. GridGrid A serves as a near identical repli-
cation of the coarse Breuer (2000) grid and the subse-
quent grids are refinements. The grid dimensions are
also given in wall units based on the dimensions of the
first cell at the wall allowing comparison with recom-
mendations in literature.

For the boundary conditions, one semicircle serves

as a velocity inlet U with a constant velocity equal to
the free-stream velocity with no inlet turbulence. The
other semicircle serves as a pressure outlet with a con-
stant pressure equal. In the spanwise direction a pe-
riodic boundary condition is used to minimise issues
related to the chosen z-domain length and blockage
effects discussed in Zdravkovich (1997). For the LES
cases the field is initialised with the inlet velocity and
outlet pressure, allowing turbulent content to develop
spontaneously. For the hybrid RANS/LES cases the
field is initialised using a solution data from prelimi-
nary RANS simulation to assist in capturing transition.

Time integration is achieved with a second-
order implicit time integration scheme with a non-
dimensional time step shown in Table 1 and a suitable
number of inner iterations to reduce the residuals be-
low 1×10−5. The work presented here considered also
the effect of the convective discretisation scheme. The
default scheme for LES in Simcenter Star-CCM+ is a
Bounded Central Difference (BCD) scheme, based on
the second-order Central Difference (CD) with an up-
winding scheme used under certain conditions for im-
proved robustness. An alternative, the MUSCL/third-
order (MUS) scheme, also a hybrid upwind/central
difference scheme, is also considered here. For the hy-
brid RANS/LES models, DDES and SRH, the recom-
mended scheme is a Hybrid-BCD scheme which uses
a second-order upwinding in the RANS regions and
transitions to the BCD scheme in the scale-resolving
areas. The level of upwinding introduced in these sim-
ulations is controlled by the upwinding blending fac-
tor, σ. Each simulation was run for suitable initialisa-
tion period to wash out transient behaviour before the
time-averaged statistics were collected over a period
of at least 50 vortex shedding cycles.

3 Results
The results for the preliminary set of cases run on

grid A are presented in Table 2. It is immediately ap-
parent that, for the coarse grid, only the Smagorinksy
LES model gives good agreement with the reference
experimental data, though the re-circulation length is
over-predicted. This is also seen in Figure 2 where the
Smagorinksy pressure coefficient profile shows very
good agreement with the reference data. In compari-
son, while the WALES LES model is within 10% ofLr
experimental value for three of the four cases, a strong
disagreement is observed for the mean and fluctuations
of the aerodynamic forces.



Table 2: Results for the LES and DDES cases with reference experimental data taken from Cantwell and Cole
(1983) and Cheung and Melbourne (1983).

Turb. Model Mesh σ C̄D C ′2D
1/2

C̄L C ′2L
1/2

Lr

– A 0.00 0.517 0.044 0.025 0.208 0.47
k − ω SST DDES C 0.00 0.700 0.033 0.005 0.108 1.24
k − ω SST DDES + γReθ C 0.00 0.695 0.035 0.001 0.171 1.04
Smag. - BCD A 0.05 1.058 0.120 -0.002 0.389 1.05
Dyn. Smag. - BCD A 0.05 0.542 0.051 0.001 0.232 0.53
WALES - BCD A 0.05 0.526 0.045 0.002 0.225 0.49
WALES - BCD A 0.15 0.537 0.045 0.007 0.233 0.45
WALES - MUS A 0.15 0.535 0.050 0.014 0.248 0.47
WALES - MUS A 1.00 0.531 0.048 0.030 0.214 0.47
WALES - BCD B 0.00 1.287 0.153 0.033 0.491 0.68
WALES - BCD B 0.05 1.451 0.127 0.043 0.927 0.45
Exp. – – 1.237 ∼ 0.18 0.000 ∼ 0.4 0.44

Figure 2: Time-averaged pressure coefficient Cp over
the cylinder surface for the LES and DES cases on A
and C grids.

Unlike the Smagorinksy LES case, all the WALES
LES cases exhibit a delayed separation and a disrup-
tion of the vortex shedding, with no single dominant
peak in the Fourier transform of the lift, which in-
dicates that they are behaving as if in the critical or
super-critical regime identified in Zdravkovich (1997),
i.e. transition has taken place in one of the bound-
ary layers. The approximately zero mean lift fur-
ther supports the argument that they are in the late
critical/super-critical regime.

Unlike in Breuer (1998), the Dynamic Smagorin-
sky LES model in the present study matches very
closely the WALES LES model, but not the standard
Smagorinsky LES model. This is very likely due to
differences in the averaging procedure for the Dy-
namic Smagorinsky LES model Breuer (1998). A
fully laminar case was run to determine a ‘base’ flow
field and see which LES model causes the greatest de-
viation from the ‘base’ flow. In the present study, it
was observed that the fully laminar simulation is very
like the WALES LES results, at least in the near-field
where the flow truly is laminar. To determine the cause
of the significant difference in results between the LES

Figure 3: Time averaged sub-grid viscosity νt off the
cylinder surface at r = 0.501m for the LES cases on
the A grid.

models we consider then each LES model’s prediction
of the turbulent viscosity.

Since the separation and transition behaviour is
most sensitive to very-near-wall behaviour we consid-
ered the turbulent viscosity distribution looking along
a circle 1mm off the surface of the cylinder, which is
always located in the boundary layer shown in Fig-
ure 3. While the WALES model gives practically no
turbulent viscosity until a sharp rise at separation, the
Smagorinsky model has turbulent viscosity throughout
the boundary layer, rising until a sharp fall just prior
to separation. The magnitude of the viscosity for the
WALES case is also two orders of magnitude smaller
than in the Smagorinsky. Paradoxically, though the
Smagorinsky model results better match the reference
experimental data of Cantwell and Coles (1983), as
previously discussed, in this regime we would ex-
pect the boundary layer to be fully laminar, i.e. free
from turbulent viscosity, in the absence of inlet turbu-
lence. In this sense, the WALES model is closer to
the expected physical reality. It is most likely that the
Smagorinsky model is erroneously introducing turbu-
lent viscosity, which is unlikely to be accurate when



Table 3: Results for SRH closure model with reference WALES data taken from above for Re 140k and from
Rodriguez et al. (2015) for Re 380k

Case Mesh σ C̄D C ′2D
1/2

C̄L C ′2L
1/2

Lr −Cp,b
LEBKE-SRH (Re 140k) C 0.00 1.225 0.096 0.014 0.295 0.61 1.44
WALES (Re 140k) B 0.00 1.287 0.153 0.033 0.491 0.68 1.47
LEBKE-SRH (Re 380k) D 0.00 0.473 0.038 0.023 0.128 0.43 0.39
WALES (Re 380k) – 0.00 0.481 0.061 0.245 0.217 0.64 0.48

applied to other cases or extended to higher Reynolds
cases. This is further supported by observations in
Breuer (2000) that further increases in resolution had
no positive effects on the results.

To assess the ability of the WALES LES model to
predict the drag crisis, a further series of simulations is
performed, using the basic WALES set-up and retain-
ing the same coarse mesh A, but at different Reynolds
numbers, namely: 50000, 100000 and 200000. The
mean drag coefficients for this series can are 1.21, 0.78
and 0.41 respectively. It is clear that a drag crisis is
predicted but that it occurs earlier than expected when
compared with experimental data from Rodriguez et
al. (2015) and Zdravkovich (1997). These results
strongly suggest that the LES cases are under-resolved
on the grid A which is in line with the very high values
of grid dimensions in wall units identified.

Figure 4: Time-averaged pressure coefficient Cp over
cylinder surface for SRH cases with reference WALES
from Rodriguez et al. (2015)

In light of the success achieved with the WALES
LES model in Rodriguez et al. (2015), a higher res-
olution grid B was used with the WALES LES model
and an otherwise identical set-up to the previous cases.
From Table 2 it is clear there is a significant improve-
ment in the quality of the results, with a broad agree-
ment with the experimental data. It is clear that this
case demands a high spatial resolution in order for
scale-resolving simulations to successfully capture the
flow physics. Comparison also with the introduction
of upwinding by increasing σ indicates that upwind-
ing degrades the solution and leads to an inflation of
the observed time-averaged drag coefficient.

In order to reduce the resolution demands the
present study considered hybrid RANS/LES models as
an alternative to LES, with some DDES data to com-
pare with LES. It is clear that for the mean drag and
the mean Cp distribution, the DDES takes a middle
ground between the Smagorinsky and WALES LES
models. The force fluctuations are heavily under-
predicted by the DDES model though this due to the
inability of the RANS layer to resolve any near-wall
unsteady motions caused by the overly zealous shield-
ing function preventing a transition to LES mode in
the free shear layer. The DDES model in its currently
available formulation then does not appear to be of use
in simulating across the drag crisis.

Scale Resolving Hybrid Results
Given the significant computational demand of the

WALES method and the realtive failure of the k − ω
SST DDES model, the present study then consid-
ered the novel SRH model, another hybrid RANS/LES
model. The results for this approach in the vicinity of
the drag crisis on significantly coarsened meshes are
presented in this section with the SRH model com-
bined with the Lag EB k− ε basis. Two cases are con-
sidered, one at Reynolds number 140000 to compare
the SRH performance with the LES, and one Reynolds
number 380000 to examine the SRH model’s ability to
simulate flows in the critical regime. The results for
the two cases are summarised in Table 3.

Considering the results at a Reynolds number of
140000, we can see that the SRH model performs
very well. The SRH time-averaged drag coefficient
value is within 5% of the WALES value and looking
at the time-averaged pressure coefficient profile in Fig-
ure 4 we see a strong agreement for this case. The
other aerodynamic quantities and the length of the re-
circulation bubble are also generally in agreement with
the reference data. The similarity in behaviour be-
tween the SRH and WALES is further supported by
the very similar qualitative distribution of the mean
sub-grid viscosity field shown in Figure 6.

Given the general success of the SRH model in
the first case we now consider its ability to simulate
the same flow but with a Reynolds number equal to
3800000 as a test for extension across the drag crisis.
The results for this case are more nuanced in success
than the lower Reynolds number case. Again looking
at Table 3 we see that there is good agreement between



(a) Lag EB k − ε SRH (140k)

(b) Lag EB k − ε SRH (380k)

Figure 5: 3D visualisations for the simulation with
the SRH model via iso-surfaces of the Q-criterion
(Q = 0.5) coloured by the streamwise velocity
with the black outline indicating mean location of re-
circulation bubble.

the time-averaged drag coefficient value predicted by
the SRH model and the reference data taken from Ro-
driguez et al. (2015). There is also a good degree of
agreement in the overall shape of the time-averaged
pressure coefficient profile again compared to the Re
540000 case from Rodriguez et al. (2015). However,
a significant difference is in the absence of elements,
specifically a strong inflection in the pressure coeffi-
cient profile, indicative of a laminar separation bubble
(LSB) in the SRH results.

The absence of LSBs has a significant effect on the
predicted time-averaged lift coefficient. In Rodriguez
et al. (2015) the flow field at Reynolds number 380000
remains asymmetrical giving a time-averaged lift coef-
ficient with a significant bias to one direction, i.e that
does not tend to zero value when time averaged. This
is not seen in the SRH results where the time-averaged
lift coefficient is an order of magnitude smaller and
very near to zero suggesting a more symmetrical flow
field. In comparing the Q-criterion iso-surfaces in Fig-
ure 5 we see that for the 380000 case the wake is
narrower and the re-circulation bubble (shown using
the black outlines) is far thinner than the 140000 case

and also commences later, indicating delayed separa-
tion, all of which is in line with experimental data but
the shortening of the re-circulation length is not and
should be similar in length to the Re 140000 case.

Table 4: Maximum values of time-averaged sub-grid
viscosity νsgs

WALES (140k) SRH (140k) SRH (380k)
νsgs 33.6 13.1 12.8

(a) WALES (140k)

(b) SRH (140k)

(c) SRH (380k)

Figure 6: Time-averaged sub-grid viscosity νsgs field
normalised by its maximum values as seen in Table 4.



The cause of this discrepancy has not yet been
determined, though some concerns have been identi-
fied. The same time step was maintained between the
Reynolds 140000 and 380000 cases which in the first
case gives an average maximum CFL number of 1.2
but in the second case gives 5. While the implicit time
scheme ensures stability of the simulation and good
convergence of the residuals there may be some addi-
tional filtering effect of the flow field not desired by the
SRH model when a large CFL is used. Additionally
the resolution may not be sufficient still for the high
Reynolds case. The distribution of sub-grid viscosity
observed in 6 for the high Reynolds number case com-
pared with the low Reynolds number case is similar
in magnitude, shown in Table 4, suggesting that the
resolution in the wake region ought to be sufficient.
The concentration of maximal values in the wake for
the high Reynolds case is attributable to the general
narrowing of the wake observed in Figure 5. How-
ever, the mesh dimensions in wall units given in Table
1 are very high for this case in the azimuthal and span-
wise directions which may make the mesh unsuitable
for capturing LSBs, given that they are very-near-wall
phenomena. Further work will examine in more detail
the cause of the shortcomings in this case and also con-
sider recent developments in the SRH model Duffal et
al. (2021) to examine whether these can ameliorate the
nuanced results reported in the present study.

4 Conclusions
The results presented in this study highlight that

simulating the flow around a smooth cylinder is highly
sensitive to the numerical methods used to perform
the simulations. Initial work from the LES cases
concludes that, on a coarse LES grid, though the
Smagorinsky LES model initially appears to be the
most capable at reproducing the experimental data at a
Reynolds number of 140000, this is likely not based on
an accurate capture of realistic flow physics, but rather
on the non-physical introduction of turbulent viscos-
ity to the boundary layers. In contrast, the WALES
LES model predicts very little turbulent viscosity over
the front half of the cylinder and on a much refined
grid, can accurately capture the necessary physical be-
haviour of the breakdown and transition to turbulence
of the free shear layers. This, in turn, leads to strong
agreement between reference data and the predicted
aerodynamic force quantities and pressure coefficient
profiles. The success of the WALES LES model on the
refined grid at matching the experimental data demon-
strates, for this case, the necessity of high resolution
grids for accurate scale-resolving simulations.

As the cell count for LES methods is very oner-
ous, consideration was given to a novel Scale Resolv-
ing Hybrid (SRH) model on a significantly coarser
grid. At the lower Reynolds number of 1400000 the
SRH performed very well, demonstrating the ability
of hybrid RANS/LES methods to achieve LES quality

results on RANS meshes for highly separated flows.
The extra case at a Reynolds number of 380000 pro-
vided nuanced results which may be due to numeri-
cal choices or an under-resolution near the cylinder in
the more demanding critical regime. Further work will
look into SRH requirements for simulating accurately
the main flow features across the drag-crisis.
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Abstract
In the present work, large eddy simulation technique (LES) is applied to evaluate existing correlations and
to derive improved correlations of Nusselt numbers in exhaust gas flows. Thereby, the near-wall region in
the simulation is modelled by means of a non-equilibrium wall function approach, which allows to simulate
high Reynolds number flows with LES that are relevant to exhaust gas systems (Re=5000-50000). First,
the LES approach is validated with experimental data from the literature of a strongly heated airflow in
a pipe at a moderate Reynolds number. Then, LES of the same configuration but operating conditions
relevant to exhaust gas applications are carried out. By means of this, existing Nusselt number correlations
from the literature are assessed for turbulent exhaust gas flows. Finally, an improved correlation for the
accurate design of exhaust gas systems are proposed. From the present LES-based study, it turned out
that (1) LES with a non-equilibrium wall function allows accurate predictions of exhaust gas flows, (2)
heat transfer within exhaust gas flows in pipes follow a modified Reynolds analogy, and (3) the proposed
modified Nusselt number correlations allow an accurate prediction of heat transfer in exhaust gas flows.

1 Introduction and Motivation
The Nusselt number is defined as the ratio of convective to conductive heat transfer across a boundary and
it is the most important dimensionless quantity for the design of thermal applications. Numerous empirical
and semi-analytical correlations of Nusselt numbers can be found in the literature (see e.g. [1, 2, 3]), mostly
only for water or air and simple flow arrangements like flat plates, pipes or impinging jets. However, a
wide variety of engineering flow applications with turbulent heat transfer cannot be approximated accu-
rately by means of such simplified correlations. One example are exhaust gas systems for which classical
Nusselt number correlations from the literature are not suitable or only of limited suitability. Furthermore,
experimental investigations of exhaust gas systems are often difficult to carry out and proved to be too ex-
pensive in many cases. Therefore, new viable and valuable numerical tools are required to derive accurate
correlations of Nusselt numbers for the engineering design of exhaust gas systems as well as other complex
thermal applications.

Due to continuously increasing computer power, large eddy simulation technique more and more finds
its way for the predictive engineering of complex heat and fluid flow applications, likewise in the design
of exhaust gas systems. In spite of the great potential of LES, it is worth mentioning that this numerical
technique is rarely used to derive Nusselt number correlations for complex thermal systems. One reason
for that is the very high computational cost of LES of wall-bounded flows with heat transfer. This is mainly
because of the thin momentum and thermal boundary layers at the solid surface that have to be fully resolved
in classical LES which requires very fine spatial resolution. Therefore, in order to overcome this issue, it is
common practice in LES to use a near-wall modeling approach to reduce the required computational effort
of the simulation. In general, such near-wall modeling strategies can be divided in the context of LES into
approaches based on wall functions, two-layer RANS–LES and hybrid RANS–LES methods. An detailed
review about wall-modeled LES can be found in [4] or elsewhere.

From the description above, it appears that classical Nusselt number correlations do not fully apply for
the design of exhaust gas systems. While measurements of local Nusselt numbers are often very difficult
to carry out within exhaust gas systems, wall-modeled LES is a promising approach to calculate turbulent
heat transfer in such complex engineering systems. This motivates the present study in which large eddy
simulation technique with non-equilibrium wall functions is applied for the first time to derive correlations
of Nusselt numbers for exhaust gas flows. First, the LES approach is validated with experimental data from
the literature of a strongly heated airflow in a pipe at a moderate Reynolds number. Then, LES of the same
configuration but operating conditions relevant to exhaust gas applications are carried out. By means of
this, existing Nusselt number correlations from the literature are assessed for exhaust gas flows. Finally, an
improved correlation for the accurate design of exhaust gas systems are proposed.

2 Wall-Modeled LES Approach for Turbulent Heat Transfer
A low-Mach number formulation suitable for incompressible Newtonian fluid flow (Ma< 0.3) with variable
physical properties and Fourier heat transport is employed in the present LES study. Thereby, the balance
laws of mass, momentum and energy can be formulated in the case of LES as

∂ρ

∂ t
+

∂

∂xi

(
ρŨi

)
= 0, (1)
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where (̃•) are Favre-filtered quantities, ρ expresses the mass density, Ui the velocity, h the sensible
enthalpy, P the mechanical pressure, µ the molecular viscosity, λ the thermal conductivity, cp the isobaric
heat capacity of the exhaust gas, νsgs is the subgrid-scale viscosity and Prsgs is the subgrid-scale Prandtl
number.

In this work, the exhaust gas fluid is treated as an homogeneous single component Navier-Fourier gas.
Thereby, the thermodynamic and transport properties, ρ , µ , λ , cp and h are tabulated in a database for a
given constant thermodynamic pressure as a function of temperature T. Then, thermo-physical properties
are evaluated locally during the simulation by means of linear interpolation. A detailed description of the
methodology can be found in [5].

Regarding the modeling of subgrid-scale momentum transport, the wall-adapted linear eddy-viscosity
model (WALE) [6] is applied, while the linear thermal diffusivity model with constant subgrid-scale Prandtl
number of Prsgs = 1 is employed to model the unresolved heat flux.

In case of near-wall modeling of heat and fluid flow, the non-equilibrium wall function approach as
recently proposed by the authors in [7] is used in this work. In contrast to classical formulations, the
non-equilibrium wall functions are continuously valid over the whole range of dimensionless wall distance
y+ and include transient as well as local non-equilibrium effects like time rate change, adverse pressure
gradients, convection and additional source terms. A detailed description as well as computational details
on the non-equilibrium wall function approach can be found in [7].
3 Test Case and Solution Procedure
A schematic of the pipe flow configuration with constant wall heat flux condition, which is studied in this
work, is shown in figure 1.

Figure 1: Schematic of the exhaust flow configuration

In the test section, fully developed flow of exhaust gas (mass fractions: wCO2 = 0.169, wH2O = 0.084,
wO2 = 0.022, wN2 = 0.725) enters a DN-25 pipe and is heated up after an entrance length of 5D. The heated
pipe region has a length of 25D with a constant wall heat flux of qw = 4.11kW/m2. In the LES study, four
different Reynolds numbers (Re = 6000, 10000, 20000, 50000) relevant to exhaust gas system flows are
analyzed.

A block-structured grids is used to discretize the pipe flow domain. It consists of 0.84 million control
volumes with (Nr ×Nω ×Nx = 26× 108× 300) grid points in radial, azimuthal and axial directions. In
order to obtain realistic inflow turbulence, the velocity field is extracted for each time step at the x = 5D
plane downstream of the inlet and used to prescribe the velocity field at the inflow plane. At the outlet,
a convective boundary condition is used for the velocity to maintain the overall mass conservation, while
pressure is set to a constant value.

2
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LES simulations were performed using the opensource software OpenFOAM-v2012. Thereby, a low
Mach-number approach was employed that was added to the source code. The solution procedure con-
sists of a merged PISO-SIMPLE [8, 9] algorithm for the pressure–velocity coupling and was applied with
a second-order implicit backward-differencing scheme for the time integration, a low-dissipative second-
order flux-limiting differencing scheme for the convection terms and a conservative scheme for the Lapla-
cian and gradient terms. The time step of the simulations was chosen to be small enough to ensure that
the Courant–Friedrichs–Lewy number remained smaller than one. Convergence of the iterative procedure
is obtained if the normalized residuals of all governing equations are reduced by more than three orders of
magnitude within each time step.

4 Results
The numerical approach presented in the previous sections is now applied to predict Nusselt numbers in
wall-bounded turbulent exhaust gas flow with heat transport. First, in order to validate the numerical ap-
proach, strongly heated airflow at a moderate Reynolds number of Re=6000 is simulated and LES predic-
tions are compared with experimental and DNS data from the literature. Then, profiles of Nusselt number
of exhaust gas flow at higher Reynolds numbers of Re=6000, 10000, 20000, 50000 are presented. Finally,
the Reynolds analogy as well as classical Nusselt correlations are evaluated for such flows. By means of
this, an improved Nusselt correlation based on a modified Reynolds analogy is proposed.

4.1 Validation with Experimental Data
Figure 2 shows the variation of the local Nusselt number as function of axial distance of a strongly

heated air flow with constant heat flux within the pipe flow configuration presented in Section 3. Nusselt
numbers are shown for a Reynolds number of Re=6000 based on the inflow conditions and the pipe diame-
ter. LES predictions are compared with measurements of Shehata and McEligot [10] and DNS data of Bae
et al. [11].
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Figure 2: Variation of the local Nusselt number of a strongly heated airflow within a pipe configuration as a function
of axial distance. Comparison of LES predictions with measurements Shehata1998 and DNS [11].

As it can be seen, predictions of the wall-modeled LES approach are in excellent agreement with the
experiment and also with the reference DNS data, which holds true for all axial distances under considera-
tion. This confirms that the wall-modelled LES approach is well suited to predict strongly heated turbulent
fluid flow in a pipe with variable thermo-physical properties. It can be therefore used for further analysis of
exhaust gas flows.

4.2 Nusselt Number Characteristics
A comparison of predicted Nusselt numbers in air flows (a) and exhaust gas flows (b) as a function of

axial distance within the pipe flow configuration is depicted in figure 3. Results are shown for Re=6000,
10000, 20000, 50000 and a constant wall heat flux of qw = 4.11kW/m2.

The Nusselt numbers decrease with increasing axial distance indicating a laminarization of the flow
during the heating process. Thereby, the Nusselt numbers converge towards a constant value for large
x/D. Furthermore, as it might be expected, Nusselt numbers increase with increasing Reynolds-number
indicating that classical Reynolds analogy assumptions of the heat transport holds true for such applications.
Thereby, the variation of the Nusselt number for air flow and exhaust gas flow are very similar. However, it
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Figure 3: Variation of Nusselt numbers along the pipe axis for (a) air flow and (b) exhaust gas flow. LES predictions
are shown for Re=6000, 10000, 20000, 50000.

can be seen that heat transfer in exhaust gas flows are slightly more intense than in air flow associated with
slightly higher Nusselt numbers.

4.3 Reynolds Analogy and Nusselt Correlations
In many turbulent systems, heat flux can be directly related to momentum transport which is popularly

known as the Reynolds analogy. This assumptions mainly applies in the case of turbulent heat transport
processes that are dominated by forced convection. Based on this, several Nusselt correlations have been
proposed in the literature, e.g. [1, 2, 3]. In the case of turbulent pipe flow, one prominent example is the
Dittus-Boetler equation that reads [1]:

NuD = 0.023Re4/5
D Prn, (4)

where D is the inner diameter of the pipe, ReD is the Reynolds number based on the pipe diameter, Pr is
the molecular Prandtl number and n is a coefficient that is n = 0.4 in case the fluid is heated and n = 0.3 in
case the fluid is cooled.

Another commonly used Nusselt correlation in the case of forced convection in turbulent pipe flow is
the Gnielinski correlation that reads [2]:

NuD =
( f/8)(ReD −1000)Pr

1+12.7( f/8)1/2
(
Pr2/3 −1

) , (5)

where f is the friction factor that can be estimated for pipes based on Moody chart or from correlations.
Besides these semi-empirical correlations, the Nusselt number in forced convection heat transport can

be also calculated based on the Chilton-Colburn J-factor analogy also known as the modified Reynolds
analogy which reads:

NuD =
1
2

c f ReDPr1/3, (6)

wher c f is the skin friction coefficient. This equation is valid for the case of fully developed turbulent flows
with ReD > 10000.

A comparison of the different Nusselt correlations for the present case of exhaus gas flow in a heated
pipe is presented in Figure 4. Additionally, an adapted Nusselt correlation for exhaust gas flows that is
based on the Chilton-Colburn J-factor analogy is also provided in Figure 4 that reads:

4
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NuD = Ac f ReDPr1/3, (7)

where the coefficient A is obtained by means of a regression using the present LES predictions as A = 0.4.
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Figure 4: Nusselt number as a function of Reynolds number for (a) airflow and (b) exhaust gas flow. Comparison of
semi-empirical correlation and LES predictions.

It is visible in Figure 4 that the Nusselt number increases with increasing Reynolds number. This trend is
well captured by all Nusselt correlations under consideration. Best comparison is obtained by means of the
Nusselt correlations derived by the Chilton-Colburn J-factor analogy, while the predictions of the Gnielinski
correlation is less accurate. Nevertheless, all Nusselt number correlation gives reasonable results for such
flow conditions.
5 Conclusion
Large eddy simulations of exhaust gas flow in a pipe have been carried out in order to evaluate existing
and to derive improved correlations of the Nusselt number for designing exhaust gas systems. Thereby, the
near-wall region is modelled by means of non-equilibrium wall functions and thermodynamic and transport
properties of the exhaust gas are tabulated based on high fidelity thermo-physical models.

Based on this numerical study, it turned out that (1) LES with a non-equilibrium wallfunction allows
accurate predictions of exhaust gas flows, (2) heat transfer within exhaust gas flows in pipes follow a
modified Reynolds analogy, and (3) the proposed modified Nusselt number correlations allow an accurate
prediction of heat transfer in exhaust gas flows.
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1 Introduction
The right ventricle (RV) is the chamber of the human heart pumping deoxygenated blood to the

lungs. It is connected to the right atrium (RA) and the pulmonary trunk (PT) by means of two one-way
valves: the tricuspid valve (TV) and the pulmonary valve (PV), respectively (see Fig. 1, left). Pulmonary
regurgitation (PR) occurs when the PV is leaking or damaged, and is a common long-term complication
in repaired Tetralogy of Fallot (rTOF) patients, where the PV is often disrupted during early surgical
repair. Chronic PR results into progressive RV enlargement and dysfunction, and eventually requires PV
replacement (PVR). There is currently a knowledge gap to determine the timing of PVR, as conventional
clinical indices do not capture local biomechanical effects from patient-specific anatomies (Geva 2002).
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Aortic arch
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Figure 1: Left: Schematic of the human heart with focus on the right side and paths of blood flow in normal
conditions. Right: Pulmonary regurgitation after patch repair (in yellow) of PV in rTOF.

In the presence of PR, the RV diastolic filling occurs partly from the PV, leading to a collision between
the regurgitant jet and the blood flowing into the RV from the RA (see Fig. 1, right). This peculiar flow
topology alters the natural RV filling pattern, which is characterized by a vortex ring past the TV that
occupies the upper portion of the RV and prepares the flow for systolic ejection (Mangual et al. 2012).
A detailed quantification of local flow phenomena can help to provide mechanistic insights, understand
how PR drives RV remodeling and progressive dysfunction, and ultimately suggest better interventional
timing strategies. To this aim, we performed direct numerical simulations (DNS) of blood flow patient-
specific RV geometries with various PR severity. The flow fields are thoroughly described and potential
(patho)physiological implications are discussed in the paper.



2 Methodology
Numerical simulations are performed using a newly-developed methodology that combines compu-

tational fluid dynamics with non-invasive cardiac magnetic resonance (CMR) images. Blood flow inside
the RV geometry is solved with an in-house solver based on the immersed boundary method (IBM),
assuming a Newtonian model for the blood. Spatial discretization relies on a staggered second-order
scheme, while time-advancement employs a fractional step method coupled with an explicit third-order
Runge-Kutta scheme. The specific IBM algorithm is the one proposed in Vanella & Balaras (2009), in
which the forcing is computed directly on the Lagrangian markers discretizing the RV wall, and then
interpolated back onto the Eulerian grid using a moving least-squares interpolation kernel.

The position and velocity of each point discretizing the RV wall are extracted from patient-specific
imaging data. Briefly, time-resolved CMR datasets consisting of several short-axis and long-axis slices
of the RV are post-processed using feature-tracking techniques, to provide the time history of each endo-
cardial contour. A fine three-dimensional surface mesh of the diastolic phase geometry is also obtained
through a semi-automated segmentation process. The endocardial contours trajectories are used to guide
the motion of the surface mesh using an image-registration technique based on a control-point instance of
the Large Deformation Diffeomorphic Geometric Mapping (Bône et al. 2018). This procedure provides
the position and velocity of each point, as well as the time history of the RV volume.

The TV and PV are modeled by simple planes that follow the corresponding changes in RV wall
motion. For healthy cases, the tricuspid/pulmonary valves are either fully open/closed in diastole and
systole, respectively. For rTOF patients, the PV is modeled as fully open in any phase of the cardiac
cycle, while the velocity at the TV plane is explicitly imposed using the IBM. The TV flow rate is
computed by subtracting the RV volumetric change against the PT flow rate (provided by 2D phase-
contrast magnetic resonance), then uniformly distributed orthogonally to the TV plane.

Typical resolution is 0.60 mm in space and 2× 10−5 s in time.

3 Results and discussion
Exemplary results are reported in Fig. 2 for two cases, a rTOF patient compared to a healthy control.

Vector plots of the instantaneous velocity field are displayed for early and late diastole. The filling of the
RV for the rTOF patient is characterized by a peculiar collision between two jets: a physiological one
coming from the TV, and an abnormal one coming from the regurgitant flow, due to the absence of the PV.
It is found that the flow field resulting from this collision is highly sensitive to various factors, including
the relative magnitude and entrance timing of the two jets. As the two jets interact and fill the RV,
complex flow structures are formed with transition to a chaotic, turbulent-like state. As a consequence,
the apex of the RV is also partially engulfed by the flow. Instead, in the normal case, two distinct vortices
are formed past the tips of the TV; these flow structures are fairly stable throughout the diastolic phase
and occupy only the upper portion of the RV, with the blood flow at the apex being mostly akinetic.
Our results show that PR prevents these flow structures to form, thus completely altering the filling
mechanism and presumably contributing to guide RV remodeling.

Additional results, including other patient-specific cases as well as turbulent-related quantities, will
be thoroughly discussed at ETMM13.

4 Conclusions
Direct numerical simulations of blood flow in the right ventricle can be a valuable tool to understand

the biomechanics of pulmonary regurgitation and derive useful biomarkers to inform clinical decision-
making processes.
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Abstract
This study investigates high-fidelity numerical

simulation of 3D flow around the Reduced-Scale (RS)
prototype used in the H2020 N° 723402 : ”Smart Mor-
phing & Sensing” (SMS) European project, in take-off
conditions corresponding to the low subsonic regime.
Morphing employing trailing edge actuations in the
frequency range of (100-400) Hz associated with low
amplitudes of deformation will be examined. The
study provides a fundamental understanding of how
the actuation modifies the coherent and turbulent vor-
tex structures around the wing and in the near wake us-
ing an adapted hybrid turbulence modelling approach
DDES-OES (Delayed Detached Eddy Simulation - Or-
ganised Eddy Simulation), which is able to sensitize
and keep up the coherent structures development.

1 Introduction
About 3 billion people, 39 % of the world popula-

tion every year take a flight to different purposes, and
about 5 trillion euro worth of goods are transported
by airplane. The increase of passengers is expected to
reach over 6 billion by 2030, according to the current
statistics. Polluted atmosphere due to CO2 and NOx
emissions gas produced by airplanes, as well as aero-
dynamic noise during take-off and landing are simulta-
neously increasing. This has imposed significant chal-
lenges on the aeronautical industry and set top priori-
ties of the emissions reduction in the ACARE Flight-
Path by the European Commission. In this context,
innovative research and technology is under develop-
ment to make airplane lighter with optimized shape in
order to increase aerodynamic performances, achiev-
ing at the same time higher fuel efficiency and reduc-
ing the environmental footprint of air transportation,
towards greening of aircraft transport. Coordinated by
the Institut National Polytechnique de Toulouse (In-
stitut de Mécanique des Fluides de Toulouse IMFT),
the Smart Morphing and Sensing for aeronautical con-
figuration (SMS) H2020 N◦ 723402 European project
(www.smartwing.org/SMS/EU) brought to-

gether 10 European partners from five countries with a
main objective to construct different scale prototypes
of morphing A320 future wings by means of novel
electroactive materials, able to deform and to vibrate
different parts of the wing at multiple time scale and
length scales, as required by the turbulence spectrum.
These systems are capable to manipulate the surround-
ing turbulence in interaction with the wing’s defor-
mation and vibration in order to increase the aerody-
namic performance: enhancement of the lift-to-drag
ratio with a simultaneous attenuation of the aerody-
namic noise.
In the context the SMS project, Marouf et al (2020)

and Simiriotis et al (2019), examined morphing, by
applying near trailing edge vibrations and slight defor-
mation through piezo-actuators in the frequency range
of (60-400) Hz and amplitudes in the order of 1mm.
When the frequency of actuation is smaller than the
predominant natural frequency of the wake fSL, the
effects in the wake are barely noticeable. When, the
fa is closer to fSL, a lock-in phenomena has been ob-
served. Furthermore, when the fa= 300 Hz is higher
than fSL=185 Hz, the aerodynamic noise related to
these instabilities has been attenuated and increase of
the aerodynamic performance. The study showed a
significant manipulation of the coherent vortices near
the trailing-edge and in the near wake region leading
to reduction of the formation region of the shear-layer
mode and delaying the von Kármán alternating eddies
appearance. An eddy-blocking effect is then produced,
according to th study by Szubert et al (2015) and Jodin
et al (2017), through the action of the smaller-scale
vortices created near the trailing-edge thanks to the
actuation. These vortices are able to produce a break-
down of harmful existing coherent structures responsi-
ble to an important increase of drag. Simultaneously,
a considerable thinning of the shear-layers and of the
wake’s width was obtained and demonstrated using the
Proper Orthogonal Decomposition (POD), Marouf et
al (2021). Theses effects allowed simultaneously a
lift-to-drag increase and a decrease of the frequency

www.smartwing.org/SMS/EU


Figure 1: Iso-contours of the Q-criterion (Q=1500) coloured by the dimensionless velocity magnitude superimposed on the
grid, in the mid-span plane of the A320 morphing wing

peaks in the turbulence spectrum, associated with the
aerodynamic noise sources.
In the same context, at higher deformations in the
order of 10% of the chord and low frequency cam-
bering (order of 1Hz) according to optimal shapes,
Bmegaptche et al (2019), the SMS project provided a
significant lift-to-drag increase in the order of 7%. The
high cambering was obtained by using Shape Mem-
ory Alloys or Electromechanical actuators. The asso-
ciation of both high cambering at low frequency and
trailing edge vibration at higher frequency and low de-
formation, in the context of the so-called ”hybrid elec-
troactive morphing”, Scheller, PhD (2015), Jodin et al
(2017a) and Marouf, PhD (2020), produce a more sig-
nificant aerodynamic performance increase.
A slight upwards deflection and trailing edge vibra-
tion in the frequency range (300-450) Hz in the tran-
sonic regime demonstrated most efficient lift-to-drag
increase, drag reduction and rms reduction, Tô et al
(2019).
This study examines by High-Fidelity numerical
simulation the benefits of the so-called ”morphing
Reduced-Scale (RS)” A320 wing of the SMS project
by means of trailing-edge piezo-actuation at frequen-
cies of order 300 Hz associated with low amplitude
deformation of order 7 mm. These actuations are re-
alized thanks to piezo-electric patches of MFC type
(Macro-Fiber Composites), Scheller et al (2015). The
numerical simulations have been done by using the
solver Navier-Stokes Multi-Block (NSMB), Hoarau et
al (2016), with hybrid RANS-LES turbulence mod-
elling, allowing to efficiently capture the unsteadi-
ness, the coherent structures development and the in-
fluence of the chaotic turbulence, thanks to the DDES-
OES (Delayed Detached Eddy Simulation-Organised
Eddy Simulation approach), Bourguet et al (2008) and
Shinde et al (2014), sensitized to enhance the coherent

structures and related instabilities development.

2 Methodology
The NSMB code, Hoarau et al (2016), solves the

complete system of the Navier-Stokes equations with
all classes of turbulence modelling from RANS to Hy-
brid RANS-LES methods, for compressible and in-
compressible flows. In order to simulate low Mach
number flows (incompressible regimes), a suitable
preconditioning is available, based on artificial com-
pressibility method, Turkel (1987). In the present
study, the subsonic flow around the morphing A320
wing of constant span has been simulated, correspond-
ing to an upstream velocity of 21 m/s at an angle of
incidence of 10◦ and Reynolds number 1 Million. The
chord and spanwise length of the wing are of 70 cm,
in accordance to the RS prototype used for the aero-
dynamic experiments in the S4 wind tunnel of IMFT
in collaboration with the Laboratoire Plasma and En-
ergy Conversion - LAPLACE, which designed the ac-
tuators. The experimental study can be found in Jodin
et al (2017). A multi-block structured grid of 60 mil-
lion cells has been used for the numerical simulations
with a spanwise length S/C=1/3. It has been care-
fully studied in order to be efficiently adapted to hy-
brid turbulence modelling. The grid has a significant
refinement in a wide extended region around the wing
and along 2 chords in the wake, as shown in figure 1.
Its refinement is progressively extended downstream.
An implicit dual time stepping numerical discretiza-
tion scheme of 2nd order accuracy has been employed
for the temporal discretization with a



Figure 2: Q-criterion (Q=1500) colored by the non-dimensional velocity magnitude on the wing’s surface and in the wake
region (static case)

Figure 3: Iso-vorticity field ωz on the wing’s surface and in the wake region (static case)

time step ∆t = 5 µ sec to resolve smaller scale
turbulent structures and for the advection terms a 4th
order central scheme has been employed whereas for
the diffusion terms a second-order central scheme has
been used. To ensure a sufficient resolution of the
boundary layer, shear layers and their detachment and
thus guarantee the physical development of the related
instabilities and coherent structures, the DDES ap-
proach uses in its URANS part for the near region the
OES (Organised Eddy Simulation) approach, Braza et
al (2006) and Bourguet et al (2008), in the so-called
DDES-OES method. Thus, the non-equilibrium
turbulence effects in the boundary layer and in the
near wall region are taken into account for the present
highly inhomogeneous turbulent flow. The OES
approach can highly improve the DES and DDES, by
reconsidering the turbulence length scale. In fact, in
the near wall region, the flow is highly affected by
instabilities and the coherent structures development,
even if these lasts appear farther, due to the elliptic
character of the flow enhancing the feedback effects
in this low subsonic region near the wall. The OES
method that is classified in-between URANS and LES,
efficiently accounts on non equilibrium turbulence
effects as detailed in Marouf, PhD (2020). This model

is therefore suitable for to use in the near-region of the
DES and DDES approaches.
To simulate the morphing, the deformation of the
piezo-actuators has been implemented in the code
according to a 2nd-order polynomial function and
taken into account by suitable grid movement and
deformation in the NSMB code by using the ALE
methodology. The frequency and the amplitude of
deformation of the trailing edge can have different
effects on the flow behaviour (studied in a previous
work by Simiriotis et al (2019) and Marouf et al
(2019)).

3 Results
Figures 2 and 3 provide a global view of the tur-

bulent structures existing in the wake and in the up-
per surface of the wing. The boundary layer is de-
tached and a recirculation vortex near the trailing-edge
is formed. At an angle of attack of 10◦, the shear layer
and wake instabilities related to the coherent vortices
are well pronounced. Therefore, Kelvin-Helmholtz
vortices are formed in the separated shear layers and
provide further downstream the alternating vortex pat-



Figure 4: Different Q-criterion values colored by the veloc-
ity magnitude capturing the lower shear layer near
the trailing edge region (static case-no vibration)

tern corresponding to the von Kármán vortices, asso-
ciated to a considerable extension of the wake width
in the vertical direction. The efficiency of the OES
approach in 2D and 3D has been proven in a number
of strongly detached high Reynolds number flows, in
particular around wings as well as in the context of
DES, Bourguet et al (2008). This method can highly
improve the DDES, by reconsidering the turbulence
length scale. The DDES-OES approach was used
in Fluid-Structure Interaction high Reynolds number
flows, Shinde et al (2014). This approach shows quite
promising results for capturing smaller scale and co-
herent structures located in the wake as well as the
shear layer instability and provides a physically cor-
rect evaluation of the aerodynamic forces.
Figure 3 shows the vorticity in the middle plan, where
the upper and lower shear layers are interacting to-
gether. Further downstream in the wake, the von
Kármán vortices are rolled up and expand in the verti-
cal and downstream directions. It has been shown that
the natural frequency of the corresponding shear layer
is of fSL = 185Hz, Simiriotis et al (2019) and the von
Kármán alternating mode, developed farther down-
stream is characterized by a predominant frequency
bump in the region fvK =(40-50) Hz. Both shear
layers are restricted by two Turbulent-Non-Turbulent
(TNT) interfaces. The Turbulent-Turbulent (TT) can
be tracked between the upper and lower shear layers.
The Q − criterion is highlighted in figures 4 and 5

and colored by the velocity magnitude in the location
of the lower shear layer in the near trailing edge re-
gion of the wing. Different values are selected to filter
the smaller scale structures containing a lower energy
and retrieve the predominant structures with higher en-
ergy. Figure 4 indicates that the shear layer mode near
the trailing edge is predominant. In addition, the blue
structures correspond to the separation area of the up-
per shear layer and the recirculation bubble located in
the suction side near the trailing edge. Whereas far-
ther in the wake the von Kármán mode is less energetic
when compared to the other modes.
It has been shown that this optimal morphing is able
to attenuate and practically suppress the secondary in-
stability and the vortex dislocation pattern, Braza et
al (2001). Therefore, the present morphing leads to a
bidimensional character of the wake and to a reduction
of the wake’s width. A formation of two-dimensional
vortex rows is more predominant in the morphing case
in figure 5. These organised rows of vortices can be
displayed when the Q − criterion is increased up to
7.5.105 leading to filtering of lower energy turbulent
scales.



Figure 5: Different Q-criterion values colored by the veloc-
ity magnitude capturing the lower shear layer near
the trailing edge region (morphing 300 Hz)

4 Conclusion
This study examined the three-dimensional effect

of the morphing applied for the Reduced-Scale Airbus
A320 wing of the SMS European project by means of
High-Fidelity numerical simulation. An efficient hy-
brid RANS-LES turbulence modelling has been em-
ployed, able to predict the separated flow dynamics
with the recirculation near the wing’s trailing edge, the
coherent structures development as the development of
shear layers as well as finer scale eddies with lower en-
ergy, according to the wake dynamics. The morphing
modifies the flow behaviour and improves the aerody-
namic efficiency through an attenuation of the natu-
ral instability, thanks to the DDES-OES modelling ap-
proach. The wake’s width is decreased leading to a
reduction of the wake drag having as feedback effect
to the overall drag reduction. Moreover, the produced
vortex breakdown suppresses the harmful vortices and
enhance those contributing to increase of circulation,
in a similar way as the movement of feathers of large-
span hunting birds, with a resulting lift increase, Jodin
et al (2017). Continuation of the present simulations
over longer physical times will allow to quantify these
benefits to the aerodynamic forces.
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J.-B., Rouchon, J.-F., Hoarau, Y., and Braza, M., “Numer-
ical investigation of frequency-amplitude effects of dynamic
morphing for a high-lift configuration at high Reynolds num-
ber,” International Journal of Numerical Methods for Heat &
Fluid Flow, Vol. 31, No. 2, 2020, pp. 599–617. https:
//doi.org/10.1108/hff-07-2019-0559.

Marouf, A., Hoarau, Y., Vos, J. B., Charbonnier, D.,
Bmegaptche-Tekap, Y., and Braza, M., “Evaluation of the
aerodynamic performance increase thanks to a morphing
A320 wing with high-lift flap by means of CFD Hi-Fi ap-
proaches,” AIAA Aviation 2019 Forum, American Institute
of Aeronautics and Astronautics, 2019. https://doi.
org/10.2514/6.2019-2912

Marouf, A., Simiriotis, N., Tô, J. B., Bmegaptche-Tekap,
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Abstract
In the present paper, a thermal and conversion anal-

ysis together with the AdBlue spray-wall impingement
process and wall film formation in a SCR De-NOx sys-
tem is carried out using Large Eddy Simulation (LES)
including a one-equation sub grid-scale model. The
spray modeling relies on an Eulerian-Lagrangian ap-
proach and includes phenomena, like spray atomiza-
tion, multi-component droplet evaporation and liquid
wall film formation and deposition. The chemical re-
action kinetics is described by a global mechanism of
urea thermolysis and hydrolysis. Two configurations
are selected. First, an AdBlue sprayed perpendicu-
larly on a heated wall (with different wall tempera-
tures) by means of a 3-holes pressure driven injector in
a non-reacting stagnant environment is utilized to vali-
date the proposed model by means of comparison with
available experimental data. Next, a more complex
and generic SCR configuration operating under real-
istic conditions is chosen to study the spray-wall inter-
action, film formation, urea decomposition and NH3
conversion. Spray development before and after im-
pingement, liquid wall film thickness evolution, mix-
ture fraction distribution and NH3 conversion are cap-
tured and studied. As expected, the higher gas phase
temperature is more conducive for the efficient SCR
operation. It also turns out, that the adopted LES based
numerical framework has potential to ensure more de-
tailed numerical simulation and subsequent analysis
that also includes the complex deposit formation, NOx
reduction in real SCR system.

1 Introduction
In order to address the stringent environment

regulations, especially those related to NOx emis-
sion associated with Diesel engines, an exhaust
after-treatment technique with the so called selective
catalytic reduction (SCR) system is widely adopted
for NOx reduction (Brack (2016), Habchi (2018),
Spiteri (2016)). According to engine operation and

loading conditions, an active ingredient known as
diesel exhaust fluid (DEF), commercially available
as AdBlue, which is a mixture of 67.5 wt% urea and
32.5 wt% water, is injected into a hot exhaust gas.
This drives AdBlue to evaporate and decompose into
ammonia (NH3), which, in turn, reacts with the engine
NOx to convert and release it as harmless compound.
In overall conversion rate of NH3 and NOx reduction
efficiency the injection rate plays an essential role.
Together with the associated time and length scales
which vary vastly within the SCR system they make
the SCR design optimization a challenging task
(Brack (2016), Habchi (2018), Spiteri (2016), Nishad
(2018)), especially when the small available space to
fit the SCR system in the automobile is considered.
Such limitations often lead to additional challenges
of maximizing NOx reduction performance of a SCR
system while still maintaining low level of ammonia
slip.
The challenging issues get hard to tackle with the
formation of adBlue wall film and possible deposits
(Brack (2016), Habchi (2018)) along the SCR duct
wall. Therefore, many experimental and numerical
works are recently carried out to investigate the effect
of various AdBlue injectors along with injection
parameters on spray-wall interaction (e.g. Habchi
(2018), Kaario (2017), Nishad (2018a, 2018b, 2019))
with the final goal to evaluate the resulting impact on
SCR performance.

Focusing on numerical modeling and analysis,
especially on AdBlue spray dynamics, Kaario (2017)
reported results obtained by means of a hybrid LES-
RANS approach. Nishad (2018b, 2019) studied the
effect of hot cross-flow rate and temperature on the
spray dynamics within the SCR system using LES.
However, the behavior of the liquid wall film has not
been considered in all these contributions.

This motivates the present paper in which the pro-
cesses of AdBlue spray-wall impingement and wall



film formation in a SCR De-NOx System are now in-
vestigated using Large Eddy Simulation (LES) includ-
ing a one-equation sub grid-scale model. The over-
all model relies on a Eulerian-Lagrangian approach
in which account is made for the multi-component
droplet evaporation, wall-impingement and film/solid
deposit formation, subsequent urea decomposition,
and NOx reduction mechanisms.

The paper is organized as follows. In section 2 the
modeling approach used to describe the carrier phase
is briefly outlined. Then, the model adopted to simu-
late the AdBlue spray dynamics is introduced followed
by the liquid film transport description. In section 3,
two different numerical configurations are considered:
the first deals with the spray-wall interaction in a sim-
ple configuration while the second accounts for a real-
istic generic SCR configuration. In section 4 the ob-
tained results are discussed in detail. Section 5 is ded-
icated to concluding remarks.

2 Numerical modeling
In the present work, the carrier phase is described

by the LES approach in which the filtered governing
equations of mass, momentum energy, and species
are solved. Thereby, the one-equation model is
considered to capture the flow turbulence using the
open source CFD software OpenFOAM. More details
about the LES and respective model formulation in the
OpenFOAM version used can be found in Ries (2018).

A classical Langrange-particle-tracking method is
adopted to track the AdBlue injection and subsequent
spray dynamics processes. In this approach, clusters
of real particles/droplets are described by the so-called
a computational Lagrange parcels with uniform phys-
ical properties for all individual particles/droplets.
Thereby, it is relevant to integrate the models for
all individual processes, such as spray atomization,
droplet breakup, evaporation, droplet wall interactions
etc. (Nishad (2018b, 2019)). In this work, since the
droplet size distribution is experimentally available
close to the nozzle exit, parcels with predefined
droplet size distribution are injected instead of using
any atomization models. Moreover, the secondary
break-up is neglected due to its negligible influence
as reported by Nishad (2018b). An AdBlue is an
eutectic mixture of 67.5 wt % of water and 32.5 wt %
urea and present as liquid phase at room temperature.
However, a pure urea is solid in room temperature.
Both exhibit significant different thermo-physical
properties. Therefore, a multi-component description
for the liquid phase (both spray droplet and wall
film) is very essential, in particular for the mass
transfer. The AdBlue droplet has peculiar evap-
oration characteristics as demonstrated in Nishad
(2018a). Owing to considerably higher volatility,
water evaporates first followed by urea. For more
details regarding the adopted droplet, please refer to

Nishad (2018a). The modern SCR systems usually
consists of an inexpensive AdBlue injection line with
very moderate injection pressure resulting in coarser
spray atomization. As the exhaust ducts are often
narrow , this leads to intense spray-wall impingement
and film formation. Therefore a reliable description
of spray-wall impingement, wall film formation and
subsequent multi-component film transport dynamics
are highly imperative.

Spray-wall interaction
The properties of incident droplet (droplet

size/velocity, incident angle etc.) and of the impacting
wall (dry/wet, hot/cold wall etc) usually determine
how the spray droplet interacts with the impinging
wall. These parameters can be then used to describe
and demarcate various impact regimes based on
available comprehensive experimental data (Bai
(2002), Kuhnke (2004)). In this work the spray wall
interaction model is based on Kuhnke (2004) in which
the spray regimes are defined by means of two dimen-
sionless parameters, T ∗ and K describing the wall
temperature and the incident droplet characteristics,
respectively.

T ∗ =
TW
Tsat

(1)

represents the dimensionless temperature, TW is
the wall temperature, and Tsat the saturation/boiling
point temperature of liquid.

K = We
5
8 /La

1
8 , with We =

ρV 2
n d

σ
, and La =

ρσd

µ2

(2)
represents the kinematic parameter of droplet as func-
tion of the Weber number and the Laplace number.
The quantities ρ, σ, and µ stand for the droplet density,
surface tension and viscosity, respectively. Vn is the
droplet velocity normal to the wall with diameter d .
This way, various regimes such as rebound, splashing,
deposition, thermal breakup can be retrieved in a
well-known K − T ∗ diagram (Bai (2002)).See also
Nishad (2018a).

Liquid Thin film modelling
To describe the thin liquid film transport processes,

appropriate governing equations are solved in a 2D-
auxiliary mesh along the wall where the spray-wall in-
teractions are expected to takes place. Based on the
thin film approximation for an incompressible liquid,
the continuity equation can be rewritten as function of
the film thickness δ by considering single face area:

∂δ

∂t
+5 · (δUf ) = Simpg + Sevap (3)

In this equation the first term on the left side rep-
resents the transient evolution of the film thickness δ.
The second term is the convective part with Uf as film



velocity. The two terms on the right hand side rep-
resent source terms due to the spray impingement and
mass transfer during the film evaporation, respectively.
The term Simpg can have both ve and +ve contribution
based on whether the impact is deposition or impinge-
ment induced film breakup. It is expressed as:

Simpg =
4πρ

3Aρf∆t

Nd∑
i=1

r3i (4)

where ρf is the film density, A the face area, ∆t time
step,Nd the number of impinging droplets with the ra-
dius ri.
In order to completely describe the transport of multi-
component AdBlue wall film additional transport
equations for species is required. To retrieve the mass
fraction of individual species, the transport equation
needs to be solved for each k as:

∂δYk
∂t

+5 · (δYkUf ) = Simpg,k + Sevap,k (5)

where the source terms due to spray impingement
and evaporation in the right side are contribution from
individual species k.

Next, the energy balance in the film shall be con-
sidered to account for (1) the heat exchange with both
the carrier phase and the wall, and (2) for the contribu-
tion from the impinging spray SH .

∂δH

∂t
+5 · (δHUf ) = Jg − Jw + SH (6)

In this equation the quantity Jg is the heat exchange
between the film and gas due to both temperature gra-
dient and evaporation, and Jw expresses the heat ex-
change with the wall.
Finally the momentum transport in the film has to be
considered. It can be expressed as;

∂δUf

∂t
+5·(δUfUf ) =

1

ρ
5(δPf )−τf+τw+δgt+SU

(7)
The terms in the right hand side represent the source
term due to pressure gradient, shear force along the
film free surface (gas side), and shear force along
wall-film interface, gravitational force tangent to
film and source terms due to film impingement,
respectively. More details can be found in Bai (2002).

3 Numerical configuration and simula-
tion setup

To assess the prediction capability of the adopted
numerical methodology, two generic experimental
configurations are selected. The first features the ex-
perimental set-up as reported by Shahariar (2019) pri-
marily dealing with AdBlue spray impingement on

normal wall with dimension of 150x150mm2, while
AdBlue injector is located 30mm normal to the wall
(see Figure 1). The droplet size distribution of the
injected parcels is shown in the Figuer 2 (left). A
fully -hex-hedral mesh with 2.0 million control vol-
ume is used to spatially discretized the computational
domain while the AdBlue injection and resulting spray
dynamic is represented by approx. 5 millions/sec of
computational parcels. More details about the experi-
mental methods can found in the original work of Sa-
hariar (2019).

Figure 1: The generic spray impingement configuration Sa-
hariar (2019).

Figure 2: Injected droplet size distribution for the generic
spray impingement Sahariar (2019) and SCR con-
figuration Spiteri (2016) .

Figure 3: A generic SCR configuration experimentally in-
vestigated by Spiteri (2016) and LES computa-
tional mesh.

The second configuration represents a generic SCR
configuration as reported by Spiteri (2016). It was es-
pecially designed to understand the various SCR pro-
cesses such as AdBlue injection, spray dynamics, urea
decomposition, NH3 conversion and NOx reduction in
relatively simple geometric configuration with a total
length of duct of approx. 870 mm with 80x80mm2



square cross section and 80 mm circular duct diametr
(see Figuer 3). For more details, please refer to Spi-
teri (2016). A fully structured hex-hedral mesh is
used to spatially discretized the whole domain with
approx. 1.5 millions control volumes and 0.6 mil-
lions computational parcels to track the spray evolu-
tion with injected droplet size distribution shown in
Figuer 2 (right). As pointed out in Ries (2018), instead
of considering the extended inlet to achieve the fully
developed turbulent inflow condition, only 1D chan-
nel length is considered while the fully turbulent inlet
boundary condition (see Figure 4) is insured by a dig-
ital filtered inlet method as proposed by Klein et al.
(2003). Although the original experimental work of
Spiteri (2016) includes various parametric conditions,
in this study only numerical simulations for the carrier
gas flow of ṁg=100kg/hr with Tg = 473, 573K and for
the AdBlue injection rate of 4.7 g/s, injection duration
of 60 ms with 1 Hz injection frequency are carried out.
The numerical simulations are carried out for 60 con-
secutive injection events in order to better analyze the
AdBlue spray deposition on the wall and the resulting
film formation.

Figure 4: Arbitrary two instances of turbulent inlet bound-
ary condition based on digital filtered method
Klein (2003) .

Figure 5: Spray penetration depth and the calculated de-
posited AdBlue mass Sahariar (2019)

4 Results and discussion
As pointed out earlier, the complete diesel SCR-

DeNOx is highly complex process. Therefore, the
adopted numerical methodology is first evaluated in
a simplistic configuration. Figure 5 (top) depicts the
comparison of simulation results with experiment data
for the spray penetration depth with respect to the
injection duration. This demonstrates a good agree-
ment except a little deviation closer to the wall. The
numerically calculated AdBlue wall film deposition
rate is shown in Figure 5 (bottom) featuring a linear
deposition rate once the spray impinges on the wall.
This test configuration was intentionally selected to
support the wall impingement analysis as the AdBlue
deposition is very intense. This leads the most of the
injected AdBlue to form the film mass on the duct
wall.

Next, LES based numerical investigation is carried

Figure 6: An instance of AdBlue injection and subsequent
spray dynamics at 50 ms SOI of a generic SCR
configuration Spiteri, (2016) .

Figure 7: Evolution of AdBlue film along the duct wall
after 20 injecton cycle for cases ṁg=100 kg/hr,
Tg=473K (TOP); and ṁg=100 kg/hr, Tg=573K
(BOTTOM)..

out for a generic SCR configuration with more
realistic design and operating parameters. Figure 6
shows the injection and subsequent evolution of the
AdBlue spray at 50 ms after SOI for the case ṁg=
100kg/hr and Tg=473K. The impact of the hot-cross
flow on spray dynamics is clearly evident as the
smaller droplets can be seen following the carrier



phase while the larger droplets are mostly responsible
for wall impingement. Since the process of droplet
impact on the wall is very intense, an impingement
induced droplet breakup can also be observed as the
post-impingement droplet diameters are considerably
smaller. In the real automobile SCR system, this
phenomena is often exploited by intentionally im-
pinging the AdBlue spray on the mixer plate. This
finding also corroborates the numerical results in
the previous investigations by Nishad et al. (2018a,
2018b, 2019). Thereby, the authors reported that the
larger AdBlue droplets are predominantly responsible
for the wall-film and solid deposits formation. More-
over, the impinging droplets also generate a so called
impingement pressure on the wall/wall-film interface
which causes the film mass to spread on the duct wall.
This phenomena is clearly evident in next Figure 7
showing the wide spreading of AdBlue film mass on
the duct wall. A relatively thinner film thickness can
be seen in the region where the most of the droplets
are being impinged. The generated impingement
pressure then drives the wall film forward leading to
a accumulated film front as observed in Figure 7 for
both the operating cases. The film formation is largely
governed by the hydrodynamics of the impinging
droplets and the wall surface properties. Therefore,
the overall film dynamics looks similar for both the
cases owing the same range of cross flow of ṁg=100
kg/hr. Such a phenomena is further confirmed by
the evolution of the cumulative deposited film mass
shown in Figure 8 (top) where both operating param-
eters display very slight variation. Figure 8 (bottom)
shows the evolution of the film thickness locally at
the point 120mm downward from the injector location
along the duct centerline. The wall film is thinner
for higher carrier phase temperature (Tg=573K)
almost for all the operating time. However, this
observation cannot be the same at all location as
observed previously in Figure 7. Additionally, at a
given time the total wall film mass can be different
owing to higher rate of evaporation of AdBlue droplet
and wall film in the case of Tg=573K. This can also
help in expediting the formation of gaseous urea and
subsequent thermal decomposition into NH3 as seen
in Figures 9 and 10 at the physical time of 20.1 sec.
A relatively higher concentration of both the NH3
and HNCO is clearly visible for higher operating gas
phase temperature (please, notice the legend bar with
different scales). The higher conversion of ammonia
(NH3) and iso-cyanic acid (HNCO) can be attributed
both to the faster evaporation rate and chemical
kinetics of ammonia conversion. In order to monitor
the evolution of these species along the cross sectional
plane, the NH3 distribution is exemplary plotted
along the cross-sectional plane 0.3 m downward
from the injector location in Figure 11. The higher
concentration with wider species distribution can be
observed for the case Tg=573K, suggesting that the

higher is more conducive for NOx reduction and also
for less formation of solid deposit. This latter issue
is not addressed here and left for future course of
research.

Figure 8: Cumulative deposited AdBlue film mass (TOP);
and evolution of film thickness at central location
120 mm downstream from injection point on lower
duct wall (Bottom) .

Figure 9: The NH3 conversion along the middle section of
the generic SCR duct for cases ṁg=100 kg/hr,
Tg=473K (TOP); and ṁg=100 kg/hr, Tg=573K
(BOTTOM)

5 Conclusions
A LES based numerical framework is proposed

and then applied to simulate the processes in a SCR-
DeNOx system. The numerical methodology includes
the spray wall-impingement, the film formation and
subsequent film transport based on the thin-film ap-
proach. Thereby, the mass transfer across the phase is
accounted for by a multi-component droplet and film
evaporation model. A generic experimental configu-



ration with spray impinging normal to the wall was
used first to evaluate the spray wall interaction. Subse-
quently, a more complex and generic SCR configura-
tion with realistic operating conditions allowed to an-
alyze the spray-wall interaction, film formation, urea
decomposition and NH3 conversion. As expected, the
higher gas phase temperature is more conducive for
the efficient SCR operation. It turned out, that the
adopted LES based numerical framework has potential
to capture more complex deposit formation and NOx
reduction in real SCR systems.

Figure 10: The iso-cyanic acid conversion along the mid-
dle section of the generic SCR duct for cases
ṁg=100 kg/hr, Tg=473K (TOP); and ṁg=100
kg/hr, Tg=573K (BOTTOM).

Figure 11: The NH3 conversion along the cross-sectional
plane at 0.3 m downstream to injector location
of the generic SCR duct for cases ṁg=100 kg/hr,
Tg=473K (LEFT); and ṁg=100 kg/hr, Tg=573K
(RIGHT).
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Background 
Particles of nano-meter size are ubiquitous in modern life, with applications in battery materials, 
catalysis, tires, paint, sun cream, textile coatings and many others. Different routes for particle 
production exist, but the synthesis in flames enables a particularly low cost and high scalability. 
For this purpose, a precursor material is typically diluted in a liquid or gaseous fuel, burned in a 
(turbulent spray-) flame to break up the precursor molecules, and subsequently condensed to form 
initial particles. The particles grow due to surface deposition and reactions, form agglomerates and 
undergo coalescence and sintering processes. The final morphology of the product is strongly 
process dependent. These particles may then be collected in a filter, washed out into a liquid, 
processed further (e.g. coated) – or might burn off again, like most of the soot particles formed in 
a flame. Interestingly, the formation of nanoparticles and soot particles are very similar – the 
difference being that synthesis processes are optimized to produce a great number of nanoparticles 
whereas flames for power or heat-generation are tuned to avoid the emission of soot. (One should 
note that even soot is a major product, needed by the tire industry and typically referred to as 
“carbon black”.) Commonly used nanoparticles are made of carbon (carbon black), titania (white 
dye, sun cream), silica (food industry), silicon (electrodes), iron oxide (catalysis, magneto-
rheologial fluids), silver (anti-bacterial), but many other, more exotic materials exist for a wide 
range of applications. Applications of these particles benefit from the great surface to volume ratio 
of these particles (e.g. catalysts), from their ability to form thin coatings (optical coatings, 
diffusion inhibiting layers), mechanically stable porous media – and their ability to disperse.  
Producing these nanoparticles, however, is still limited by a poor fundamental understanding of 
the chemical kinetics of the (gaseous) precursors and the subsequent condensation from the gas-
phase, and the complex aerosol-dynamics involved. On a production scale, nanoparticle forming 
flames are invariably turbulent, often involving the atomization and evaporation of liquid multi-
component fuels and precursors – introducing the well-known challenges of a complex turbulent 
multi-phase flame. Modelling the formation of particles increases these challenges further – 
mainly i) due to the need for describing the transport and evolution of the joint size (and property) 
distribution of the nanoparticulate phase, which means that a PDF- or FDF-transport equation 
must be solved and ii) the need to resolve the very small scales in the scalar field that resolve from 
the very low diffusivity of the nanoparticles compared to the gas-molecules – where Schmidt-
numbers of 104 are not uncommon, so that Batchelor scales must be resolved that are 102 times 
smaller than the Kolmogorov scale(!) – making a 3D-DNS 1010 times more expensive than one 
without nano-particles. Unfortunately, these small scale particle fields cannot simply be “LES-
filtered”, as the agglomeration terms have a quadratic dependency on the number concentration, so 
that agglomeration would be greatly underestimated. 
Given the great economic relevance of nanoparticle materials and the challenges in their 
production, much work on simulation approaches, modelling and validation is needed. This paper 
illustrates some recent developments from the group of the author – towards a comprehensive 
modelling approach for the nanoparticle synthesis in flames. 

Modelling 
Theoretically, nanoparticle forming flames can be modelled like turbulent flames, for example by 
large-eddy simulation, using Lagrangian particles for the (fuel-precursor) spray droplets, a mixture 
fraction for the evaporated phase (and, where needed, a mixture fraction for the pilot flame), a 
progress variable for combustion progress, and a PDF assumption for the thermo-chemical state 
and reaction process. Our group uses the massively parallel inhouse-code PsiPhi, with central 
differencing for momentum transport, TVD schemes for scalar convection and a high-order 



Runge-Kutta scheme for time-integration. Inlet turbulence is generated with an efficient 
implementation [1] of Klein’s inlet turbulence generator [2], a turbulent viscosity is computed 
from Nicoud’s sigma model [3], and density and reaction progress are obtained from a tabulated 
Flamelet Generated Manifold (FGM), following van Oijen et al. [4]. Such simulations provide 
results that are superior to most RANS (Reynolds Averaged Navier Stokes) simulations, but 
interesting problems remain. 
These issues are illustrated here for the example of iron oxide particles from spray combustion of 
iron nitrate solutions, a dynamic process depending on local size distributions and thermochemical 
states. In our model, inception is assumed to take place immediately after iron oxide molecules 
have been formed in the flame front. These iron oxide molecules are the smallest units (i.e. the 
inception mode) and represent the first particle size section in the sectional model [5]. For each 
section (typically, well over 20 are needed), a transport equation must be solved; growth is then 
described by a transfer of particle mass from one section to a larger section; the agglomeration of 
two particles is described by a transfer from two sections to one larger section. By covering all 
possible combinations of particle collision pairs, realistic coagulation can be captured. Co-
agulation is described by a collision kernel β. We apply a harmonic mean collision kernel 𝛽"#∗   – 
which is computationally efficient (but still of quadratic complexity in terms of section numbers). 
The change in the number concentration 𝑁& of a discrete section 𝑘 is then given as: 

  

(1) 

The terms on the RHS of equation (1) are the source and the sink due to coagulation. The size 
splitting operator 𝜒"#& interpolates the contributions of collisions that fall between the discrete 
sections 𝑖 and 𝑗. In LES, the nanoparticle transport is given by solving a filtered transport equation 
for each section respectively, leading to a series of partial differential equations for each section k. 
The following equation already involves some “heavy” modelling assumptions:  

 
(2) 

The diffusion term is affected by the increased diffusion of the ATF (artificially thickened flame) 
approach, with the flame thickening factor F, the efficiency function E and the flame sensor Ω and 
the particle diffusivity 𝐷-. of section 𝑁&, the turbulent viscosity 𝜈0, the turbulent Schmidt number 
Sct, as well as the inception rate I that only applies to the first section. With this model, the subgrid 
distributions of the very small scales of the Eulerian fields are not considered – but we are 
currently developing a Lagrangian FDF/PDF-method, where transport and mixing is described by 
notional particles [7]. In our previous work, subgrid distributions of the Eulerian particle fields 
have been neglected in the description of the coagulation nucleus, and a homogeneous distribution 
has been assumed. This simplification was justified by a) the lack of better models and a need to 
test an overall approach, by b) the fact that particle inception happens over a relatively wide range 
of stochiometry and thus a relatively wide region in physical space, by c) the very moderate 
Reynolds number (of the available experiments) and relaminarisation of the burned combustion 
products, which helps avoid the formation of very small structures in the scalar field – and finally, 
by d) a lack of suitably detailed and accurate experimental validation data. The new FDF/PDF-
method should improve the modelling of agglomeration and the resulting particle size 
distributions. 

Findings and future work 
Some examples from current simulations are shown in Fig. 1, illustrating instantaneous and 
averaged fields of axial velocity, temperature and number concentrations of different particle size 
classes. Comparing the results to measurements shows a satisfactory agreement of the simulations 
and experiments already, but it is necessary to use a suitable number of sections over a suitable 
range of particle sizes – requiring a sensitivity study. Comparing the sectional model to cheaper 
mono-disperse and bi-modal models showed the superiority of the sectional model, yielding more 
information and better agreement with the validation experiments. In spite of these successes, the 
current modelling approach is not satisfactory, as the lack of suitable subgrid modelling limits its 
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application to very moderate Reynolds numbers – a situation that will improve with the in-
development PDF/FDF model. The high cost of this model will, however, not make it suitable for 
common applications, for which reason we are also working on a hybrid model that reverts to 
simpler modelling where possible. 

 

 
Fig. 1: Mean (left halves) and instantaneous fields (right halves) in the SpraySyn nano-particle forming flame: Axial 
velocity component, temperature, and number concentrations of particle size classes between 0.4 nm and  25 nm.  
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1 Introduction

Maritime transport is important, growing [1], and makes negative contributions to air quality through emis-
sions such as NOx, SOx, volatile organic compounds (VOCs), and particulate matter, which are receiving
attention by the International Maritime Organization (IMO) [2]. They constitute a health concern for popu-
lations near coastal areas and ports, whereas the long-term dispersion of some pollutants can also affect the
climate [3]. In order to correctly calculate the level of pollution and emission patterns by ship traffic, especially
in their near field which is of significant interest for city-ports, the chemistry of individual ship exhaust plumes
has to be considered and incorporated in atmospheric dispersion models for the creation of emission inventories
at a regional and global level [4].

Previous studies on the chemical evolution of ship plumes considering photochemistry (e.g., [5–7]) and
aerosol formation (e.g., [8]) have shown the importance of non-linear chemistry and plume dilution with back-
ground air, but have neglected turbulence-chemistry interaction following common practice in atmospheric dis-
persion modelling. However, inhomogeneities within exhaust plumes, mostly affected by ship aerodynamics,
and turbulent species correlation effects, also known as segregation, are affected by micromixing (molecular
mixing). The extent to which these effects are important in the near-field evolution of chemically-reactive
ship exhaust plumes has not been studied yet, but it is expected that species with fast timescales such as those
participating in VOC chemistry and aerosol formation are strongly affected by micromixing [9].

In this work, we undertake CFD simulations to study the aerodynamics of a 270m-long oil tanker and the in-
teraction between its wake and exhaust plume. The exhaust plume is tracked via a conserved scalar, ξ, which is
set to unity at the exhaust stack and zero in the background air. Subsequently, the Conditional Moment Closure
(CMC) method [10] is employed to solve for the chemical evolution of NOx, SOx, O3 and VOCs using a de-
tailed mechanism for photochemistry [11]. The CMC method, developed mainly for turbulent combustion [10]
but also used for atmospheric pollution problems [9, 12, 13], employs transport equations for conditional av-
erages of reactive scalars, with the conditioning done on a conserved scalar, such as ξ. CMC offers a way
to introduce finite-rate chemistry and micromixing effects, whereas the aerodynamics CFD simulation allows
for the inclusion of inhomogeneities in the calculations. The objectives of this study are to (i) investigate the
impact of aerodynamic (macromixing) and micromixing effects in the near-field of the chemically-reactive ex-
haust plume and (ii) compare predictions with more simplified atmospheric dispersion models operating at a
larger scale.

The analysis here focuses on gaseous-phase pollutants, but it will also serve as a valuable benchmark for
further investigations considering the additional formation and evolution of particulate matter, such as sulphates
particles, black and brown carbon.

2 Methodology

The shipping vessel under investigation is a crude oil tanker, named Maran Helen, belonging to Maran
Tankers Management Inc. and currently sailing under the flag of Greece. The ship has an overall length
L = 274 m, a beam W = 46 m, and height H = 30 m from the waterline at design load, corresponding
to a gross tonnage of about 83,000 kg and a summer deadweight of 156,000 kg. The vessel utilises an STX-
MAN B&W 6G70ME-C9.5 2-stroke, 6-cylinder engine with a displacement of about 7,500 l and a rated power



of 15.31 MW at 70.8 revolutions per minute operating with marine Heavy Fuel Oil (HFO). In this work, we
considered a cruising scenario outside the coast of Singapore, which is highly likely to carry emitted pollutants
to populated areas. The vessel is assumed to be cruising along with the Singapore port limit in the East-northeast
direction towards Zhoushan (China), as depicted in Fig. 1a. The ship’s speed is taken equal to 10 knots (5.15
m/s) corresponding to an engine load of 25 %. We considered a south wind of 3 m/s (light breeze at Beaufort
scale), which is a realistic condition relative to the annual average wind reported by the Meteorological Service
Singapore (www.weather.gov.sg).

(a) (b) (c)

Figure 1: (a) Vessel location and relative speed with overlayed typical ship traffic. (b) Top view of computa-
tional domain. (c) Front view of computational domain with indicated wind profile.

The velocity, turbulence and passive scalar fields were calculated using a 3D-RANS method with the k− ω
turbulence model and second-order accurate numerical schemes in CONVERGE. The computational domain
with the respective boundary conditions is shown in Figs. 1b-1c. For the sake of simplicity, typical oil-tanker
components on top of the deck, such as pipes or cranes, and the superstructure, such as antennas, have not
been included in the computational domain. These additional elements may result in slightly different aerody-
namic behaviour, also affecting the ship exhaust plume. Nevertheless, this simplification is not restricting, as
concluded by parametric studies on exhaust gas behaviour for a similar vessel [14]. The oceanic Atmospheric
Boundary Layer (ABL) has been approximated with a power-law profile, whereas a no-slip condition has been
used for the sea and ship surfaces. A zero-gradient condition has been applied at outflow planes. A uniform
velocity profile has been imposed at the exhaust stack with a zero-gradient condition for pressure. An exhaust
mass flow rate of 17.2 kg/s with a temperature of 308 K and 100% humidity was considered corresponding
to engine conditions at 25% load and a scrubber installation for removal of SOx. The equivalent velocity is
about 4.6 m/s for an exhaust stack diameter of 1.3 m. The exhaust plume was then replicated via the means
of a passive scalar, ξ, that was set equal to 1 at the exhaust stack and zero at the background ambient air. The
buoyancy of the exhaust stack is also incorporated by considering a background temperature of 293 K. The
computational grid contained a total of about 35 million cells, with adaptive refinement at the exhaust plume
location, ship airwake and the surfaces of the ship deck and superstructure.

Following the calculation of the aerodynamics, the CMC method is consequently applied and coupled with a
detailed chemical mechanism accounting for photochemistry [11]. The mechanism was initially developed for
regional and urban problems; hence it might result in some uncertainty in the near-field evolution of the reactive
plume. However, the mechanism can provide a reasonable estimate of the timescales for stable and radical
species and their dependence on micromixing. Concentrations at the exhaust stack (ξ = 1) were evaluated
based on engine certification measurements following the E3 test cycle, specified in MARPOL 73/70 Annex VI
regulation for marine engines. Background concentrations (ξ = 0) were calculated based on Ref. [7]. As far as
the CMC method is concerned, a similar approach to Ref. [9] is employed, which is equivalent to the solution
of conditional averages of reacting scalars, conditioned on the conserved scalar ξ. Given the negligible effect
of photolysis to the local temperature, the equations can be decoupled from the flow field calculation. However,
the assumption of small radial variation within the plume and the use of cross-stream conditional averages
utilised in Ref. [9], is revisited here, and an Incompletely Stirred Reactor Network (ISRN) is employed instead
(see e.g., [15]). The latter method uses a spatially-integrated form of the CMC equation that allows for the
consideration of spatial effects in all directions.



3 Results

Figure 2 shows the mean airflow over the shipping vessel, illustrated by mean streamlines in vertical planes
that are aligned with the oncoming wind. The streamlines are coloured by the local turbulence intensity. For the
investigated conditions, the ship airwake behind the ship superstructure extends about 1.5 ship beams (aligned
with the wind direction) and is characterised by increased levels of turbulence due to the action of recirculation
and vortical structures. Figure 2 also depicts the iso-surface of the passive scalar, ξ, released at the exhaust
stack. The iso-surface is taken at a threshold value of ξ = 0.05 corresponding to highly diluted exhaust gas
with background air. The evolution of this scalar follows the dispersion of the exhaust plume but does not
precisely represent the visible exhaust plume. This can be replicated if a particular value of ξ is identified
where water condensates (or black/brown smoke) are high, hence visible. However, photolysis reactions and
the chemical evolution of reactants occur within finite (non-zero) values of ξ, where high dissipation rates, i.e.,
micromixing, may also have significant effect [9].

The latter are controlled by turbulence and the overall interaction between the plume and the airwake. As a
result, inhomogeneities within the exhaust plume are expected, even though these are typically not considered
in atmospheric dispersion modelling [5]. It is noteworthy that in the investigated conditions, the superstructure
airwake results in a downwash of air towards the sea surface, also leading to entrainment of exhaust gas. This
is also evident by the spatial evolution of ξ at various planes through the plume. Note also the variable level
of turbulence intensity on the iso-surface of ξ, which can further affect non-uniform mixing. Here, the super-
structure aerodynamics appear dominant within the first meters of the plume. Considering different operating
scenario and superstructure geometry, where the exhaust is emitted outside the boundary layer, the gas momen-
tum, buoyancy and entrainment by ambient air may have a more significant effect, and the exhaust gas would
be emitted more smoothly [14]. It would be of interest to assess the near-field level of pollution for different
conditions depending on the entrapment of exhaust gas within the ship airwake.
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Figure 2: Predicted ship airwake as streamlines in vertical planes aligned with the oncoming wind. Superim-
posed iso-surface of the mean passive scalar, ξ = 0.05, and profiles at various planes through the plume.

The time-evolution of representative conditionally-averaged reacting scalars is shown in Fig. 3. Starting
from a pure mixing line, dictated by the exhaust stack and background concentrations, results are reported af-
ter 2 min and 30 min of computational time, corresponding to a location near and far from the exhaust stack.
The chemical evolution in Fig. 3 is either driven only by the local pollutant concentration (no micromixing)
or by the combined effect of micromixing, assuming a Gaussian profile for the conditional scalar dissipation
rate with a constant peak value N0 = N |(ξ = 0.5). The latter case corresponds to the solution of the CMC
equation without considering transport in physical space (a.k.a., 0D-CMC). It is evident that, for this numerical
experiment, micromixing is a significant driving mechanism resulting in both qualitative and quantitative dif-
ferences in the evolution of NO2, NO and O3. This is representative for the chemical evolution of all reacting
scalars within the plume, as their local concentration in physical space is the integral of their conditional value
times the probability density function of the passive scalar ξ. The magnitude of the scalar dissipation rate is
also important, which typically varies in physical space and is affected by the flow and turbulence. Further
investigations will quantify and assess these effects at full scale.
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Figure 3: Time-evolution of reacting scalars NO, NO2 and O3 in conditional (ξ) space. Results are shown with
finite (constant) and without simultaneous micromixing.

4 Preliminary conclusions

This work reports the successful application of CFD to simulate the aerodynamics of a 270m-long oil tanker
and the dispersion of its exhaust plume, given a realistic operating scenario. The focus is on the evolution of
gas-phase pollutants within the exhaust plume and the effects of mixing, at the small and large scale, which
are expected to affect the near-field level of pollution behind the ship. In this direction, the CMC method is
applied together with a detailed chemical mechanism for gaseous-phase photochemical reactions. Preliminary
results in mixture fraction space suggest the important effect of micromixing to correctly estimate the level of
pollution within the plume. The final goal is to compare pollutant predictions with ones typically obtained with
modern atmospheric dispersion methods that rely only on mean concentrations and simplifying assumptions
for the ship plume shape.
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Abstract
In order to quantify the impact on the heat ex-

changer performances of the wall roughness intro-
duced by additive manufacturing, roughness-resolved
Large-Eddy Simulation (RRLES) is a valuable tool.
However, representative rough surfaces and high-
quality body-fitted grids of these surfaces are difficult
to generate automatically, which prevents from build-
ing parametric RRLES databases that can be used for
model development. In this work, a rough surface gen-
erator with a fine control on the height distribution in
the three space directions is proposed. This tool cre-
ates triangulated surfaces that are the input of a parallel
body-fitted tetrahedral mesh generator. In this latter,
the cell size and its gradient and the element skewness
are well controlled enabling their use for high-fidelity
LES.

1 Introduction
In the aeronautical and aerospace engineering, ad-

ditive manufacturing paves the way for new designs
of critical components and especially heat exchang-
ers (Carozza, 2017). Recent progresses in additive
manufacturing are a great opportunity for innovation
aiming at Compact Heat Exchangers (CHX). Pressure
loss and heat transfer performances are the two main
characteristics to be optimized for heat exchanger effi-
ciency. However, the important roughness introduced
by additive manufacturing strongly impacts these per-
formances (Arie et al. 2016). There is a lack of fun-
damental knowledge on how these untypical rough-
ness structures modify the heat transfer and pressure
loss introducing a strong uncertainty between com-
puter design and industrially printed parts. Reduc-
ing this uncertainty and better controlling the perfor-
mance of 3D printed heat exchanger could be achieved
with better rough-wall models and roughness-resolved
Large-Eddy Simulation databases could help in this
task. This paper focuses on how defining representa-
tive rough surfaces and how to generate 3D roughness-
resolved unstructured and body-fitted meshes with a
fine control on the cell size distribution.

2 Rough-surface generator (RSG)

Surface roughness parameters that characterize the
height moments of a surface are categorized into three
groups: amplitude, spacing and hybrid. Predominant
roughness parameters commonly used in the literature
are the arithmetic average height denoted Sa, the root-
mean-square height Sq , skewness Sk, kurtosisKu and
the roughness density (Λ) or the effective slope ES
(Gadelmawla et al., 2002 ; ISO 25178-2). The arith-
metic average height is the most known among the pa-
rameters and is usually used to control the roughness
of manufactured parts. This is defined as the aver-
age absolute deviation of the roughness irregularities
compared to the mean roughness height zm, which is
assumed to be zero throughout the paper. The root-
mean-square height Sq is also another important pa-
rameter which is more difficult to measure. While
skewness quantifies the asymmetry of the PDF, kurto-
sis describes its sharpness. Surface with high peaks or
deep valleys correspond to respective positive or neg-
ative skewness. If Ku < 3, the distribution curve is
said to be platykurtoic and has relatively few sharp
peaks. In contrary if Rku > 3, the distribution is
said to be leptokurtoic and many sharp peaks are lo-
cated on the surface. The case Ku = 3 belongs
to a Gaussian PDF. Additional information is needed
about the spatial properties of the surface in the other
wall-tangential space directions. Studies (Napoli et
al., 2008 ; De Marchis et al., 2015) have underlined
the predominance of the effective slope in predicting
roughness effects, defined as the average of the slope
of the roughness along the streamwise direction:

ES =
1

LxLy

∫
Lx

∫
Ly

| ∂z(x, y)

∂x
| dxdy (1)

Roughness in additive manufacturing
In additive manufacturing, several factors have an

impact on the surface topography like the thickness of
printed layers, the angle of the surface compared to the
horizontal build bed, powder’s particle size distribu-
tion for power bed methods or the laser power and scan
speed for Selective Laser Melting (SLM), the material
used and many more. For the targeted applications in
this present work, surface finishing is not considered
as such procedure can not be applied for CHX.

Nevertheless, one key point is that surfaces



produced with AM are likely non-Gaussian and
anisotropic. Due to the layer-by-layer nature of AM
process, patterns of peaks or valleys called welding
tracks can be distinguished in general. Slags also
appear on surface due to powder particles or mate-
rial which are not correctly melted (Cabanettes et al.,
2018).

Numerical method
The chosen method to generate numerically rough

surfaces relies mainly on the algorithm described by
Hu and Tonder (1992) and with improvements from
Bakolas (2003). They have developed a random
surface generation approach based on Fourier analy-
sis, filtering, and Johnson translator system (Johnson,
1947). These key points are described here.

Heightmap and areal autocorrelation function.
Due to the fact that rough surfaces can be assimilated
to a random process, two statistical functions are suf-
ficient to obtain a given surface: the elevation dis-
tribution PDF and the areal autocorrelation function
(AACF). The latter represents the dependence between
height values at one specific location on such values at
another position. It is defined as:

AACF (τx, τy) = E[z(x, y)z(x+ τx, y + τy)] (2)

with E the expected value of the product between
height elevation at two different locations. This defi-
nition introduces two correlation lengths τx and τy re-
spectively along the x-axis and the y-axis. They char-
acterize the length at which the AACF drops to 10% of
its nominal value in the given direction. For isotropic
surfaces, these lengths are equal but their values differ
for anisotropic ones.

Considering the patterns observed in additive man-
ufacturing, only anisotropic surfaces are considered in
this work. The AACF incorporated in the RSG and
imposed as input is the following:

AACF (x, y) = S2
q exp

−[( x

τx

)2

+

(
y

τy

)2
] 1

2


(3)

Filtering and Fourier analysis. The considered
procedure is based on 2D digital filtering technique ex-
posed by Hu and Tonder (1992). Such filter is a system
transforming an initial (N+n) x (M+m) matrix [ηi,j ]
into an outputN xM matrix [zi,j ]. With finite impulse
response (FIR) filters particularly, and given a 2D ran-
dom sequence [η(i, j)], the transformation is written
as:

z(i, j) =

n∑
k=1

m∑
l=1

h(k, l)η(i+ k, j + l) (4)

where coefficients h(k, l) are to be determined for pro-
ducing the expected AACF. As suggested by Hu and
Tonder (1992), a windowing function w(k, l) is ap-
plied onto the filter coefficients to reduce the Gibbs

phenomenon. The chosen w(k, l) is a Gaussian win-
dow function:

hw(k, l) = h(k, l)w(k, l) (5)

The Fourier transformation of the equation (4) yields:

Z(wx, wy) = H(wx, wy)A(wx, wy) (6)

Fourier transform of z and η are respectively Z and
A. The transfer function H can be calculated with the
relation between power spectral densities (PSD) of η
(Sη) and z (Sz):

Sz(wx, wy) = | H(wx, wy) |2 Sη(wx, wy) (7)

As [η(i, j)] is considered being a Gaussian sequence,
the PSD Sη is equal to a constant value. Sz corre-
sponds to the Fourier transformation of the expected
AACF. An inverse Fourier transformation applied on
H(wx, wy) gives the filter coefficients h(k, l).

For anisotropic non-Gaussian surfaces, another
transformation step applied to the sequence η is re-
quired to give a non-Gaussian sequence η′. This is
done through a so-called Johnson translator system
(Johnson, 1947). The root-mean-square Sq is con-
served but new skewness Skη′ and kurtosis Kuη′ fac-
tors have to be modified for η′. A convolution between
filter coefficients and this new sequence yields desired
Sq , Sk, Ku and AACF for the output surface z(i, j).

The Johnson curves are integrated in the outer-loop
algorithm given by Hill et al. (1976) and modified by
Tuenter et al. (2001) to determine the parameters SU
of the Johnson curves.

Implementation of periodic boundaries
Useful for some cases, a procedure for ensuring

periodic boundaries with continuous slope has to be
integrated into the RSG as exposed in Fig. 1.

Figure 1: Procedure for obtaining periodic boundaries

First, the desired planar surface is repeated in x-
and y-directions. Then a 2D Savitzky-Golay filter is
applied on the global surface. This kind of filter is
widely known for signal processing. Finally, we ex-
tract the half of the surface in each direction which
ensures the periodicity.

Generated surfaces and geometries
The RSG has been applied successfully to peri-

odic and non-periodic planar surfaces, parallel planes,
square and cylindrical channels. Furthermore, un-
melted particles and slags are present on the surface



topography in AM. Thus, a union of spheres proce-
dure has been incorporated as an option to enable this
characteristic of AM surfaces. Examples of these ge-
ometries are shown in Fig. 2.

Figure 2: Examples of geometries generated with the RSG

Performances and limitations
In the surface generation process, many Gaussian

series have to be generated until the transformed data
set matches the required statistical parameters. Then,
as a high precision is required on the generated surface
properties, a lot of series are necessary. This is why
we have introduced a threshold on desired values for
skewness and kurtosis. This threshold corresponds to
+/−5% of the target value. For the testing of the RSG,
several planar surfaces were generated with different
roughness parameters and correlation lengths values.
The spacing along x-axis and y-axis is 2 µm and the
AACF used is written in equation 3. In addition, some
results on performances are presented in the table 1.
The chosen correlation lengths for these tests are τx =
50 µm, τy = 20 µm.

Parameters Input Output Error(%)
Case 1 Sk 0.100 0.098 2.00

Ku 4.00 3.80 5.00
Case 2 Sk 0.400 0.397 0.75

Ku 4.00 3.86 3.50
Case 3 Sk 0.400 0.417 4.25

Ku 5.00 5.05 1.00

Table 1: Performance tests on skewness and kurtosis

3 Resolved-roughness mesh generator
(RRMG)

Once the STL surface is generated, meshing is a
critical step for predictive roughness-resolved LES.
The challenge lies in the strict control of both the
mesh size and quality. The size is important as it
gives the cut-off between the resolved and modeled
scales. The cell-size gradient is also important as it
may lead to space commutation errors in LES or to

local mesh quality issues. Finally, the mesh quality,
often measured through the cell skewness, has to be
good enough to avoid introducing numerical errors
in the finite-volume schemes. This is why a fully-
automatic and well-controlled procedure for generat-
ing roughness-resolved meshes is required. The idea
is that both the fluid and solid domains have to be
discretized with body-fitted tetrahedral-based meshes
with a controlled resolution at the wall.

Principle

Figure 3: General principle of the RRMG

The RRMG, whose principle is exposed in Fig.3,
is a volume-based mesh generator. It is not strictly
a mesh generator as it requires a coarse input mesh
that will be modified and cut to obtain the final mesh.
The RRMG is based on many features available in
the YALES2 code. YALES2 is an unstructured low-
Mach number code developed at CORIA for the Di-
rect Numerical Simulations and Large-Eddy Simula-
tions in complex geometries (Moureau et al., 2011). It
heavily relies on the parallel volume and surface mesh
adaptation developed jointly with INRIA, LEGI and
SAFRAN TECH. This adaptation provides a fine con-
trol on the cell size and its gradient over the volume
and at the roughness surface. However, the mesh adap-
tation requires to know where to adapt the mesh in the
coarse initial mesh, i.e. where the resolved-roughness
boundary is located. To this aim, many other features
of YALES2 are used: handling of partitioned triangle
sets similar to STLs, level set creation and displace-
ment, computation of geometric distance to a level set
or to triangles in parallel on unstructured grids, ... All
these features participate to the process which is ex-
posed hereafter. Given one or several STL files, one
has to prescribe a desired cell size per STL and the
name of the new boundary condition which will be
created. One or several interior points have to be pre-
scribed in order to distinguish between the interior and
the exterior of the surface (fluid or solid).

Numerical procedure of the RRMG

Step 1: Reading of the STL surface and distri-
bution on processors.

The first step of the process is the reading of the
STL files and a first isotropic adaptation step in order



to get enough triangles to perform the distribution onto
the processors. The isotropic STL file adaptation is
performed in the code with calls to the MMGS adapta-
tion library. Then, the STL is colored with the METIS
library and distributed. Each group of triangles is rep-
resented as a master sub-surface on one processor and
several slave or ghost surfaces on the other processors
which also have a bounding box which crosses the one
of the sub-surface. From the initial surface generated
with the RSG illustrated in Fig. 4, the refinement and
the distribution are represented in Fig. 5. This distribu-
tion mechanism is essential to get good performances
on a large number of processors.

Figure 4: Original STL file

Figure 5: Refinement of the surface

Step 2: Generation of Lagrangian markers
from the surface.

Figure 6: Lagrangian particles for the calculation of approx-
imate and exact distance

Once the STL file is read, refined and distributed
on the processors, lagrangian particles are created at
the triangle barycenter and at the nodes of the master
surfaces as shown in Fig. 6. These lagrangian particles
carry some data as the original triangle node coordi-
nates and the desired cell size but, they are easier to
handle than triangles. These particles are relocated on

the grid to find to each cell they belong and they can
then be used to compute approximate distance, i.e. the
minimum distance of a node of the mesh to the parti-
cles, or an exact distance based on the projection on
the triangles carried by the lagrangian particles.

Step 3: Computation of approximate distance
to surface.

After the particles are relocated on the volume
mesh, the approximate distance of each node of the
volume mesh to the surface is computed. This distance
is used to build the desired cell size in the volume.

Step 4: Volume adaptation of the Eulerian
mesh.

With the approximate distance, the cells in the
vicinity of the surface can be refined by defining a spe-
cific metric field. This metric field is smaller at the sur-
face location and has to respect a maximum cell size
gradient condition. In order to keep a good quality
of the volume mesh, several successive steps are per-
formed. At the final step, the metric at the surface is
equal to the desired cell size. The number of steps can
be adjusted depending on the ratio between the cell
size of the initial mesh and the final desired cell size at
the surface. For the moment, the interior and the ex-
terior of the final flow domain are not distinguishable
and the cells close to the surface do not coincide with
it.

Step 5: Calculation of a levelset function from
interior points and markers.

In order to ultimately get a body-fitted mesh, the
surface has to be materialized in the unstructured
mesh. To this aim, an implicit representation of the
surface is created thanks to a distance-based level set
method. In this method, a signed distance function
has to be generated. The surface is then the zero iso-
contour of this level set. Building a distance function,
which is positive on both sides of the surface is trivial.
However, building a signed-distance function is more
challenging. The chosen algorithm here is based on a
level set displacement. The algorithm is the following:

• a geometric distance to the lagrangian particles
is computed in a narrow band around the sur-
face. This parallel algorithm is based on a fast-
marching method (Janodet et al., 2019). The idea
is to build at each node the list of the closest la-
grangian particles to the surface. The distance
is then obtained by projecting the node position
onto the triangles represented by the lagrangian
particles.

• the desired cell size is substracted from the geo-
metric distance creating a small negative distance
region around the surface. This step creates two
zero iso-contours of the level set around the sur-
face.

• from the interior points and based on the volume



mesh connectivity, the interior domain up to the
first level set is flagged and kept. The remaining
domain is given a negative distance. At the end
of this step, only one level set remains.

• The remaining level set is displaced back by
adding the desired cell size.

While this methodology gives an approximate de-
scription of the surface on the volume mesh, the errors
have been assessed and they are small and of the order
of a fraction of the desired cell size. The great bene-
fit of using a level set is that it automatically corrects
some topology issues of the STL files. Since the al-
gorithm is distance-based, no topological properties is
needed for the STL files.

Step 6: Cutting of the Eulerian mesh.
Once the signed-distance level set function is built,

the Eulerian mesh is cut, i.e. that all the edges, faces
and cells which are crossed by the level set function
are tessellated in order to transform the implicit sur-
face into an explicitly meshed surface. In a tetrahe-
dron, the cutting algorithm has to consider the number
of edges that are crossed by the level set (3 or 4 edges).
Then, to have a fully parallel algorithm, a global in-
dex of the nodes has to be considered in order to have
compatible faces between two cut elements that share
a parallel interface.

Step 7: Removal of the outer cells.
After the cut, the outer cells that are already

flagged can be removed from the volume mesh. This
step requires to rebuild some connectivity in parallel
and to distribute the grid again onto the processors to
keep good performances.

Step 8: Volume/surface adaptation of the inte-
rior Eulerian grid.

The mesh that undergoes the preceding steps is of
good quality inside the volume but of very poor qual-
ity at the surface as the mesh cut generates very small
edges and potentially highly skewed elements. Then,
parallel volume and surface adaptation is performed
with the MMG library to recover a correct mesh. The
final mesh is represented in Fig. 7.

Assessment of final mesh

Figure 7: Final mesh after surface/volume adaptation.

The final mesh obtained at the end of the full gen-
eration process and illustrated in Fig. 7 is assessed in

this section. To this aim, the skewness distribution and
the cell-size distribution based on the cell volume are
given in Fig. 8 and 9. To minimize the truncation er-
rors of the finite-volume schemes of YALES2, it is
necessary that a mesh contains cells which the max-
imum skewness is below 0.8. The obtained skewness
distribution shows that the number of cells with high
skewness is very limited and the distribution is cen-
tered around 0.25. The cell-size distribution is also
representative of what is prescribed. A large number
of cells have the prescribed cell size at the interface
and the cell size grows fast to the size in the original
grid.

Figure 8: Skewness distribution

Figure 9: Cell size based on the volume V 1/3

Performances
The performances of the RRMG are assessed on

two cases consisting of parallel planes with different
effective slopes: ES = 0.24 and ES = 0.72. The
performances are given in Table 2.

ES Cells CPUs CPU RAM
hours /CPU

Case 1 0.24 82M 560 930h 1205Mb
Case 2 0.72 67M 280 812h 1690Mb

Table 2: Meshing performances

Resolved-Roughness Large-Eddy Simulation
(RRLES)

To demonstrate the properties of the surface/mesh
generation process, the RRLES of the channel with
two rough parallel planes and with the effective slope
ES = 0.24 (cf table 2) is conducted.



Parameters Values
Lx, Ly, Lz (mm) 8.0; 3.0; 2.0
initial Nx, Ny, Nz 400 ; 150 ; 100
Cell size on STL 10 µm

Max cell size gradient 0.1
Number of elements 82 M

Table 3: Parameters of the RRLES

The mesh properties are summarized in Table 3.
The flow is assumed incompressible, the fluid kine-
matic viscosity is set to ν = 1.517 10−5 m2/s and
the maximal CFL number used is equal to 0.8. The
turbulence model is the WALE sub-grid scale model
(Nicoud and Ducros, 1999). A recycling boundary
condition enables to make the flow periodic in the
streamwise direction while slip walls are used on the
side walls and no-slip walls are imposed on the rough
surface. The shear Reynolds number is defined as
Reτ = uτh

ν with h the half channel height, and uτ
the friction velocity based on the streamwise pressure
gradient. The chosen value for the present case is
Reτ = 970. With these parameters, the maximum
non-dimensional wall distance of the first point in the
flow y+ is less than 5.

Figure 10: Q-criterion iso-contours in the RRLES

Figure 10 shows Q-criterion iso-contours to illus-
trate the vortical structures at the wall vicinity. This
case is part of a larger database that is being built.

4 Conclusions
The surface and mesh generators have been pre-

sented in detail as well as their capabilities in this pa-
per. They are required to create automatically body-
fitted meshes of resolved roughness with imposed pa-
rameters. The rough surface generator (RSG), based
on some roughness parameters, is able to accurately
yield different types of roughness and different ge-
ometries in the STL format. An option for peri-
odic boundaries with continuous slope was also intro-
duced. Concerning the resolved-roughness mesh gen-
erator (RRMG), the procedure is fully-automatic and
enable a control on the cell size at the wall. Both fluid
and solid domains are discretized. Thus body-fitted
tetrahedral-based meshes with a good quality are ob-
tained with the RRMG and resolved-roughness Large-

Eddy simulations can be therefore performed.
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Abstract
We study turbulent flows within and above sparse

canopies using direct numerical simulation (DNS). In
the sparse regime, the spacing between canopy ele-
ments is large, and the turbulent eddies can penetrate
into the canopy region, while in the dense regime the
eddies are essentially blocked from penetrating within
the canopy. We study canopy layouts with different
densities – ranging from intermediate to very sparse –
and different element shapes, and consider both imper-
meable and permeable elements. We show that when
canopies are sparse they mainly affect the surround-
ing flow through two distinct mechanisms. The first
is through a local change in the scale of turbulence,
that otherwise preserves many features of turbulence
over smooth walls. The second is through the element-
coherent flow directly generated by the presence of the
elements. When the latter is filtered out, the remain-
ing background turbulence within the canopy exhibits
a balance of the viscous and the Reynolds shear stress
similar to that over a smooth wall. From this, a scal-
ing based on the sum of these two stresses at each
height, in analogy with smooth walls, is proposed. Us-
ing this height-dependent scaling, the turbulent fluc-
tuations within the canopy recover some of the fea-
tures of smooth-wall turbulence. This suggests that
sparse canopies modify turbulence mainly through the
change in scale, caused by the effect of the canopy on
the mean velocity profile, rather than by the direct in-
teraction of canopy elements as individual obstacles
with their neighbouring flow. Consistent with the ob-
served scaling, we show that replacing the canopy by
a drag force acting on the mean flow alone, aiming to
produce the scaling without modifying the fluctuations
directly, is able to capture the background-turbulence
fluctuations within the canopies better than a conven-
tional, homogeneous drag-drag model. To capture the
effect of the element-coherent flow, nevertheless, the
presence of the individual elements needs to be ac-
counted for.

1 Introduction
The study of canopy flows has wide ranging appli-

cations both in natural and human-made settings, rang-
ing from vegetation and urban canopies to energy har-

vesting and heat transfer. Based on the geometry and
spacing of the canopy elements, they can be grouped
into three regimes—dense, intermediate and sparse. In
the dense regime, the elements are closely packed and
turbulence does not penetrate within. In the sparse
limit, the spacing between the elements is large and
the turbulent eddies can penetrate into the canopy rel-
atively undisturbed. The intermediate regime lies be-
tween these two limits. Nepf (2012) proposed an ap-
proximate classification of canopies into these regimes
based on their frontal area density, λf , with canopies
with λf < 0.1 classified as sparse, λf ≈ 0.1 as inter-
mediate, and λf > 0.1 as dense. However, in a tur-
bulent flow, the lengthscales of the flow also need to
be considered in order to determine what regime the
canopy lies in.

This talk will present our work on the dynamics
and scaling of turbulence when the canopy is sparse
(Sharma & Garcı́a-Mayoral, 2018, 2020a) and refer
to our work on dense canopies (Sharma & Garcı́a-
Mayoral, 2020b) only tangentially. We study sparse
canopies using DNSs of open channels at moderate
friction Reynolds numbers, Reτ ≈ 500-1000, and
consider element heights, h/δ = 0.1-0.2, where δ is
the channel height. Canopies with different shapes and
a wide range of spacings between elements were con-
sidered, mainly aiming to have spacings large enough
that the near-wall cycle could be sustained in between
elements. We show that such canopies affect the sur-
rounding flow through two distinct mechanisms. The
first is through the coherent flow generated by the
presence of the canopy elements. When the coher-
ent flow is filtered out, we find that the balance of
the viscous and the Reynolds shear stress over the
sparse canopy is similar to that over a smooth wall.
From this, a scaling based on the sum of these two
stresses at each height is proposed. Using this height-
dependent scaling, the turbulent fluctuations within the
canopies recover some features of smooth-wall turbu-
lence. This suggests that sparse canopies modify tur-
bulence mainly through a change in scale caused by
the effect of the canopy on the mean velocity pro-
file, rather than by the direct interaction of individ-
ual canopy elements with the flow. Based on the pro-
posed scaling, this effect is modelled through a drag
force that acts on the mean flow alone, aiming to pro-



duce the scaling without modifying the fluctuations di-
rectly. This model is shown to estimate the turbulent
fluctuations better than a conventional, homogeneous-
drag model. To capture the effect of the coherent flow,
nevertheless, the presence of the individual elements
needs to be accounted for.

2 Methodology
We conduct DNSns of open channels with canopy

elements protruding from the wall. The streamwise,
wall-normal and spanwise coordinates are x, y and z
respectively, and the associated velocities u, v and w.
The size of the simulation domain is 2πδ × δ × πδ,
with the channel height δ = 1. This box size has
been shown to be adequate to capture one-point statis-
tics up to the channel height for the friction Reynolds
numbers used in the present study (Lozano-Durán &
Jiménez, 2014). A schematic representation of the nu-
merical domain is shown in figure 1. The domain is
periodic in the x and z directions. No-slip and imper-
meability conditions are applied at the bottom bound-
ary, y = 0, and free slip and impermeability at the
top, y = δ. The flow is incompressible, with the den-
sity set to unity. All simulations are run at a constant
mass flow rate, with the viscosity adjusted to obtain
the desired friction Reynolds number based on the to-
tal stress.

The numerical method solves the three-
dimensional Navier-Stokes equations, using a
Fourier spectral discretisation in the streamwise and
spanwise directions with resolution ∆x+ = ∆z+ ≈ 4
in collocation space. The wall-normal direction is
discretised using a second-order centred difference
scheme on a staggered grid. For the simulations at
Reτ ≈ 520, the grid in the wall-normal direction is
stretched to give a resolution ∆y+min ≈ 0.2 at the wall,
stretching to ∆y+max ≈ 2 at the top of the domain.
For the simulations at Reτ ≈ 1000, wall-normal
resolutions of ∆y+min ≈ 0.35 and ∆y+max ≈ 5.5 are
used. The time advancement is carried out using a
three-step Runge-Kutta method with a fractional step,
pressure correction method to enforce continuity.

The canopy elements are represented in the flow
using two methods. The first is an immersed-boundary
method adapted from Garcı́a-Mayoral & Jiménez
(2011), suitable to represent impermeable obstacles.
The second is a drag-penalty method Bailey & Stoll
(2013); Yan et al. (2017); Yue et al. (2007) that applies
a local drag force in the regions occupied by canopy
elements, and is thus a suitable model for permeable
elements, such as those commonly found in vegeta-
tion Yan et al. (2017). Two different element geome-
tries are studied, cuboidal filaments and T-shaped ob-
stacles. The different spacings, Reynolds numbers and
canopy-to-channel height ratios investigated are given
in table 1.

Case Nx ×Nz Reτ λf
∫
D+

PD 64×32 535.4 0.88 0.99
P0 32×16 532.5 0.22 0.94
P1 16×8 520.3 0.05 0.79
P2 8×4 529.4 0.01 0.57
P2I 16×8 1068.3 0.01 0.59
P2O 8×4 1000.4 0.01 0.61
T1 16×8 505.6 0.07 0.80
T1P 16×8 505.5 0.07 0.81
T2 8×4 513.3 0.02 0.58

Table 1: Simulation parameters. Nx and Nz are the
number of canopy elements in the streamwise and
spanwise directions, respectively, Reτ is the friction
Reynolds number, λf is the canopy frontal density,
and

∫
D+ is the net canopy drag force in viscous units,

that is, the proportion exerted by the canopy elements
of the total drag on the fluid, with the remainder being
the friction at the bottom wall. Simulations of pris-
matic canopy elements are labeled ‘P’, with increasing
sparsity for PD (dense), P0, P1 and P2. Cases P2I and
P2O match P2 in inner and outer scaling, respectively.
Simulations of T-shaped canopy elements are labeled
‘T’, with T1P having permeable elements.

3 Scaling for sparse-canopy flows
Over a smooth wall, the balance of stresses within

the channel yields at each height y

dP

dx
y + τw = −u′v′ + 1

Re

dU

dy
, (1)

where τw is the wall shear stress, dP/dx is the mean
streamwise pressure gradient, u′v′ is the Reynolds
shear stress, U is the mean streamwise velocity and
Re is the Reynolds number based on the bulk velocity.
At y = δ, this gives the conventional friction velocity,
u2τ = τw = −δdP/dx.

In a canopy flow, the stress balance also includes
the drag exerted by the canopy elements,

dP

dx
y + τw = −u′v′ + 1

Re

dU

dy
−
∫ y

0

Ddy. (2)

From this, at y = δ, a ‘global’ friction velocity can be
defined as

u2τ = τw +

∫ h

0

D dy = −δdP

dx
. (3)

This is the equivalent of the conventional, smooth-wall
uτ . Equation (2) shows that, in canopy flows, the to-
tal stress is made up of the viscous stress, the Reynolds
stress and the canopy drag stress. We define the sum of
the viscous and Reynolds stresses as the ‘fluid’ stress,
τf . Tuerke & Jiménez (2013) studied smooth-wall
flows with artificially forced mean profiles, and ob-
served that τf provided the scale for turbulence locally.
They thus used a ‘local’ friction velocity, u∗, defined



Figure 1: Schematic of a typical DNS domain, case P2I. Contours are of the instantaneous fluctuating streamwise
velocity.

by linearly extrapolating the fluid stress at each height
to the wall,

u∗(y)
2

=
δ

δ − y
τf (y). (4)

When conventional scaling with uτ is used, the veloc-
ity fluctuations and the Reynolds stress are observed to
be lower than over smooth walls, as typically reported
in literature Bailey & Stoll (2013); Yan et al. (2017);
Yue et al. (2007). When the proposed scaling with u∗

is used instead, the results resemble those over smooth
walls more closely, as shown in figure 2 for case T1P.

4 Forcing models for sparse canopies
The scaling of the flow discussed in the previous

section suggests that sparse canopies mainly acts on
the flow through a change in scale for the turbulent
fluctuations. The canopy elements generate in addi-
tion a coherent flow. We model the first effect by ap-
plying a drag on the mean flow alone. The fluctua-
tions in turn are only affected indirectly, through the
change in the mean flow. It can be observed in fig-
ure 3 that the mean-only-drag model is able to capture
the filtered turbulent fluctuations within the canopy,
and is a better model for these flows than the con-
ventional homogeneous-drag model. To model the ef-
fect of the coherent flow, we propose an ex-tension
of the mean-only-drag model, which distributes the
mean-flow drag into a reduced order representation of
the canopy elements. This representation consists of
a truncation in Fourier space, in the streamwise and
spanwise directions, of the actual layout.

This resemblance suggests that the sparse canopy
acts on the flow through a change in scale for the
turbulent fluctuations. To study this, we remove the

canopy elements and apply a drag force on the mean
flow alone. The fluctuations are then only affected in-
directly, through the change in the mean flow. It can
be observed in figure 2 that this mean-only-drag model
is able to capture the turbulent fluctuations within the
canopy, and is a better model for these flows than a
conventional, homogeneous-drag model acting on all
the flow scales. The canopy elements, however, also
generate an element-coherent flow, which this model
cannot capture. To model this effect, we propose an
extension of the mean-only-drag model that distributes
the mean-flow drag into a Fourier-truncated represen-
tation of the canopy elements in the streamwise and
spanwise directions.

5 Conclusions
We have conducted DNSs of turbulent flows within

and above sparse canopies for two different ele-
ment geometries, various element spacings, permeable
and impermeable elements, and Reynolds numbers
Reτ ≈ 500 and 1000. We decomposed the flow into
an element-induced component and a background-
turbulence component, and found that although the
element-induced flow in the permeable and imper-
meable canopies differ in intensity, the background
turbulence remains essentially the same. We pro-
posed a new scaling for the background-turbulence
within sparse canopies, using the friction velocity
based on the local sum at each height of the viscous
and Reynolds shear stresses, τf , rather than the con-
ventional friction velocity based on the net drag. When
scaled with the proposed local friction velocity, the
background-turbulence fluctuations and the viscous
and Reynolds shear stresses appear more smooth-wall-
like, compared to when conventional total-drag scaling
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Figure 2: (a-b) Stress profiles, and (c–h) rms velocity fluctuations, scaled with uτ in the left column and with u∗

in the right one for case T1P. , resolved canopy; , resolved canopy with coherent flow filtered out; ,
mean-only-drag model; , homogeneous-drag model; , smooth wall.



is used. This suggests that the sparse canopy acts in
a large part on the background turbulence through a
change in the local scale, rather than through a direct
interaction with the canopy elements. Based on the
proposed scaling, we investigated the extent to which
a drag force acting only on the mean flow captures
the effect of the canopy on the background turbulence.
The mean-only drag directly modifies the mean flow
alone, which in turn sets τf and, hence, the scale for
the fluctuations. We show that the mean-only drag is
able to capture the background-turbulence fluctuations
within the canopies better than a conventional, homo-
geneous drag. Neither approach is, however, sufficient
to capture the element-induced flow. The latter can
be partially recovered by redistributing the mean-only
drag in a low-order representation of the canopy. Fur-
ther details can be found in Sharma & Garcı́a-Mayoral
(2020a).
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Abstract 

Simultaneous measurements of high-speed mi-
croscopic particle image velocimetry (PIV) near the 
piston top with spatial resolution of 152 µm × 76 µm  
at 24 kHz and a micro electro mechanical systems 
(MEMS) heat flux sensor on the piston surface was 
conducted in a motored optical gasoline engine with 
enhanced tumble flow for 2000 rpm. Experimental 
results show the correlation between the velocity 
fluctuation in the piston-surface normal direction and 
the peak value of heat flux with 3 crank angle degree 
difference, which corresponds to about 0.25 ms. Also 
it was found that the correlation coefficient shows 
higher value at 0.50 mm from the piston wall rather 
than that at 0.27 mm and 0.12 mm with the delay of 3 
crank angle degree for heat flux. 
 
1 Introduction 

Recently, the development of high thermal effi-
ciency and lower polluted gas emission internal 
combustion (IC) engine has been required, because 
of the critical energy and environmental pollution 
problems. Cooling loss, which is one of main factors 
of energy loss in spark ignition (SI) engines, can be 
improved by introducing ultra-lean combustion, 
while lean combustion tends to cause an unstable 
combustion, such as misfiring, large coefficient of 
variation and knocking. One of the effective methods 
to achieve stable lean combustion is the improve-
ment of ignition characteristics, and Jung et al. 
(2017) has shown that the increasing of turbulent 
intensity as enhancement of tumble flow in the en-
gine cylinder under a strong discharge can contribute 
to realization of ultra-lean combustion. On the other 
hand, the enhancement of tumble flow might cause 
much cooling heat loss from the wall of engine cyl-
inder. The characteristics of heat transfer of near wall 
strongly depend on the velocity and thermal bound-
ary layers, and hence experimental investigations of 
the relation between the velocity distributions in-
cluded turbulence and the gas temperature near wall 
in engine cylinder are essential. Alharbi and Sick 
(2010) applied a micro particle image velocimetry 

(micro PIV) measurement to the near upper wall of 
an engine cylinder head and evaluated characteristics 
of the velocity boundary layer, and showed that the 
log-law does not properly present the measured ve-
locity distributions near wall. In our previous study 
(Shimura et al., 2018), micro PIV measurement was 
applied to the near piston top of a motored optical 
gasoline engine with an intake port adapter for an 
enhancement of tumble flow. It reported that the 
mean velocity distributions at engine speed of 2000 
rpm tend to be close to the Blasius boundary layer at 
-20 crank angle degree after top dead centre 
(CAD.aTDC), while root mean square of velocity is 
not sufficiently low, and that mean velocity profile 
tends to approach to the pro-file of turbulent 
boundary layer rather than the Blasius one as the 
piston approaches to TDC. In order to understand the 
effects of velocity boundary layer of strong tumble 
flow on the heat loss in the engine, measurements of 
micro PIV and heat flux are required.   

In this study, simultaneous high speed meas-
urements of velocity boundary layer and heat flux by 
using micro PIV and micro electro mechanical sys-
tems (MEMS) heat flux sensor which was introduced 
thin film resistance temperature detector (RTD) was 
conducted near the piston top in the motored optical 
gasoline engine especially around the TDC to in-
vestigate the relation between characteristics of ve-
locity boundary layer and heat flux. This engine was 
operated at an engine speed of 2000 rpm and a valve 
opening timings (tIVO) of -30 CAD.aTDC. 

 
2 Experimental setup 

The details of a tumble flow enhanced optical 
gasoline engine which was used in this study is 
de-scribed in the literature by Jung et al. (2017). The 
bore is 75 mm, the stroke is 112.5 mm and the length 
of connecting rod is 250 mm. The engine has two 
intake valves of the diameter 29 mm and two exhaust 
valves of the diameter 25 mm. The compression ratio 
is 13. Here, it is defined CAD as the range from 0 to 



 

 

720 degrees, and the TDC in the compression stroke 
is 360 CAD.  

Figure 1 shows the schematic of the simultaneous 
micro PIV and heat flux measurement. SiO2 particles 
of mean diameter of 2 m were added to the intake 
flow and illuminated by double pulsed laser beams 
generated by two high repetition rate Nd:YAG lasers 
at 532 nm (Lee Laser, LDP-100MQG). Thickness of 
laser beam sheet was approximately 160 µm. The 
laser sheet was directed to the plane including the 
central axis of the engine cylinder from exhaust to 
intake valves. The scattering light of particles were 
imaged onto a high-speed CMOS camera (Vision 
research Inc., Phantom v2011, 464 pixel × 896 pixels 
at 24 kHz.) with a long-distance microscope lens 
(Quester, SZM100). 

The motored optical engine was operated at 2000 
rpm with tIVO = -30 CAD.aTDC. For 2000 rpm, the 
micro PIV measurements were operated at 24 kHz, 
respectively, and the time separation of the succes-
sive particle images was 1.5 µs. This micro PIV was 
conducted from 345 CAD to 375 CAD every 0.5 
CAD intervals for over 3000 cycles. Measurement 
timing was controlled with the engine rotation. The 
measurement region was 2.21 mm × 4.28 mm of the 
centre of piston surface. Here, x and y coordinates are 
set to the direction from the exhaust to the intake 
valves and the direction from the piston to the pent 
roof, respectively. The origin of the coordinates is set 
at the centre of the piston top. The spatial resolution 
of PIV, which was defined as the size of interroga-
tion region, was 152 µm × 76 µm in the piston top 
wall tangential and normal direction respectively 
while vector space was 76 µm × 38 µm. The vector 
nearest the piston top is located 76.16 m from the 
wall. The position of the piston top was defined as 
the line of maximum brightness on every particle 
images.  

Figure 2 shows the thin film RTD sensor which 
was introduced on the middle of piston top. This thin 
film RTD was made of platinum and it was covered 

with aluminium vapor-deposited film of 2 m. Heat 
flux measurement was conducted all crank angles 
every 0.1 CAD for 4000 cycles every experimental 
condition. 

 
3 Characteristics of boundary layers 
and heat transfer of the tumbled enhanced 
engine 

Figure 3 shows changes of distributions of mean 
and root-mean-square (rms) of velocity fields. The 
piston top surface moves so that the centre of the 
piston top surface is the origin of the coordinates. 
The flow direction is from the exhaust valve side to 
the intake valve side at all the crank angles shown 

 
Figure 3: Distributions of mean and root-mean-square (rms) of velocity fields at 345 CAD 350 CAD, 355 CAD, 
360 CAD and 365 CAD from the left. Left side of each distributions corresponds to the exhaust side. 

 

Figure 1: Schematic of the experimental setup of the 
micro  PIV 

   

Figure 2:  The piston head with the film RTD sensor 
(left), and thin film RTD (∅ = 720 µm) covered with 
aluminium adapter (right). 



 

 

due to the influence of the large-scale tumble flow 
formed in the engine cylinder. 

Figure 4 shows mean and rms profile of u and v 
ensemble averaged in the x direction. Before the 
compression top dead centre, the maximum velocity 
in the tangential direction of the wall surface is about 

13 m/s, and it can be seen that the maximum velocity 
decreases toward the top dead centre. Defining the 
velocity boundary layer thickness with the location 
from the wall surface showing the maximum flow 
velocity, it can be seen that the thickness varies 
thinly from about 600 m to 300 m at the end of the 
compression stroke. For the rms velocity, a maxi-
mum value is shown at 190 m away from the piston 
top surface 15 degrees before the top dead centre 
(shown by green circle), which is similar to the rms 
distribution of velocity fluctuation in the developed 
wall surface turbulence. However, rms velocity 
shows a high ratio to the average flow velocity of 
8 m/s without decreasing even 2 mm away from the 
wall surface. The reason for this is that on the engine 
wall surface with tumble flow, the size of the tumble 
vortex formed in the cylinder and the centre of the 
vortex differ from cycle to cycle, causing cycle 
fluctuations in the flow along the wall surface.  

Figure 5 shows distributions of Reynolds stress 
of u'v', turbulent kinetic energy and its production. 
The Reynolds stress at 345 CAD shows high value 
near the wall surface, and shows a tendency to de-
crease once and then increase again as the distance 
from the wall surface increases. The Reynolds stress 
shows an overall decreasing tendency toward the top 
dead centre. The energy production shows high value 
near the wall surface at 345 CAD (denoted by red 
circle), but it has a trend of decreasing as approach-
ing to the top dead centre. Along with this, it can be 
seen that the turbulent kinetic energy also gradually 
decreases toward top dead centre.  

 
Figure 5:  Distributions of Reynolds stress, turbulent kinetic energy (TKE) and its production at 345 CAD, 350 
CAD, 355 CAD and 360 CAD from the left. 

 

Figure 4: Example of embedded picture. 



 

 

Figure 6 shows mean heat flux across a cycle for 
tIVO = -15 CAD.aTDC. and 2000 rpm.  Here, heat 
flux are averaged over 800 cycles.  The maximum 
heat flux appears slightly before the TDC and 
400 kW/m2, although the pressure in the cylinder is 
maximum at the TDC and consequently the bulk 
temperature in the cylinder gets the maximum at 
TDC. This shows the significant effect of turbulent 
flow on heat flux before the TDC.  To investigate 
relations between the maximum heat flux and flow 
characteristics, cross correlation coefficients be-
tween the maximum heat flux and velocity were 
evaluated. The correlation is evaluated with the ve-
locity data at different CAD which is shifted from the 
CAD with the maximum heat flux. The shifted CAD 

is denoted as CAD. 
Figure 7 shows the correlation coefficient be-

tween the maximum heat flux and  negative u and v- 
vp at y = 0.12, 0.27 and 0.50 mm with respect to CAD. 
vp is the piston of speed For y = 0.50, the correlation 
coefficient is maximized about at 3 CAD (around 60 
µs) before the peak of heat flux.  This difference is 
much larger than the delay in the heat flux meas-
urements (2.7µs). From this result, it can be expected 
that heat transfer from high temperature gas to the 
wall takes a short time of about 0.25 ms to maximize 
the heat flux value. On the other hand, for the case of 
the wall tangential velocity at the same positions, 
results have the similar trend to that for the wall 
normal velocity case, but the correlation coefficient 
is low compared to the wall tangential cases. 

Figure 8 shows scatter plots of the maximum heat 
flux of each cycles as a function of velocities for u 
and v-vp at y = 0.27 mm with CAD = - 3.0. The crank 
angle of velocities used are 3 CAD earlier than the 
that of the maximum heat flux (CAD = - 3CAD) be-
cause CAD = - 3CAD is found to have the maximum 
correlation coefficients as shown in Fig. 7. The large 
negative velocity of u and v-vp (flow toward piston 
surface) tend to be related to the high maximum heat 
flux as shown in Fig. 7.  

Figure 9 shows the change in the correlation co-
efficient between the velocity fluctuation v’ or u', 
and the heat flux fluctuation q’ with respect to CAD, 
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Figure 7:  Correlation between the maximum heat 
flux and velocity (top: -(v-vp); bottom: - u). 

 
Figure 6: Mean heat flux across a cycle . 
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Figure 8:  Scatter plot of the maximum heat flux of 
each cycles as a function of velocities for u and v- vp 

with CAD = - 3.0. vp is the piston of speed (top: v-vp; 
bottom: u). 

 



 

 

which was derived the equation as follows: 

.             

(1)

 
The correlation coefficient decreases in the order of 
0.5 mm, 0.27 mm, and 0.12 mm directly above the 
sensor. The correlation coefficient becomes maxi-
mum at CAD = - 3.0 CAD both for v’ and u’. The 
cross correlation for u’ is high, is about 0.35 at the 
maximum for y = 0.5 mm, while the correlation co-
efficient for u', the overall correlation is about 0.1, 
which is very weak compared to the correlation with 
v'. As a result, it was clarified that the local flow of 
the flow velocity near the wall surface, especially 
toward the piston wall surface, has the effect of in-
creasing the heat flux, and it was shown that the 
correlation is high with a delay of 3 CAD for the heat 
flux.   

 
4 Conclusions 

In this study, the relation of flow and heat transfer 
characteristics in the tumble enhanced engine was 
investigated by the highly spatially and temporally 
resolved micro PIV and a thin film RTD sensor. 
Experimental results show the correlation between 
the wall normal velocity and the peak value of heat 
flux, and also between fluctuation components of 
heat flux and velocity. The correlation coefficient 
shows higher value at 0.50 mm from the wall rather 
than 0.12 and 0.27 mm from the wall. The correlation 
coefficient is as high as about 0.4 for velocity at 0.5 
mm in the wall normal direction. The correlation 
coefficient for the velocity in the wall-parallel di-
rection is smaller. Also, it was found that the corre-
lation gets the maximum with the delay of 3 CAD for 
heat flux.  
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Figure 9:  Correlation between fluctuations of heat 
flux and velocity (top: -v’; bottom:  u’). 
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Abstract 

In the paper the effect of Reynolds number on tur-
bulent boundary layer close to the separation for the 
same pressure conditions and for similar flow history 
effects was analysed. These conditions were guaran-
teed by the application of identical pressure coefficient 
distribution Cp.  Herein, the momentum loss thickness 
based Reynolds number Reθ was in the range 4900- 
14600. It was found that the strength of Re-impact de-
pends strongly on local pressure conditions. The analy-
sis of the mean flow statistics showed that there is a 
strong delay of separation position with Re. The effect 
is visible not only on beta distribution but also on mean 
and Reynolds stress profiles when comparing for the 
same flow position, where much stronger enhancement 
of the outer peak of u′u′ is observed with the rise in 
Reynolds number what confirms the dominant role of 
the outer length scale and it is different to the observa-
tion for canonical zero pressure gradient. 

 
1 Introduction 
Among various types of near wall flows the turbulent 
boundary layers (TBLs) subjected to an adverse pres-
sure gradient (APG) are in the spotlight. When TBL 
encounters a strong APG, the flow becomes unstable 
and, if APG is sufficiently large, it separates from the 
surface. The existence of separation involves an in-
crease in energy losses accompanied sometimes with 
pressure and velocity fluctuations. The evidence of the 
latter phenomenon was given by Cherry, Hillier, and 
Latour (1984), who investigated the unsteady structure 
of a separated and reattaching flow. Unstable location 
of turbulent separation results also from the impact of 
vortex structures that fall into the area of separation, 
causing a temporary increase in momentum. It seems 
that the increase in momentum with the Reynolds 
number is the effect of increase in amplitude modula-
tion of small scales by large scale structures (Mathis, 
Hutchins, and Marusic 2009), which the letter was elu-
cidated by skewness changes of filtrated velocity small 
and large scale signals in APG (A. Dróżdż and Elsner 
2017a). The physical consequence of amplitude modu-
lation on the flow is the enhancement of wall-normal 
momentum transport to the wall which is directly in-
duced by the increase in convection velocity of small 
scales (A. Dróżdż and Elsner 2017a). If so, this may be 
the crucial mechanism of the separation delay which is 

observed with the rise in Reynolds number. There is no 
study documented such a delay and that is why the 
main motivation for the present study is to verify the 
effect of the Re at fixed-across Reynolds number dis-
tribution of pressure gradient defined by the pressure 
gradient coefficient Cp leading to turbulent flow de-
tachment at the flat plate. 
 
2 Experimental setup 
 Experimental investigation was performed in an open-
circuit wind tunnel, where TBL was developing along 
6.87 m long flat-plate. The special design of the test 
section located at the end of the wind-tunnel equipped 

with perforated, movable upper wall allowed to gener-
ate on the bottom wall the separated turbulent bounda-
ry layer, while at the inlet channel the zero pressure 
gradient conditions were secured. Flow parameters de-
termined in the core flow at the inlet plane to test sec-
tion (i.e. 5000 mm down-stream the leading edge) are 
the mean velocity U ≈ 6, 15 and 24 m/s and turbulence 
intensity Tu < 0.6%. The velocity measurements were 
performed with the use of hot-wire anemometry Dan-
tec Dynamics Streamline Pro apparatus. A single hot-
wire probe of a diameter d = 3 µm and length l = 0.4 
mm was used. Acquisition was maintained at 50 kHz 
for highest velocity and up to 120 s sampling records. 
To have the friction velocity uτ along the flow the 

 

Figure 1. Test section geometry 
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CCCM technique introduced by Niegodajew et al. 
2019 [4] was applied. It has been proven that this tech-
nique allows to determine uτ with uncertainty below 
2.5%. The inlet Reynolds numbers based on friction 
velocity were equal 1400, 2600 and 4000.  

  
 

 3 Results 

To analyze the effect of Reynolds number on TBL and 
the position of separation the external conditions need 
to be properly defined. The external flow conditions, 
imposed by the geometry of the test section, are char-
acterized by pressure coefficient: 

2
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1p

U
C

U




 
  
 

,  (1) 

where U∞0 is the freestream mean velocity at inlet to 
the test section. As it can be observed in Figure 2 for 
all cases Cp distributions are precisely aligned main-
taining a linear character except at the location close to 
separation. The deviation from the linear distribution 
delays with the Reynolds number. As the separation 
occurs the diffuser efficiency decreases what is mani-
fested by lower decrease in velocity and lower increase 
in Cp. Nevertheless, for wide extent of the longitudinal 
coordinate x the external conditions are the same for 
the range of Reynolds number. Figure 3 presents the 
distribution of Clauser pressure gradient parameter 𝛽 =
∗

 . As one can observe with the increase in Reyn-

olds number the distribution of β is less inclined, which 
confirms that the position of separation is postpone 
with Reynolds number. 

 Separation of TBL is very unstable process, and 
because of that it is difficult to predict properly the 
aver-aged position of detachment. There are number of 
separation criteria available in the literature and their 
interesting review was published by Castillo, Wang, 
and George (2004). According to Simpson definition 
Insipient Detachment (ID) is, when the reverse flow 
occurs only 1% of the time and Intermittent Transitory 
Detachment ITD is, when the reverse flow occurs 
about 20% of the time. This point is a bit ahead of de-
tachment point, where the time averaged wall shear 
stress is zero. For the purposes of this study it was de-
cided to use the criterion proposed by Sandborn and 
Kline, (1961). They showed that the shape factor de-
fined as: 

       *
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1sepH
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at the Intermittent Transitory Detachment (ITD) 
position takes a value 2.7. Fig. 4 presents the 
downstream evolution of Hsep. For the analyzed 
Reynolds numbers the value of Hsep reaching level 2.7 
at x = 900 mm for the lowest, 1100 mm for the medium 
and 1350 mm for the highest Reynolds number.  

The Figure 5 shows streamwise mean velocity, the 
streamwise Reynolds stresses as well as skewness 
factor profiles obtained for the same traverse. The 
Reynolds stress were reduced by outer scale velocity 
𝑈 = 2(𝑈 − 𝑈 . ), while the y coordinate by the 
boundary layer thickness 𝛿. For each flow parameter 
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Figure 2. Distribution of pressure coefficient Cp 
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Figure 3. Distribution of Clauser pressure gradient β. 
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Figure 4. Distribution of shape factor Hsep 



 

 

the effect of the Re number is clearly visible. 
Particularly there is an increase of log-layer range for 
mean profiles and enhancement of the outer peak of 
u′u′. The later confirms the more and more dominant 
role of the outer length scale. At the same time there is 
more energy close the wall. The streamwise skewness 
factor distributions describes the measure of amplitude 
modulation and according to Dróżdż and Elsner 
(2017b) it is also an indicator of convection velocity of 
small scale structures. As it is seen in Figure 5c 
Reynolds number has a strong impact especially near 
the wall. Skewness factor indicates that large scale 
motion interaction with the small scales with the 
increase of Reynolds number is significantly different 
in APG than that in ZPG. 

  

4 Conclusions 

The major aim of the paper was to estimate the im-
pact of Reynolds number on the flow near the turbulent 
separation. Analysing the flow in the range of Re num-
bers from 4600 up to 14600, for identical pressure gra-
dient distributions, it was shown that there is a strong 
delay of separation position with Re. The effect is visi-
ble not only on beta distribution but also on mean and 
Reynolds stress profiles when comparing for the same 
flow position, where much stronger enhancement of 
the outer peak of u′u′ is observed with the rise in Reyn-
olds number what confirms the dominant role of the 
outer length scale and it is different to the observation 
for canonical zero pressure gradient. At the same time 
there is more energy close the wall, which is an oppo-
site tendency to the ZPG. This indicates the increased 
energy of the small scales. The detailed results dis-
cussed in this paper have been published in Dróżdż et 
al., (2021). 
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Abstract
Large Eddy Simulations (LES) of turbulent chan-

nel flows up to Reτ = 5200 (based on the friction
velocity uτ and the channel half height) and zero pres-
sure gradient turbulent boundary layer (TBL) up to
Reθ = 2200 (based on the momentum thickness θ and
free stream velocity U∞) are conducted using differ-
ent approaches to account for the unresolved turbulent
scales. The implicit approach is referred to as implicit
LES (ILES) and is based on controlling the level of
the numerical dissipation associated with a high-order
finite-difference discretisation of the viscous terms of
the incompressible Navier-Stokes equations. For com-
parison, the Approximate Deconvolution Method with
Relaxation Term (ADM-RT) is also used, and the qual-
ity of the LES results are assessed against Direct Nu-
merical Simulations (DNS) data. It is found that the
results of ILES and ADM-RT are comparable, with re-
sults in good agreement with the DNS data for first and
second order moments. The ILES approach is much
cheaper than the ADM-RT approach based on filtering
procedures.

1 Introduction
Large eddy simulation (LES) is a cost-effective

technique for the prediction of turbulent flows which
uses significantly coarser mesh resolution by com-
parison to Direct Numerical Simulations (DNS). LES
resolves the turbulent scales greater than the mesh
size, while adding auxiliary dissipation to account for
the viscous effects of the unresolved sub-grid scales
(SGS). The sub-grid scales dynamics can be modelled
based on physical arguments with an extra sub-grid
scales term in the Navier-Stokes equations or using
generalisation of similarity approaches based on nu-
merical methods. Pope (2004) argued that physical
(explicit) models are not necessary better than implicit
models. Actually, for some turbulent flows, implicit
models might perform better than explicit models.

The most famous LES model is the Smagorinsky
model and its variant the Dynamic Smagorinsky model
which use an eddy viscosity approach (Boussinesq ap-
proximation) for which the deviatoric part of the SGS
shear stress tensor is proportional to the strain rate ten-
sor of the resolved scales. These models are known

to perform poorly for wall-bounded turbulent flows.
Generalisation approaches such as the Approximated
Deconvolution Method with Relaxation term (ADM-
RT) were found to outperform the Smagorinsky mod-
els for wall-bounded turbulent flows (Schlatter et al.,
2004). ADM-RT uses a dissipation term computed
with a high-pass filter of the velocity field to act on
the scales close to mesh resolution. Another promis-
ing regularisation approach is an implicit approach re-
ferred to as Implicit LES (ILES). Lamballais et al.
(2011) have designed an ILES approach where the dis-
cretisation errors when calculating the viscous terms
of the Navier-Stokes equations can be used to add nu-
merical dissipation at small scales. This approach was
successfully tested in various flow situations and of-
ten outperformed coventional explicit LES models for
turbulent jet (Dairay et al., 2014), isotropic turbulence
(Dairay et al., 2017), and wakes in wind farms (Deskos
et al., 2019). It was also recently used for turbulent
channel flows for a wide range of Reynolds number
(Mahfoze and Laizet, 2021).

The aim of this study is to further investigate the
potential of using ILES for turbulent boundary layers
and compare the performance of ILES with the ADM-
RT.

2 Numerical Method
This study is based on the incompressible Navier-

Stokes equations in their skew-symmetric form:

∂u

∂t
+

1

2
[∇(u⊗ u) + (u.∇)u)] =

−∇p+ (νm + νs)∇2u− χHN ∗ u+ f ,

∇.u = 0,

(1)

where u represents the three velocity components u ,
v and w in the streamwise (x), wall-normal (y) and
spanwise (z) directions, respectively. p is the local
pressure field, and f contains all the body forces. νm
is the molecular viscosity, and νs is a spectral vanish-
ing viscosity which can be conceptualized in spectral
space to implicitly add dissipation to high wavenum-
bers. HN is a high-pass filter of the order N , and
χ is a relaxation term for the ADM-RT. The equa-
tions are solved on a Cartesian mesh using the high-
order flow solver Incompact3d, which has been



adapted to parallel supercomputers using a power-
ful two-dimensional domain decomposition strategy
(Laizet and Li, 2011). The equations are spatially dis-
cretised using sixth-order finite-difference schemes,
and a second-order semi-implicit scheme for the time
advancement. The Poisson equation, which is required
to satisfy the incompressibility condition, is solved
in spectral space to avoid expensive iterative solvers.
More details about Incompact3d can be found in
Laizet and Lamballais (2009).

Implicit spectral vanishing viscosity
The second derivative in Incompact3d is ap-

proximated with a compact finite-difference scheme
(Lele, 1992) which can be expressed as

αf
��
i−1 + f

��
i + αf

��
i+1 =

a
fi+1 − 2fi + fi−1

Δx2
+ b

fi+2 − 2fi + fi−2

4Δx2
+

c
fi+3 − 2fi + fi−3

9Δx2
+ d

fi+4 − 2fi + fi−4

16Δx2
,

(2)

where the coefficients α, a, b, c and d control the ac-
curacy and the spectral behaviour of the scheme. A
sixth-order accuracy can be obtained by satisfying the
following three constraints

a+ b+ c+ d = 1 + 2α,

a+ 22b+ 32c+ 42d =
4!

2!
α,

a+ 24b+ 34c+ 44d =
6!

4!
α.

(3)

This is not strictly closed system, with two free coef-
ficients. Lamballais et al. (2011) demonstrated that it
was possible to modify the properties of this scheme
by changing the coefficients so that the scheme be-
come over-dissipative at small scales. The modified
square wavenumber of this scheme can be obtained
by relating the approximated derivative (f̂ �� = −k��f̂ ,
with k�� being the modified square wavenumber) to the
exact derivative (f̂ ��

exct = −k2f̂ ) in spectral space:

k��(k) =

2a[1− cos(kΔx)] +
b

2
[1− cos(2kΔx)]+

2c

9
[1− cos(3kΔx)] +

d

8
[1− cos(4kΔx)]

Δx2[1 + 2α cos(kΔx)]

An implicit spectral viscosity νs can be introduced as

νs(k, kc)

νm
=

k�� − k2

k2
. (4)

The aim is to mimic an explicit spectral vanishing
viscosity (SVV) kernel (Karamanos and Karniadakis,
2000) which is expressed as

νSV V

ν0
=

�
0, if k < 0.35kc

e−(
kc−k

0.35kc−k )
2

, if 0.35k ≤ k ≤ kc
(5)

where ν0 is a parameter controlling the value of the
spectral viscosity at the cut-off wavenumber. One can
match the SVV kernel for two wavenumbers, the cut-
off wavenumber kc and at km = 2/3kc, to close the
system (Lamballais et al., 2011). Alternatively, Mah-
foze and Laizet (2021) proposed to only control the
spectral viscosity at kc and leave the coefficient α to
control the spectral viscosity properties:

k��c = k��(kc) = (1 +
ν0
ν
)k2c . (6)

In this framework, the coefficients of the scheme
can be set as

a =
315k

��
c − 328α− 630k

��
c α+ 256

1440
(7a)

b =
−315k

��
c + 544α+ 630k

��
c α+ 1472

720
(7b)

c =
45k

��
c + 328α− 90k

��
c α− 256

160
(7c)

d =
−45k

��
c − 416α+ 90k

��
c α+ 272

720
(7d)

Figure 1: Influence of α on the spectral viscosity kernel for
ν0/ν = 10. The explicit SVV operator from Kara-
manos and Karniadakis (2000) is in black.

Figure 1 shows the numerical dissipation in spec-
tral space compared with the SVV kernel of Kara-
manos and Karniadakis (2000). It can be seen that only
the large wavenumbers are impacted with a minimal
impact on the small wavenumbers. As α increases, the
range of affected wavenumbers shrinks towards higher
wavenumbers. In this work, we use α = 0.35 which
produces numerical dissipation close to the SVV ker-
nel of Karamanos and Karniadakis (2000).

Approximate deconvolution method with relax-
ation term

ADM-RT is based on a high-pass filter of the ve-
locity HN ∗ u, where the high-pass filter is obtained
from an approximated inverse of a low-pass filter G:

HN = (I −QN ∗G) = (I −G)N+1. (8)



In this work, a high-order low-pass filter is used (Lele,
1992):

αf̃i−1 + f̃i + αf̃i+1 = afi +
b

2
(fi+1 + fi−1)

+
c

2
(fi+2 + fi−2) +

d

2
(fi+3 + fi−3),

(9)

A sixth-order accuracy can be obtained by imposing
the constraints

a =
1

16
(11 + 10α), b =

1

32
(15 + 34α), (10a)

c =
1

16
(−3 + 6α), d =

1

32
(1− 2α). (10b)

where α is a free coefficient that determines the shape
of the filter transfer function Ĝ(k):

Ĝ(k) =
a+ b cos(k) + c cos(2k) + d cos(3k)

1 + 2α cos(k)
.

(11)
A top-hat filter is recovered by setting α ≈ 0.5, while
a continuous filter with no sharp separation between
wavenumbers is obtained with −0.5 < α < 0.5. In
this work, α = 0.28, to obtain a high-pass filter equiv-
alent to the one used by Stolz et al. (2001) but with a
lower convolution order N = 1 instead of N = 3. The
high-pass filter is obtained by recursive filtering of the
velocity field N + 1 times, thus reducing the convolu-
tion order is useful to reduce the computational cost.
Figure 2 show that in spite of reducing the convolution
order and using a different scheme, the high-pass fil-
ter used here is identical to the high-pass filter of Stolz
et al. (2001).

Figure 2: The transfer functions of the low-pass (solid lines)
and high-pass filters (dashed lines).

3 Results
The performance of ILES and ADM-RT is as-

sessed by simulating two types of wall-bounded tur-
bulent flows. First, simulations of turbulent channel
flow (TCF) with constant mass flow rate are conducted
for Reτ = 1000 and 5200 using two different mesh
resolutions. Then, simulations of turbulent boundary
layer (TBL) are performed up to Reθ = 2200 with

Figure 3: The mean streamwise velocity profiles (top row)
and the velocity fluctuations profiles (bottom row)
at Reτ = 1000. The left and right figures corre-
spond to the fine and coarse mesh, respectively.

two different mesh resolutions as well. All the simula-
tions are conducted on a cuboid computational domain
Lx × Ly × Lz with nx × ny × nz mesh nodes.

Turbulent channel flow
In this section, we compare the results of a TCF

obtained by ILES and ADM-RT with the DNS refer-
ence data of Lee and Moser (2015). Thanks to homo-
geneity of the flow in the wall-parallel directions, pe-
riodic boundary conditions are used in the streamwise
and spanwise directions, while non-slip boundaries are
imposed at the walls. Two mesh resolutions are tested
for each case, as seen in Table 1, which summarises
the setup for each case (including the DNS setup used
by Lee and Moser (2015)). The simulations are per-
formed with Δy+min as high as 6. This contradicts
the recommendation for LES to impose Δy+min ≈ 1
to have acceptable results (Kremer and Bogey, 2015).
The reduction factor of the computational cost (RF )
is also presented in the table, and it is based on the re-
duction of the number of mesh points compared to the
DNS with a similar domain size. Using an ILES and
ADM-RT, the simulations produced accurate results
with up to 450 times less mesh points than the DNS.
The table also presents the friction Reynolds number
Reτ obtained by LES and the reference DNS. Interest-
ingly, the two LES approaches successfully obtained
accurate Reτ even with the coarse mesh. For the fine
mesh, the error in Reτ is within 1.3% which increases
to only less than 2.7% for the coarse mesh.

The mean velocity profiles are given in figures 3
and 4, and one can see a good agreement with the
DNS even for the coarse mesh. The TCF simulations
at Reτ = 1000 with fine mesh produced an excellent
match for all the velocity profiles between the LES and
DNS, except for a slight underestimation of the outer
peak of the streamwise velocity fluctuation. On the
coarse mesh, the mean streamwise velocity profile is
well captured by ILES-21000 and ADM-21000. In the



Table 1: Numerical parameters for the TCF simulations.
Reτ = 1000

Name Lx Ly Lz Nx ×Ny ×Nz Δx+ y+
min - y+

max Δz+ ν02/ν χ RF Reτ
DNS1000 8π 2 3π 2304 × 512 × 2048 10.9 0.0028 - 6.2 4.6 − − 1 1000.5

ILES-11000 4π 2 4/3π 2563 49.1 1.75 - 34.9 16.4 13 0 32 993.2
ILES-21000 4π 2 4/3π 1283 98.2 3.5 - 69.5 32.7 30 0 256 1027.3
ADM-11000 4π 2 4/3π 2563 49.1 1.75 - 34.9 16.4 0 8 32 1000.4
ADM-21000 4π 2 4/3π 1283 98.2 3.5 - 69.5 32.7 0 4 256 988.4

Reτ = 5200
DNS5200 8π 2 3π 10240 × 1536 × 7680 12.7 0.007 - 10.3 6.4 − − 1 5186

ILES-15200 2π 2 2/3π 5123 63.6 4.5 - 90.5 21.2 20 0 200 5254.6
ILES-25200 2π 2 2/3π 3843 84.9 6 - 120.6 28.3 26 0 474 5306.4
ADM-15200 2π 2 2/3π 5123 63.6 4.5 - 90.5 21.2 0 48 200 5241.9
ADM-25200 2π 2 2/3π 3843 84.9 6 - 120.6 28.3 0 48 474 5190.1

Figure 4: The mean streamwise velocity profiles (top row)
and the velocity fluctuations profiles (bottom row)
at Reτ = 5200. The left and right figures corre-
spond to the fine and coarse mesh, respectively.

middle of the channel, the two approaches underesti-
mate the streamwise velocity fluctuations, while its in-
ner peak is underestimated by ILES and overestimated
by ADM-RT. The spanwise velocity fluctuations pro-
files are accurately computed by the LES approaches,
but the wall-normal velocity fluctuations is slightly un-
derestimated in the inner region.

The good performance of the ILES and ADM-RT
continues for Reτ = 5200, as seen in figure 4. On
the fine mesh, the velocity profiles for the ILES and
ADM-RT are identical, and they are in a good agree-
ment with the DNS, especially the mean streamwise
velocity. The streamwise and the spanwise veloc-
ity fluctuations profiles are marginally lower than the
DNS counterpart in the log region, but in the inner re-
gion only the wall normal velocity fluctuations profile
is underestimated. Interestingly, for the coarse mesh,
there is no considerable degradation in the accuracy
of the streamwise velocity profiles obtained by ILES
and ADM-RT; the profiles are in excellent agreement
with the DNS. Furthermore, there only small underes-
timation of the streamwise and the spanwise velocity
fluctuations in the log-region, and a lower value of the
wall-normal velocity fluctuation in the inner region.

The quality of the results for Reτ = 5200 is better
than their counterpart at Reτ = 1000, despite using
coarser mesh resolutions. This suggests that, perfor-
mance of both ILES and ADM-RT improves at high
Reynolds numbers.

Turbulent boundary layer
In this section, further tests of the performance of

the ILES and ADM-RT approaches are conducted for a
spatially evolving zero-pressure gradient TBL. Unlike
the TCF simulations, the Reynolds number grows with
streamwise distance; thus it is more challenging for the
LES models as they would need to work properly for a
wider range of Reynolds numbers and turbulent length
scales. To assess the performance of the LES ap-
proaches, the results in this section are compared with
DNS data produced by Mahfoze et al. (2019) which
were performed with the same flow solver and in a
similar setup as used here. Specifically, the computa-
tional domain size is Lx×Ly×Lz = (750×80×15).
Note, the spatial dimensions are normalised by the
boundary layer thickness at the inlet δ0. A laminar
Blasius boundary layer is imposed at the inlet, with
Reθ = 170. Shortly after the inlet, at x = 3.5 a
tripping via a random volume forcing (Schlatter and
Örlü, 2010) is applied. Periodic boundary conditions
are applied in the spanwise direction, full Neumann
boundary conditions are used for the top boundary,
and a 1D convection equation is solved at the outlet.
In this domain, the flow develops from Reθ = 170
to over Reθ = 2200 at the end of the domain. The
mesh is uniformly spaced in the streamwise and the
spanwise directions, and the mesh is stretched in the
wall-normal direction to increase the wall-normal res-
olution near the lower wall. Table 2 summarises the
parameters of the simulations presented in this sec-
tion. The table also shows the reduction in the com-
putational cost compared with the DNS based on the
reduction of the spatial resolution and the increase of
the time step. It is found that the computational cost of
simulating a TBL can be reduced by up to more than
220 using ILES and up to more than 175 using ADM-
RT. This should put in perspective with the overhead
cost associated with ADM-RT which is around 30%
more than the ILES approach, mainly due to the filter-



Figure 5: The skin-friction coefficient cf (top figures) and
the shape factor H12 (bottom figures) as function
of Reθ . The left and right figures correspond to
the fine and coarse mesh, respectively.

Figure 6: The mean streamwise velocity profiles (top row)
and the velocity fluctuations profiles (bottom row)
at Reθ = 1410. The left and right figures corre-
spond to the fine and coarse mesh, respectively.

ing operations (the ILES approach has no overhead).

The skin-friction coefficient and shape-factor of all
the LES are compared with the reference DNS and
presented in figure 5. The blue area around the black
line illustrates a ±5% deviation from the DNS. With
the fine mesh, both ILES and ADM-RT accurately
computed the skin-friction development as a function
of Rθ, within 5% of the DNS values. The main de-
viation in the skin-friction coefficient seen for ADM1

happens at the Reθ < 700, while the skin-friction co-
efficient of ILES1 seems to be less accurate compared
to ADM1 at Reθ = 900 − 1400. However, the skin-
friction coefficient of ILES and ADM-RT approaches
the DNS values toward the end of the domain, which
suggests that the deviation in skin-friction that hap-
pens earlier is due to the transition from a laminar to a
turbulent state. It is worth noting that the differences in
the transition behaviour can influence the quantities of

interest in the inner and the outer layer for a long dis-
tance up to Reθ = 2000 as illustrated by Schlatter and
Örlü (2012). Although there is a small difference be-
tween ILES and ADM-RT in terms of the skin-friction
coefficient, the shape factor H12 obtained by the two
LES models are equivalent. The shape factor of the
two cases is slightly different from the DNS values at
Reθ < 700, but error in the shape factor becomes less
than 1% for large Reynolds numbers. Figure 6 shows
the streamwise velocity and root-mean-square of the
velocity fluctuations at Reθ = 1410 where the influ-
ence of the tripping and the outlet boundary conditions
is low. It is clear that with this fine mesh, both LES
modes results are in an excellent agreement with the
DNS.

Reducing the mesh resolution results in a degra-
dation of the accuracy, as seen in the cases ILES2

and ADM2. However, the skin-friction coefficients
obtained by ILES2 and ADM2 are still within 5% of
the DNS values, but with ADM2 being more accurate
than ILES. Surprisingly, despite the difference in skin-
friction coefficients, ADM2 and ILES2 have a similar
shape factor, however lower than the DNS values, es-
pecially in the first half of the domain. It seems that the
shape factor is more sensitive to the mesh resolution
than to the dissipation of the LES model. The velocity
profiles of ADM-RT and ILES have similar trends, but
in general ADM2 matches the mean velocity profile
better than ILES2. The mean streamwise velocity pro-
file of ILES2 in the inertial sub-layer is shifted upward,
but in the inner and the wake region the profiles agrees
well with the DNS. This upward shift is less prominent
in ADM2. As the mesh resolution is reduced, the inner
peak of streamwise velocity fluctuation is increased by
around 10%, while the outer peak is decreased. In the
inner region, the wall-normal velocity fluctuation of
ILES2 and ADM2 is less than the DNS ones, while
the quality of spanwise velocity fluctuations are less
affected by the low resolution.

4 Conclusions
ILES and ADM-RT approaches are tested with the

high-order finite-difference solver Incompact3d
and compared with reference DNS data for two types
of wall bounded flows, a TCF at Reτ = 1000 and
Reτ = 5200, and a zero-pressure gradient TBL spa-
tially evolving up to Reθ = 2200. The ILES approach
mimics implicitly a spectral vanishing viscosity using
the numerical dissipation of the discretisation of the
viscosity terms, while the ADM-RT applies the dissi-
pation through a high-pass filter of the velocity field.
For each LES case, two mesh resolutions are tested,
which considerably lower than the DNS counterparts,
resulting in over 450 and 220 folds reduction in the
computational cost for the TCF and TBL simulations,
respectively. Both ILES and ADM-RT produced ac-
curate estimation of the first and second order statis-
tics for the TCF simulations. Good estimations of the



Table 2: Numerical parameters for the TBL simulations. The wall units are determined at Reθ = 365.
Name Nx Ny Nz Δx Δymin −Δymax Δz Δt ν0/ν χ RF
DNS 3073 513 128 14.5 0.5− 135 7 0.008 − 0 1

ILES1 1537 257 64 29 0.5− 672 14 0.014 10 0 14
ILES2 769 129 32 58 1− 1260 28 0.028 20 0 224
ADM1 1537 257 64 29 0.5− 672 14 0.014 0 2 14
ADM2 769 129 32 58 1− 1260 28 0.022 0 1 176

skin-friction coefficient and the velocity profiles are
also obtained for the TBL. It should be noted that the
ADM-RT was 30% more expensive than the ILES be-
cause of the required filtering operations while no ex-
tra calculations were required for the ILES.
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Abstract
A novel, simple and scalable Alternating Direction

Reconstruction Immersed Boundary Method (ADR-
IBM) is proposed for large-scale simulations with
multiple relatively complex moving geometries im-
mersed in a turbulent flow. The proposed method re-
lies on consecutive 1D cubic spline interpolations for
the imposition of the appropriate Dirichlet boundary
conditions for the velocity field at the walls of the im-
mersed objects. To assess the accuracy of the method,
convergence studies and error maps are discussed for
the flow around a cylinder at Re = 40. A detailed
comparison of the performance of second- and sixth-
order schemes with the ADR-IBM is presented for the
2D and 3D flows over a circular cylinder at Re = 300.
Further, the potential and scalability of the method for
up to 65,536 cores is highlighted with a high-fidelity
Direct Numerical Simulation (DNS) of the flow over
a moving sphere at Re = 3700. Finally a drag reduc-
tion mechanism for the flow over bluff bodies with rear
pitching flaps is presented to highlight the potential of
the method for flows of practical relevance.

1 Introduction
Performing high-fidelity simulations of multiple

moving objects immersed in a turbulent flow on su-
percomputers remains a major challenge in the area
of computational fluid mechanics. Body conform-
ing methods can enforce the required boundary con-
ditions on simple geometries with high order of accu-
racy. However, when more complex geometries are
considered, issues relating to the quality of the mesh
arise. Further, re-meshing remains often unavoidable
for moving objects and can introduce a significant
computational overhead that limits the capabilities of
such approaches. An appealing non-body-conforming
alternative is based on the Immersed Boundary Meth-
ods (IBMs) which rely on a fixed and structured Carte-
sian mesh and impose the desired boundary conditions
on the velocity field via an additional forcing term in
the governing equations. For moving objects, the mesh
is always the same, with only a time-dependent forc-
ing term.

The most basic form of the direct forcing IBM,
here referred to as No-Reconstruction IBM (NR-

IBM), imposes the desired Dirichlet boundary con-
dition inside the solid by forcing the velocity of the
solid region (us) to the desired velocity (uIB) (i.e.
us = uIB). This abrupt imposition of the boundary
conditions in the solid region results in a discontinuous
velocity function. During the derivative approxima-
tion of the discontinuous velocity function, numerical
oscillations can appear due to the Gibbs phenomenon
that contaminate the flow and degrade the quality of
the solution, especially in the context of high-order
methods.

In recent years, many IBMs have been proposed
to improve the accuracy of the NR-IBM, such as the
Ghost Cell, the Hybrid Cartesian/Immersed Boundary
Method and the Cut-Cell IBM, to name a few (see the
review by Mittal and Iaccarino (2005) for further de-
tails). However, many of these methods rely on com-
plicated reconstruction schemes that could potentially
significantly increase the cost of a simulation in the
context of high performance computing.

2 Numerics
Here, a new simple and scalable Alternating Di-

rection Reconstruction IBM (ADR-IBM) is proposed.
The method employs a series of one-dimensional cu-
bic spline reconstructions to interpolate an artificial
flow field inside the solid that satisfies the Dirichlet
boundary condition at the desired location with second
order accuracy. The reconstruction ensures that the
interpolated function remains continuous everywhere,
which in turn reduces the Gibbs oscillations signifi-
cantly. The aim of this 1D approach is to be compati-
ble with a 2D domain decomposition strategy in which
the computational domain is divided in pencils, allow-
ing implicit quasi-spectral derivations and interpola-
tions in one direction at a time. Naturally, the consecu-
tive reconstructions are performed before each deriva-
tive calculation in the appropriate direction. Hence,
the velocity function will be reconstructed in the x-
direction before the calculation of the derivative in
x-pencils and similarly for the y- and z-directions.
The method has been implemented, assessed and val-
idated in the high-order finite-difference flow solver
Xcompact3d. It is based on a powerful 2D domain
decomposition for simulations on supercomputers and



it can scale with up to 106 computational cores Laizet
and Li (2011).

The governing equations (1, 2) are the forced in-
compressible Navier-Stokes equations, with an extra
forcing term fff (related to the IBM) only acting in the
vicinity of the immersed boundaries to impose the re-
quired boundary conditions on the velocity field. A
fractional step method is employed for the time inte-
gration of the momentum equation while sixth-order
finite-difference compact schemes are utilised for the
spatial discretization. The Poisson equation, which
is required to satisfy the incompressibility condition,
is solved in spectral space to avoid expensive itera-
tive solvers. More details about Xcompact3d can
be found in Laizet and Lamballais (2009).

∂uuu

∂t
+

1

2
[∇(uuu⊗ uuu) + (uuu · ∇)uuu] +

1

ρ
∇p−

− ν∇2uuu = fff,

(1)

∇ · uuu = 0, (2)

3 Validation

Flow over a 2D circular cylinder at Re = 40

The steady flow over fixed and moving circular
cylinders at Re = u∞D/ν = 40 (where u∞ is the
free-stream velocity, D the cylinders’ diameter and ν
the kinematic viscosity of the fluid) are considered for
the validation of the ADR-IBM. A wide range of spa-
tial resolutions [Case1: nx × ny = 129 × 33, Case2:
257 × 65, Case3: 513 × 129, Case4: 1025 × 257
and Case5: 1537 × 385] for a domain size L × H =
20D × 5D are considered with a constant time-step
(∆t = 8 × 10−5) small enough for time integration
errors to be neglected. The cylinder is placed at the
centre of the domain for all fixed cases. A fully spec-
tral solution provided by Gautier et al. (2013) is used
as a reference solution. All boundary conditions have
been extracted from the reference solution to ensure
that the imposed boundary conditions (updated at each
time step for the moving cylinder) do not introduce
any source of error (the boundary conditions are ex-
act). All moving simulations are initialised with the
cylinders centre at (x0, y0) = (14D, 2.5D) and are
terminated once the cylinder reaches the centre of the
domain. They are initialised with a fully developed
flow field of the flow obtained from a simulation of a
fixed cylinder at the same position. The free-stream
velocity is normalised to u∞ = 0.5 and the moving
velocity of the cylinder to um = −0.5. The NR-IBM /
ADR-IBM simulations for the fixed and moving cylin-
ders will be denoted as NR-F / ADR-F and NR-M /
ADR-M, respectively.

Figure1 shows the decay of the velocity and pres-
sure L2-Norms of the ADR-IBM and NR-IBM for the

fixed and moving cases. The ADR-F consistently out-
performs the NR-F as it provides lower velocity and
pressure error levels across the whole range of resolu-
tions considered. The velocity error shows the biggest
discrepancy between the two methods with the ADR-
F, providing a 5.5 times smaller error level compared
to NR-F at the finest resolution. Conversely, the differ-
ence between the pressure error levels is smaller since
the two methods treat the pressure in the same way
(the ADR-IBM solely reconstructs the velocity and not
the pressure). Hence, the improvement that the ADR-
IBM provides for the velocity is also responsible for
the lower error level of the pressure.

Both ADR-M and NR-M result in a small and con-
stant increase of the pressure L2-Norm compared to
the fixed solutions for all spatial resolutions which is
attributed to the well documented phenomenon of spu-
rious force oscillations (SFOs). Contrarily, the veloc-
ity L2-Norms for the moving simulations show an ex-
cellent agreement with the fixed ones. Overall, the
ADR-IBM proves superior to the NR-IBM as it pro-
vides significantly lower levels of both pressure and
velocity errors for both the fixed and moving cases.
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Figure 1: Decay of the velocity (top) and pressure (bottom)
L2-error for the flow over fixed and moving cylin-
ders at Re = 40. ∆h = ∆x = ∆y represents the
grid spacing.

Figure 2 shows the normalised velocity L2 error



maps for Case5. The difference between the two meth-
ods for the fixed cylinder is striking. Firstly, for the
ADR-F, the grey/black area that depicts the highest
error is only limited to the vicinity of the immersed
boundary interface and doesn’t extend downstream.
Conversely, the highest error for the NR-F spreads fur-
ther downstream extending by 1D in length. The small
orange pocket of low error that appears upstream of
the cylinder for the ADR-F extends only up to x ≈ 8,
while for the NR-F it extends further towards the inlet
past x ≈ 7 and has an increase in the error level by an
order of magnitude. Additionally, the area above and
below the cylinder towards the top and bottom bound-
aries accordingly, shows that the error for the NR-F is
almost an order of magnitude higher compared to the
ADR-F. The discrepancies between ADR-M and NR-
M are less pronounced compared to the fixed cases but
the aforementioned differences persist.

A thorough comparison of the drag and recircula-
tion bubble length is performed for the fixed cylinder
against the reference data of Gautier et al. (2013) for
which CD = 1.49 and Lw/D = 2.24. The drag coef-
ficients obtained for the NR-F cases at low resolution
(1.70/1.52 for Case1/Case2) are fairly high but when
the resolution is refined, the drag coefficient eventu-
ally converges to the reference value with 1.48/1.49
for Case4/Case5. Regarding Lw/D, the same trend is
reported with values of 2.85/2.35 for Case1/Case2. On
the finest mesh (Case5), the value obtained is nearly
equal to the reference value (2.22 versus 2.24). Hence,
to obtain correct predictions for the drag coefficient
and recirculation length with the NR-F method, the
resolution needs to be very fine. Contrarily, the ADR-
F produces excellent results for Case3 to Case5 (1.49
for the drag coefficient and 2.24 for the recirculation
length). For the ADR-F method, the resolution of
Case3 is adequate to match the reference data sug-
gesting that the ADR method could allow the use of
coarser meshes by comparison to the NR method.
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Figure 2: Normalised velocity L2-error maps for the flow
over fixed (top) and moving (bottom) cylinders at
Re = 40 for the ADR-IBM and NR-IBM.

Flow over a 2D circular cylinder at Re = 300
The flow over fixed and moving circular cylinders

at Re = u∞D/ν = 300 is considered with the ADR-
IBM with second- and sixth-order compact schemes in
a square computational domain L×H = 25D× 25D
and a resolution of nx × ny = 385 × 384. The grid
is stretched in the vertical direction towards the cen-
ter of the domain with the minimum grid spacing be-
ing ∆ymin = 0.004D and a time-step of ∆t = 3.2 ×
10−4D/u∞. A uniform velocity profile u∞ = 1 is ap-
plied at the inlet, a 1D convection equation at the outlet
and periodic boundary conditions in the vertical direc-
tion. The same initial conditions are used as the previ-
ous section. The fixed cylinder is placed at (x0, y0) =
(12.5D, 12.5D) and the simulation is terminated after
120 non-dimensional time units. The moving cylin-
der is initialised at the same position with the fully
converged flow of the fixed cylinder simulation. The
free-stream velocity is scaled at u∞ = 0.5 and the
cylinders moving velocity at um = (−0.5, 0, 0). The
moving simulations is terminated after the cylinder has
traveled 8D.

Table 1 compares the mean drag and Strouhal
numbers obtained with the fixed and moving ADR-
IBM with results presented in literature. The results
with second- and sixth-order schemes are also pre-
sented for the fixed simulations. As it can be seen,
the sixth-order schemes provide excellent agreement
with the literature for the fixed and moving simula-
tions. However, the results with the second-order com-
pact schemes overestimate both the mean drag and the
Strouhal number. This demonstrates the advantage of
using high-order schemes even with an IBM with a
lower formal convergence rate. The comparison be-
tween these schemes will be investigated further in the
subsequent section. Finally it should be noted that a
small underestimation (< 1.5%) of the mean drag is
observed for the moving cylinder. This is caused by
the presence of the Spurious Force Oscillations (SFOs)
which is related with the generation of ‘dead’ cells as
the solid interface moves into a previously fluid cell.
The SFOs solely affect the pressure field (as demon-
strated in the previous section) which ultimately result
in the small underestimation of the instantaneous hy-
drodynamic coefficients.

Table 1: Comparison of time-averaged drag coefficients and
Strouhal numbers for the flow over a 2D cylinder
at Re = 300 with 2nd- and 6th-order compact
schemes.

Study CDCDCD StStSt

Ye et al. (1999) 1.38 0.21
Luo et al. (2012) 1.43 0.196
Williamson (1996) 1.28 0.20

Present ADR-Fixed, 2ndO 1.46 0.22
Present ADR-Fixed, 6thO 1.40 0.21
Present ADR-Moving, 6thO 1.38 0.21



Flow over a 3D circular cylinder at Re = 300

The flow over a fixed 3D circular cylinder at Re =
u∞D/ν = 300 is considered with the ADR-IBM
to further investigate the effect of the second- and
sixth-order compact schemes. Various spatial resolu-
tions are considered: nx × ny × nz = 257 × 129 ×
32, 513 × 257 × 64, 1025 × 513 × 128 for a domain
size L × H × W = 20D × 12D × 6D along with
a constant time-step ∆t = 2.5 × 10−3. The cylinder
is placed at (x0, y0) = (5D, 6D). A uniform veloc-
ity profile is imposed at the inlet and a 1D convection
equation at the outlet. The velocity field is initialised
with random noise which follows a Gaussian distribu-
tion with its peak located at the centre of the domain
in the y and z directions (with maximum intensity of
0.135 of u∞). A free-slip condition is applied in the
y-direction while a periodic boundary condition in the
z-direction.

Figure 3 compares the time and spanwise aver-
aged streamwise velocity profiles at different locations
downstream of the cylinder with 2nd- and 6th-order
compact schemes with reference data. The sixth-order
schemes are in very good agreement with the refer-
ence data even at the coarsest resolution. However, the
second-order schemes struggle to accurately capture
the correct velocity profiles even with the finest grid
resolution. By refining the grid resolution further, the
results will eventually match those of the high-order
scheme but this will require a refinement of at least six
or even eight times.

Further, figure 4 shows instantaneous vortical
structures visualised with the Q-criterion for the 2nd-
and 6th order schemes for the coarsest grid resolu-
tion. The second order schemes can only capture the
larger vortical structures and fail to capture the smaller
ones. Of course, by increasing the resolution further,
the second order schemes will eventually be able to re-
cover the correct solution. Hence, it can be concluded
that low order schemes require much finer grid resolu-
tions (more than four times) to accurately capture the
flow characteristics. This highlights the superiority of
high-order schemes which are overall much cheaper as
they require significantly coarser resolutions to reach
the correct solution. So, even though the formal accu-
racy of the ADR-IBM is second-order, it is still highly
beneficial to use high-order schemes. At this point, it
should be stressed that the ADR-IBM introduces the
maximum error solely in the immediate vicinity of the
immersed interface (as discussed in the previous sec-
tions). Hence, the reduced order of convergence is ob-
served locally near the solid object while the beneficial
effects of the high-order schemes are maintained fur-
ther away.

Flow over a sphere at Re = 3700

To illustrate the potential of the approach for high-
fidelity (DNS) turbulent simulations with moving ob-
jects on high-performance computing facilities, the
flow past fixed and moving spheres at Re = 3700 is

Figure 3: Time and spanwise averaged streamwise velocity
profiles at different locations downstream of the
cylinder with 2nd- and 6th-order compact schemes
compared with the referenced data reported by
Mittal, Balachandar (1997).

considered. A rectangular domain (L × H × W =
15D×6D×6D) with a grid resolution nx×ny×nz =
1537× 1024× 1024 are selected. The fixed sphere is
placed at (x0, y0, z0) = (5D, 3D, 3D). A uniform
velocity u∞ = 1.0 is imposed at the inlet and a 1D
convection equation at the outlet. The velocity field is
initialised with random noise which follows a Gaus-
sian distribution with its peak located at the centre
of the domain in the y and z directions (with maxi-
mum intensity of 0.1 of u∞). Periodic boundary con-
ditions are applied in the y, z-directions. The simu-
lation is terminated after 63.5 non-dimensional time
units and this solution is used to initialise the simula-
tion with the moving sphere. The free-stream velocity
is scaled at u∞ = 0.5 and the sphere velocity at um =
(−0.5, 0, 0). A time-step of ∆t = 10−4D/u∞ is se-
lected for both simulations which are performed on
the Irene-Rome supercomputer (France) with 32,768
computational cores. Figure 5 shows the instantaneous
vortical structures visualised with the Q-criterion for
the moving sphere at t = 64.0 which shows the three-
dimensional helical pattern which occurs in the wake.

Table 2 compares the time-averaged drag coeffi-
cients of the fixed and moving simulations with results
reported in literature. The present results are in excel-
lent agreement with the experimental and DNS data.

Table 2: Comparison of time-averaged drag coefficients for
the flow over a sphere at Re = 3700.

Study CDCDCD

Rodriguez et al. (2009) (DNS) 0.394
Schlichting (1979) (Exp.) 0.39

Present ADR-F/ADR-M (DNS) 0.398
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Figure 4: Visualisation of instantaneous vortical structures
of the wake of a circular cylinder at Re = 300
in the x-z plane with the Q-criterion at t = 100.0
(with iso-contours levels of 0.2) with second- (top)
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Figure 5: Visualisation of vortical structures of the wake of
a moving sphere at Re = 3700 in the x-y plane
with the Q-criterion at t = 64.0 (with iso-contours
at 0.05 (yellow) and 1.5 (green colours)).

The strong scaling of Xcompact3d is demon-
strated for the fixed and moving sphere cases
with the ADR-IBM and No-IBM on the Archer
(UK) (https://www.archer.ac.uk) and Irene-
Rome (France) (http://www-hpc.cea.fr/en/
complexe/tgcc-JoliotCurie.htm) HPC fa-
cilities with various grid resolutions in the range be-
tween 1.6 and 68.7 billion computational cores. In
more detail, the following resolutions are considered:
Coarse (1537 × 1024 × 1024), Intermediate (3073 ×
2048 × 2048) and Fine (4097 × 4096 × 4096). The
No-IBM corresponds to the base flow without the im-
mersed solid. As it can be seen in figure 6, the Al-
ternating Direction Reconstruction IBM maintains the
excellent scalability of the solver for up to 65, 536
computational cores. The scaling of the Coarse and
Intermediate resolutions diverge from the ideal scal-
ing for very large numbers of cores (> 32, 768) due
to the very small number of grid nodes per core. As
the resolution is further increased the scaling recovers
to the ideal one for 65, 636 computational cores. The
ADR-F introduces only a small computational over-

head compared to the No-IBM. The ADR-M, results
in a small cost increase which is related to the approx-
imation of the immersed boundary interface location at
every time-step. This additional cost can be almost en-
tirely eliminated for simple geometries (sphere, cube,
etc) for which the boundary interface can be defined
by an analytical equation. For more complex objects,
the interface is numerically approximated on a highly
refined mesh (typically ten times more resolved). A
detailed breakdown of the cost of communication and
the main steps of Xcompact3d along with the paral-
lel efficiencies can be found in Giannenas and Laizet
(2021).
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Figure 6: Strong scaling performance of Xcompact3d
with the ADR-IBM and No-IBM for various grid
resolutions on the Archer and Irene-Rome super-
computing facilities.

Forced laminar bluff body wake at Re = 100
In this section, the flow over a square cylinder

with an aspect-ration AR = 2 at Re = 100 (based
on the cylinders height H and free-stream velocity
u∞ = 1) is considered in a rectangular computational
domain Lx × Ly = 40H × 20H with a spatial res-
olutions nx × ny = 1025 × 768 (refined towards
the center with ∆ymin = 0.017H) and a time-step
∆t = 5.0 × 10−4H/u∞. The forcing is applied by a
pair of thin and pitching rear flaps which follow a sinu-
soidal motion to generate a clapping motion as shown
in figure 7. The clapping motion is defined by the flap
angle θ = θmsin(2πft), with θm = 20◦ being the
maximum angle is degrees, f the forcing frequency of
the flaps and t the time. A flap thickness of 5% of
the body height and flap lengths of lf = 0.4, 0.6 are
selected. Periodic boundary conditions are applied in
the vertical direction, a uniform velocity profile at the
inlet and a 1D outlet equation at the outlet. The flow is
initialised with random noise similarly to the previous
sections.

Figure 8 shows the mean drag ratio for various
forcing frequencies with different flap lengths for the
clapping motion. The drag is normalised by the drag
of the natural flow (the flow over the body without

https://www.archer.ac.uk
http://www-hpc.cea.fr/en/complexe/tgcc-JoliotCurie.htm
http://www-hpc.cea.fr/en/complexe/tgcc-JoliotCurie.htm


the flaps). As it can be seen, a drag reduction can
be obtained for large clapping frequencies with the
larger flap length resulting in better aerodynamic per-
formance. A clear peak is present for both flap lengths
when the forcing frequency is applied at twice the
Strouhal number of the natural (unforced flow). This
indicates the presence of a subharmonic resonant in-
teraction which amplifies the primary vortex shed-
ding mode. Drag reduction is achieved via a gradual
wake symmetrisation technique with the increase of
the forcing frequency as demonstrated in figure 9.
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Figure 7: Schematic illustrating the in-phase clapping mo-
tion of the rear pitching flaps on a square body.
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Figure 8: Normalised mean drag versus a wide range of forc-
ing frequencies with the vertical dashed line corre-
sponding to the natural frequency of the flow while
the solid horizontal one to unity ratio.
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Figure 9: Instantaneous vorticity contours for the forced
flow with the clapping motion for lf = 0.6 and
two forcing frequencies f .

4 Conclusion
The ADR-IBM can simulate multiple fixed and

moving objects on supercomputers and shows a sig-
nificant improvement over the NR-IBM by reducing
the velocity and pressure error. The method is ca-
pable of maintaining the excellent strong scaling of
Xcompact3d for up to 65,536 computational cores.
It has also been shown that it is highly beneficial to use
high-order schemes with the proposed IBM. Finally,
an effective drag reduction mechanism is presented for
the flow over bluff bodies with two rear pitching flaps.
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Abstract
In order to study the unsteady flows occurring in

the wake of space launchers, numerical models have
to provide an accurate description of both the turbu-
lent behaviour of base flows and the thermodynamic
properties of the multi-species and reactive propulsive
jets. As the complexity of models dedicated to each
of these objectives can have a significant impact on
computational cost, especially for reusable designs in-
cluding several nozzles, authors have often to establish
a compromise between an accurate treatment of tur-
bulence and the taking into account of chemistry ef-
fects. To contribute to the improvement of launcher
base flow predictions, this paper presents the study of
a four-nozzle space launcher configuration with a ded-
icated numerical workflow focusing on the treatment
of turbulence. Indeed, such a case has only been stud-
ied with RANS approaches so far, and is treated here
with the automatic mode of the Zonal Detached Eddy
Simulation (ZDES Mode 2 2020) and hybrid numer-
ical methods, based on Ducros’ sensor and allowing
to resolve well the turbulent fluctuations of the base
flow while capturing the strong normal shock struc-
tures inside the jets. The computations are further-
more performed thanks to inert bi-species numerical
methods enabling to take into account some thermo-
dynamic properties of the jets with an acceptable com-
putational cost. The bi-species scale resolving numer-
ical workflow is able to reproduce the main features
of multi-jets afterbody flows and provides a satisfying
agreement with experimental pressure measurements.
Compared with RANS calculations, the use of ZDES
not only gives access to additional information regard-
ing the unsteadiness of the flow but also provides dis-
tinct predictions of the mean aerodynamic field.

1 Introduction
To support the development of multi-nozzles

reusable launcher designs, the accurate prediction of
afterbody flows occurring behind the base and around
the nozzles during flight is of primary importance to
assess the aerodynamic performance and the integrity
of the vehicles. Indeed, the reactive multi-gas interac-
tions occurring between the hot propulsive jets and the
base flow can induce adverse phenomena such as base

drag, due to the low pressure recirculation zone form-
ing behind the base, pressure loads which may damage
mechanical structures and base heating linked to the
recirculation of hot gases towards the base. As a re-
sult of this complexity, the aerodynamic design of new
generation launcher afterbody remains a challenge for
both experimental and numerical tools.

Focusing on numerical approaches, two main con-
clusions can be drawn from the literature. First, the
need to resolve the large scale turbulent eddies driving
the dynamics of base flows in order to perform accu-
rate predictions of the wake flow topology and wall
pressure levels has been well documented on generic
space launcher configurations (Reynaud et al. 2021a,
Statnikov et al. 2016). RANS approaches have indeed
been shown to have limited capacities to reproduce
such massively separated flows whereas RANS/LES
approaches, combined with low dissipative numerical
schemes, have displayed a good cost/accuracy com-
promise (Pain et al. 2014). Then, authors such as
(Gusman et al. 2011) have shown the need to take
into account the thermodynamic properties of the hot
reactive propulsive jets to increase the representative-
ness of space launcher simulations. As the computa-
tional cost of both RANS/LES approaches and multi-
species reactive flow models is important, authors have
often to establish a compromise between an accurate
treatment of turbulence and the taking into account of
chemistry effects.

Regarding wind tunnel experiments, only few
studies have been dedicated to multi-nozzles space
launcher configuration with hot propulsive jets (Mehta
et al. 2013). Among them, the case of a four-
JP4/LOX-nozzle space launcher configuration studied
experimentally in (Musial and Ward 1961) is consid-
ered as a reference case and has been treated numer-
ically by several authors. These studies (Mehta et al.
2013, Pu and Jiang 2019), which employed advanced
thermodynamic models but only used RANS models
for turbulence modelling, have provided useful analy-
ses of the flow field but have reported noticeable errors
in the evaluation of wall pressure levels.

To contribute to the study of launcher base flow
prediction methods, this paper presents a numerical
study of the four-nozzle space launcher configuration
with a scale resolving framework based on the use of a



simple two-species physical model and hybrid numer-
ical methods to allow for an affordable ZDES mode
2 (2020) (Deck and Renard 2020) computation. The
results will be compared with a two-species RANS
computation and with RANS computations including
chemistry effects from the literature in order to inves-
tigate the benefits of a scale resolving approach for
multi-nozzle afterbody computations.

In this article, we first describe the test case and
the features of the numerical framework used for the
bi-species ZDES and RANS computations. We then
characterize the launcher wake flow thanks to instanta-
neous and mean flow visualizations. In particular, the
focus is put on the resulting wall pressure distribution
on the base and on the nozzles of the launcher.

2 Test case and mesh setup
The present study is based on a wind tunnel ex-

periment provided by Musial and Ward, the geometry
of the model for this study is shown in Fig.1. It con-
sists of a four-nozzle subscale rocket model with pa-
rameters such as rb = 152.4 mm, Ln/De = 1.53,
and Ds/De = 1.67. The four rocket engines oper-
ate with a propulsive mixture combining JP-4 as a fuel
and LOX as an oxidizer. The selected test flow con-
ditions, corresponding to a flight altitude of 14.9 km,
are summarized in Table.1 together with the total pres-
sure Pc and total temperature Tc inside the combustion
chamber. These test conditions correspond to underex-
panded jets with an exit Jet Pressure Ratio (JPR=3.4)
(Mehta et al. 2013). The wind tunnel model was in-
strumented with pressure transducers and temperature
probes on its base.

As shown in Fig.2b a structured mesh has been de-
signed by including one secondary O-H topology for
each nozzle in a main O-H topology built around the
launcher body. The radial point distribution shown in
Fig.2a is designed in order to ensure ∆y+ ≈ 1 for ev-
ery attached boundary layers and to cluster points in
the mixing layer forming behind the main body base.
With 240 points in the azimuthal direction (∆θ =
1.5◦) the mesh contains 55.6×106 cells overall.

Parameters Values
Pc 41.37 bar
Tc 3469.8 K
P∞ 12209.5 Pa
T∞ 297.7 K
M∞ 2.75

Table 1: Low altitude case initial flow conditions (Mu-
sial & Ward 1961)

3 Computational set-up

Two-species model

To study the 4 nozzle launcher configuration, an
implicit finite volume formulation of the two-species
Navier-Stokes equations, presented in (Reynaud et al.
2021b) is used. This approach enables to define the
propulsive gas mixture and the surrounding air as two
perfect gases. To provide adequate properties for the
propulsive mixture, JP-4/LOX equilibrium flow data
from (Huff et al. 1956) are used to define constant
values for the Sutherland’s law constants [µ0j ,Sj ,T0j ],
the specific heat ratio γj , the volume constant heat ra-
tio cvj and the Prandtl number Prj of the jets gas (see
Tab.2). The turbulent Schmidt number is chosen as 0.5
for the mixing between air and the propulsive mixture.

µ0j (N.s/m2) 1.85.10−5

T0j (K) 370
Sj (K) 168
γj 1.224

cvj (J/kg) 1997.5
Prj 0.78

Table 2: Properties of the perfect gas simulating a
JP4/LOX mixture

Turbulence modelling and numerical scheme
The RANS computation is performed with the

Spalart-Allmaras turbulence model (Spalart and All-
maras 1992) and an AUSM+ scheme (Liou 1996) for
convective fluxes. As this scheme is too dissipative for
scale resolving computations, the numerical fluxes for
the ZDES computation are evaluated thanks to a hy-
brid numerical scheme (Reynaud et al. 2021a) built to
switch from the AUSM+ scheme in presence of shocks
to a low dissipative AUSM+(P) formulation (Mary and
Sagaut 2002) in vortical regions. The time step for the
ZDES computations is ∆tCFD = 2.10−7s which en-
ables to ensure that CFL < 6 in the base flow mixing
layer. As the vortex shedding period linked to the base
diameter was estimated to be Ts = 2∗rb

0.2∗U∞
≈ 1.6

ms, a period of 32 ms= 20 × Ts was adopted to clear
the flow from transient effect before using a 80 ms
≈ 50× Ts period to compute statistics.

4 Results

Flow topology
The instantaneous visualisation of the wake flow

shown in Fig.3a enables to observe that the main body
boundary layer separates at the base and rolls up into
azimuthal vortices to form a mixing layer which bends
towards the launcher axis under the effect of an expan-
sion wave. As displayed in the instantaneous pressure
field shown in Fig.3b, a realignment shock forms as
the bended flow meets with the propulsive jets bound-
aries and induces an adverse pressure gradient on the
outer side of the jet boundaries. Looking at the un-
derexpanded propulsive jets, we observe that in co-
herence with results from (Mehta et al. 2013, Pu and



Figure 1: Schematic view of the 4 nozzle launcher geometry (from (Pu and Jiang 2019))

(a) Mesh distribution in the nozzles exit area

(b) 4 secondary O-H topologies included in a main O-
H topology

Figure 2: Mesh description

Jiang 2019), the jet boundaries collide near the axis
of the launcher and create a high pressure zone on the
inner side of the jet boundaries. These high pressure
gradient zones together with the normal shocks vis-
ible inside the jets justify the use of hybrid numeri-
cal methods able to capture shocks while maintaining

(a) Mach number distribution and coherent structures in the wake of the
launcher

(b) Instantaneous pressure distribution and coherent structures (black
iso-lines) in the wake of the launcher

Figure 3: Instantaneous flow topology

a low numerical dissipation in the rest of the flow to
resolve turbulent structures. One can indeed note in
Fig.3b that in addition to the azimuthal vortices issu-
ing from the base, the mixing process between the jets
engender the formation of a wide variety of turbulent
structures in the inter-nozzle area.

The time averaged topology of the base flow re-
sults from the combination of the two adverse pressure
gradients previously mentioned. We compare in the



(a) Distribution of longitudinal velocity and streamtraces in a plane con-
taining the nozzles.

(b) Distribution of longitudinal velocity and streamtraces in a plane
between the nozzles

Figure 4: Average velocity distribution in the wake of
the launcher

following the average flow fields obtained with RANS
and ZDES computations. First, looking at a longitu-
dinal plane containing two nozzles (Fig.4a), one can
observe the formation of a recirculation zone on the
outer side of the nozzles. This recirculation zone inter-
acts with the propulsive jets which entrain the external
flow through a mixing layer. This entrainment effect
appears stronger in the RANS computation as the re-
circulation bubble reattaches closer to the nozzle exit
than in the ZDES computation. This first flow pattern
corresponds to the one usually observed for axisym-
metric base flow with a single nozzle (Reynaud et al.

2021a, Statnikov et al. 2016). In the present case of
4 propulsive nozzles, additional flow interactions oc-
cur. Indeed, due to the impingement between the su-
personic propulsive jets, the fluid located between the
nozzles is subject to a strong adverse pressure gradient
that leads to a reverse flow heading towards the base.
We note that the RANS computation provides a higher
reverse velocity than the ZDES one. This reverse flow
impacts the base and induces the formation of radial
wall jets. In a plane containing nozzles, these wall jets
will be deflected as they go around a nozzle and part
of the reverse flow will regain a positive longitudinal
velocity. In a plane located between the nozzles (see
Fig.4b), these wall jets will flow towards the base outer
radius and feed the external recirculation zone. In such
a plane, the prediction of the recirculation zone topol-
ogy again differs between the two computations as the
S-A model predicts a center position of the recircula-
tion closer from the base than ZDES. Notwithstanding
some local differences, the two bi-species computa-
tions are able to reproduce the main flow features of a
4-nozzle launcher wake flow (Mehta et al. 2013).

To investigate further the interaction between the
propulsive jets and the base flow, the average distri-
bution of the propulsive mixture mass fraction (Yfuel)
in the afterbody area is displayed on Fig.5. One can
note that the RANS computation predicts a much in-
tense mixing between the two gases than the ZDES
one. This is shown by the greater predicted growth
rate of the jet external mixing layer and by Yfuel levels
in the inter-nozzle area nearly twice as high as those
found with ZDES. Such discrepancies in the amount
of hot propulsive gases flowing back to the base area
can be attributed to the strong influence of the tur-
bulent Schmidt number on RANS mixing prediction
(Reynaud et al 2021b) and is expected to induce differ-
ences in base temperature predictions. One can indeed
observe in Fig.6 that the RANS computation predicts
higher base temperature levels and a wider high tem-
perature zone. Due to the absence of chemistry effects
and to the use of adiabatic wall boundary conditions,
both computations overestimate the temperature ratio
T
Tc = 0.55 measured experimentally at the center of
the base.

Base pressure distribution
To assess the present computations, data from the

base pressure experimental probes are used together
with RANS results from two studies found in the lit-
erature. First, (Mehta et al. 2013) performed compu-
tations with different levels of physical modelling for
the propulsive jets; a frozen flow computation (Me1)
where the propulsive mixture is considered as a per-
fect gas with a fixed γj=1.15 (value corresponding to
chamber conditions); a variable γj computation (Me2)
where γj is a function of temperature and a reactive
computation (Me3) where the propulsive gas is mod-
elled as a 10 species mixture and chemical reactions
are taken into account. Then, in (Pu and Jiang 2019)



Figure 5: Distribution of fuel mass fraction in a plane
containing the nozzles.

Figure 6: Temperature distribution on the base.

several RANS models were tested to perform reactive
computations.

Looking at base pressure coefficient distributions
displayed in Fig.7, results from (Metha et al. 2013)
showed that, with the Menter BSL RANS model, the
use of the simplest physical model (Me1) surprisingly
provided the best predictions for base pressure levels
as both the variable γj computation (Me2) and the re-
active computation (Me3) lead to a significant under-
estimation of base pressure levels in comparison with
experimental data. The same magnitude of error is
found in (Pu and Jiang 2019) as shown here with the
predictions obtained with the RNG turbulence model
(Pu RNG), which provided the best results in their
study. One can furthermore observe that all of the
mentioned RANS computations are unable to repro-
duce the almost flat pressure profile found experimen-

tally as they induce an overestimation of the pressure
difference occurring between the center of the base
and the outer radius. These discrepancies motivate the
use of more advanced turbulence modelling such as
the ZDES approach used here. Focusing on base pres-
sure coefficient distributions obtained with the present
computations, one can note that the use of an equilib-
rium flow hypothesis in the nozzles (with γj=1.224)
provides predictions coherent with numerical results
from the literature, in between the frozen flow com-
putation and the computations including chemistry ef-
fects. The use of ZDES improves predictions in com-
parison with RANS as it enables to recover a flat pres-
sure profile and higher pressure levels near the outer
radius. These disparities can be linked to the previ-
ously observed differences in the topology of the re-
circulation zone.

Nozzle pressure distribution
The evolution of the pressure coefficient (Cp)

along generatrix lines located at different angular lo-
cations (outer position (OUT), inner position (IN) and
side positions (SIDE)) on a nozzle external wall is dis-
played in Fig.8 and reveals further deviations between
the RANS and the ZDES computations. Indeed, the
use of ZDES provides relatively flat Cp profiles (close
to Cp = −0.065) on every position around the noz-
zle whereas the RANS calculation predicts noticeable
pressure axial variations for each location around the
nozzle and a substantial pressure gap between the in-
ner position and the outer position. Each turbulence
modelling approach would thus lead to different esti-
mations of the pressure loads used to study the me-
chanical behaviour of the nozzles. Based on previous
numerical results obtained on launcher configurations
with a single nozzle (Pain et al. 2014, Reynaud et
al.2021b) one can note that the ZDES predictions are
used to be more representative than the RANS ones.

To complete the study of side-loads with consid-
eration for the unsteadiness of the flow, the ZDES
computation enables to investigate the evolution of
the fluctuating pressure coefficient along the nozzles
in Fig.9. The overall increase of fluctuating pres-
sure levels in the direction of the flow observed with
the present computation is in coherence with previous
RANS/LES results and experimental measurements
described in (Statnikov et al. 2016) on a launcher with
one nozzle placed in an external flow at M∞ = 3.
The computed fluctuations levels are furthermore in
the same range as the one displayed in (Statnikov et al.
2016) with Cprms ∈ [0.0015, 0.01]. Important differ-
ences are however observed depending on the angular
position. Indeed, the inner side of the nozzle is subject
to pressure fluctuations twice as high as the outer side.
These higher fluctuations levels can be related to the
large amount of turbulent structures observed earlier
in the inter-nozzle area.



Figure 7: Base pressure distribution along an inter-
nozzle radial line

Figure 8: Axial evolution of Cp at different angular
locations along a nozzle

Figure 9: Axial evolution of Cprms at different angu-
lar locations along a nozzle

5 Conclusions
To investigate the benefits of a scale resolving ap-

proach for multi-nozzle afterbody computations, a bi-
species numerical workflow based on the combina-
tion of the ZDES Mode 2 (2020) and hybrid numer-
ical methods has been applied to a 4-nozzle launcher
configuration. The workflow appears as a promising
tool able to reproduce the main flow features occur-

ring in the wake of a 4 nozzle space launcher and to
provide quantitative estimations of the resulting mean
and fluctuating loads. In comparison with RANS com-
putations, ZDES provides significant differences in the
prediction of base flow topology, gas composition near
the base and wall pressure distributions. These encour-
aging results should motivate further numerical studies
combining the resolution of the large eddies forming
in the wake of the launcher with more advanced ther-
modynamic models but also advocates for the realisa-
tion of more detailed wind tunnel experiments includ-
ing hot propulsive jets and unsteady measurements.
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Abstract
This study investigates the effect of anisotropic

wall permeability on a turbulent boundary layer. A
porous insert consisting of arrays of pore channels
is fabricated which is permeable in two directions of
Cartesian coordinate. Velocity measurements are ob-
tained using hot-wire anemometry downstream of the
porous insert with the channels aligned in streamwise
and wall-normal, or spanwise and wall-normal direc-
tions, with the bottom surface of the inserts sealed
or unsealed from the back. It is found that when
the porous inserts are sealed from the back, mean
flow statistics are slightly affected in the near-wall re-
gion. The spectral energy associated with the stream-
wise vortices in the perturbed turbulent boundary layer
downstream of the sealed porous inserts is weakened
in the near-wall region, while large scale structures are
strengthened. When the porous inserts are not sealed
from the back, the strong flow penetration creates a
large mean slip velocity at the interface and a sub-
stantial mean velocity deficit in the logarithmic layer
accompanied with a substantial increase of turbulence
intensity. The spectral analysis shows the emergence
of highly energetic large-scale structures in the per-
turbed flow. While these effects are observed for
the unsealed inserts in both permeability directions,
it is shown that streamwise permeability leads to a
larger turbulence enhancement compared to the span-
wise permeability direction.

1 Introduction
Wall-bounded turbulent flows over porous surfaces

are encountered in many natural and industrial appli-
cations, such as heat exchangers, vegetation canopies
and river beds (Finnigan, 2000; Favier et al., 2009;
Nepf, 2012; Chandesris et al., 2013). Flow penetra-
tion into a porous wall is found to alter the boundary
layer flow structure due to the reduction of the wall
blocking effect, and as such the quasi-streamwise vor-
tices of a turbulent boundary layer over a solid wall are
weakened by a porous wall (Breugem et al., 2006). For
large wall permeability, as the flow penetration into the
wall increases, spanwise rollers are found to emerge
which increase the momentum transfer over the per-
meable wall and lead to an increase of skin-friction
drag (Breugem et al., 2006; Manes et al., 2011; Efs-

tathiou and Luhar, 2018).
The level of penetration of mean flow and turbulent

events into the wall, which determines the interaction
of the wall with the turbulent boundary layer, depends
on the properties of the porous wall including porosity,
φ, and permeability, k. Porosity represents the ratio of
the pore volume to the total volume of the material.
Permeability depends on the connectivity between the
pores and correlates the flow rate inside the porous ma-
terial to the pressure drop across it, as described by
Darcy’s law (Whitaker, 1986). Another parameter that
affects the flow development over the porous wall is
the material thickness such that if the porous material
thickness is in the order of the pore dimensions, its ef-
fect is mainly similar to a rough wall (Efstathiou and
Luhar, 2018).

While the majority of the literature considered
isotropic permeability (Breugem et al., 2006; Manes
et al., 2011; Suga et al., 2011; Efstathiou and Luhar,
2018), recent studies show that anisotropic permeabil-
ity of the wall impacts its interaction with the flow.
Kuwata and Suga (2017) found that for a surface
with only wall-normal permeability, turbulent struc-
tures were not altered significantly compared to a
solid wall boundary layer, whereas wall permeabil-
ity in streamwise and spanwise directions increased
Reynolds stresses. On the other hand, numerical sim-
ulations predict that a material with a high stream-
wise permeability and a low wall-normal permeabil-
ity can restrict the wall-normal velocity fluctuations
near the wall, leading to a possible reduction in skin-
friction drag (de Segura and Garcı́a-Mayoral, 2019).
As the numerical simulations use idealised models for
the porous material and do not resolve the flow within
the pores, these predictions remain to be studied ex-
perimentally.

This study aims to investigate the effect of di-
rectional permeability of an anisotropic material on
the turbulent boundary layer. The effect of a porous
material consisting of structured pore channels on a
fully developed turbulent boundary layer is investi-
gated through hot-wire anemometry in a wind tunnel.

2 Methodology
Experiments were conducted in a closed-loop wind

tunnel with a test section of 500mm × 500mm and



a length of 2m at the University of Adelaide. A
schematic of the test setup is shown in figure 1a. The
floor of the test section is made of an acrylic flat plate
with a super-elliptical leading edge, a nominal major
radius of 114mm and a circulation flap at its trail-
ing edge. It was ensured that zero streamwise pres-
sure gradient is achieved throughout the test section
by adjustment of the side walls of the test section. The
flow was tripped by a 3mm rod placed at a distance
of 140mm downstream of the flat plate leading edge
as recommended by previous experiments at this setup
by Silvestri et al. (2017). The measurements were con-
ducted for both a solid wall and a porous insert which
was installed flush with the surrounding acrylic plate
in the test rig 845mm downstream of the tripping rod,
as shown in figure 1a.
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3 mm rod trip
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Figure 1: (a) Schematic of the flat plate setup, (b) a
schematic of the porous insert showing its dimen-
sions, (c) a photo of the 3D printed porous insert,
and (d) the porous insert at (z − y) and (x − y)
permeability configurations.

The porous insert was designed and fabricated us-
ing 3D printing from PLA plastic. Using pore chan-
nels of constant cross-section 3mm × 3mm with a
constant spacing of 6mm in y, and x or z direc-
tions as shown in figure 1c, the insert had an identi-
cal permeability in two Cartesian axes and zero per-
meability in the third axis. Five planes of pore chan-
nels were contained per material thickness. Using
this structured arrangement of channels, the tortuos-
ity of the material in the plane of pores was equal to
1, where tortuosity quantifies the convolutions of flow
paths through the porous material. The porosity of the
material was φ = 0.858. Its permeability was mea-
sured experimentally using Mecanum static airflow re-

sistance meter and was determined as k = 0.033mm2

in the direction of pores. Note that the off-diagonal
components of the permeability tensor are zero, i.e.
K = diag(kxx, kyy, kzz), due to the symmetry of the
pore arrangements.

The material, which itself was permeable in two
directions, was inserted in the test rig as such to
achieve two different permeability configurations, first
with the pores aligned in streamwise and wall-normal
(x−y) and second in spanwise and wall-normal (z−y)
directions. For the (x−y) configuration, kxx = kyy =
0.033mm2 and kzz = 0, and for the (z − y) configu-
ration, kzz = kyy = 0.033mm2 and kxx = 0. Both
permeability configurations were tested with the bot-
tom surface of the model sealed or unsealed from the
back. The unsealed configurations were subjected to
free undisturbed flow from the bottom surface of the
insert. A summary of all the testing configurations is
given in table 1.

case permeability configuration sealed/unsealed

1 solid —
2 (x− y) sealed
3 (z − y) sealed
4 (x− y) unsealed
5 (z − y) unsealed

Table 1: Test configurations.

Velocity measurements were conducted using con-
stant temperature anemometry at a fixed location
downstream of the porous insert and solid wall,
x = 1170mm and z = 0mm, over 44 quasi-
logarithmically positioned wall-normal locations at a
free-stream velocity U∞ = 12.7m s−1. A boundary-
layer-type single-wire probe was operated by a Dan-
tec Streamline Pro constant temperature anemometer
at an overheat ratio of 0.8 and an operating temper-
ature of 225 ◦C. The measurements were acquired
at a sampling frequency of Fs = 40 kHz, and were
low-pass filtered at 19 kHz using a third order Butter-
worth filter. The velocity signals were obtained for a
duration of T = 30 s at each location to achieve sta-
tistical convergence by capturing TU∞/δ = 12700
boundary layer turnovers, which is sufficient for statis-
tical convergence as recommended by Hutchins et al.
(2009). Calibration of the hot-wire probe was con-
ducted against a Pitot-static tube inside the tunnel in
the free-stream before and after each full profile mea-
surement. The temperature varied less than 1 ◦C dur-
ing each full traverse and therefore the temperature
variation effects were negligible. A least-square fit-
ting method was used to determine the friction ve-
locity uτ of the solid wall boundary layer from the
composite profile of the zero-pressure-gradient turbu-
lent boundary layer (Chauhan et al., 2009) with log-



law constants as κ = 0.384 and B = 4.17. As the
composite profile of the canonical turbulent boundary
layer may not remain valid for the porous inserts, the
results of the porous wall inserts are all reported as
normalised with the friction velocity of the solid wall,
uτ = 0.52m s−1.

3 Results
Figure 2 presents a comparison of the mean ve-

locity profiles measured downstream of the porous in-
serts with the solid wall configuration. The mean ve-
locity profiles of the inserts which were sealed from
the back remain consistent with the solid wall profile
with a slight variation at y+ < 30. The inserts which
were not sealed from the back, on the other hand, sig-
nificantly alter the mean velocity profile. These pro-
files indicate the existence of a substantial slip at the
wall interface and a velocity deficit compared to the
solid wall in the logarithmic layer while the bound-
ary layer depth remains unchanged. From the com-
parison of sealed and unsealed configurations, it is
clear that there is a slight flow penetration into the
material when the bottom surface of the material is
sealed, and only the near wall region is affected by the
porous insert. On the other hand, the profiles of the
unsealed configuration suggest that the material cre-
ates a transpiration effect at the porous interface. How-
ever, as the present measurements were conducted at
a single location downstream of the porous walls, it is
not possible to determine the wall-normal mass flow
rate at the porous interface and any likely mass trans-
fer through the unsealed inserts cannot be determined.
The mean velocity profiles for the unsealed inserts re-
semble those reported in the literature for the flow
over permeable walls such as foams (φ = 0.97 and
k = 0.046mm2) (Efstathiou and Luhar, 2018). Note
that from the limited effect of the sealed inserts on the
mean velocity profile, it can be inferred that the inserts
do not change the surface roughness and the observed
effects for the unsealed inserts are not related to sur-
face roughness but to permeability.

The direction of permeability of the material has
a clear effect on the mean velocity profile of the un-
sealed configuration. A shown in figure 2, streamwise
wall permeability creates a larger velocity deficit at
y+ < 100 compared to spanwise permeability. At
y+ > 100, the profiles for the two permeability di-
rections collapse suggesting that the effect of wall per-
meability direction is mainly limited to the inner wall
region. Furthermore, the outer region of the boundary
layer remains unchanged for both directions as the per-
meable and solid wall profiles collapse at y/δ > 0.5.

A comparison of the turbulence intensity profiles
is presented in figure 3. Consistent with the mean ve-
locity profiles, there is very slight change in the turbu-
lence intensity for the sealed configurations. For the
unsealed configurations, on the other hand, turbulence
intensity is increased significantly compared to the
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Figure 2: Profiles of inner-normalised mean velocity, U+,
for the solid wall and the porous inserts at different
directional permeability configurations.

solid wall and collapses with the solid wall profile only
at y/δ > 0.5. The peak of the turbulence intensity pro-
file of the unsealed configurations shifts from the inner
region to the outer region at y/δ ≈ 0.05− 0.1 and in-
creases in magnitude to u+rms ≈ 4.5 and u+rms ≈ 3.8
for the (x − y) and (z − y) configurations, respec-
tively. The observed outer peak is also found in the
measurements of the flow over permeable foams and
was suggested to be associated with Kelvin-Helmholtz
instabilities (Kuwata and Suga, 2017; Efstathiou and
Luhar, 2018).

Comparison of the profiles for the two perme-
ability directions for unsealed configurations in fig-
ure 3 shows a lager increase of turbulence intensity
for the streamwise permeability compared to span-
wise permeability at y+ < 100. This observation is
in agreement with the experimental measurements of
Suga et al. (2018) over anisotropic permeable walls
made from piled-up polymer nets which showed that
increase of streamwise permeability strengthened the
wall-penetrating vortices leading to an enhancement
of turbulence.

Figure 4 shows the pre-multiplied spectra of the
streamwise velocity for the solid wall and the porous
walls. The results clearly demonstrate an increase of
turbulence energy at larger wavelengths downstream
of the unsealed porous inserts. The peak of the pre-
multiplied spectrum occurs at λ+x ∼ O(103) for the
solid wall, which is consistent with the literature of
the canonical turbulent boundary layer (Samie et al.,
2018). This peak shifts to λ+x ∼ O(104) for the
unsealed configurations which indicates the increase
of the energy of large-scale structures of length 10δ.
These highly energetic large-scale structures appear
at y+ < 500, and are likely to be associated with
spanwise rollers which have been observed in exper-
imental and numerical simulations of porous (Jiménez
et al., 2001) and permeable walls (Breugem et al.,
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Figure 3: Profiles of inner-normalised turbulence intensity,
u+
rms, for the solid wall and the porous inserts at

different directional permeability configurations.

2006; Manes et al., 2011; Kuwata and Suga, 2017;
Efstathiou and Luhar, 2018; de Segura and Garcı́a-
Mayoral, 2019).

The pre-multiplied spectra for the sealed inserts in
figure 4 show slight variations in the near-wall region
compared to the solid wall. For a clear demonstration
of the variations, line plots of the pre-multiplied spec-
tra at three wall-normal locations are plotted in figure
5. Figures 5(a-b) show a reduction of spectral peak
energy at λ+x = 103 for the sealed porous inserts com-
pared to the solid wall. A larger reduction is observed
for the spanwise permeability direction at y+ = 10.
At y+ = 15, the spectral peak energy is reduced
by approximately 7% for both directional configura-
tions. At y+ = 30 and λ+x = 103, figure 5(c), the
profiles almost collapse and no reduction is observed.
The peak of the turbulence spectrum at λ+x ≈ 103 is
well known to be associated with the streamwise vor-
tices within the turbulent boundary layer (Jiménez and
Hoyas, 2008), and the observed reductions at the peak
show that the porous inserts weaken the streamwise
vortices in the turbulent boundary layer at the near wall
region.

As shown in figure 5, the reduction of spectral peak
is accompanied with an increase of energy at larger
wavelengths, i.e., 103 < λ+x < 104 at y+ = 10 for
both directional configurations and 103 < λ+x < 105

at y+ = 30 for the spanwise wall permeability. The
hump at larger wavelengths is also observed at higher
wall-normal locations up to y+ = 200 (not shown
here). The increase of the pre-multiplied spectrum
at the larger wavelengths can be also identified as an
increase in turbulence intensity at y+ = 30 for the
(z − y) configuration in figure 3. Overall, the re-
sults suggest that the sealed porous insert weaken the
streamwise streaks at the near wall region and pro-
mote larger scale structures at higher wall-normal lo-
cations. These large-scale structures are of the same
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wavelength as those intensified for the unsealed cases
though significantly weaker which is likely due to the
weaker flow penetration into the porous insert for the
sealed cases.

4 Conclusions
The effects of wall permeability on the turbulent

boundary layer were investigated for a porous insert
with two directional permeability configurations. The
results show that for the investigated porous inserts,
when the inserts were sealed from the back, the mean
flow penetration into the material, which mainly oc-
curred through the wall-normal permeability, was lim-
ited. As a result, there were only slight variations
in the mean flow properties, including mean velocity
and turbulence intensity, for the sealed configurations
compared to the solid wall. Comparison of the pre-
multiplied spectrum however revealed the interaction

of the turbulent events with the porous wall such that
the streamwise vortices in the turbulent boundary layer
over the porous walls were weakened in the near-wall
region, while large scale structures were strengthened.

When the porous inserts were not sealed from the
back, strong flow penetration occurred and the profiles
resembled those commonly observed for permeable
walls in the literature. The wall permeability created
a large slip velocity at the interface and a substantial
mean velocity deficit in the logarithmic layer. For the
unsealed inserts, turbulence intensity was significantly
increased with its peak shifting to higher wall-normal
locations and highly energetic large-scale structures of
wavelength ∼ 10δ emerged. Furthermore, the compar-
ison of the two permeability directions showed that the
turbulence enhancement was stronger for the stream-
wise permeability configuration compared to the span-
wise direction.

Comparison of the sealed and unsealed configu-
rations suggest that for the sealed inserts mainly the
wall-normal permeability plays a role and the stream-
wise and spanwise channels are likely to act as an en-
closed cavity. The unsealed inserts, on the other hand,
show strong effects of streamwise and spanwise per-
meability. It is likely that the observed effect varies for
different material thicknesses and streamwise lengths,
as well as different porosity and permeability values.
Further studies are hence required to investigate the ef-
fect of flow development length for porous inserts of
different geometric and porosity properties.
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Jiménez J., Uhlmann M. Pinelli A., Kawahara G.
(2001), Turbulent shear flow over active and pas-
sive porous surfaces. Journal of Fluid Mechanics,
Vol. 442, pp. 89–117.

Kuwata Y., Suga K. (2017), Direct numerical simu-
lation of turbulence over anisotropic porous media.
Journal of Fluid Mechanics, Vol. 831, pp. 41–71.

Manes C., Poggi D., Ridolfi L. (2011), Turbulent
boundary layers over permeable walls: scaling and
near-wall structure. Journal of Fluid Mechanics,
Vol. 687, pp. 141–170.

Nepf H.M. (2012), Flow and transport in regions with
aquatic vegetation. Annual Review of Fluid Me-
chanics, Vol. 44(1), pp. 123–142.

Samie M., Marusic I., Hutchins N., Fu M.K., Fan
Y., Hultmark M., Smits A.J. (2018), Fully resolved

measurements of turbulent boundary layer flows up
to Reτ = 20 000. Journal of Fluid Mechanics, Vol.
851, pp. 391–415.

de Segura G.G., Garcı́a-Mayoral R. (2019), Turbulent
drag reduction by anisotropic permeable substrates
– analysis and direct numerical simulations. Journal
of Fluid Mechanics, Vol. 875, pp. 124–172.

Silvestri A., Ghanadi F., Arjomandi M., Cazzolato B.,
Zander A. (2017), The application of different trip-
ping techniques to determine the characteristics of
the turbulent boundary layer over a flat plate. Jour-
nal of Fluid Mechanics, Vol. 140(1).

Suga K., Mori M., Kaneda M. (2011), Vortex struc-
ture of turbulence over permeable walls. Interna-
tional Journal of Heat and Fluid Flow, Vol. 32(3),
pp. 586–595.

Suga K., Okazaki Y., Ho U., Kuwata Y. (2018),
Anisotropic wall permeability effects on turbulent
channel flows. Journal of Fluid Mechanics, Vol.
855, pp. 983–1016.

Whitaker S. (1986), Flow in porous media I: A theoret-
ical derivation of Darcy’s law. Transport in Porous
Media, Vol. 1(1), pp. 3–25.



Turbulent wake flow of light-duty truck: comparison of LES and 

experiments  

Jingwei Xie1, Fei Wang1, Chun-Ho Liu1 
1 Department of Mechanical Engineering, The University of Hong Kong 

xjwei@connect.hku.hk 

 

1. Introduction 

Automobile emissions are major sources of air pollution in urban environment, especially in congested 

areas. In order to avoid the adverse impact on the health and comfort of pedestrians, the pollutants 

emitted by on-road vehicles should be limited below thresholds. Therefore, it is important to monitor 

tailpipe emissions from on-road vehicles. This can be achieved by remote sensing, which is most cost-

effective in terms of coverage, deployment, and manpower compared with other methods [1]. However, 

measurement uncertainty would be induced by the vehicular wake with intermittent dynamics and the 

short sampling duration for remote sensing (less than 1 sec) [2]. Therefore, the study of flow pattern 

and its effects on pollutant dispersion is essential to assess the pollutant concentrations in vehicular 

wake region and enhance the reliability of remote sensing results. 

The wake region behind an on-road vehicle consists of two parts, the near wake and the far wake [3]. 

The near-wake region is mainly characterized by the intensive recirculation immediately behind the 

vehicle body [4]. The near-wake recirculation plays an important role in the entire mixing process after 

an on-road vehicle because the initial pollutant dispersion immediately after the tailpipe is mainly 

governed by the flow within the near-wake region. Most previous studies investigated the pollutant 

dispersion behind vehicles with conventional Gaussian models [5-6]. However, the streamwise 

diffusion, which is important for the dispersion in the near-wake region, is always underestimated using 

such methods [7]. Large-eddy simulation (LES) is thus employed to investigate the detailed dynamics 

and transport process after an on-road vehicle in a transient manner. PIV measurements were also 

conducted in a wind tunnel that provide instantaneous velocity vectors on a plane. By comparing the 

time-averaged statistics and dynamic content of flow from the two methods, the LES computation 

results could be validated. 

 

2. Method 

The LES is conducted by the open-source CFD code OpenFOAM 6. The filtered continuity equation 

𝜕𝑢�̅�

𝜕𝑥𝑖
= 0                                                                               (1) 

and the filtered Navier-Stokes equation 

𝜕𝑢�̅�

𝜕𝑡
+

𝜕

𝜕𝑥𝑗
𝑢�̅�𝑢�̅� = −

𝜕�̅�

𝜕𝑥𝑖
+ 𝜈

𝜕2𝑢�̅�

𝜕𝑥𝑗𝜕𝑥𝑗
−

𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
                                              (2) 

are solved for the flows. Here, 𝑢𝑖, 𝜋, and 𝜏𝑖𝑗 are the velocity component, modified pressure and SGS 

momentum flux, respectively. 𝑥𝑖 is the Cartesian coordinate, t the time and 𝜈 the kinematic viscosity. 

The summation convention on repeated indices (i, j = 1, 2 and 3) applies. The overbar �̅� denotes the 

spatial filtering employed to derive the LES resolved scales. 

The model of the light-duty truck (Fig. 1a) sizes 3.31h (length) × 1.07h (width) × 1.30h (height) while 

the computational domain sizes 102.6h (streamwise) × 11.5h (spanwise) × 19.2h (vertical). Here, h is 

the height of the trunk. Dirichlet boundary conditions (BCs) of constant wind speed 𝑈∞ = 10 𝑚/𝑠 and 

zero pollutant �̅� = 0 are prescribed at the inflow. A pollutant source of size 2.63 × 10−4ℎ3 with a 

constant emission rate �̇� is placed at the tailpipe to simulate vehicular pollutant. An open BC (𝜕�̅� 𝜕𝑡⁄ +
�̅� 𝜕�̅� 𝜕𝑥⁄ = 0) is applied at the outflow so all the pollutants are removed from the computational 

domain without any reflection. Other BCs are depicted in Fig. 1b. The Reynolds number based on the 
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free-stream wind speed 𝑈∞ and the trunk height h, 𝑅𝑒 (= 𝑈∞ℎ/𝜈) is over 106 that is comparable to 

that in previous studies [8]. 

The wake flow of a toy truck model (Fig. 1c) is also investigated experimentally with the aid of 2D-2C 

PIV technique in the wind tunnel. The measuring planes are illuminated by a thin laser sheet generated 

from the laser beam of dual cavity flash-pumped Nd:YAG laser (Litron Nano L series). The DEHS 

liquid is used to generate seeding particles by a high volume liquid seeding generator (Flow Tracker 

700CE). The flow images were captured with a high-resolution CCD camera of resolution 

2048 × 2048 pixels at a framing speed of 10 double-image per second.  

 

   

Fig. 1 (a-b) Digital model of the light-duty truck together with computational domain and boundary 

conditions; (c) Truck model tested in wind tunnel. 

 

3. Results and Discussion 

The velocity profiles within the near-wake region from LES were compared with the present PIV 

measurements for data validation. The wind tunnel results presented by Lo & Kontis [9] are also 

included. Fig. 2 shows the normalised streamwise mean velocity profiles along the vertical centreline 

at different downstream locations (𝑥/ℎ = 0.2, 0.5 and 0.8) of the truck while Fig. 3 illustrates the mean 

wake structure by means of contour map and streamlines. In the current study, 𝑧 = 0 is located at the 

bottom of the trunk, while the velocity is normalized by the free-stream wind speed 𝑈∞. It is found that 

the time-averaged streamwise velocity profiles of LES agree well with the present PIV. There are some 

differences at 𝑥/ℎ = 0.8, which could be induced by the different geometry size of vehicle models used 

in these two methods. Compared to the wind tunnel experiment in the previous study, both LES and the 

present PIV show a peaked streamwise velocity in the region close to 𝑧 = 0, which indicates that the 

jet-like flow emanates from the underbody of the truck. Another difference can be found in the region 

0.4 ≤ 𝑧/ℎ ≤ 0.8 at 𝑥/ℎ = 0.2 and 0.5, where the reverse flow in LES and PIV is apparently stronger 

than that in the literature. It demonstrates the difference in configuration and strength of the major 

recirculation, which is closely related to the geometry size of vehicle body. For the region above 𝑧/ℎ =
1, the result from LES and PIV illustrates that the velocity recovery process in the vertical direction is 

slower than that of the heavy-duty truck. In Fig. 3, it can also be found that for both LES and PIV, the 

near-wake region consists of a major recirculation and an upper recirculation. The major difference is 

that the upper recirculation for PIV is kind of smaller compared with LES.  

Due to the page limitation, a further comparison of the wake dynamics is not presented here. The 

spectral analysis and two–point correlation analysis of fluctuating velocity signals are able to 

characterize the dominant flow dynamics and their evolution process in the wake region. The physical 

understanding of PIV and LES data are found to be consistent with each other. For example, both of 

them support the existence of lateral flow instability with a Strouhal number (normalized by h) around 

0.23, which is also consistent with previous studies. After a solid validation of the LES data in the aspect 

(c) 



of turbulent flow field, the intrinsic connection between instantaneous pollutant concentration 

distribution and velocity field is expected. 

 

Fig. 2 Comparison of time-averaged streamwise velocity profiles along the vertical centreline behind 

the tailpipe within the near-wake region at 𝑥 ℎ⁄ = 0.2, 0.5 and 0.8 from LES, PIV and the study of Lo 

& Kontis [9].  

 

Fig. 3. Contours of time-averaged streamwise velocity in the near-wake region after a light-duty vehicle 

overlaid with streamlines. 

 

4. Concluding Remarks 

According to the comparison of time-averaged statistics, the mean flow has similar features between 

LES and PIV. The near wake consists of a large major recirculation and an apparently smaller upper 

recirculation. The jet-like underbody flow can be found from both methods. The results of streamwise 

velocity show a good agreement. A further comparison on the dynamic behaviour of wind flow will be 

presented later and the pollutant dispersion mechanism will be investigated based on the LES results 

during the conference report.  
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Abstract 

     A method is presented for investigating the role 

of coherent structures in turbulent flows on the time-

average mass transfer by using extended proper 

orthogonal decomposition (EPOD). The data used 

for the analysis is from a direct numerical simulation 

(DNS) of a pipe flow with a Reynolds number of 

5300 based on bulk velocity. A Fukagata Iwamoto 

Kasagi (FIK) identity equation is used to relate the 

fluctuating velocity and scalar fields to the time-

average Sherwood number (Sh). The results show 

that the scalar-velocity correlations account for up to 

65.8% of Sh depending on downstream location. By 

applying the FIK identity on the POD/EPOD modes, 

which due to homogeneity are Fourier modes in the 

azimuthal direction, it is now possible to compute 

the individual contribution of the coherent structures 

to the mass transfer. By applying the method on the 

DNS data set, it can be shown that the first 15 

wavenumbers and 10 POD modes can reconstruct 

50% of the Sh number using velocity modes while 

containing only 30% of the turbulent kinetic energy. 

1 Introduction 

     Near wall turbulent coherent structures play an 

important role in wall heat and mass transfer and 

have been extensively studied in the past with both 

simulations and experiments. In Nakamura et al. 

(2017), passive scalar in the form of a temperature 

difference was measured on the walls of a turbulent 

pipe flow and long streamwise structures were 

observed and related to the coherent velocity 

structures. In Antoranz et al. (2018), the fluctuating 

velocity and scalar field were analysed in a 

cylindrical solar receiver using POD and EPOD and 

similar structures were found inside the pipe. 

Recently, Mallor et al. (2019), used POD to find 

coherent structures in the wall heat transfer 

measurements on a flat plate, however, as noted by 

the authors, only the fluctuating part of the heat 

transfer was analysed, since POD only analyses 

fluctuating quantities. This paper therefore presents 

a method for connecting the fluctuating quantities to 

the mean values by combining EPOD analysis and 

the FIK identity. This makes it possible to analyse 

the contribution of individual near wall turbulent 

coherent structures to the time-average mass 

transfer. 

2 Methodology 

     Due to homogeneity, the fluctuating velocity and 

scalar fields are first decomposed in the azimuthal 

direction using a Fast Fourier Transform, 

𝑞′(𝑟, 𝜃, 𝑧, 𝑡) = ∑ �̂�𝑚(𝑟, 𝑧, 𝑡)e
im𝜃

𝑚 , where 𝑚 is the 

azimuthal wavenumber. The eigenvalue problem of 

POD then becomes, Sirovich (1987): 

�̂�𝑚
∗ 𝑾�̂�𝑚𝜳𝑚 = 𝜦𝑚𝜳𝑚                

  𝚽𝑚 = �̂�𝑚𝜳𝑚𝜦𝑚
−1/2

                     

 �̂�𝑚 = 𝚽𝑚𝜦𝑚
1/2
𝜳𝑚
∗                  (1) 

�̂�𝑚 is a snapshot matrix containing the Fourier 

transformed variable, 𝑾 is a spatial weight, 𝜦𝑚 is a 

diagonal matrix containing the eigenvalues, 𝜳𝑚 is 

the matrix containing the temporal coefficient and 

𝚽𝑚 is a matrix containing the spatial modes. The 

idea behind EPOD is to use the temporal coefficients 

of one variable such as the scalar, 𝜳𝑚,𝐶 , to 

reconstruct another variable such as the velocity 

field, 𝚽𝑚,𝑉
𝑒 = �̂�𝑚,𝑉𝜳𝑚,𝐶𝜦𝑚,𝐶

−1/2
 , see Borée (2003) 

for details. 𝚽𝑚,𝑉
𝑒  is now the spatial velocity EPOD 

mode correlated to the scalar field. In order to relate 

the fluctuating quantities from the POD and EPOD 
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to the total mass transfer on the pipe walls, a FIK 
identity has been derived by non-dimensionalizing 

and integrating the convection-diffusion equation 

twice in the radial direction, N. Kasagi et al. (2012) 

: 

𝑆ℎ = −
8

(𝐶𝑏 − 𝐶𝑤)
∫ r

∂𝐶

∂𝑟

1

0

𝑟d𝑟
⏟                

𝑆ℎ𝐹𝐼𝐾1

                                   

+
8𝑅𝑒𝑆𝑐

(𝐶𝑏 − 𝐶𝑤)
∫ 𝑟
1

0

𝑢𝑟
′𝐶′𝑟d𝑟

⏟                
𝑆ℎ𝐹𝐼𝐾2

                    

+
4𝑅𝑒𝑆𝑐

(𝐶𝑏 − 𝐶𝑤)
∫ (1 − 𝑟2) 〈

𝜕𝑢𝑧𝐶

𝜕𝑧
〉

1

0

𝑟d𝑟
⏟                      

𝑆ℎ𝐹𝐼𝐾3

 

   +
4𝑅𝑒𝑆𝑐

(𝐶𝑏−𝐶𝑤)
∫ (1 − 𝑟2) 〈

𝜕𝑢𝑧
′𝐶′

𝜕𝑧
〉

1

0
𝑟d𝑟

⏟                    
𝑆ℎ𝐹𝐼𝐾4

             

−
4

(𝐶𝑏−𝐶𝑤)
∫ (1 − 𝑟2) 〈

∂2𝐶

∂𝑧2
〉

1

0
𝑟d𝑟

⏟                  
𝑆ℎ𝐹𝐼𝐾5

                   (2)

    

where ⟨ ⟩ indicates the operation ⟨𝑓⟩ = 𝑓 −

2∫ 𝑓
𝑟

0
𝑟d𝑟, the subscript 𝑏 indicates bulk values, the 

subscript 𝑤 indicates wall values.  

3 Results 

     The database used for the analysis is a DNS of a 

fully developed turbulent pipe flow with a Reynolds 

number of ReB = 5300 based on streamwise bulk 

velocity UB and a Schmidt number of 𝑆𝑐 = 1. A plug 

concentration profile for the passive scalar is used at 

the inlet. The grid used for the simulation is 

unstructured and comprises both O- and H-type 

meshes with a total of 𝑁𝑐 = 8.6 ∙ 10
6 cells, with 

Δrmin
+ = 0.4, Δrmax

+ = 7.16,  RΔθmax
+ = 11.7,

Δz+ = 10.6 in wall units. Comparison of the radial 

profiles of the mean velocity, root mean square 

(RMS) velocity and Reynolds stresses with reference 

data from literature are shown in figure 1 and 

excellent agreement is found.  

     The POD and EPOD analysis is based on 600 

snapshots of the flow and scalar field interpolated in 

a structured grid (𝑟, θ, 𝑧) with (𝑁𝑟 , 𝑁𝜃 , 𝑁𝑧) =
(256,128,256) data points, each separated in time 

   Figure 1: Mean velocity (A), RMS values (B) and shear Reynolds stresses (C) are compared to Wu and   

 Moin (2008). 

Figure 2: Distribution of the eigenvalues of the scalar POD modes normalized with scalar variance 

(A) and distribution of the turbulent kinetic energy of the velocity EPOD modes normalized with 

total turbulent kinetic energy (B). Left vertical axis shows the relative energy of each mode, and 

right shows the cumulative energy along wavenumbers, where (--) is n=1-15, (-.-) is n=1-100 and 

(-) is n=1-200. 



 
 

 

with Δ𝑡 = 0.95R/UB. The eigenvalues from the 

decomposition are plotted in figure 2, and a peak is 

observed for wavenumber m=6 for the scalar and 

m=4 for the velocity correlated with the scalar.  

     The spatial distribution of mode n=1 with 

azimuthal wavenumber m=2,4,6 is plotted in figure 

3.  It is observed that both POD and EPOD modes 

have a smaller presence near the centre with 

increasing wavenumber. The components of 

equation 2 are plotted in figure 4A, and at 7.5D, 

65.8% of the mass transfer can be attributed to 

𝑆ℎ𝐹𝐼𝐾2 i.e., to scalar-velocity correlations. Note the 

excellent matching between the Sh predicted by 

DNS and by summing the different components of 

equation 2. In order to quantify the contributions of 

the POD and EPOD modes to the wall mass transfer, 

𝑆ℎ𝐹𝐼𝐾2 is calculated for individual modes and is 

integrated along the streamwise axis  Γ𝑚,𝑛 =

∫ 𝑆ℎ𝐹𝐼𝐾2(𝑚, 𝑛)d𝑧
7.5𝐷

0
. The mass transfer related to 

each POD and EPOD is plotted in figure 4B.  

     By applying this method, it can be shown that the 

POD/EPOD mode pair m=6, n=1 has the largest 

contribution to the mass transfer. By combining the 

first 15 azimuthal wavenumbers and 10 POD 

numbers it is possible to reconstruct 50% of Sh, 

despite the modes only containing 30% of the 

turbulent kinetic energy, and by combining m=1-20 

and n=1-100, it is possible to reconstruct 90% of the 

Sh using velocity modes containing 57% of the 

kinetic energy.                       

4 Conclusions 

    The presented method makes it possible to analyse 

coherent structures and link these to the time-

average mass transfer rate, and to find the velocity 

modes that mostly contribute to it.  Our results 

indicate the identified modes capture a relatively 

modest percentage of turbulent kinetic energy, but 

nevertheless can reconstruct most of the mass 

transfer rate.  
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Figure 3: Dual-plane contour plot of the first velocity EPOD mode using 𝑚 = 2 (A), 𝑚 = 4 (B) and 𝑚 = 6 (C), where 

red and blue represent positive and negative values, respectively. 

Figure 4: Contributions of different components to Sherwood number using equation 2 (A). 

Individual contributions of wavenumbers, 𝑚, and POD numbers, 𝑛, to the mass transfer rate 

Γ (B). Left vertical axis shows the wall transfer of each mode, and right shows cumulative the 

wall transfer along wavenumbers, where (--) is n=1-15, (-.-) is n=1-100 and (-) is n=1-200. 
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Abstract
The Lagrangian dynamics of velocity gradi-

ent tensor are investigated in view of current
model development works in the framework of
two-phase flows. Herein, we systematically exam-
ine the topology of the local flow in forced homoge-
neous isotropic turbulent (HIT) two–phase flows.
A Schur decomposition of the velocity gradient
tensor into a normal and non-normal parts was
undertaken to supplement the classical double de-
composition into rotation and strain tensors. The
invariants of the velocity–gradient, rate–of–strain,
and rate–of–rotation tensors were computed and
conditioned for different distances from the liq-
uid–gas surface. Near the carrier–liquid interface,
the distributions of the invariants are remarkably
similar to those found in the viscous sublayer for
turbulent wall-bounded flows. Furthermore, the
alignment of both vorticity and scalar gradient
with the strain–rate field changes spatially such
that its universal behaviour occurs far from the
liquid–gas interface.

1 Introduction
Improving our fundamental understanding of the
interactions between small-scale turbulent dynam-
ics and liquid breakup is critical to understand
the physics of complex two-phase flows involving
droplets breakup flows and improving model clo-
sures. Besides its intrinsic scientific value, the
question of whether and to what extent turbulent
gaseous flows in the context of two-phase flows
retains the basic features of incompressible turbu-
lence is motivated by the need to formulate reli-
able models with broad applicability. Therefore, it
is question to extend the widely adopted modelling
strategies in mono-phase turbulent flows such as
RANS and LES, relying on closure strategies devel-
oped in the framework of incompressible turbu-
lence, to two-phase turbulent flows.

Velocity gradients and scalar gradients are
used to understand many important turbulence

processes such as scalar mixing, cascade dynam-
ics, material element deformation, evolution of co-
herent structures, intermittency, and other small-
scale turbulence process Tsinober (2001). Based
on the local streamline topology classification
methodology introduced by Perry & Chong Perry
and Chong (1987) and Chong et al. Chong et al.
(1990), small–scale flow structures in incompress-
ible flows can be categorized into two nodal and
two focal topologies. This classification is crucial
for analysing the different manifestations of co-
herent structures. In this regard, the first stage
of turbulence modelling studies relatively simple
and well-understood configurations. Few stud-
ies have addressed the interaction between liq-
uid breakup and turbulence. Recently, by virtue
of the advancing in computational resources, this
topic has been investigated using accurate inter-
face tracking methods. For instance, Hasslberger
et al. Hasslberger et al. (2019) investigated the
topological features of turbulent fluid flows in an
atomizing liquid jet. The methodology of study-
ing local topology in the context of multiphase
flows has been applied to analyse flow structures
in turbulence generated by rising bubbles Has-
slberger et al. (2018) and in decaying droplet-
laden isotropic turbulence Dodd and Jofre (2019).
The aim of the present work is to build upon these
studies by characterizing flow structures in the
vicinity of evaporation fronts in a forced homo-
geneous isotropic turbulence (HIT), using classi-
cal Hermitian/skew–Hermitian decompositions of
the velocity gradient tensor and the recently pro-
posed Schur decomposition approach introduced
by Keylock Keylock (2018); Boukharfane et al.
(2021a,b), which splits the velocity gradient tensor
into normal (characterized by the eigenvalues) and
a non–normal (characterizing the tensor asymme-
tries) contributions. To the best of the authors’
knowledge, this paper is the first work to charac-
terize the flow structures in the vicinity of liquid
droplets in forced homogeneous isotropic turbu-
lence. Insights obtained in this work are expected
to be beneficial for the development of subgrid-



scale models and data-driven modelling method-
ologies.

2 Theoretical background
There exist two approaches to the analysis of tur-
bulent flows in terms of the velocity gradient ten-
sor VGT := A ≡ ∇u. The first focusses on
the splitting into the strain-rate tensor, SA, and
rotation-rate, ΩA, as follows

A = SA + ΩA, (1)

where SA
ij = 1

2 (Aij +Aji), and ΩA
ij =

1
2 (Aij −Aji). The second approach considers the
invariants of the characteristic equation of A

p(α) := α3 + PAα
2 +QAα+RA, (2)

which intrinsically requires a consideration of the
eigenvalues, λA

i . For incompressible turbulent
flows, PA = λA

1 + λA
2 + λA

3 = 0, leading to a
compact expression for the discriminant function
separating regions where the eigenvalues are real
(∆ < 0) and where they form a conjugate pair
(∆ > 0), where: ∆ = 27

4 R
2
A + Q3

A. To allow the
eigenvalues of the VGT to be similarly studied as for
the strain and enstrophy properties, and therefore
combine both approaches, it is necessary to have a
complete decomposition of A, which is only pos-
sible for the eigenvalues in the special case of a
normal tensor. Recently, by performing a com-
plex Schur decomposition of A, Keylock (2018),
dissociated the shear contribution from the other
dynamics of the velocity gradient as:

A = PT P∗ = PDλP∗︸ ︷︷ ︸
B

+ PN P∗︸ ︷︷ ︸
C

(3)

where (.)∗ is the Hermitian operator, P ∈ C(3×3)

is a unitary matrix, i.e., PP∗ = I and T ∈ C(3×3)

is an upper-triangular matrix. The matrix Dλ is
the diagonal matrix composed of the eigenvalues
of A and N is a strictly upper-triangular matrix.
Thus, we note that B acts locally and is related to
dynamics driven by the eigenvalues of A, whereas
C is associated with vortical structures and non-
local effects in the flow field. In other words, this
decomposition explicitly gives i) information re-
lated to the eigenvalues of A, which are associated
with local dynamics, and ii) the non-symmetric
structure in A, which is induced by non-local ef-
fects. This information is not included in the con-
ventional Cauchy-Stokes decomposition of A.

3 Governing equations and
numerical set-up

Subscripts ` and g denote the liquid and gas
phases, respectively. The material properties of

both phases, i.e., density and viscosity, are as-
sumed to be constant. In a computational cell,
the local fraction of liquid volume is denoted α.
The governing equations of the two-component in-
compressible flow model consisting of the three-
dimensional Navier–Stokes equations for the mix-
ture velocity u and pressure p are as follows:{
∇ · u = 0,
∂tu +∇ · (uu) = − 1

ρ [∇p +∇ · (2µS) + fσ] + f ,

(4)
and the advection equation for volume fraction α
is

∂tα+∇ · (αu) = 0, (5)
where the mixture density ρ = (1 − α)ρg + αρ`
and dynamic viscosity µ = (1 − α)µ` + αµg are
computed from α and constant material parame-
ters ρ`, ρg, µ`, and µg. S denotes the strain–rate
tensor (S ≡ [∇u + (∇u)>]/2), f is the forcing
term that prevents the turbulence from decaying,
and fσ is the force per unit of volume due to sur-
face tension calculated as fσ = σκnδ(s), where σ
and κ are the surface tension coefficient and the
radius of curvature of the interface between the
two fluids (i.e., the droplet and the surrounding
fluid), n is the unit vector normal to the inter-
face and directed towards the fluid, with respect
to which the interface is concave (droplet), δ is
the Dirac δ-function required to impose fσ only
at the interface between the two fluids, and s is
a normal coordinate centred at the interface, such
that s = 0 at the interface.

The above governing equations (4) are solved
by adapting the kernel of the two-component in-
compressible flows solver Aphrós. To compute the
distance from the interface, the marching cubes
algorithm is used to estimate the signed distance
function Φ, which measures the shortest distance
to the liquid-gas interface, such that Φ = 0 at the
iterface, Φ > 0 indicates liquid region and Φ < 0
indicates gas region. This simple configuration is
representative of liquid–gas flows that may be en-
countered in applications such as injection and at-
omization. The density and dynamic viscosity ra-
tios are set to 30, leading to the same kinematic
viscosity in both the liquid and gas phases. Sur-
face tension σ is set to 0.0135 N.m−1 and the box
is filled with α = 10%. For both the liquid and
gas phases, the Weber numbers can be defined in
several ways. In this study, similarly to Dodd &
Ferrante Dodd and Ferrante (2016), the numbers
are defined based on velocity fluctuations, thus
We = ρK∞L/σ. The Reynolds number is de-
fined as Re = ρ

√
K∞L/µ and the liquid Ohne-

sorge number as Oh` =
√
We`/Re`. The corre-

sponding set of fluid parameters is summarized in
Table 1. To discriminate the possible influence of
the liquid-gas interface on both the velocity and



ρ`/ρg µ`/µg Weg We` Re` Oh`
30 30 2.0 60 620 0.0125

Table 1: Summary of properties of the direct nu-
merical simulations.

Figure 1: Instantaneous field of velocity magni-
tude with interface visualization.

scalar fields topologies, three layers were consid-
ered based on their distance from the interface
as follows: −2.8 < Φ/ηg < 0 (near the droplets
surface), −7 < Φ/ηg < −2.8 (intermediate re-
gion between the carrier-fluid and the droplet) and
Φ/ηg < −7 (far from the droplets). These re-
gions are labelled as Φ+

c (c for close), Φ+
i (i for

intermediate) and Φ+
f (f for far), respectively. We

use the Kolmogorov length scale ηg as the viscous
scale reference quantity for normalizing distances
from the interface. Dodd & Jofre Dodd and Jofre
(2019) used a viscous length scale based on the
velocity and length scales near the droplet surface
in their decaying isotropic turbulence laden with
droplets as δg = (15/4)1/4ηg ≈ 1.39ηg. There-
fore, the near surface to the droplet is twice the
viscous length scale. The occupancy of near the
droplets surface grid points (expressed as a per-
centage of realizations) is almost 6%, while the in-
termediate and far regions occupy 10% and 74%,
respectively. Typical instantaneous snapshot of
the liquid–gas turbulence flowfield is shown in fig-
ure 1 for the time at which the gas reaches 40%
of the saturation state. Despite having a rela-
tively small Weber number, the carrier–liquid in-
terface undergoes complex turbulent breakup and
appears highly wrinkled and tortuous, compris-
ing elongated ligaments, drops, bag-like structures
and bubbles, although the liquid flow was laminar
at the initialization of the simulation.

4 Invariants of the veloc-
ity gradient, rate-of-strain,
and rate-of-rotation ten-
sors considering distance
from the interface

We study the dynamics, topology, and geometry
of the gaseous fluid using the invariants of the ve-
locity gradient, rate-of-strain, and rate-of-rotation
tensors. All joint probability density functions
(PDFs) presented in this work cover 95% of events
observed in the flow at each distance from the
liquid–gas surface. The joint PDFs of the (RA, QA)
map exhibit a characteristic teardrop shape at Φ+

f

with a narrow cusp in RA = 0 and ∆ = 0 (see
figure 2a). The modification of turbulence outside
the liquid boundary layer is undetected when look-
ing only at fine scale-scale motions. The isocon-
tours lines corresponding to a constant probability
density tend to broaden and increase monotoni-
cally as the carrier–liquid interface is approached
(see figure 2c), indicating an increase in magnitude
of velocity gradient due to the liquid–gas inter-
face inertia causing deviations in gaseous velocity
and, thus, increasing gaseous velocity gradients.
Note also that i) an increase in the correlation
between QA and RA in the UFC and SNSS was
observed when approaching the liquid–gas inter-
face and ii) there is an almost equal probability of
enstrophy-dominated regions (UFC and SFS), lead-
ing to symmetric (RA, QA) map. The joint PDFs
of (QSA , RSA) are depicted in figures 2d-2e-2f in
order to analyse the geometry of straining of the
fluid element in every station. The most strik-
ing feature of the joint PDFs of (QSA , RSA) is the
decreasing preference for a rate-of-strain topology
of the type saddle-saddle-unstable-node (two pos-
itive eigenvalues and one negative, i.e., expansion
of fluid elements) when approaching the liquid–gas
interface. The probability of finding RSA > 0 be-
comes slightly bigger than finding RSA < 0 in the
vicinity of the carrier–liquid interface and, thus,
the joint PDF of (RSA , QSA) becomes slightly tilted
towards RSA > 0 and tends to be symmetric along
RSA = 0 as seen in figure 2f; this implies the pres-
ence of more contraction in the region. It is also
notable that the lines of constant probability in-
creases when approaching the carrier–liquid inter-
face, resulting in a higher flow dissipation rate
close to the interface. This diagram highlights
that the information gleaned from the (QA, RA)
diagram is insufficient to characterize turbulent
flows since the similar ’teardrop’ structures masks
important turbulence information.

The diagram of (QΩA ,−QSA) maps shown in
figures 2g-2h-2i indicate that the bulk of the data
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Figure 2: Joint PDFs of (a-b-c) RA versus QA, (d-e-f) RSA versus QSA , and QΩA versus -QSA conditioned
on different distances from the interface. The three thin black lines correspond to isocontours equals to
−3, −2, and −1. The bold numbers correspond to the ratios of the characteristic flow topologies in each
of each region.

tend to be concentrated near the origin, whereas
high gradient motions are distributed differently,
i.e., as functions of distance from the carrier–
liquid interface. In particular, far from the inter-
face, most data fall on the 45◦ line through the ori-
gin, representing a region in the flow with high dis-
sipation accompanied by high enstrophy density
(see figure 2i). This is consistent with figure 2f,
which shows a local vortex sheet, i.e., the rate of
strain is dominated by the velocity gradient within
the sheet. In the closest region from the carrier–
liquid interface, the joint PDF of (QΩA ,−QSA)
shows a marked tendency to be aligned with the
vertical line defined by QΩA = 0. This attests to
a predominance of dissipation (strain production)
over enstrophy, i.e., irrotational dissipation.

5 Alignment of vorticity vec-
tor and strain–rate eigen-
vectors

The alignment of the vorticity vector ωA of
A, ζeA

i
,ωA = | cos (eA

i ,ω
A) |, with the principal

strain rate axes eA
i directly influences the sign of

ωAi ωAj SAij . Positive values of ωAi ωAj SAij indicate
the production of enstrophy due to the local align-
ment of vorticity with extensive strain rate eigen-
vectors, whereas negative values of ωAi ωAj SAij cor-
respond to the attenuation of enstrophy by vortex
compression. Numerous studies, using both ex-
periments and DNS, have revealed that the vortic-
ity vector preferentially aligns with the eigenvec-
tor corresponding to the intermediate eigenvalue
of the strain tensor, this is considered counter-
intuitive because the vorticity should preferen-
tially aligns with largest eigenvector. The geomet-



(a) Φ+
c (b) Φ+

i (c) Φ+
f

Figure 3: PDFs of alignments between ωA, and the eigenvectors eA
i , corresponding to the eigenvalues λAi

of the strain–rate tensor, conditioned on different distances from the interface.

rical analysis far from the carrier–liquid interface
reported in figure 3 clearly shows that vorticity
ωA i) preferentially aligns with the intermediate
strain direction eA2 , ii) exhibits an arbitrary align-
ment to the extensive direction eA1 , and iii) tends
to be normal to the most compressive principal
direction eA3 . Close to the carrier–liquid inter-
face, we found that i) the parallel alignment of ωA

with the intermediate strain direction eA2 becomes
more likely, ii) a higher frequency of orthogonal-
ity is observed between ωA and the compressive
strain direction eA3 , and iii) no special orientation
of ωA and the extensive strain direction does not
hold, as evidenced by a strong tendency towards
orthogonal alignment between ωA and eA1 with the
same magnitude as that obtained between ωA and
eA3 . A similar change of alignment was observed
when approaching the wall in a compressible tur-
bulent boundary layer flow along a flat plate in
the absence of either a streamwise mean pressure
gradient.

The additive decomposition of A into its nor-
mal and non–normal parts provides a deeper ex-
ploration of previous analysis of turbulence align-
ment structure, since we can define two additional
vorticity vectors ωB (for B) and ωB (for C), and
six strain rate eigenvectors eB and eC. A subset of
these permutations are shown in figure 4. Previ-
ous results have indicated that vorticity in homo-
geneous turbulent flows is preferentially aligned to
the eigenvector corresponding to the intermediate
eigenvalue of the strain tensor SA. Indeed, it has
been assumed by Jiménez (1992) that ωA stretches
in the direction of any eigenvector corresponding
to a the strain tensor with a positive eigenvalue,
and will eventually become aligned with the eigen-
vector of the most positive λA1 . The latter domi-
nant alignment is valid when only the normal con-
tribution of A is taken into account, as shown
in figure 4a. However, a stronger alignment is
found between A and λA2 when considering only
the non–normal contribution of A, with a notice-
able anti-alignment between λA1 and λA3 (see fig-
ure 4c). This is consistent with the finding of Key-

lock (2018) for single phase HIT. We noted also
that i) the alignment between ωA and λA2 is less
strong in the vicinity of the liquid–gas interface,
whereas ii) the orthogonality between ωA and λA3
and λA1 is much stronger in this region. The re-
sults shown in figures. 4d and 4b, i.e., the cosine
angle between ωB and λB

i and between ωC and λC
i ,

are similar to those shown in figures. 4c and 4a.

6 Conclusions
Direct numerical simulation of a forced turbulent
two–phase evaporating flow is performed in or-
der to characterize the invariants of the velocity
gradient tensor and local flow topology and thus
study the dynamics of turbulent scalar interac-
tions. The topological and dissipating behaviour
of the flow were investigated for three regions: in
the vicinity of liquid pockets, far from these re-
gions, and in an intermediate region as a mean for
quantifying the transition between the aforemen-
tioned regions. Far from the liquid–gas interface,
the gaseous flow is almost unaffected by the pres-
ence of the liquid phase. Indeed, the joint PDFs
of velocity-gradient, rate-of-strain, and rate-of-
rotation tensors far from the liquid–gas interface
closely resemble canonical and universal single-
phase homogeneous isotropic turbulence. How-
ever, close to the interface with the liquid-pockets,
the flow topology exhibits a boundary-layer-like
flow with a predominance of vortex sheets. In
the context of LES, these findings suggest vis-
cous regions behaving as turbulent wall-bounded
flows, and thus, from the point view of turbu-
lence modelling, a strategy that adapts subgrid
modelling to capture droplets interface is plausi-
ble. Our results highlight the necessity of consid-
ering non–normal effects on the velocity gradient
tensor as a means of explaining alignment prop-
erties. As demonstrated herein, the application of
eigenvalue-focused approaches to turbulence dy-
namics is not sufficient to understand these mech-
anisms. It is crucial to consider non–normal effects



(a) (b)

(c) (d)

Figure 4: PDFs of the cosines of angles between the vorticity vector and strain eigenvectors for A, B
and C conditioned on different distances from the interface (solid lines for Φ+

c , dashed lines for Φ+
c , and

dotted lines for Φ+
f ).

in conjunction with eigenvalues in order to fully
understand the complex dynamics of the velocity
gradient tensor.
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Abstract
Stirred tanks are widely used for mixing in many

industrial applications. A stirred tank consists of a
cylindrical vessel and a rotating impeller at its cen-
tre. The impeller blades generate trailing vortices of
opposite vorticity that are shed in the wake and the in-
teraction with the vessel walls creates a very complex
3D flow field. The central aim of this study is to apply
the subspace identification algorithm, N4SID, to re-
construct the trailing vortices from velocity measure-
ments taken at strategically selected sensor locations
(between 1 and 6 probe points were considered). The
algorithm reconstructed very accurately the trailing
vortices at the design Reynolds number of 600 (even
with a single sensor point). It worked also well at the
off-design Reynolds numbers 500 and 700, demon-
strating the robustness of the approach. The full ver-
sion of the methods and results presented here can be
found in our publication Mikhaylov, Rigopoulos, and
Papadakis (2021).

1 Methodology
A stirred tank agitated by a Rushton impeller at

Reynolds number of 600 is considered. The dimen-
sions normalised with respect to the tank diameter D
are shown in Figure 1. DNS is performed using a sec-
ond order in space and third order in time finite volume
scheme with 8 million cells. Our reconstruction ap-
proach extends that in Guzmán-Iñigo, Sodar, and Pa-
padakis (2019) to a more complex, fully 3 dimensional
and transitional case. The steps for the base Re=600
case are shown schematically in Figure 2 and are sum-
marised below.

Step 1: Acquiring the training dataset.
The DNS simulation is performed for 40 impeller

rotations until a statistically steady state is reached.
Then for a further 120 impeller rotations, the three
velocity components are saved at a rate of 100 snap-

Figure 1: Main tank dimensions from Mikhaylov, Rigopou-
los, and Papadakis (2021).

(a) Step 1: Data generation.

(b) Step 2: Extraction of system matrices using a training dataset.

(c) Step 3: Model assessment using a validation dataset.

Figure 2: Procedural steps for system identification from
Mikhaylov, Rigopoulos, and Papadakis (2021)



Figure 3: Percentage of fluctuation energy for modes 1 to
800 and -11/9 power law corresponding to ho-
mogeneous energy dissipation from Mikhaylov,
Rigopoulos, and Papadakis (2021).

Figure 4: Comparison between true (blue) and estimated
(orange) temporal coefficients for the first two
modes from Mikhaylov, Rigopoulos, and Pa-
padakis (2021).

shots/rotation. A proper orthogonal decomposition
(POD) is then performed to extract the modes that op-
timally represent the turbulent kinetic energy (TKE).
A plot of the energy contained in each mode (nor-
malised with the TKE integrated in the whole vessel)
is shown in Figure 3. The first two modes together
account for 29% of the total TKE.

The spatial distributions of the first two modes at
a plane just above the disk of the Rushton turbine are
shown in Figures 5(a) and 5(b). The modes have rota-
tional symmetry of 180◦ but are shifted by 60◦. Figure
5(c) shows the rms velocity due to the sum of the first
and second modes. The plot shows the expected 60◦

rotational symmetry, suggesting that the two modes
should be considered together. Our results also agree
with other studies that suggest that the first two modes
represent the trailing vortices behind the blades in the
case of a Rushton turbine Liné et al. (2013).

Step 2: Training a linear time-invariant estimator
We then consider a linear estimator of the form

X(tj+1) =A′X(tj) +B′s(tj) +w(tj), (1a)
a(tj+1) = H′X(tj) + v(tj) (1b)

where X′(tj) is the estimator state at a time tj . The in-

(a) Spatial distribution of the first mode.

(b) Spatial distribution of the second mode.

(c) Time average of the combined first and second modes recon-
structed from data from 1 input point.

Figure 5: Velocity magnitudes in a plane just above the disk
of the Rushton impeller with the sensor point lo-
cations at the maximum RMS of velocity fluctu-
ations (black) and locations of maximum RMS of
the sum of modes 1 and 2 (green) from Mikhaylov,
Rigopoulos, and Papadakis (2021).



put s(tj) is taken to be the three components of the ve-
locity at selected sensor points and the output a(tj) are
the temporal coefficients of the first 2 POD modes. Us-
ing Galerkin projection, it can be shown that the input-
output relation between the sensor point velocities and
the POD coefficients can indeed be approximated us-
ing the linear time-invariant system (1). The sensors
are located at the points with the greatest TKE. One
such location is shown as a solid black dot in Figure 5.
The aforementioned input and output data for the first
40 impeller revolutions are now used as the training
dataset. The matrices A′, B′ and H′ are unknown and
are computed using the N4SID algorithm Overschee
and Moor (1994). w(tj) and v(tj) are noise terms
and the algorithm can also provide their covariances.
The output (POD coefficients) is then evaluated using
this model and compared to the true POD coefficients
from the DNS training dataset. For the first two, most
energetic modes, this was found to have a fit of over
80%.

Step 3: Validating the algorithm
A second set of 40 impeller rotations, known as

validating dataset, is then used to assess the perfor-
mance of the algorithm. The input data is taken to
be the velocity components at the same point(s) in the
flow as before and the output data is calculated using
the model with the matrices A′, B′ and H′ calculated
in the previous step. These are then compared to the
DNS outputs and the results for the two most energetic
modes with input data from 1 point is shown in Figure
4. The algorithm performs well with fits of 77%.

The robustness of the reconstruction to off-design
conditions at Re=500 and Re=700 was also examined
(results not shown due to lack of space). High fit val-
ues of approximately 75% were also found for both
Reynolds numbers.

2 Conclusion
The results show that it is possible to reconstruct

with very good accuracy the most energetic modes of
the complex 3D flow field inside a stirred vessel using
a reduced-order estimator. Crucially, the requirement
of measurements at only a few locations opens the pos-
sibility of using experimental data to perform this task.
The results demonstrate the potential for constructing
the model for a particular Reynolds number and then
applying this over a range of Reynolds numbers; this
gives the algorithm predictive ability.
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Abstract
In the present work, an adapted one-equation

model for large eddy simulations (LES) of complex
turbulent flows with solid walls is proposed. It com-
bines the advantages of the algebraic σ-model (Nicoud
et al., 2011) and the one-equation modeling approach
(Yoshizawa and Horiuti, 1985). Thus, no dynamic
procedure or ad-hoc treatments are required to ob-
tain the correct near-wall behavior, the model accounts
for history and non-equilibrium effects in the unre-
solved scales, and it is applicable for a wide range of
Reynolds numbers and complex geometries. The ac-
curacy and physical consistency of the model is testi-
fied in the present study for a turbulent channel flow
at Reτ = 395. In the evaluation study, predicted first
and second order fluid flow statistics as well as entropy
production rates are compared with direct numerical
simulation data from the literature (Kawamura et al.,
1999). It turns out that the proposed one-equation
subgrid-scale model is able to predict mean and rms
velocities as well as entropy generation rates very ac-
curately, also at relatively coarse spatial resolutions.

1 Introduction
Numerous subgrid-scale modeling approaches for

the momentum transport are reported in the literature.
Using an eddy-viscosity hypothesis is the most com-
mon procedure, where it is assumed that the subgrid-
scale stress tensor acts as an additional diffusion term
in the large eddy simulation (LES) equations by in-
troducing a subgrid-scale eddy viscosity. In anal-
ogy to RANS, such subgrid-scale models can be di-
vided into algebraic and differential models. The
first algebraic model is that proposed by Smagorin-
sky (1963), which forms a basis for several advanced
models and which is still broadly used in LES engi-
neering practice. Other important variants of alge-
braic subgrid-scale models are the dynamic Smagorin-
sky model (Germano, 1991), the wall-adapting linear
eddy-viscosity model (WALE) (Nicoud and Ducros,
1999), the sigma model (σ- model) (Nicoud et al.,
2011) and the model of Vreman (2004). In the case of
differential subgrid-scale models, one-equation mod-

els are often employed. Herein, a transport equa-
tion for the subgrid-scale kinetic energy is used to
calculate the subgrid-scale viscosity. The first one-
equation model in the context of LES was proposed
by Yoshizawa and Horiuti (1985). An important fea-
ture of this model is that no assumption of local bal-
ance between the subgrid-scale energy production and
dissipation rate has been made (Menon et al., 1996).
It is therefore expected that one-equation models are
particularly advantageous in transitional flows and in
turbulent flows with large unsteadiness. Based on
the Yoshizawa model, several advanced one-equation
models have been proposed in the literature, e.g.
(Schmidt and Schumann, 1989; Huang and Li, 2009;
Kajishima and Nomachi, 2006; Menon et al., 1996).

One drawback of the classical formulations of
the subgrid-scale viscosity models as proposed by
Smagorinsky and Yoshizawa is that both models can-
not distinguish between turbulent fluctuations and
laminar flows with mean velocity gradient, which oc-
curs especially in the vicinity of viscous walls (Klein,
2008). To circumvent this issue, the subgrid-scale vis-
cosity has to be modified in order to reproduce the cor-
rect asymptotic behavior in the near-wall region. One
possibility is to use a dynamic procedure as proposed
by Germano (1991), which automatically adapts the
model coefficients in order to provide a proper near-
wall behavior. However, as pointed out by Nicoud and
Ducros (1999), the proper asymptotic behavior can
only be obtained in such models when the dynamic
procedure is applied over homogeneous planes paral-
lel to the walls, which is not feasible in complex ge-
ometries. Wall-adaptive LES modeling is an alterna-
tive approach, which does not require any ad-hoc treat-
ment or test filtering approach to reproduce the correct
flow behavior in near-wall regions (Ries et al., 2018).
The WALE (Nicoud and Ducros, 1999) and σ-model
(Nicoud et al., 2011) are prominent examples of such
an approach.

In the present work, an adapted one-equation
subgrid-scale model for LES of complex turbulent
flows with solid walls is presented. It is built upon the
methodology proposed in (Kajishima and Nomachi,
2006; Huang and Li, 2009) and combines the advan-



tages of the wall-adapting and the one-equation mod-
eling approaches. Thereby, an additional subgrid-scale
viscosity is introduced into the ksgs-transport equa-
tion, which is calculated in the present model based
on the σ-model (Nicoud et al., 2011) in order to obtain
the correct near-wall behavior. Therefore, the adapted
one-equation subgrid-scale model is denoted here as
the σ-ksgs-transport equation model.

The paper is organized as follows. First, the σ-
ksgs-transport equation model is introduced. Then,
the turbulent test case, a turbulent channel flow at
Reτ = 395 is described. Subsequently, results ob-
tained by using the proposed σ-ksgs-transport equa-
tion model are presented and compared with direct nu-
merical simulation (DNS) data for the turbulent chan-
nel flow configuration. Finally, a short conclusion and
outlook close this paper.

2 Model formulation
Similar to the classical formulation of Yoshizawa

and Horiuti (1985), the transport equation of the
subgrid-scale kinetic energy ksgs is expressed as

∂ρksgs
∂t

+
∂

∂xi

(
ρŨiksgs

)
= Pksgs + εksgs +Dksgs ,

(1)
where Pksgs represents the production, εksgs the dissi-
pation and Dksgs the diffusion of ksgs. The pressure
diffusion term is usually small in wall-bounded turbu-
lent flows compared to Pksgs , εksgs and Dksgs . It is
therefore neglected in the present formulation.

The production term Pksgs is modeled by means of
the Boussinesq approximation leading to

Pksgs = −τsgsij D̃ij

= 2ρνσsgs

(
D̃ij −

1

3
δijD̃kk

)
D̃ij

− 2

3

(
νσsgs
∆Ck

)2

D̃ii.

(2)

Here, an additional subgrid-scale viscosity νσsgs is in-
troduced, which is calculated based on the σ-model
(Nicoud et al., 2011) in order to obtain the correct
near-wall behavior of Pksgs ∼ O

(
y3
)
.

To take into account the history effects of the dis-
sipation εksgs , it is approximated directly from ksgs as

εksgs = −ρCε
k

3/2
sgs

∆
− 2ρ ν

√
ksgs

∂xi

√
ksgs

∂xi
, (3)

where the additional dissipation term on the right-
hand side accounts for low Reynolds number effects
near the wall in order to obtain the correct scaling of
εksgs ∼ O

(
y0
)

for y → 0.
The diffusion term is modeled traditionally using a

gradient law based on ksgs and therefore reads

Dksgs =
∂

∂xi

(
ρ
(
Ck∆fν

√
ksgs + ν

) ∂ksgs
∂xi

)
,

(4)

where fν is a damping factor that will be described
later. Considering equation 4, it reveals that both terms
on the right hand side, turbulent and molecular diffu-
sion of ksgs, follow the correct near-wall behavior of
∼ O

(
y3
)

and ∼ O
(
y0
)
, respectively.

From the obtained value of ksgs, the subgrid-scale
viscosity is computed as

νsgs = Ck∆fν
√
ksgs. (5)

Herein, fν is the previously introduced damping factor
that is required to ensure the correct asymptotic behav-
ior of νsgs ∼ O

(
y3
)

in the vicinity of the wall. In the
present model formulation the damping factor fν is se-
lected as

fν = min

[
Cεksgs

2Ck∆2S̃ijS̃ij
, 1

]
, (6)

which describes essentially the deviation of ksgs from
isotropic, homogeneous turbulence and therefore ac-
counts for shear damping effects in the near-wall re-
gion. From scaling analysis, it appears that fν ∼
O
(
y2
)

leading to the correct asymptotic behavior of
νsgs ∼ O

(
y3
)

in the present model formulation. Fi-
nally, the model constants of the present model are
Cσ = 1.5 (taken from the σ-model (Nicoud et al.,
2011)) and Ck = 0.094, Cε = 1.048 derived from
the inertial subrange theory (Schmidt and Schumann,
1989).

3 Test Case of Turbulent Channel Flow
LES of a fully developed turbulent channel flow at

Reτ = 395 has been carried out in order to assess the
accuracy and physical consistency of the proposed σ-
ksgs-transport equation model. In accordance with the
reference DNS study of Kawamura et al. (1999), the
computational domain of the channel simulation has
a length of 6.4δ and an extent in span-wise direction
of 3.2δ, where δ is half the height of the channel. A
schematic of the computational domain is depicted in
Figure 1.

Figure 1: Computationa domain applied for the LES
study of turbulent channel flow at Reτ = 395.

An isotropic turbulent velocity field is utilized to
initialize the channel flow simulation. A detailed de-
scription of the initialization method can be found in



(Ries et al., 2018). Periodic boundary conditions are
applied in stream-wise and span-wise directions for
the velocity and kinematic pressure. At the channel
walls, no-slip condition are set for the velocity and
a zero Neumann condition is used for the kinematic
pressure.

LES simulations were performed using the in-
compressible fluid flow solver pimpleFOAM of the
open source software OpenFOAM 2.4.0 (Weller et al.,
1998). Thereby, a merged PISO-SIMPLE (Issa,
1986; Patankar and Spalding, 1972) was employed
for the pressure-velocity coupling. The solution
procedure was applied with a second-order implicit
backward-differencing scheme for the time integra-
tion, a low-dissipative second-order flux-limiting dif-
ferencing scheme for the convection terms and a con-
servative scheme for the Laplacian and gradient terms.
The time step of the simulations was chosen to be
small enough to ensure that the Courant-Friedrichs-
Lewy number remained smaller than one. Conver-
gence of the iterative procedure is obtained if the nor-
malized residuals of all governing equations are re-
duced by more than three orders of magnitude within
each time step.

A systematic grid-refinement study of four numer-
ical grids with 288000, 576000, 1013760 and 1958400
cells has been conducted in order to analyze the grid-
dependency of the LES results. All grids are re-
fined towards the wall in order to ensure that the non-
dimensional wall distance is smaller than one. The nu-
merical grids are denoted here as grid1, grid2, grid3
and grid4, respectively. Results of this study are pre-
sented in the next section.

4 Results of Turbulent Channel Flow
Figures 2 and 3 show profiles of the predicted mean

velocity and rms velocity as a function of the non-
dimensional wall distance y+, respectively. All veloc-
ity profiles are normalized by the friction velocity of
the reference DNS.

As it is apparent in Figure 2, predicted mean ve-
locities are very close to the reference DNS data. In
contrast, rms velocities in Figure 3 are slightly more
affected by the spatial resolution, in particular the ax-
ial component that is overestimated in the buffer layer
region. Nevertheless, mean and rms velocities are well
reproduced by the LES, even with the coarsest numer-
ical grid under consideration. Based on this, it can
be concluded that the modified one-equation subgrid-
scale model is able to predict mean and rms velocities
very accurately, also for relatively coarse spatial reso-
lutions.

Next, LES predictions of entropy production rates
by viscous dissipation are compared with DNS results.
Thereby, the entropy production by viscous dissipation
is calculated based on first order modeling as shown in
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Figure 2: Predicted mean velocity as a function of
the non-dimensional wall distance y+. Comparison of
LES results with DNS data of Kawamura et al. (1999).
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Ries et al. (2019)

〈ΠV 〉 =

〈
µ

T̃
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∂xj
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∂Ũj
∂xi
− 2

3

∂Ũk
∂xk

δij

)
∂Ũi
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〉
︸ ︷︷ ︸

〈Πres
V 〉

+
〈ρ〉〈
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〉 ( 2

3CK

)3/2
π

∆
〈ksgs〉3/2

︸ ︷︷ ︸
〈Πsgs

V 〉

,

(7)
where 〈Πres

V 〉 is the time-averaged resolved portion of
entropy production and 〈Πsgs

V 〉 the subgrid-scale por-
tion of entropy production. CK = 1.5 is the Kol-
mogorov constant and ∆ = (∆x∆y∆z)

1/3 the grid
filter width.

Figure 4 shows predicted entropy production rates
by viscous dissipation in comparison with DNS data.
Dashed lines in Figure 4 denote the resolved en-



tropy production rates by the LES 〈Πres
V 〉, while solid

lines represents the sum of the resolved part and the
subgrid-scale contributions. Notice that the results are
presented in double logarithmic scaled graph in order
to visualize the wide range of entropy production rates
in the turbulent channel flow configuration.
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Figure 4: Predicted entropy production rate by viscous
dissipation as a function of non-dimensional wall dis-
tance y+. Comparison of LES results with DNS data
of Kawamura et al. (1999).

The entropy generation rate by viscous dissipation
is high in the viscous sublayer (y+ < 5), decreases
rapidly in the buffer layer (5 > y+ < 30) and is
low in the log-law region (y+ > 30). This char-
acteristic physical behaviour of entropy generation in
wall-bounded flows is well retrieved by the proposed
LES approach. Furthermore, the portion of subgrid-
scale entropy generation is small in the near-wall re-
gion and increases significantly away from the wall.
This seems reasonable since the near-wall region is
fully-resolved in the LES simulations, thus subgrid-
scale quantities vanish towards the wall. In the outer
region (y+ > 40), subgrid-scale entropy production
rates are high, approximately of the same order than
the resolved part. In this region, total entropy produc-
tion rates are slightly underestimated by the LES mod-
eling approach, even when the residual contribution is
added.

In summary, it turns out that the proposed σ-ksgs-
transport equation model is able to reproduce mean
and rms velocity profiles in a turbulent channel flow
very accurately. This holds also true for relatively
coarse spatial resolutions. Furthermore, predicted en-
tropy production rates by viscous dissipation compare
very well with the reference DNS. This confirms the
modeling accuracy and physical consistency of the
proposed σ-ksgs-transport equation model for the pre-
diction of turbulent wall-bounded fluid flows.

5 Conclusions and Outlook
An adapted one-equation subgrid-scale model for

large eddy simulations (LES) of complex turbulent
flows with solid walls, namely the σ-ksgs-transport
equation model, is proposed. It combines the advan-
tages of the algebraic σ-model (Nicoud et al., 2011)
and the one-equation modeling approach (Yoshizawa
and Horiuti, 1985). The essential features of the model
are: (1) no dynamic approach or ad-hoc treatments are
required to obtain the correct near-wall behavior, (2)
it accounts for history and non-equilibrium effects in
the unresolved scales, and (3) the model is applicable
in a wide range of Reynolds numbers. Furthermore,
the model is able to predict mean and rms velocities as
well as entropy generation rates very accurately, also
for relatively coarse spatial resolutions. This was tes-
tified in the present work for a turbulent channel flow
at Reτ = 395.

In future work, the prediction accuracy and com-
putational cost of the proposed model should be com-
pared to common subgrid-scale model from the liter-
ature for both, simple generic flow configurations and
complex engineering flows.
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Abstract
The presented study implements an advanced laser

diagnostic approach for measuring highly resolved,
high-speed (4 kHz) velocimetry and flame front po-
sition close to a solid surface under flame quenching
conditions in a generic side-wall quenching burner.
The flame front is captured by laser induced fluo-
rescence (LIF) of the hydroxyl radical OH while ve-
locimetry is assessed using particle image velocime-
try (PIV). The OH-LIF for flame front tracking en-
ables a proper conditioning of all data to the instan-
taneous quenching event. The PIV resolves the flow
velocities in the entire field of view relevant for the
analysis of flame-wall interactions with a vector spac-
ing of 23.5 µm. This allows resolution of turbulent
boundary layers in the studied configuration down to
y+ = 1. Findings show that the boundary layer in a
non-reacting reference case follows the linear region
and law of the wall up to y+ = 50. A first insight into
boundary layers under reacting conditions shows that
the u+ profiles follow a linear trend up to y+ = 5.
However, the high wall-normal temperature gradient
imposed by chemical reaction forces the laminar sub-
layer to a sublinear trend of the normalized velocity
profiles for y+ > 5. Approaching the quenching point
leads to increasingly flattened u+ profiles. However,
u+ profiles become steeper downstream the quench-
ing point. These effects are attributed to superimposed
temperature-driven viscosity changes and drifting ve-
locity isolines, i.e., changing wall-normal velocity gra-
dients, in the post-quenching regime.

1 Introduction
In practical combustion devices, such as internal

combustion engines or gas turbines, flame quench-
ing by flame-wall-interaction (FWI) is an important
phenomenon that causes undesired effects like wall
heat loss, incomplete combustion, and the formation
of wall deposits. Heat loss lowers the efficiency of

the global combustion process, which is crucially af-
fected by convective heat transport and thus by near-
wall boundary flow conditions. Here, the instanta-
neous local velocity field is the relevant key parame-
ter. As the physics of flame quenching are not fully
explored, a phenomenological understanding of FWI
as well as comprehensive data for validation of math-
ematical models in numerical simulations are urgently
required. This is done by generic experimental com-
bustion studies.

In previous investigations, Jainski et al. (2018)
performed particle image velocimetry (PIV) within a
side-wall quenching (SWQ) burner facility, achieving
a resolution of 800 µm and 200 µm vector spacing.
Such resolution is insufficient to resolve the viscous
sublayer. This study reports highly resolved velocity
data, in both space and time, that resolve the bound-
ary layers close to the surface of the wall within the
quenching zone.

2 Experimental approach
The study was performed within a SWQ-burner

facility, shown in Figure 1a, operated at atmo-
spheric conditions. A fully premixed V-shaped flame
(methane/air or dimethyl ether (DME)/air) was stabi-
lized on a ceramic rod (1 mm diameter). One branch of
this flame quenched at a temperature-controlled wall
(stainless steel, surface curved in beam-direction with
radius 300 mm for improved optical access). The
burner was operated under laminar and grid-generated
turbulent conditions at a Reynolds number of approx-
imately 5900, based on the hydraulic diameter of the
nozzle exit. The turbulence grid was manufactured as
perforated plate with 50% solidity and individual hole
diameter of 3.7 mm, resulting in a turbulence intensity
of 6-7% at the nozzle outlet, as shown in Jainski et
al. (2018). Al2O3 nanoparticles (MSE Supplies LLC,
nominal diameter 300 nm) were dispersed into the
main flow of the SWQ-burner by using an in-house-



side view (laser beams):

(b) optical setup

co-flow

inlet plenum

flow homo-

converging

water 
flow

flame front

SWQ-wall

nozzle

genization

(a) SWQ-burner (side view)

side view, zoomed:

flame front

ceramic rod

main flowco-flow

FOV

SWQ-wall

t1

P

GPt2

Δt

532 nm
N2

283 nm

OH-LIF detection system
PIV detection system

heat shields

particles

ET extension

legend:

F filter
GP glass plate
P prism

SWQ-wall

532 nm
cam. 2

HS-IRO

180 mm
f# 11 ET

5°
8°

cam. 1

F

F

top view (detection):

tube

flow
main

Figure 1: (a) Sketch of the SWQ-burner with a zoomed view of the field of view (FOV) analyzed; (b) an overview of the PIV
and OH-LIF arranged around the SWQ-burner.

designed vibrational bed seeder. The wall temperature
where the flame was quenched was set to 330 K. An
air co-flow shielded the central main flow. Further de-
tails of the SWQ-burner can be found in Jainski et al.
(2018) and Kosaka et al. (2018).

The applied laser diagnostics are summarized in
Figure 1b. The highly-resolved velocimetry mea-
surements followed the experiments described by Re-
naud et al. (2018), and were applied at low-speed
(50 Hz) and high-speed (4 kHz) recording rates in this
study. For PIV, two individual diode-pumped solid
state Nd:YAG lasers (Edgewave GmbH, Innoslab),
frequency doubled to 532 nm and overlapped, were
used. The time separation ∆t of the two consecutive
laser pulses required for PIV, was set to 10 µs. A com-
bination of cylindrical lenses was used for sheet form-
ing, resulting in ∼ 250 µm sheet thickness (1/e2) in
the field of view (FOV). Laser light sheets were guided
above the SWQ facility and were directed downwards
along the wall. Laser optics were protected by heat
shields cooled by water and nitrogen flows. This ap-
proach minimized reflections at the wall. The Mie-
scattering images for PIV were captured using a high-
speed CMOS camera (Vision Research Inc., Phantom
v2640) equipped with a special detection optic con-
sisting of an objective lens (Sigma, APO Macro DG
HSM D, 180 mm, f/11) and an extension tube (ap-
prox. 180 mm). The detection optics provided an im-
age with ∼ 6 µm in physical space corresponding to
one camera pixel (13.5 µm). To minimize vignetting
of particles in the near-wall region, a Scheimpflug ar-
rangement was applied (see Figure 1b for angles). To
suppress the influence of both flame luminosity and
ambient light, a bandpass filter (Edmund Optics Inc.,
#86-963, central wavelength 525 nm, FWHM 50 nm)
was mounted in front of the objective lens. For simul-
taneous flame front detection, a setup for high-speed
laser induced fluorescence (LIF) of the OH radical
was applied. A diode-pumped Nd:YAG laser (Edge-

wave GmbH, Innoslab) was used to pump a high-speed
dye laser (Sirah Lasertechnik GmbH, Allegro) oper-
ated with Rhodamine R590 dye. The fundamental dye
laser radiation was frequency doubled to 283 nm to
excite the Q1(6) transition of OH and was formed
to a light sheet by cylindrical lenses featuring a 450
µm (1/e2) thin light sheet in the FOV. The OH-LIF
signal was recorded using a high-speed CMOS cam-
era (Photron, Fastcam SA-X2, 480K-M4) coupled to
a high-speed image intensifier (LaVision GmbH, HS-
IRO, 100 ns gate) equipped with a UV lens (B. Halle
Nachfl. GmbH, 150 mm, f/2.5) and an interference
filter (Laser Components, BP300-325). The PIV and
OH-LIF light sheets were spatially overlapped and
temporally synchronized by pulse generators. Laser
systems were operated at 4 kHz, but the corresponding
imaging systems recorded either at 50 Hz (for statistic
independence) or at 4 kHz (for transients).

The PIV was analyzed in terms of vectors fields us-
ing the software DaVis 10.0.5 (LaVision GmbH). The
interrogation window (IRW) size of 16×16 pixels cor-
responds to 94 µm in the FOV. By using a 75% over-
lap of the IRWs, a final vector spacing of 23.5 µm
is achieved. This is a ∼ 9 times finer resolution
compared to Jainski et al. (2018). All further post-
processing steps of the resulting vector fields, as well
as the evaluation of the flame front trace and quench-
ing point from OH-LIF, were implemented in MAT-
LAB 2020b (The MathWorks, Inc.).

3 Results and discussion
Preliminary, simultaneously recorded OH-LIF and

PIV results for a turbulent, lean DME/air flame (equiv-
alence ration Φ = 0.83) are shown and discussed
in the following. As the presented paper focuses on
boundary layer statistics, only statistically indepen-
dent 50 Hz data are presented; no transient data at
4 kHz are discussed.
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In the turbulent operation of the studied SWQ
burner, the flame front fluctuates and approaches the
quenching wall in flapping motions. This is visualized
by two arbitrary single-shots in Figure 2a and 2b us-
ing OH-LIF raw images with the detected flame front
superimposed (blue dashed line). Roman numbers (I)
to (IV) depict individually approaching local reaction
zones. The local reaction zones impact the quenching
wall either in a typical side-wall quenching topology
(Figure 2a, called “SWQ-like”) or extinguish over a
wall-parallel area that is more associated with a head-
on quenching phenomenon (Figure 2b, called “HOQ-
like”). These events repeat randomly over time and the
flame front fluctuation does not feature a pronounced
frequency in the Fourier domain.

The remainder of the manuscript focuses on the
SWQ-like cases. As outlined in Figure 2c, the flame
brush of the SWQ-like events spans approximately 10
mm in the streamwise z-direction close to the surface
of the wall (y = 0 mm). To study the evolution
over the quenching point in more detail, the individ-
ual SWQ-like samples are shifted with respect to their
instantaneous quenching point in z-direction, result-
ing in z = 0 mm being the new, common quenching
point location for all samples. This procedure is called
“quenching-point conditioning”. The quenching-point
conditioned flame brush in Figure 2d evidently shows
the common quenching point of all samples at z =
0 mm and confirms the conditioning works properly.

Using the OH-LIF information, the described
quenching-point conditioning is subsequently applied
to the simultaneously acquired velocity fields of the
reacting case derived from PIV. This is visualized in
Figure 3e for the averaged streamwise velocity com-
ponent 〈U〉 in terms of selected isolines (1, 2, 3 and
4 m/s). Its clearly observed, that the isolines contract
when approaching the quenching point (z = 0 mm)
and expand (at least within y ≤ 2 mm) during post-
quenching. Additionally, Figure 3e superimposes the

y+ = 5 trace (black dashed line) and y+ = 10 trace
(black solid line) of the reacting turbulent boundary
layer. For noise reduction, the 〈U〉-profiles are addi-
tionally smoothed in z-direction using a (∆y,∆z) =
(1, 11) pixel moving average filter prior to calculation
of u+(y+); 11 pixels correspond to ∼ 260 µm in
space. The normalized velocity profiles u+(y+) are
calculated by the following equations

u+ = 〈U〉/uτ , (1)
y+ = y · uτ/ν, (2)

uτ =

√
ν · d〈U〉

dy

∣∣∣∣
y=0 mm

(3)

as taken from Pope (2000), Çengel and Cimbala
(2013) and Renaud et al. (2018), using the ensemble-
averaged streamwise velocity component 〈U〉 here. In
the non-reacting case, the kinematic viscosity ν of
ambient air is assumed, while the reacting case in-
terpolates tabulated values of air taken from Çengel
and Cimbala (2013) with respect to temperature T
as ν(T ) (1 atm, up to 2000 ◦C). This is done using
the averaged, streamwise gas phase temperature pro-
file at y = 320 µm wall distance shown in Figure
3a. As y+ = 5 approximately equals y = 400 µm
wall distance for non-reacting conditions, the temper-
ature profile at 320 µm is considered well represent-
ing a streamwise temperature distribution relevant for
the linear regime where uτ is assessed according to
equation (3). For comparison, a temperature trace
at y = 120 µm is given in Figure 3a in addition.
These temperature profiles were derived form an inde-
pendent measurement campaign using coherent anti-
Stokes Raman spectroscopy (CARS) but at identical
operation conditions. Using the local streamwise tem-
perature at y = 320 µm wall distance for viscos-
ity correction is only considered as a first approach
for looking into the reacting boundary layer evolv-
ing over the quenching point. However, this approach
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Figure 3: Streamwise average profiles of (a) gas phase temperature T , (b) viscosity ν, (c) wall-normal velocity gradient
d〈U〉/dy and (d) friction velocity uτ at y = 120 µm (dash-dotted line) and 320 µm wall distance (solid line).
Isolines of the averaged, streamwise velocity component 〈U〉 (e), quenching-point conditioned. Flow direction: bot-
tom to top. 867 individual, statistically independent (50 Hz) SWQ-like samples.

calls for further refinement to account for wall-normal
temperature gradients. Figure 3b outlines the result-
ing streamwise viscosity profiles, approximated from
temperature traces in Figure 3a and the interpolation
of tabulated values described above. For further dis-
cussions, the streamwise profiles of the wall-normal
velocity gradient d〈U〉/dy (Figure 3c) and the finally
resulting friction velocities uτ (Figure 3d) according
to equation (3) are shown.

In the two-dimensional view of velocity isolines in
Figure 3e, the y+ = 5 (black dotted line) and y+ = 10
traces (black solid line) appear to be constant until
reaching the quenching point at z = 0 mm. Down-
stream, the traces appear to expand, corresponding to
a growing boundary layer downstream the quenching
point.

This effect is further discussed using the u+(y+)
profiles in Figure 4. For reference in the inner layer,
Figure 4 plots the linear law

u+(y+) = y+ (4)

as well as the logarithmic law of the wall

u+(y+) =
1

κ
· ln(y+) +B (5)

following Pope (2000), Çengel and Cimbala (2013)
and Renaud et al. (2018), with κ = 0.41 and B = 5.2
as given by Pope (2000). First, Figure 4a outlines the
measured boundary layer profile of the corresponding
non-reacting case (same flow conditions but without a
flame). The profile evolves starting from y+ = 1.5
and perfectly follows the linear trace of the viscous

sublayer until reaching y+ = 8. It well follows the
law of the wall between y+ = 20 and 50. How-
ever, for y+ > 50 (equals y = 4.3 mm) the profile
increasingly suffers the influence of the wake of the
ceramics rod used for flame stabilization. From non-
normalized profiles of the 〈U〉-component, the impact
of the wake is apparent 5 mm from the wall location
where y+ = 60. Thus, the normalized u+ traces ap-
pear to be more sensitive in detecting the wakes im-
pact. It is emphasized that a finer resolution by appli-
cation of a particle tracking velocimetry (PTV) algo-
rithm was possible but was not considered mandatory
for proper boundary layer assessment in the studied
configuration, as confirmed by the results in Figure 4.

Figure 4b outlines the boundary layer profiles for
the reacting case, showing wall-normal traces starting
z = 2 mm upstream of quenching (black) evolving
towards the quenching location at z = 0 mm (light
copper) with 0.4 mm increments. All profiles agree
well with the linear regime of the viscous sublayer up
to y+ = 5. This indicates that the inner part of the
viscous sublayer is unaffected from the quenching pro-
cess. However, for y+ > 5 the profiles become sublin-
ear. This sublinear behavior in the individual u+(y+)
profiles may result from the strong wall-normal tem-
perature gradient caused by the quenching process. In
a first instance, these effects can be explained using
equations (1)-(3). Here, increasing wall distances y+

are associated with rising temperature, i.e., rising vis-
cosity ν (see Figure 3b), and a decreasing wall normal
velocity gradient d〈U〉/dy (at constant friction veloci-
ties uτ expected within the laminar sublayer up to ap-
prox. y+ = 10). When approaching the quenching
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Figure 4: Normalized u+(y+) profiles of the turbulent boundary layers of (a) the non-reacting reference case, (b) pre-quenching
traces and (c) post-quenching traces of the reactive case. Based on individual, statistically independent (50 Hz) SWQ-
like samples: 300 for non-reactive case; 867 for reactive case, quenching-point conditioned.

point, an additional trend is observed: the profiles in
Figure 4 are getting more flattened, with the quench-
ing point profile at z = 0 mm being the flattest in the
semi-log plot. This trend is most likely associated with
the streamwise temperature gradient over the quench-
ing point as shown in Figure 3a, leading to increas-
ing kinematic viscosity (see Figure 3b) at nearly con-
stant wall-normal velocity gradients (Figure 3c) when
approaching z = 0 mm from the unburnt. Accord-
ing to equations (1) and (3), an increasing kinematic
viscosity at nearly constant wall-normal velocity gra-
dient leads to an increase in uτ (Figure 3d) and thus
decrease in the u+, i.e., the observed flattening.

Downstream of the quenching point (Figure 4c),
this trend appears opposite but less pronounced. Pro-
files of the boundary layer increasingly get steeper
emerging downstream from the quenching location
(black profile) to the post-quenching (light copper pro-
file, z = 2 mm). Here, this trend is associated with
a nearly constant streamwise viscosity (z > 0 mm
in Figure 3b) while the wall-normal velocity gradi-
ent that determines uτ features a slightly decreasing
trend (see Figures 3c and 3d). At constant viscosity,
u+ is thus increasing (see equation (1)) and getting
steeper as observed in Figure 4c. Consistent with the
pre-quenching profiles, the post-quenching boundary
layer follows the u+ = y+ curve up to y+ = 5.

4 Conclusions
This study implemented a laser diagnostic ap-

proach for spatially and temporally resolved velocime-
try measurements close to a solid surface and for si-
multaneously measuring flame front position under
flame quenching conditions.

The applied OH-LIF for flame front tracking en-
abled a proper conditioning of the simultaneously
recorded highly-resolved PIV data with respect to
the instantaneous quenching event, called “quenching-
point conditioning”. The PIV allowed for reliably re-
solving the flow velocities in the entire field of view
relevant for the analysis of flame-wall interactions
with a vector spacing of 23.5 µm. Introducing the

laser beams from the top of the burner configuration
suppressed most of the reflections originating from the
quenching wall. This allowed resolving the turbulent
boundary layer down to y+ = 1 of the viscous sub-
layers in both the non-reacting and reacting case. A
non-reacting reference case well follows the linear re-
gion and law of the wall up to y+ = 50.

For a first insight into reacting turbulent bound-
ary layers evolving across the quenching point, the
streamwise velocity component was quenching-point
conditioned and corrected for a change in streamwise
viscosity by using a gas phase temperature profile
recorded 320 µm from the quenching wall in a sep-
arate measurement. In the derived reacting turbulent
boundary layers, it is apparent that up to y+ = 5 the
u+ profiles follow a linear trend. This implies that the
inner part of the viscous sublayer evolves nearly undis-
turbed by the quenching process. When approaching
the quenching point, u+ profiles increasingly flatten
for y+ > 5 and partially recover downstream of the
quenching point. This sublinear behavior of the di-
mensionless velocity profiles is attributed mainly to
the effect of temperature on viscosity, which strongly
increase with distance from the wall throughout the
quenching and post-quenching regions. Furthermore,
there appears to be a coupling of the relevant effects by
the two-dimensional viscosity field (wall-normal and
streamwise) caused by the quenching. These effects
need to be studied more thoroughly considering the lo-
cal temperature gradients in the vicinity of the quench-
ing point. Further investigations will involve a refined
correction of temperature gradients and local viscosity
effects when evolving over the quenching point.
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Abstract
Coherent structures in a turbulent boundary layer

over a surface are responsible for wall-shear stress and
the resulting skin-friction drag. The method of con-
trolling the near-wall turbulent coherent structures us-
ing a micro-cavity array has been explored in recent
years. Recent experimental and numerical investiga-
tions show that the wall-shear stress has been suc-
cessfully reduced by certain designs of the cavity ar-
ray. However, the mechanism by which the wall-shear
stress is reduced remains less explored. The present
work aims at investigating the effects of the cavity ar-
ray on the near-wall turbulent structures using a com-
putational method. The results from the direct numeri-
cal simulations are analysed by comparing the premul-
tiplied energy spectra as well as streamwise streaks in
the near-wall region.

1 Introduction
Throughout the past few decades, significant ef-

forts have been focused on exploring various drag-
reduction techniques for achieving higher efficiency
and lower emissions in the transportation sector. A
major portion of the total drag comes from the skin-
friction drag (Wood, 2004; Marec, 2001). The turbu-
lent flow in the near-wall region can lead to high skin-
friction drag (Theodorsen, 1952; Robinson, 1991).
Hence, many drag-control methods target the near-
wall turbulence in order to attenuate the skin-friction
drag.

Various active and passive methods have been ex-
plored to control near-wall turbulence. These include
the use of riblets (e.g. Choi et al., 1993; Walsh, 1982),
wall suction and blowing (e.g. Stroh et al., 2015;
Berk and Ganapathisubramani, 2019), plasma actu-
ation (e.g. Corke and Thomas, 2018; Cheng et al.,
2021), and oscillating wall (e.g. Yao and Hussain,
2019), to name a few. However, the cost and design
simplicity are the challenges faced by those methods
in their commercial implementation.

The use of micro-cavities on a wall has recently
gained interest due to its capability of passively atten-

uating sweep events in the near-wall flow with an al-
ternative design. Previous experiments (Silvestri et al.,
2016, 2017, 2018b) show a reduction in sweep events
in a turbulent boundary layer, after the application of
micro-cavities. However, the mechanism of flow in-
teractions between the boundary layer and the cavi-
ties could not be explored experimentally due to lim-
itations of the measurements in the near-wall region.
Furthermore, recent numerical investigations of Bhat
et al. (2020, 2021) show reductions in the Reynolds
normal stresses and the Reynolds shear stress over the
cavity array. The wall shear stress has been reported to
be affected by ∼ 9% at the trailing edge of the cavity
array. However, the mechanism, by which this reduc-
tion is obtained, is yet to be completely explored.

Investigation of the near-wall coherent structures
and their characteristics is important to understand the
mechanism behind this control method. Hence, in the
present work, the energy spectra and scales of the near-
wall turbulence, as well as the features of the affected
coherent structures are investigated using a compu-
tational method previously validated by Bhat et al.
(2021). Three-dimensional direct numerical simula-
tions are performed, resolving the flow though a rect-
angular channel as well as through the micro-cavities.
The data in the near-wall region are analysed to inves-
tigate the effects of cavities on the flow. The objective
is to find out the mechanism behind the control of the
near-wall turbulent coherent structures by the flow in-
teractions between the boundary layer and the micro-
cavities.

2 Method
The computational method used in this study was

initially adapted from that of Silvestri et al. (2018a).
Direct numerical simulations (DNS) of the fully de-
veloped turbulent flow through a channel were un-
dertaken to investigate the near-wall turbulence and
the influence of using micro-cavities on the turbulent
coherent structures. Incompressible Navier-Stokes
equations were solved using OpenFOAM on a High-
Performance Computing cluster (Phoenix HPC) at



the University of Adelaide and Gadi cluster of the
National Computational Infrastructure (NCI). Fig. 1
shows the schematic of the numerical model.

The channel was modelled as a domain with a
cross-section of 400× 400 mm2 and a length of 2000
mm. The micro-cavity array of 180 × 180 mm2 area
was placed at the centre of a channel wall. Each cav-
ity in the array was made of a square cross-section
of sides 1.2 mm each. The cavities were uniformly
spaced in the array with a streamwise pitch of 16.2 mm
and spanwise pitch of 4.2 mm. The cavities were made
through a 4 mm thick plate, which was backed up by
a common backing cavity of a 46-mm depth. All the
geometrical dimensions were chosen to be the same
as that of Silvestri et al. (2017) at a similar Reynolds
number.

The origin of the reference coordinate system was
assumed to be at the centre of the micro-cavity array,
as shown in the schematic. TheX , Y , andZ axes were
aligned with the streamwise, wall-normal and span-
wise directions, respectively. The mean and fluctuat-
ing velocity components along the X , Y , and Z axes
are represented by U , V , W , u, v, and w, respectively.

The top, bottom, and cavity walls were modelled as
no-slip walls. The inlet, exit, and side walls were mod-
elled as periodic faces. The whole domain was meshed
using 252 million hexahedral cells. The flow through
the channel was driven using the velocity force term,
which maintained the bulk velocity in the channel to
be Ub = 0.1335 m/s. The resulting friction Reynolds
number was found to be Reτ = Uτh/ν = 1660,
where Uτ is the friction velocity upstream of the cav-
ity array, h = 200 mm is the channel half-width and
ν = 8× 10−7 is the kinematic viscosity of the fluid.

The quantities normalised using the friction units
are denoted by the subscript +. The streamwise range
of the test section is −8315 ≤ x+ ≤ 8315 and the
cavity array is placed between −750 ≤ x+ ≤ 750.
The timestep was chosen to be dt+ = 0.055. A fully
developed turbulent boundary layer was obtained by
the time t+ ∼ 2435. Hence, the results were obtained
by running the simulations until t+ ∼ 4800.

The computational method has been validated by
Bhat et al. (2020, 2021). At various streamwise loca-
tions upstream of the cavity array, the wall shear stress
has been found to vary by ≤ 2%, whereas it dropped
by ∼ 9% over the cavity array, followed by a recov-
ery in its value (Bhat et al., 2021). Hence, a location
upstream of the cavity array at x+ = −830 has been
taken as a reference for the uncontrolled flow, whereas
the flow over and downstream of the cavity array has
been considered as the controlled flow. The Reynolds
normal stresses and the Reynolds shear stress profiles
at the uncontrolled-flow locations have been shown
to match with the data from the literature (Meinhart
and Adrian, 1995; Schlatter and Örlü, 2010; Lee and
Moser, 2015) at similar Reynolds numbers.

3 Results

Mean velocity profile
The mean velocity profile at the location x+ =

−830, i.e. upstream of the cavity array, was extracted
and compared with data from the literature, as shown
in Fig. 2. Here, the experimental data of Silvestri et al.
(2017) at Reθ = 1927 has been compared, which is
close to the current work at Reθ ∼ 1700. The slight
differences might be owing to the uncertainties in the
hot-wire measurements in experiments and their setup
being for the flat-plate boundary layer rather than a
channel flow. On the other hand, the DNS data of
Hoyas and Jiménez (2006) represent a turbulent chan-
nel flow atReτ = 2000, which shows a closer compar-
ison with the present predictions. The log-law fit was
obtained in the log region by employing Clauser’s plot
method using the von Kármán constant of κ = 0.41.
Furthermore, the effects of the micro-cavity array were
analysed as described in the following sections.

Effects on the premultiplied energy spectra
In a previous work by authors (Bhat et al., 2021),

it was shown that the Reynolds normal stress in the
streamwise direction (σ+

u ) in the viscous subregion
and the buffer region was affected due to the micro-
cavities. On the other hand, the Reynolds normal
stress in the wall-normal direction (σ+

v ) was affected
by a larger amount in the log region. In the present
analysis, the effects are studied in detail by extracting
the premultiplied energy spectra of the two velocity
components at various wall-normal locations (y+), as
shown in Fig. 3. Here, subfigures (a–d) show the pre-
multiplied energy spectra for the streamwise velocity
component [(kxφuu)+] at four different y+. Similarly,
subfigures (e–h) show the premultiplied energy spectra
for the wall-normal velocity component [(kxφvv)+] at
those y+.

As can be seen in Fig. 3(a–d), the values of
(kxφuu)

+ are higher closer to the wall. The peak val-
ues of (kxφuu)+ are found to be at λx ∼ 800. The
peak of this spectrum is well-known to be associated
with the streamwise streaks of scales λx ∼ 103 in
the near-wall region (Jiménez and Hoyas, 2008). A
larger reduction (approximately, 25%) in the spectrum
is observed at y+ = 10 than at other y+ locations,
indicating that the streamwise streaks in the viscous
subregion and buffer region might be affected more
than the streamwise scales in the outer boundary layer.
The peak of (kxφuu)+ is observed to move to slightly
lower λ+x . Therefore, the larger scales appear to have
been suppressed by the cavities.

Fig. 3(e–h) show that the peak of the spectrum of
(kxφvv)

+ is associated with slightly smaller scales of
λx ∼ 250 than those of the peak (kxφuu)

+ spectrum.
Moreover, the values of (kxφvv)

+ are significantly
lower in the near-wall region and they are the high-
est near y+ = 104. A larger reduction in (kxφvv)

+

is observed in the outer regions than in the near-wall
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Figure 2: The mean velocity profile of the uncontrolled
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DNS data of Hoyas and Jiménez (2006). The
dashed curve represents U+ = Y + and the dash-
and-dot line represents U+ = (1/0.41) log Y + +
5.3.

and buffer regions. It should be noted that the largest
reduction of ∼ 40% is observed in (kxφvv)

+ at y+ =
104. Hence, cavities are observed to suppress more
wall-normal fluctuations than streamwise fluctuations.

Effects on the streamwise streaks
Streaks are defined as the regions, longer along the

streamwise dimensions, of increased or decreased ve-
locities compared to the local mean velocities. Their
typical length and spacing in terms of viscous units has
been found to be 1000 × 100 (Kline et al., 1967; Lin
et al., 2008; Schlatter and Örlü, 2010). The streamwise
streaks contribute to the wall-shear stress on the sur-
face. Analysing the effects of cavities on the stream-
wise streaks is important to understand the mecha-
nism behind this passive control method of control-
ling the boundary layer. Fig. 4(a) shows the con-
tours of the fluctuating streamwise velocity u+ over
the streamwise-spanwise plane at y+ = 1. The al-
ternate low and high-speed streamwise streaks can be
seen in the blue and red colours in the figure. In the re-
gion above the micro-cavity array, some spots of low
velocity are visible, showing that the velocity at those
locations is directly affected by the interaction with the
cavities.

Although the strongest streaks were seen at y+ =
10, the data at y+ = 1 was chosen to be shown
here since the cavity-interactions are more visible at
this wall-normal distance. The streamwise streaks are
also associated with the streamwise vorticity ω+

x . Its
contours are shown in Fig. 4(b). It can be seen that
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Figure 3: The premultiplied energy spectra of the stream-
wise velocity, i.e. (kxφuu)+ (a–d) and of the wall-
normal velocity, i.e. (kxφvv)

+ (e–h) are shown
as a function of the streamwise wavelength λx
at various y+ locations. The dashed black curve
represents the uncontrolled case at x+ = −830,
whereas the continuous red curve represents the
controlled case at x+ = 830, both over the plane
z+ = 0.

stronger vortices are present in the region upstream of
the cavity array. In the region above the cavity array,
the streamwise vortices are weaker, resulting in lower
magnitudes of ω+

x .

The diffusion of the streamwise streaks can be
shown quantitatively by computing the average of the
spanwise velocity gradients (|∂u+/∂z+|) at various
x+, as shown in Fig. 5(a). The absolute value of the
gradient is used for averaging to highlight the com-
bined effects on both the high-speed as well as the
low-speed streaks of the opposite velocity gradients.
For the plane at y+ = 1, the change in |∂u+/∂z+| is
found to be negligible. Small sharp peaks are observed
above the cavity holes, owing to the velocity interac-

tions with the cavities.
The gradients are strongest over the plane at y+ =

10. However, the sharp peaks over the holes have been
suppressed at this height. Nevertheless, the value of
|∂u+/∂z+| is found to be gradually decreasing over
the cavity array. The maximum reduction is observed
to be, approximately, 8%. This value remains lower up
to a certain distance downstream of the cavity array,
followed by a gradual recovery beyond x+ > 1500. A
similar trend is also seen at y+ = 30, but with lower
magnitudes than those at y+ = 10.

Similarly, the absolute streamwise vorticity was
averaged along the span at various x+, i.e. |ω+

x |, as
shown in Fig. 5(b). The magnitudes of |ω+

x | are found
to be higher near the wall and are decreasing with in-
creasing y+. A significant reduction in |ω+

x | is ob-
served at y+ = 1 over the cavity array. Moreover, the
sharp peaks observed here also correspond to the suc-
tion/blowing effects of the cavities. The value of |ω+

x |
is found to recover in the downstream region beyond
x+ > 1200.

Overall, this provides strong evidence of suppres-
sion of the streamwise streaks after the application
of the cavity array. Hence, it can be concluded that
the weakening of the streamwise vortex streaks in the
near-wall region contributes to the reduction in the
wall shear stress reported by Bhat et al. (2021).

4 Conclusions
The application of a micro-cavity array on a sur-

face for controlling turbulent boundary layers has re-
ceived significant interest due to its potential for pas-
sive drag reduction. Previous studies have reported a
reduction in the sweep events as well as wall shear
stress. The present method has extended the under-
standing of the mechanism behind this control us-
ing direct numerical simulations (DNS). The turbu-
lent flow through a rectangular channel, with a micro-
cavity array was placed on a wall, was simulated us-
ing OpenFOAM. The results extracted over the three-
dimensional fluid domain showed that the premulti-
plied energy spectra of the streamwise velocity are
affected the most in the buffer region of the bound-
ary layer. On the other hand, the premultiplied en-
ergy spectra of the wall-normal velocity were affected
mostly in the outer layer.

Since the peak values of the streamwise velocity
spectra are associated with the streamwise streaks, the
streaks in the buffer region were analysed in detail.
The alternate low- and high-speed streaks resulted in
a spanwise velocity gradient, which was found to be
suppressed over the cavities. Furthermore, the stream-
wise vorticity associated with those streaks was also
found to be reduced in magnitude over the cavity array.
Hence, strong evidence of effects of the cavity array
is obtained, showing the weakening of the streamwise
streaks in the near-wall region.
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(b) the mean absolute streamwise vorticity (|ω+

x |)
are shown as a function of the streamwise location
x+.

The streamwise streaks are well known turbulent
coherent structures in the near-wall region, which con-
tribute to the wall-shear stress. The lower wall-shear
stress over the cavity array can thus be associated,
partly, with the weakening of the near-wall streamwise
streaks. Further analysis is underway for investigating
the turbulent structures in the outer layer over the cav-
ity array.
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Abstract 

In this paper, the effects of a micro-cavity array on 

burst events at both small scales and large scales were 

investigated. Small- and large-scale turbulent 

structures were calculated from the streamwise 

velocities which were measured by a TSI hot-wire 

anemometry system in a closed-loop wind tunnel at 

the University of Adelaide. The characteristics of 

burst events, including burst frequencies, duration, 

and amplitudes, were estimated using the modified u-

level detection technique. The results show that the 

micro-cavity array increases the burst frequency but 

reduces the amplitude and the duration of the burst 

events in the turbulent boundary layer. It was shown 

that the effect of the micro-cavity array on the small 

scales is much larger in comparison to the effect on 

the large scales. The almost linear relationship 

between the reduction in the burst amplitude per 

second and the reduction in the turbulence intensity 

for the control case showed a strong connection 

between burst events and turbulence generation in the 

turbulent boundary layer. Overall, the micro-cavity 

array has shown to reduce bursting processes near the 

wall surface, and to continue when moving further 

from the wall surface with an effectiveness reduction.  

 

1 Introduction 

Reduction in friction drag is a known strategy for 

reducing energy consumption in many applications 

such as aircraft, ships, and cars. The friction drag is 

related to the existence and transportation of coherent 

structures in a boundary layer, which have been the 

focus of many flow control techniques for decades. A 

recent control technique, using a micro-cavity array, 

has been shown to alter these coherent structures, as 

shown by Silvestri et al. (2018) with a reduction in 

7.7% in the turbulent intensity. Burst events have a 

strong relationship with the level of turbulence 

intensity, especially in the near-wall region (Kim et 

al. 1971). Near-wall bursting events play a significant 

role in the generation of turbulence in a boundary 

layer (Kim et al. 1971; Tang and Jiang 2020). The 

turbulence energy is transported by both small- and 

large-scale motions. Small-scale motions directly 

contribute to turbulence generation, while large-scale 

motions indirectly contribute by modulating the 

small-scale motions (Dogan et al. 2019). In this paper, 

the mechanism of turbulence intensity reduction by a 

micro-cavity array via bursting processes has been 

investigated. This includes the effect of the micro-

cavity array on burst events at both small scales and 

large scales in turbulent boundary layers. 

 

2 Experimental setup  

Experiments were conducted in a closed-loop wind 

tunnel at the University of Adelaide. This wind tunnel 

can operate at a maximum velocity of 30 m/s and can 

generate a low turbulence intensity of 0.5 % through a 

test section with a 500 mm × 500 mm cross-section 

area. The wind tunnel generated an airflow over a flat 

plate on which a micro-cavity array was installed, as 

shown in Figure 1. The flow was tripped by a 3mm rod 

to ensure a fully developed turbulent flow before reach-

ing the micro-cavity array. A flap was added at the end 

of the plate to minimize any circulation developed over 

the plate and adjust the back pressure. All streamwise 

velocity profiles were measured using a single-wire 

probe as part of the TSI hot-wire anemometry system. 

Different backing cavities and Reynolds numbers were 

investigated by Silvestri et al. (2018). This present 

study aims to only focus on the case with a medium 

backing cavity at the Reynolds number, Re 3771  , as 

it provided the largest reduction in turbulence intensity 

in comparison with the no-control case according to 

Silvestri et al. (2018). This case was called the cavity 

case and was investigated in this study on the effect of 

the micro-cavity array on burst events. 

 

3 Analysis method 

The measured signals of the streamwise-velocity 

profiles for both the no-control and the cavity cases 

were initially decomposed into small scales and large 

scales by filtering the velocity signal, following the 

technique outlined by Mathis et al. (2009). These scales 

were then analyzed by the modified u-level detection 

technique by Metzger et al. (2010) to estimate the 

characteristics of burst events at both small scales and 

large scales. The Matlab code of the u-level detection 

technique is in appendix A. The effect of the micro-

cavity array on burst characteristics, including burst 

frequencies, burst durations, and burst amplitudes were 

investigated. The results were discussed in terms of the 

relationship between the burst processes and the 



 

 

reductions in turbulence intensity and energy spectrum 

in the boundary layer.  

 

 
Figure 1: a) The experimental setup of the micro-cavity 

array and b) schematic of the cavity array (Silvestri et 

al. 2018). 

 

Following the filtering procedure by Mathis et al. 

(2009), a Fast Fourier Transform analysis was used to 

decompose the streamwise-velocity fluctuations into 

small scales and large scales using a cut-off wavelength 

filter. The selection of the cut-off wavelength was 

based on the pre-multiplied energy spectrum to 

distinguish the energy signature at small scales and 

large scales (Mathis et al. 2009). Figure 2 shows the 

pre-multiplied energy spectrum of the streamwise 

velocity fluctuations in the no-control case for the 

selection of a cut-off wavelength. The pre-multiplied 

energy spectrum is defined as 2

x uuk u , where 

2xk f U  is the wavenumber in the streamwise 

direction; f  is the frequency; U  is the mean 

streamwise velocity; 
uu dE df   is the spectral 

energy density; 2

FFTE u  is the energy spectrum; 

( )FFTu FFT u  is the Fast Fourier Transform 

coefficients; and 0.85u   m/s is the friction velocity. 

The friction velocity was estimated using the Musker 

method by adding the bump and wake functions, as 

suggested by Rodríguez-López et al. (2015). This 

friction velocity was used for the normalisation of all 

cases for the purpose of comparison. The results show 

that there was not an energy peak in the log region, 

which is due to the relatively low Reynolds number, 

Re 1387  , of the experiments. The lack of outer peak 

at this Reynolds number is in agreement with the work 

by Hutchins and Marusic (2007). The cut-off 

wavelength, therefore, was selected by following the 

method used by Mathis et al. (2009): 1x    where 

x is the wavelength in the streamwise direction, and 

  is the boundary layer thickness. Tang and Jiang 

(2020) selected the cut-off wavelength as 2x   , 

but they tested the sensitivity of cut-off wavelengths 

and concluded that the results weakly depend on the 

selection of the cut-off wavelength. Figure 3 shows the 

decomposition of the streamwise velocity fluctuations, 

u , with a sampling frequency of 40 kHz into small 

scales with 1x    and large scales with 1x   .  

 

 
Figure 2: Pre-multiplied energy spectrum of the 

streamwise velocity fluctuation, 2

x uuk u . The red 

dashed line at 1x    presents the cut-off 

wavelength filter to separate small scales and large 

scales. 

 

 
Figure 3: (a) Streamwise velocity fluctuations, (b) 

small scales and (c) large scales. 

 

To detect burst events at small scales and large 

scales, the modified u-level detection technique was 

used, using the detection procedure outlined by 

Metzger et al. (2010). This technique only requires 

streamwise-velocity fluctuations, which makes the 

experimental setup simpler than the quadrant method 

with the requirement of both streamwise and spanwise 

velocity data (Metzger et al. 2010). Moreover, the u-

level detection technique was found to be the best 

single-component burst detector in comparison with 



 

 

several methods, such as the VITA, TERA and 

Modified Zaric techniques (Tubergen and Tiederman 

1993). Bogard and Tiederman (1986) compared various 

methods for burst detection and concluded that the 

threshold methods can be as accurate as the quadrant 

method with appropriate threshold values. In this study, 

the threshold values were selected as -1 and -0.25 

respectively for a leading-edge threshold,
LL , and a 

trailing-edge threshold, 
TL . These threshold values 

agree with the previous studies (Bogard and Tiederman 

1986; Metzger et al. 2010; Tang et al. 2016). The 

leading-edge threshold was used to detect the leading 

edge of a burst when velocity fluctuations were smaller 

than a particular value, rms( )Lu L u  , as shown by 

the red circles in Figure 4. The trailing edge of a bust 

was detected when velocity fluctuations were higher 

than a particular value, rms( )Tu L u  , as shown by 

the blue circles in Figure 4. From leading and trailing 

edges of burst, the duration of a burst, T , and the 

time between two consecutive bursts, 
eT , were defined, 

as shown in Figure 4. The amplitude of a burst, 
bA , 

was defined as the mean value of velocity fluctuations 

during a burst, and the burst frequency is defined as 

1b ef T . 

 

 
Figure 4: Burst detection by the modified u-level 

detection technique. The blue horizontal dashed line 

indicates the upper and the red one presents the lower 

threshold levels. The red circle is the leading edge of a 

burst, and the blue circle is the trailing edge of a burst. 

eT  is the time between two consecutive bursts and T  

is the duration of a burst.  

 

4 Results and discussion 

Figure 5 shows the turbulence intensity profiles for 

streamwise-velocity fluctuations at both small scales 

and large scales for both the no-control and cavity 

cases. The results of turbulence intensity for all scales 

for these two cases show that there are no energy peaks 

in the outer region of the turbulent boundary layers. 

The reason could be attributed to the small value of the 

Reynolds number (based on the velocity friction, 

Re 1387u     , where   is the kinematic 

viscosity of air) of the experiments, where the 

contribution of viscosity in the logarithmic region can 

still be dominant. These results are consistent with the 

published results by Hutchins and Marusic (2007) and 

Tang et al. (2016). An outer energy peak is associated 

with logarithmic regions and only appears at a 

particular range of Reynolds numbers, 

Re 1700u      (Hutchins and Marusic 2007). 

The results also show that the small scales have a larger 

contribution to turbulence intensity in comparison with 

large scales. These results agree with the findings by 

Marusic et al. (2010). However, it was found that the 

turbulence intensity of large scales peaks in the log 

region and decreases near wall surfaces, 10y  . The 

present results for large scales do not contain data at 

10y  , consequently do not show the reduction at the 

near wall surface. These large scales experienced a 

small peak of turbulence intensity in the log region at 

200y  . This peak was not clear because the 

Reynolds numbers of these current experiments is 

relatively small. These results are consistent with the 

reduction in pre-multiplied energy spectrum of small 

scales and large scales at the wall location, 16y  , 

shown in Figure 6. The figure shows that the micro-

cavity array creates a clear reduction in the pre-

multiplied energy spectrum of the small scales, 

_ cut-offx  .  

 

 

Figure 5: Turbulence intensity in turbulent scales for 

both the no-control case and the cavity case. 

 

 

Figure 6: Pre-multiplied energy spectrum at 16y   

for both the no-control and cavity cases. The vertical 

dashed line presents the cut-off wavelength, 

_ cut-off 1x  . 



 

 

Applying the modified u-level detection technique, 

the burst-event characteristics were estimated. Figure 7 

shows the results of burst frequencies at both small 

scales and large scales for both the no-control and cavi-

ty cases. The results show that the micro-cavity array 

increased the burst frequencies at both the small and 

the large scales throughout the boundary layer. The 

small scales show the maximum burst frequency of 

about 890 Hz at 100y  , while the large scales 

roughly showed a constant burst frequency of 100 Hz. 

In contrast, the micro-cavity array was shown to reduce 

the durations and amplitudes of the bursts. Figure 8 

shows the results of the burst durations at both small 

scales and large scales for the no-control and cavity 

cases. The results show a significant reduction in burst 

durations at the large scales but a small reduction at the 

small scales. The small scales again show a small 

change of the burst duration, 30.3 10bT     s, 

throughout the boundary layer. The burst durations of 

the large scales are much larger than the burst durations 

of small scales. Moving further from the wall surface, 

the duration of burst events at the large scales is short-

er, reducing from 32.8 10  to 31.6 10  s in the no-

control case. The cavity showed burst durations from 
32.4 10  to 31.5 10  s, which were smaller than the 

burst durations in the no-control case. These findings 

are consistent with the work by Tang et al. (2016). 

They conducted experiments of a flow over a cylinder 

roughness element to investigate the burst events at 

both small scales and large scales. The streamwise ve-

locities were measured by a hot-wire anemometry sys-

tem and analyzed by the u-level technique for burst de-

tection. They also found that while the cylinder rough-

ness element reduced the turbulence intensity, it in-

creased the burst frequencies and reduced the burst du-

rations. The only difference was the lack of data at 

10y   in the present work for comparison. Similar 

effects of the micro-cavity array on burst amplitudes 

were observed. Figure 9 shows burst amplitudes in both 

small scales and large scales for the no-control and cav-

ity cases. The results show a clear reduction in the burst 

amplitude in the small scales for the cavity case in 

comparison with the no-control case. This reduction is 

much larger than the reduction in the large scale. The 

small-burst amplitude was shown to be reduced across 

all y  locations with the most significant reduction oc-

curring closest to the wall. The burst amplitudes at 

small scales in the no-control case reduced from 1.7 to 

0.3 m/s, which were much larger than the burst ampli-

tudes at large scales, reducing from about 0.8 to 0.3 

m/s. The micro-cavity array reduced the small-burst 

amplitude from 1.55 m/s near the wall to approximately 

0.2 m/s at the edge of the turbulent boundary layer. 

 

 
Figure 7: Burst frequencies at small scales and large 

scales for both the no-control and cavity cases. 

 

 
Figure 8: Burst duration at small scales and large scales 

for both the no-control and cavity cases. 

 

 
Figure 9: Burst amplitudes at small scales and large 

scales for both the no-control and cavity cases. 

 

The effects of the micro-cavity array on burst fre-

quencies, burst durations and burst amplitudes show 

the mechanism of the reduction in turbulence intensity 

in the cavity case. While the micro-cavity increases the 

burst frequency, it also reduces both the burst duration 

and the burst amplitude. These effects contribute to the 



 

 

reduction in turbulence intensity and power spectra. 

The effects of the micro-cavity array on burst frequen-

cy, duration and amplitude can be combined to one ef-

fect on a combined parameter called the burst ampli-

tude per second, 
b b b bA f T A   . This parameter 

presents a sum of the multiplications between the am-

plitude and the duration of the bursts occurring in one 

second. Figure 10 shows the result of the burst ampli-

tude per second at small scales and large scales for both 

the no-control and cavity cases. The results show larger 

burst amplitudes at small scales than at large scales. 

The maximum reduction in the burst amplitude per 

second was near the wall and this reduction became 

smaller while moving further from the wall. The large 

scales showed a roughly constant value of the burst 

amplitude per second in the near-wall and the log re-

gions. This trend is quite similar to the trend of turbu-

lence intensity shown in Figure 5. The reductions in 

both turbulence intensity and the burst amplitude per 

second, therefore, were estimated, and the results are 

shown in Figure 11. The reductions in turbulence inten-

sity at a wall-normal location due to the micro-cavity 

array was defined as:  

 2 2 2 100%no control cavity no controlTI u u u       (1), 

where 
no controlu 

 is the streamwise-velocity fluctuation 

in the no-control case; and 
cavityu  is the streamwise-

velocity fluctuation in the cavity case. The reduction in 

the burst amplitude per second at a wall-normal loca-

tion was defined as: 

 _ _ _ 100 %b b no b ca b noA A A A          (2), 

where _b noA  is the burst amplitude per second in the 

no-control case; and _b caA  is the burst amplitude per 

second in the cavity case.  

 

 
Figure 10: The burst amplitude per second as a function 

of wall-normal locations at small scales and large scales 

for both the no-control and cavity cases. 

 

Figure 11 shows the turbulence-intensity reduction 

generated by the micro-cavity array as a function of 

the burst amplitude per second at wall-normal loca-

tions, 0.99y   . The data for the small scales col-

lapses onto a linear fit showing that there is a linear 

relationship between the reduction in the turbulent in-

tensity and the burst amplitude per second. This rela-

tionship also presented in the data for the large scales. 

There are some data points of the large scales which 

are far from the linear fit. The reason could be the 

very small difference between the no-control case and 

the cavity case in both the turbulence intensity and the 

burst amplitude per second of the large scales as 

shown in Figure 5 and 10. These small differences re-

sult in large errors in calculating reductions.  

 

 
Figure 11: Turbulence-intensity reduction, TI , as a 

function of the reduction in the burst amplitude per 

second, bA  at different wall-normal locations for 

both small scales and large scales. 

 

5 Conclusions 

In this paper, experimental hotwire data was 

analyzed using the u-level detection technique to 

estimate the characteristics of burst events at small 

scales and large scales of streamwise-velocity 

fluctuations to investigate the effects of a micro-cavity 

array on bursting processes. The findings show that: 

 A micro-cavity array affected burst events by 

reducing burst amplitudes and durations but 

increasing burst frequencies at both small- and 

large-scale motions in turbulent boundary layers. 

 The strong relationship between burst events 

and turbulence generation could be successfully 

described by a roughly linear relationship between 

the burst amplitude per second and the turbulence 

intensity. 

 Overall, the micro-cavity array reduced bursting 

processes. The maximum reduction was near the 

wall surface, and this reduction reduced while 

moving further from the wall. 
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Appendix A. The Matlab code of the u-

level detection technique  
function [fb, deltaTb, amplitudeB] = ModifiedUle-

vel(u, fs, LL, LT) 

% Input parameters:  u - [m/s] velocity fluctuation 

size(u)=[n,1]; fs - [Hz] sampling frequency; LL - [] 

leading threshold;  LT - [] trailing threshold. 

% Output parameters: fb - [Hz] burst frequency; del-

taTb - [s] burst duration; amplitudeB - [m/s] burst am-

plitude 

  

rmsU = rms(u); LL = LL*rmsU; LT = LT*rmsU;     

  

numU = length(u);indexBurst = 0; flagBurst = 0; 

for index=1:numU 

    if flagBurst == 0 && u(index) <= LL 

        indexBurst = indexBurst + 1; 

        flagBurst = 1; 

        leadingBurst(indexBurst,1) = index; 

    end 

    if flagBurst == 1 && u(index) >= LT 

        flagBurst = 0; 

        trailingBurst(indexBurst,1) = index-1; 

        amplitudeBurst(indexBurst,1) = 

mean(u(leadingBurst(indexBurst):trailingBurst(indexB

urst))); 

    end 

end 

% period between bursts 

TeArray = diff(leadingBurst)/fs; 

% burst duration 

if length(leadingBurst) == length(trailingBurst) 

    deltaTbArray = (trailingBurst - leadingBurst)./fs; 

else 

    deltaTbArray = (trailingBurst - leadingBurst(1:end-

1))./fs; 

    indexBurst = indexBurst - 1; 

end 

% result 

fb = 1/mean(TeArray); 

deltaTb = mean(deltaTbArray); 

amplitudeB = mean(abs(amplitudeBurst)); 

end 
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Abstract
In this study, we present results from our ongoing

efforts on simulating the transport, growth, and depo-
sition of inhaled hygroscopic particles inside the hu-
man airways. We perform Large Eddy Simulations
(LES) of turbulent airflow and particle transport (in-
cluding heat transfer, water vapor transfer, and aerosol
hygroscopic growth effects) in a human airway geom-
etry. We evaluate the delivery efficiency of various ini-
tially dry particle sizes, with different drug-excipient
ratios, under typical inhalation flowrates. With appro-
priate selection of the initial size of the particles and
the drug-excipient ratio, it is possible to achieve opti-
mum drug delivery at targeted areas of the airways, by
harnessing the natural high humidity environment of
the airways.

1 Introduction
The human mouth-throat plays a key role in the

administration of inhaled medicines. It is an area of
intense filtration, where a substantial fraction of the
released drug dose is deposited via inertial impaction
and thus never reaches the conducting and respiratory
airways. These high extrathoracic losses are associ-
ated with: increased side effects, reduced drug ef-
fectiveness, and increased medication cost. In addi-
tion, next generation inhaled medications (such as an-
tibiotics, vaccines, and chemotherapy), require precise
targeting and dosing within the airways to be clinically
acceptable, effective, and safe. Undeniably, improving
the delivery efficiency of inhaled medications is of ut-
most importance.

A naive approach to eliminate mouth-throat depo-
sition is by reducing the size of inhaled drug particles
below the typical Fine Particle Dose (d = 1 − 5µm).
Unfortunately, this approach is also associated with
poor deep lung retention. A more sophisticated ap-
proach dictates the need for controlled aerosol growth.
In this direction, Longest and Hindle (2009) proposed

the Excipient Enhanced Growth (EEG) method. In this
approach, initially submicrometer drug particles en-
hanced with hygroscopic excipients (to enable hygro-
scopic growth effects) are inhaled under the influence
of the high humidity lung environment (see Figure 1).

NaCl

Drug
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Figure 1: Initially dry particle and subsequent hygroscopic
growth when conditions are favorable (naively
when RH is high). Curvy arrows represent water
vapor condensation and excipient dissolution.

As the particles move from the extrathoracic to the in-
trathoracic lung region, their sizes increase into the
micrometer range, becoming ideal for deep lung re-
tention (e.g. Figure 2). With appropriate selection of
the initial size of the particles and the drug-excipient
ratio, it is possible to achieve optimum drug delivery
at targeted areas of the airways.NaCl
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Figure 2: Example of particle trajectory in the mouth-throat
region colored by its temperature (Tp). The size
of the particle is exaggerated for clarity, but the
relative hygroscopic growth changes are retained.

In this work, high-fidelity numerical simulations
are used to determine the delivery efficiency of various



particle sizes, with different drug-excipient ratios, un-
der typical inhalation flowrates. The simulations can
reveal with confidence which combinations of the ac-
counted conditions are more effective on reducing the
unwanted mouth-throat deposition.

2 Methods and Computational Details
Instead of employing the RANS modeling ap-

proach of Longest et al. (2012) and Longest and Hin-
dle (2012), the more accurate DNS/LES methods are
used in this work. The fate of hygroscopic aerosols is
sensitive to airflow fluctuations, and only DNS/LES
retain the underlying turbulence physics required to
provide the most accurate picture of the flow. To
achieve this type of simulations we have combined the
numerical methodologies of Stylianou et al. (2016,
2017) for airflow and particle transport, Wu et al.
(2014) for heat and water vapor transfer, and Longest
and Hindle (2011) for particle growth.

Partial differential equations for water vapor mass
fraction Yv and air mixture temperature Tf , veloc-
ity uf , and pressure Pf are solved numerically. The
Boussinesq approximation is used to account for den-
sity variations on the airflow, caused by temperature
and water vapor gradients. The airflow transport equa-
tions are solved at the grid nodes based on the finite
volume method.
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Figure 3: Schematic of airway cross section showing the
mass and heat flux balance between air mixture
and tissue. Tissue grid layers are visible. Mucus
is modeled with zero thickness. Evaporated wa-
ter is continuously restored from mucus secreting
goblet cells. Symbol definitions: Convective mass
flux jc, conduction heat flux jq , enthalpy h, tissue
t, fluid (air mixture) f , body b, water w, vapor v.

Pennes’ bioheat transfer equation is solved in the
airway tissue, to provide realistic airway surface field
temperature boundary condition for the airflow. The
bioheat equations is solved only in the wall normal di-
rection (1D) as in Wu et al. (2014), but we adopt curvi-
linear coordinates to account for local surface curva-
ture effects. An initial coupled airflow-tissue simula-
tion was performed at normal breathing, resulting in
a non-uniform surface airway wall temperature field,
which was used for subsequent drug administation air-
flow simulations. This simplification relies on the two
orders of magnitude difference between the thermal
diffusivity of air mixture and tissue. In our initial sim-

ulation we have adopted an airway tissue thickness
of Lt = 2.5mm with external surface temperature at
body core conditions Tb = 37oC. The effect of wa-
ter evaporation from the airway surface liquid is also
taken into account (see Figure 3). The internal airway
surface remains always wet with fixed relative humid-
ity at RHw = 99.5%. Figure 4 shows the computed
airway temperature and air mixture velocity at the air-
way wall as a result of water evaporation from mucus
lining fluid.

Tw (oC)

uw (mm/s)

Figure 4: Temperature Tw (top) and air mixture normal ve-
locity uw (bottom) at the airway wall. Upper air-
way cooling and water evaporation from mucus
are evident.

At the region of lips an inhaler mouthpiece
is approximated, leading to a tube airway inlet
with radius Rin=4mm. At this location room
conditions (Tin=23.5oC, RHin=55%) are spec-
ified. Steady inhalation conditions are adopted
for three flowrates (Qin=15/30/60L/min) with
bulk Reynolds numbers Rein≈2454/4908/9816.
For the low/intermediate/high flowrates, lami-
nar/turbulent/turbulent inlet conditions are imposed
using parabolic/recycling/recycling boundary condi-
tions. At the bronchial outlets, the convective outlet
condition is prescribed with the lobar ventilation
distributed as: RUL-15%, RML-8%, RLL-30%,
LUL-18%, and LLL-29%.

To simulate the low/intermediate/high flowrates
we have used high quality unstructured grids with
13.5/26.5/45.5 million elements and 5/6/7 near
wall prismatic layers; the first layer height be-



ing at 25/12.5/6.25µm (see Figure 5). The
DNS/LES/LES method was employed to simulate the
low/intermediate/high flowrates, using a time step of
10/10/5µs. The Dynamic Smagorinsky model was
used with the LES method. For all flowrates, 1.5mil-
lion time steps were simulated.

8m
m

G60~45.5M

G15~13.5M

Figure 5: Grid resolutions in the oral cavity. Top/Bottom
mesh used in low/high inhalation flowrate simu-
lation.

Coupled ordinary differential equations for the di-
ameter dp, temperature Tp, velocity up, and position
xp of all injected particles are solved numerically. The
Lagrangian particle equations are solved using an im-
plicit TR-BDF2 variant method (Bank et al., 1985),
which is second order accurate, A-stable, and L-stable.
Particles are released at the inlet, acquiring the airflow
properties. They are initialized as dry, but water va-
por condensation on the particles is induced by the hy-
groscopic property of their excipient, which directly
affects their size. In our simulations we have used
five different blends of Budesonide-NaCl as our drug-
excipient composites. An evaporation/condensation
model was used, which employs rapid mixing condi-
tions within the particle such that its temperature and
concentration vary only temporally. In light of the
large particle-to-air density ratio (ρp/ρf ) ≈ 103, only
the important forces acting on the aerosols have been
considered (Drag, Gravity-Buoyancy, Shear-Lift, and
Brownian). In the following section we report results
under one-way coupling between airflow and particles,
while simulations with two-way coupling are ongoing.

3 Results
Due to space limitation, here we present results

only from our simulations on low and high inhala-
tion flowrates. Figure 6 illustrates the instantaneous
airflow velocity, temperature, and relative humidity at
the two main cross sections of the airway. From the
first column subfigures we can identify the impinge-
ment of the inhaled airflow on the tongue, as well as
the relatively high velocities in the mouth-throat re-

gion. These effects along with the complex and curved
shape of this area are associated with high deposition
fractions for the larger particles (shown later). As ex-
pected, the turbulent airflow persists further down the
trachea for the high inhalation flowrate. The remaining
column subfigures highlight the warming and humidi-
fication processess of the inhaled airstream. Both pro-
cessess continue depper into the airways for the high
inhalation flowrate. As the airflow moves to the more
distal airway generations (not shown here) it slows
down, becomes fully saturated, and reaches body core
temperature.

Moving on to the particulate phase, Figure 7 dis-
plays results for five particle composities that differ in
their drug-excipient ratio (by mass). The first/second
column of figures are based on the low/high inhala-
tion flowrate. We focus our subsequent discussion
on the high flowrate results, while the analogy to the
low flowrate can be inferred. The first row subfig-
ure shows the average size of the particles that escape
the bronchial outlets (and thus are available for deep
lung deposition) as a function of their initial dry size.
The error bars are based on the standard deviation for-
mula. Clearly, particle composites with higher excip-
ient ratio end up larger in size. What one needs to
keep in mind here is the following key idea: particles
must start small to avoid filtering in the mouth-throat
and subsequently grow to foster deep lung retention.
For example, to achieve a final size of 4µm (ideal for
deep lung deposition), particles with 50%-50% drug-
excipient composite can be initiated at 1.8µm dry size,
in contrast to the pure drug case in which particles
must be initiated at the same size.

We proceed to the second row subfigure that re-
veals the aerosol deposition fraction as a function of
the initial dry size of the inhaled particles. Plainly,
for same initial particle sizes, composites with larger
excipient ratios lead to higher deposition fractions,
in accordance with the higher growth factors and in-
creased particle inertia. However, continuing our dis-
cussion from the first row subfigure, pure drug par-
ticles initiated at 4µm have 65% deposition fraction
in the simulated airways, leaving only 35% available
for deep lung deposition. Contrariwise, 50%-50%
drug-excipient particle composites initiated at 1.8µm
have only 14% deposition fraction in the simulated air-
ways, leaving 86% available for deep lung deposition.
Clearly the drug-excipient composites can outperform
the pure drug particles in deep lung administration.
Of course, more smaller drug-excipient particles are
needed to deliver the same dose as the larger pure drug
particles. However, the total drug dose used for the
composite particles will be less since only 14% is lost
in the large conducting airways.

The last row subfigure shows the mean final size of
the particles that deposite on the simulated airways as
a function of their initial dry size. The error bars are
again based on the standard deviation formula. Con-
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Figure 6: Instantaneous airflow velocity, temperature, and relative humidity at main cross sections of the airway. Top/Bottom
row figures for low/high inhalation flowrate.

tinuing the previous discussion, the 50%-50% drug-
excipient particle composites initiated at 1.8µm have
a mean final diameter of 3.0µm at the instance on de-
position. Pure drug particles at the same size have a
much higher deposition fraction, which again implies
the effectiveness of composite particles.

To complete our discusion, we shortly compare the
results of the two flowares. The composite particles in
the low flowrate simulation, end up with larger diam-
eters as they exit the bronchial outlets. This is due to
the longer residence times in the upper airways and
to the more optimum airflow conditions in the tra-
cheobronchial tree. The deposition fractions are much
higher in the high flowrate due to the increased inertia
of the particles, which results to direct impaction on

the airway walls.
Finally, deposition sites of selected particle sizes

are revealed in Figure 8. The selection is based on
the discussion of Figure 7. For the pure drug parti-
cles the main deposition site is in the mouth-throat re-
gion. It worths mentioning that the deposition in the
oral cavity differs between the low and high inhalation
flowrates. This is due to the different inlet conditions
between the two flowrates, i.e. laminar vs turbulent.
For the relatively large composite particles, deposition
can be seen in the mouth-throat region but is low. On
the other hand, for the relatively small composite par-
ticles we can barely see any deposition in this region.
For both particle sizes the main deposition sites will
be in the distal airway generations (not simulated).
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Figure 7: Results for five drug-excipient composities. First/second column of figures for low/high inhalation flowrate. Depo-
sition fraction as a function of the initial particle size (top row figures). Mean size of particles escaping from the
bronchial outlets, as a function of their initial dry size (middle row figures). Mean size of particles deposited on the
airway wall, as a function of their initial dry size (bottom row figures).

4 Conclusions
This project contributes to the research and devel-

opment in the field of pulmonary drug delivery, aiming
to the improvement of delivery efficiency of inhaled
medicines. Here we have shown that hygroscopic
excipients can be used to increase the effectiveness
of drugs in accordance with findings from previous
studies (Longest et al., 2012). This can be achieved
by inhaling initially submicron drug-excipient com-
posites associated with negligible losses in the con-
ducting airways. The results suggest that one should
be able to optimize the combination of initial parti-
cle size and hygroscopic excipient content to achieve
improved diseased airway selectivity. Furthermore,
the current methodology can be used for the study of

pathogen and environmental particle exposure, sensi-
tive to humidity conditions.
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Abstract
In this study we propose an explicit algebraic

model for turbulent scalar-flux vector that stems from
tensor representation theory. The resulting closure
contains direct dependence on mean velocity gradi-
ents and quadratic products of the Reynolds stress ten-
sor. Model coefficients are determined from Direct
Numerical Simulations (DNS) data of homogeneous
shear flows subjected to arbitrary mean scalar gradi-
ent orientations, while a correction function was ap-
plied at one model coefficient based on a turbulent
channel flow case. Model performance is evaluated
in Poiseuille flows at several Reynolds numbers for
Pr = 0.7, along with a case at a higher Prandtl
number (Pr = 7.0) that typically occurs in water-
boundary interaction applications. Overall, the pro-
posed model provides encouraging results for wide
near-wall interaction applications. To place the per-
formance of the proposed model into context, we com-
pare with Younis algebraic model, which is known to
provide reasonable predictions for several engineering
flows.

1 Introduction
Turbulent scalar-flux vector appears in the

Reynolds-Averaged scalar transport equations as a
term that needs to be modelled so that closure is
achieved. An elegant choice is the development of
engineering models with aim to provide estimations
of this quantity at low computational complexity.
Engineering models for the scalar-flux are classi-
fied into two categories: differential and algebraic.
Differential transport models (DTM) are proven
to be beneficial tools, being capable of handling
rotational and curvature effects. However, robustness
issues and performance inconsistencies, combined

with computational overheads associated with the
solution of a differential transport equation for each
scalar-flux component, prevent this class of models
from penetrating further into the mainstream of
engineering practice. On the other hand, algebraic
approaches are based on assumptions that lead to
constitutive equations between turbulent statistics
and mean deformation. An alternative approach for
estimating the turbulent scalar-fluxes was proposed
by Younis et al (2005). Using as guidance the exact
scalar-flux transport equation, Younis and coworkers
expressed this quantity as a function of several tensor
quantities. This approach is elegant, since it avoids
the reduction of transport equations through the Weak
Equilibrium Assumption, proposed by Rodi (1972),
with all the modelling uncertainties that entails. It also
provides a general framework, from which different
algebraic expressions can be obtained. They proposed
a multi-linear closure that exhibited distinct improve-
ments over other algebraic scalar-flux closures for
benchmark cases, for example two-dimensional free
shear flows and configurations involving curvature
effects (Younis et al (2007)). However, the linear
nature of this specific closure is the main reason
why it fails to capture the proper near-wall misalign-
ment levels of scalar-flux vector, thus revealing the
importance of incorporating non-linear information
regarding turbulence anisotropy. Hence, in this study
we propose an algebraic model that stems directly
from the Younis formulation and involves products
of the Reynolds stress tensor, a dependence missing
from the multi-linear model. Special attention is given
so that model complexity is kept minimal for ease
implementation in existing industrial codes, while
its performance ability is tested on several Poiseuille
flows at a wide range of Reynolds numbers and a
Prandtl number equal to 0.7 and 7.0. The former Pr



number is encountered in aerodynamic applications,
whereas the latter number typically occurs in marine
applications and water-boundary interaction.

2 Mathematical formulation

Younis’ formulation
The motivation behind the work reported by You-

nis et al. (2005) arose from the need to provide a better
alternative to the existing gradient-transport closures
for the turbulent scalar-fluxes. In particular, they con-
sidered the exact transport equation of these fluxes as a
guide to provide a rationally assumed relationship be-
tween the scalar-flux vector and various tensor quanti-
ties,

u′iφ
′ = fi

(
Rij , Sij ,Ωij ,Λi, ε, εφ, φ

′2

)
, (1)

where Rij = u′iu
′
j is the Reynolds stress tensor, ε is

the energy dissipation rate, εφ is half the scalar dis-
sipation rate and φ′2 is the scalar-variance. Sij , Ωij
and Λi denote the mean strain-rate tensor, the mean
vorticity tensor and the mean scalar gradient vector re-
spectively, defined as

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
, Ωij =

1

2

(
∂ui
∂xj

− ∂uj
∂xi

)
,

Λi =
∂φ

∂xi
.

(2)

With the aid of tensor representation theory, Younis
et al constructed the following multi-linear expression
for u′iφ′:

u′iφ
′ = C1

κ2

ε
Λi + C2

κ

ε
RijΛj + C3

κ3

ε2
GijΛj

+ C4
κ2

ε2

(
RikGjk +RjkGik

)
Λj ,

Gij = Sij + Ωij ,

(3)

where Ci are constant coefficients which are deter-
mined based on the LES results of Kaltenbach et al
(1994) for homogeneous flows subjected to a uniform
shear with uniform scalar gradients

C1 = 0.0455 , C2 = −0.373 , C3 = 0.00373 ,

C4 = 0.0235 .
(4)

The value of C1 coefficient was modified in the near-
wall region by applying the following damping func-
tion:

C1 = 0.0455 fC1 , fC1 = 1 − exp(−Aβ Peα),

P e = PrRet ,
(5)

where α = −0.02 and β = 1.9 are the values pro-
posed by Younis et al (2010), Pr = ν/γ is the Prandtl
number,Ret = κ2

νε is the turbulence Reynolds number,
while A is the stress-flatness parameter, defined as

Aij =
Rij
κ

− 2

3
δij , A2 = AijAji ,

A3 = AijAjkAki , A = 1 − 9

8
(A2 −A3) ,

(6)

whereA2 andA3 are the second and third invariants of
the normalized Reynolds-stress anisotropic tensorAij .
More details regarding the mathematical formulation
can be found in Younis et al (2007).

Proposed formulation
It is well known that models depending linearly

to the Reynolds stress can not predict the streamwise
scalar-flux reasonably well (Launder (1988)).

As a result, Abe et al (2001) relied on the findings
of Kim & Moin (1989), who pointed out that scalar
fluctuations are correlated more strongly with stream-
wise than transverse velocity fluctuations in the near-
wall region, to propose an algebraic relation between
the turbulent scalar-flux vector and quadratic products
of Reynolds stress tensor

u′iφ
′ = −Cφτ

(
RikRkj
κ

)
Λj , (7)

where τ is a turbulent time scale andCφ is a model co-
efficient. Hence, we propose a model which is essen-
tially a combination between the multi-linear model of
Younis (3) and a quadratic form of Reynolds stress,
thus incorporating non-linear information regarding
turbulence anisotropy. Special attention is given to
keep the model as simple as possible so that it can be
easily implemented in existing industrial codes. This
is achieved by investigating the contribution of each
term appearing in the above equations in an attempt
to propose a minimal combination of these terms that
is able to provide reasonable predictions. We chose
to neglect the C1-related term by assuming that in-
formation regarding this term is partly included in the
isotropic part of the second term of equation (3). We
have also excluded the term associated with C4, even
though its inclusion could provide additional flexibil-
ity, for the following reasons: Firstly, this term can-
not induce the proper near-wall anisotropy levels of
the scalar-flux vector, as already pointed out in You-
nis et al (2007). Secondly, this term involves products
between the mean velocity gradients and the Reynolds
stress, thus being more complex than the C3-related
term, which also contains gradients of the mean ve-
locity field. Thirdly, its absence facilitated our effort
to apply minimal corrections to the model coefficients
(not shown here). Consequently, the proposed closure
takes the following compact form:

u′iφ
′ = C2

κ

ε
RijΛj +C3

κ3

ε2
GijΛj +

C5

ε
RikRkjΛj , (8)

where we keep the same indexing for the model co-
efficients as in equation (3). The above equation es-
sentially differs from equation (7) in involving the C3-
related term, which accounts for the products between
mean scalar and mean velocity gradients. C3 coeffi-
cient was modified so that it improves the near-wall
behavior of the streamwise component while keeping
unaffected the normal component, leading to the fol-
lowing expression:

fC3 = 0.3 +
4.32 (1 − e−A/0.12)2

1 + (0.00172Ret
√
S̃)3

,

C3 = 0.00496 fC3 , S̃ = S τ ,

(9)



where S =
√
SijSji/2 is the magnitude of the mean

strain rate and τ = κ/ε is the turbulent time scale.
Combining the last two terms of (8) yields an alterna-
tive form for the proposed model

u′iφ
′ = C2

κ

ε
RijΛj + C3

κ3

ε2
GeijΛj . (10)

The above equation suggests that the non-linear inter-
actions provide a gradient, in addition to the actual
mean gradient, thus yielding an effective gradient Geij

Geij = Gij +
4C5

C3τ
rikrkj , rij = Rij/Rkk . (11)

This idea, called the “effective-gradients” hypothe-
sis, has been used for the construction of Reynolds-
stress transport closure (Kassinos and Akylas (2012))
and has been extended by Panagiotou et al. (2016,
2017, 2020a) for passive scalar transport. Thus, equa-
tion (10) can be thought as an extension of Abe & Suga
proposal (7), since it contains a linear term that be-
comes important in regions of weak deformation rate,
while replacing the quadratic term by a term involving
the effective mean gradient that dominates the region
of high and moderate deformations rates. More details
regarding the development of the proposed model can
be found in Panagiotou et al 2020b.

3 Results
In this section we investigate the estimation abil-

ity of the proposed closure for channel flows under
different Reynolds numbers. For the examined cases
considered, the Prandtl number equals to 0.71 and 7.0
and the flow variables are expressed in wall-units. The
criterion to choose those two Pr values for applying
the developed algebraic model is to provide results
that prove the efficient applicability of the proposed
model in fluid flows related to aerodynamic and hydro-
dynamic conditions. In order to reduce uncertainties
associated with the numerical solution of model equa-
tions, we import results from DNS into the proposed
algebraic expressions for the scalar-fluxes. To facil-
itate the discussion during the validation procedure,
we have performed additional computations to account
for the performance of Younis’ model, as described in
Section . For all cases considered, only a streamwise
component of the mean flow exists that varies along
the wall-normal direction x2. Under these conditions,
the mean velocity gradientGij and the expressions for
the flux components according to equation (8) become

Gij = S δi1 δj2 , S =
√
SijSji/2 , (12)

and

u′1φ
′ =

{
C2
κ

ε
R12 + C3

κ3

ε2
G12

+
C5

ε

(
R12(R11 +R22)

)}
Λ2 ,

u′2φ
′ =

{
C2
κ

ε
R22 +

C5

ε

(
R2

12 +R2
22

)}
Λ2 ,

(13)

respectively. The flow geometry and coordinate sys-
tem are shown in figure 1.

2𝜹 x1

x2

x3

Ū

Figure 1: Flow configuration and coordinate system.

Low Pr cases
We evaluate model performance at fully-developed

turbulent channel flows for a wide range of
friction Reynolds numbers, particularly Reτ =
150, 395, 640, 995, 2013 and 4088. For all cases, non-
slip boundary condition is adopted in the wall-normal
direction (i.e. at the top and bottom walls) while the
scalar boundary condition is uniform scalar-flux on
both walls.

Low Reynolds number cases.
We initially consider three different low Reynolds

number cases, namely Reτ = 150, 395 and 640. The
quality of the predictions is compared with the corre-
sponding DNS results (Kozuka (2020),Tomita (1993),
Abe (2004)). Figure 2 compares the turbulent scalar-
fluxes as obtained from the present model and the You-
nis’ model for the three cases. Solid line denotes the
proposed model and dash-dotted line denotes Younis’
model, whereas symbols denote the DNS results. For
all cases, both models provide reasonable agreement
with DNS regarding the near-wall peak value of the
streamwise component. In addition, both closures un-
derestimate the value of this component further away
from the wall, while the predictions of the proposed
closure are closer to the DNS results. Contrary to
algebraic closures, DNS predict non-zero values for
the streamwise component at the channel centerline.
This happens because the turbulent scalar field is being
transported by the mean flow or the turbulence. These
transport processes constitute a non-local mechanism
that cannot be captured by a rational algebraic closure
(Younis et al (2005)). Except from the lowest Reτ
case, the proposed model achieves a considerably bet-
ter agreement than Younis’ model regarding the nor-
mal flux at the entire region. In particular, the current
model accurately captures the near-wall behaviour of
the fluxes, while it exhibits a mild overestimation of
the magnitude beyond y+ ≈ 80 for Reτ = 640, still
being able to produce satisfactory results.
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Figure 2: Model predictions for the scalar-flux components for a channel flow at: Reτ = 150 (a-d), Reτ = 395 (b-e) and
Reτ = 640 (c-f).
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Figure 3: Model predictions for the scalar-flux components for a channel flow: Reτ = 955 (a-d), Reτ = 2013 (b-e) and
Reτ = 4088 (c-f).

High Reynolds number cases.

Next, we investigate model performance at higher
Reynolds numbers than before, particularly Reτ =
995, 2013 and 4088, against available DNS results
(Pirozzoli (2016)). Regarding the streamwise flux
component, the current model captures well the near-
wall peak magnitude for all cases, being able to prop-
erly adjust to the presence of high-shear rates. Further-
more, it achieves very good agreement with the DNS

predictions for the normal component at the near-wall
region (y+ < 40) for all cases, suggesting that the
use of the terms involving Reynolds stress is enough
to properly capture the highly anisotropic correlations
between u′2 and φ′ that exist at the near-wall region.
As in Reτ = 640 case, we observe its tendency
to overestimate, although much milder than Younis’
model, the magnitude of the normal flux beyond the
slope change.



Inclination angle of the scalar-flux vector near
the wall boundary.

Here, we further investigate the near-wall perfor-
mance of the proposed closure. A useful parame-
ter for that purpose is the scalar-flux ratio Ru′φ′ =

u′2φ
′/u′1φ

′. Figure 4 shows a comparison of the scalar-
flux ratio predictions of both models with the corre-
sponding DNS data at three different Reynolds num-
ber cases, namely Reτ = 395, 995 and 4088. For
comparison purposes, we have also included the DNS
predictions for R12/R11 since this ratio is expected to
vary as scalar-flux ratio in the near-wall region (Abe
& Suga (2001)). We observe that the proposed model
achieves better agreement with the DNS results for all
cases. Especially for Reτ = 395, it captures accu-
rately the near-wall limit up to y+ ≈ 30, in accor-
dance with the previous discussion. This is attributed
to the dominant role that C5-related term plays in the
buffer layer for both flux-components, which exhibits
the proper near-wall physical behaviour. In contrast,
Younis’ model fails to capture this limiting behaviour
for y+ > 10, partly because no term appearing in its
model equation (3) captures the correct inclination of
the flux vector.

Higher Pr case
Kim & Moin (1989) studied the near-wall be-

haviour of the scalar-flux vector in turbulent channel
flows for a wide range of Prandtl numbers. As a result,
they observed mild changes on scalar ratio Ru′φ′ with
increasing Prandtl number in the range of Pr ≥ 0.71.
The above observation, along with the fact that the
proposed model does not explicitly depend on this pa-
rameter, has motivated us to evaluate model perfor-
mance at higher Pr than 0.7. In particular, we con-
sider a Poiseulle flow at Reτ = 395 and Pr = 7,
for which detailed DNS data are provided by Kawa-
mura et al (2000). Comparison is made again with
Younis’ model, which directly depends on Pr through
damping function fC1 as indicated in equation (5).
Figure 5 shows a comparison between both models
with the corresponding DNS results for the scalar-flux
components. Compared to Younis’ model, the pro-
posed model tends to under-predict the near-wall peak
value of the streamwise component, whereas it pro-
vides better predictions for y+ > 15. As in all previ-
ous cases, both models exhibit a sharp reduction of the
profile while moving away from the walls.Regarding
the normal component, the present model achieves a
much better agreement with the DNS results outside
the viscous sublayer (y+ > 10). Regarding scalar ra-
tio Ru′φ′ , the proposed model agrees reasonably well
with the DNS results for y+ < 15 (not shown here).

4 Summary and conclusions
In this study we have proposed an explicit alge-

braic closure for the turbulent scalar-flux vector based
on the general formulation of Younis, which is es-

sentially an extended version of the model proposed
by Abe & Suga (7) through the inclusion of an ex-
tra term involving products between the gradients of
the mean velocity and scalar field. This closure con-
sists of three terms, making it simpler than Younis’
model and an elegant choice for use in general-purpose
computational codes. It is also motivated by the
“effective-gradients” hypothesis, which postulates that
turbulence-turbulence interactions provide a gradient
that acts supplementary to the mean shear, thus giv-
ing an alternative physical interpretation of the pro-
posal compared to other closures. To minimize model
bias to inhomogeneous applications, the values of the
model coefficients are determined based on existing
LES predictions of homogeneous shear flows in the
presence of arbitrary mean scalar gradients, while a
simple correction function was applied to the C3-term
to properly capture the near-wall behaviour. In order
to test the quality of the proposed model, we have con-
sidered Poiseuille flows in a broad range of Reynolds
numbers and Pr = 0.7. The proposed model pro-
vides fair predictions for both flux components, with
the model being able to well capture the near-wall peak
magnitude of the streamwise component regardless the
Reynolds number choice. Furthermore, the proposed
model accurately captures the near-wall behaviour for
the scalar ratio Ru′φ′ for distances up to y+ ≈ 30
(Reτ = 395), significantly further than Younis’ model
(y+ ≈ 10). Model performance is further evaluated in
a Poiseuille flow at a higher Prandtl number (Pr = 7)
that typically occurs in marine applications and water-
boundary interaction, again providing reasonable pre-
dictions. The above cases served as a guidance regard-
ing the role of the different terms appearing in the alge-
braic expressions, showing the ability of the proposal
to capture the levels of misalignment between the dif-
ferent flux components. As part of future work, we
intend to propose an extension of the proposed RANS-
based model so that it properly accounts for Prandtl ef-
fects under different scenarios. Special attention will
be given to Pr numbers that typically occur in aerated
flows. To achieve that, we intend to consider several
cases that involve Prandtl numbers in the range of 1 to
10, and perform computations to examine the sensitiv-
ity of the closure to the predicted stress fields. Further-
more, relevant experimental studies will be performed
in the future to provide data for a comparative study
between different turbulence models for the case of
water flow around a monopile.
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Figure 4: Model predictions for the scalar ratio Ru′φ′ for a Poiseuille flow at (a) Reτ = 395, (b) Reτ = 995 and (c)
Reτ = 4088. Comparison is made with DNS predictions for the stress ratio R12/R11 (thin lines) and the scalar
ratio (symbols). Thick solid line denotes the proposed model and dash-dotted line denotes Younis’ model. Zoomed
view refers to the near-wall region.
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Figure 5: Model predictions for the (a) streamwise and (b)
normal scalar-flux component for a Poiseuille flow
at Reτ = 395 and Pr = 7.
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Abstract
The physical phenomena in supersonic ejectors,

which know a growing interest in refrigeration and
AC systems, are complex and must be studied through
numerical simulations to complete experiments. Up
to now, mostly Reynolds Averaged Navier-Stokes
(RANS) simulations of such devices have been per-
formed to investigate the link between local flow fea-
tures and their overall operation. Even though some
of these simulations recently allowed to unveil new
physical explanations, the unsteady turbulent scales,
responsible for the mixing of both streams within
the ejector, can only be captured by high-fidelity
scale-resolving simulations. As a first step towards
such simulations, the three-dimensional wall-resolved
Large Eddy Simulation (LES) of an optimally ex-
panded supersonic nozzle was performed, using a pe-
riodic domain in the span-wise direction. This simula-
tion was performed using a high-order Discontinuous
Galerkin method, with third-order interpolation poly-
nomials. In order to have the correct profile of the tur-
bulent fluctuations, the nozzle is fed using a turbulent
channel flow co-simulation. The present work studies
the impact of the strong acceleration along the nozzle
on the turbulence contained in the inflow, emphasizing
the need to have the correct profile of turbulent quan-
tities at the outlet of the primary nozzle of an ejector.
Moreover, the relaminarization of the boundary layers
was studied, showing the challenge it poses to perform
affordable wall-resolved LES of such flows at practical
Reynolds number and nozzle geometry. Another noz-
zle geometry, designed to maintain turbulent boundary
layers in the whole nozzle, is studied; this case will be
used as a benchmark for future wall-modeled LES.

1 Introduction
Supersonic ejectors have gained a growing interest

as they represent a good alternative for the compres-
sor in heating or cooling systems. Including these de-
vices in such systems is beneficial at different levels:
ejectors are passive devices, meaning that they do not
contain any moving parts; hence reducing the mainte-

nance, installation and operation costs. Moreover, they
can power cycles using low-grade thermal energy (typ-
ically lower than 100°C), as done in the conventional
ejector refrigeration system shown in Figure 1, where
the pump requires a very small amount of energy to
operate and the generator can be powered with waste
heat or renewable energy. More complex systems can
be built using ejectors in order to improve the coeffi-
cient of performance (COP ) of the overall cycle. A
review is done in Tashtoush et al. (2019).

Generator

Condenser

Evaporator

Ejector

Pump

Expansion

Valve

1

23

4

56

Figure 1: Conventional ejector-based refrigeration cycle.

In a supersonic ejector, schematized in Figure 2, a
primary flow at a high total pressure p0,p is accelerated
through a primary nozzle, producing a supersonic jet.
This jet causes the entrainment of the secondary, low-
pressure, flow. Both flows exchange momentum and
energy in the mixing chamber, and the resulting mixed
flow is decelerated through a diffuser down to an out-
let pressure p0,out that lies between p0,p and p0,s. The
classical way to assess the performance of an ejector
is to provide the entrainment ratio ω = ṁs/ṁp as
a function of the pressure ratio p0,out/p0,s. This ra-
tio plays an important role for the device itself, as it
is equivalent to a compressor characteristic curve, as
well as for the refrigeration system as its COP , com-
puted as COP = ω h6−h5

h3−h2
, is linear in ω. It is thus

necessary to study the complex internal physics of an
ejector and understand its impact on the entrainment
ratio using numerical simulations and experiments.

Reynolds-Averaged Navier-Stokes (RANS) simu-



Mixing chamber Diffuser

Primary flow

Secondary flow

Secondary flow

Mixed flow

Figure 2: Schematic of a supersonic ejector.

lations have been performed in the last decades to
improve the understanding of supersonic ejectors and
to complement experimental data. Moreover, RANS
simulations such as those done by Lamberts et al.
(2017), coupled with new post-processing techniques
based on “exergy tubes”, supported the development
of new one-dimensional simplified models. However,
these methods do not simulate the unsteady turbu-
lent scales responsible for the mixing, and thus reach
their limit for any deeper analysis and further compar-
ison with experimental data. The way forward is thus
to perform high-fidelity, scale-resolving, simulations
(i.e., Large-Eddy Simulations, LES).

As a first step towards such simulations, the wall-
resolved LES of turbulent flow in supersonic nozzles
was performed in order to study the effect of the strong
acceleration on the turbulence injected in the inflow,
as will be encountered at the primary nozzle. Fur-
thermore, such simulation will be used as a reference
for assessing wall-modeled LES since wall-resolved
LES will not be affordable at the ejector scale. Well-
known effects of strong accelerations are the decrease
of the turbulent content in the core flow and possi-
bly the relaminarization of the boundary layers. The
former is used in wind tunnels in order to get closer
to a turbulence-free inflow, as was shown by Uberoi
(1956). The latter has been extensively studied, and
Bader et al. (2018) state that boundary layers will re-
laminarize if the non-dimensional forcing term K =
µ
ρu2

e

due

dx is above the threshold Kcrit ' 3× 10−6 on a
length ∆x of the order of ∆x/δ(x) ' 20− 30 (where
δ(x) is the boundary layer thickness).

2 Methodology
In this study, two nozzle geometries, shown in Fig-

ure 3 were studied. The geometry of the first case was
adapted from an experimental setup at UCLouvain so
as to have an affordable simulation, while maintaining
the area ratioAe/At. The geometry of the second case
is generated using cubic splines so that the criterion for
the boundary layers to remain turbulent, K ≤ Kcrit,
is respected (K being estimated using the isentropic
one-dimensional theory). The length of the converg-
ing and diverging parts (region (3)) are kept identical
for both cases.

The computational domain is divided into three
parts, shown in Figure 3:

(1) a bi-periodic turbulent channel, running as a “pre-
cursor” simulation. This channel has dimensions

Lx × Ly × Lz = 2π hi × 2hi × π hi.
(2) a constant section channel of length hi, running

in the main simulation and connecting the precur-
sor channel simulation to the domain of interest.

(3) The actual nozzle domain with its converging and
diverging parts.

(2)

(1) (3)

Figure 3: Geometry of the domain. Case I (top half) and
Case II (bottom half). For improved readability,
the nozzle is depicted using a twofold stretching
in the vertical direction.

No-slip and adiabatic boundary conditions are im-
posed along the channel and nozzle walls. The inlet
total pressure p0 and the outlet pressure pa are chosen
so that the nozzle is optimally expanded. The frame
used has the x-axis aligned with the axial direction of
the nozzle, while the y-axis is aligned with the wall-
normal direction in the channel. The reference for the
axial direction (x = 0) is the throat (diamonds in Fig-
ure 3) whereas the reference for the vertical direction
(y = 0) is the symmetry axis (dash-dotted line). The
domain is extruded in the span-wise (z) direction over
a distance Lz = π hi.

The useful parameters for the two cases are shown
in Table 1. This table shows that, in order for the tur-
bulent boundary layers to remain turbulent in an af-
fordable simulation, only small variations of the cross-
section area are possible; which is not representative of
a typical nozzle.

Table 1: Parameters of the two cases
Case I Case II

Channel Reynolds numberReτ 443 441
Channel Bulk Mach number
Mb

0.4 0.66

Channel to throat area ratio
Ai/At

1.667 1.125

Exit to throat area ratio Ae/At 2.500 1.178
Pressure ratio p0/pa 16 4
Outlet Mach number Me 2.5 1.4

The simulations are performed using the Argo code
developed by Cenaero (Hillewaert (2013)) and which
uses a Discontinuous Galerkin approach. All the sim-
ulations use third-order (p = 3) interpolation polyno-
mials as this offers a good compromise between ac-
curacy and computational cost. For the second case,
a region of p = 0 elements was added at the noz-
zle outlet to dissipate the turbulent structures and en-
sure the stability of the simulation. The modified



Simple Low dissipation Advection Upstream Split-
ting Method (SLAU2), proposed by Chakravarthy and
Chakraborty (2014), is used as an approximate Rie-
mann solver at interfaces between elements. For the
diffusive terms, an Interior Penalty method is em-
ployed. The mesh is structured and composed of
around 90k and 110k hexahedra for the first and sec-
ond case respectively. The time integration is implicit
and second order, using the 3-points backward differ-
ence formula (3BDF). The non-linear system is solved
using a Newton/GMRES method preconditioned by an
Incomplete Lower-Upper (ILU) decomposition. A re-
duction in residual of 10−4 compared to the value of
the residual at the beginning of each time step is im-
posed in order to obtain convergence. The solver per-
forms Implicit Large Eddy Simulations (ILES). It was
shown by Carton de Wiart et al. (2015) to produce
results comparable to those of reference solvers when
tested on channel flows at moderate Reynolds num-
bers. The precursor simulation is ensured to run at
the specified inlet boundary conditions in the mean, by
adding spatially uniform source terms to the governing
equations. These source terms are adjusted through a
proportional-integral controller.

Finally, all the variables are averaged in time over
roughly 3.5 flow-through times and over the homoge-
neous directions (z−direction for the nozzle, x− and
z−directions for the channel). This time and space av-
eraging of a quantity φ is noted 〈φ〉. As it is usual for
compressible flows, the Favre-averaging, noted φ, is
used: φ = 〈ρφ〉

〈ρ〉 . The fluctuations associated with this

average are noted φ′′ = φ − φ. The profiles shown
in wall coordinates (noted with a superscript ”+”)
are non-dimensionalized using the wall shear stress
τw(x) and the local values of the viscosity and den-
sity; as it was shown by Huang et al. (1995) that this
non-dimensionalization best collapses the compress-
ible flow profiles.

3 Results
This section presents the results obtained using the

methodology explained in the previous section. First,
the resolution in space and time is verified to fulfill
the criteria of high-precision wall-resolved LES. Then,
two-dimensional fields of the flow are presented in or-
der to identify the important flow features. Finally, the
mean velocity profiles and velocity fluctuation profiles
are presented and analyzed.

Spatial and temporal resolution
First of all, the spatial resolution must be ver-

ified to fulfill the criteria for a wall-resolved LES
all along the nozzle. Choi and Moin (2012)
state that the grid spacing in the three spatial
directions, expressed in wall-coordinates must be

∆x+ ' 50− 130, y+1 ' 1, ∆z+ ' 15− 30.

The wall resolution in the channel is given in Ta-

ble 2 for both cases, and Figures 4-5 show the res-
olution in the vertical direction and stream- and span-
wise directions respectively along region (3). Note that
these spatial resolutions are defined for the distance
between two consecutive interpolation points within
an element.

Table 2: Near-wall resolution in the precursor channel.
∆x+ y+1 ∆z+

Case I 27.87 0.80 13.93
Case II 25.67 0.74 12.83
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Figure 4: Vertical near-wall resolution for Case I (black) and
Case II (gray).
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Figure 5: Stream-wise (solid line) and span-wise (dashed
line) near-wall resolution for Case I (black) and
Case II (gray).

Table 2 and Figures 4-5 thus show that the criteria
for a high fidelity wall-resolved LES are met. More-
over, it was shown in Carton de Wiart et al. (2015)
that DG methods are able to yield good near-wall re-
sults even with y+1 ' 2.

Since the temporal integration scheme used is im-
plicit, there is no stability constraint on the Courant-
Friedrichs-Lewy (CFL) number. However, for time ac-
curacy, it is necessary to have a convective CFL num-
ber relative to a cell of around unity. This CFL num-
ber is plotted for both cases along region (3) in Fig-
ure 6, showing that the temporal resolution is satisfied
as well.
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Figure 6: Evolution of the element-wise convective CFL
number in region (3) for Case I (black) and Case
II (gray).

Two-dimensional fields
The two-dimensional fields of time-averaged axial

density gradient (pseudo-Schlieren) and instantaneous
spanwise vorticity are shown in Figure 7 for a slice
of region (3) and for both cases. Figure 7(a) shows
that Mach lines are generated in the diverging part of
the nozzle for both cases. For the first case, this is
expected since the secondary derivative of the geome-
try is discontinuous at the location where these Mach
lines are generated, as well as at the throat, where very
weak Mach lines can also be seen. This feature should
be absent in Case II as its geometry is composed of cu-
bic splines with, by definition, a continuous secondary
derivative. However, weak Mach lines are still visible
near the exit of the nozzle, most likely due to the outlet
boundary condition. The spanwise vorticity compo-
nent view of Figure 7(b) shows that the amplitude of
the fluctuations decreases along the nozzle, but much
less for Case II as the acceleration is far lower in that
case (see section Fluctuation profiles).

Mean velocity profiles
The Favre-averaged axial velocity is shown in Fig-

ure 8, non-dimensionalized by the local maximum ve-
locity ue. This figure shows that, as expected, the ac-
celeration has a limited impact on the near-wall ve-
locity profile. However, in the core flow, the veloc-
ity profile is flattened increasingly along the nozzle;
and yet more in the first case since the acceleration
is stronger. Some of the profiles of the first case are
not monotonous, as a consequence of the Mach lines
in the divergent. The near-wall flow can thus be seen,
for a part of the nozzle, as an accelerated boundary
layer. A boundary layer thickness at 95% of the local
maximum velocity, δ0.95, can thus be computed and is
shown in Figure 9. This plot allows to find limits in
the region along the nozzle that can be used to analyze
the behavior of the boundary layer. The part of the
nozzle upstream x/ht ' −10 is discarded because the
flow cannot be seen as an accelerated boundary layer
yet and is still a channel flow. In the diverging part,
the external flow disturbs the boundary layer in both

-5 -4 -3 -2 -1 0 1 2 3 4 5

(a) Time-averaged axial density gradient (saturated plot)

-5 -4 -3 -2 -1 0 1 2 3 4 5

(b) Instantaneous spanwise vorticity component (saturated plot)

Figure 7: View of two-dimensional fields in a slice of region
(3). The field obtained for Case I and Case II are
shown in the top and bottom halves of the picture
respectively. For improved readability, the nozzle
is depicted with a twofold stretching in the vertical
direction.

cases with the observed Mach lines. The region be-
yond x/ht ' 5 for Case I and x/ht ' 10 for Case II
will then be removed from the analysis.
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Figure 8: Mean velocity profile non-dimensionalized by the
local maximum velocity. The markers and colors
are identical to those of Figure 3.

The non-dimensional forcing term K for the re-
maining region is shown in Figure 10. The region be-
tween x/ht = 5 and x/ht = 10 is shown using a
dotted line for Case I and should not be taken into ac-
count in the analysis. The solid black line shows that
the criterion is not respected for the whole region of
interest. The boundary layers thus relaminarize in this
case. In order for the boundary layers to remain tur-
bulent along the nozzle, the Reynolds number should
be increased by a factor 4. Given the length of the
domain, such a wall-resolved simulation would be un-
affordable. The plot for Case I also shows large os-
cillations from the beginning of the diverging part of
the nozzle because of the weak Mach lines seen in that
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Figure 9: Evolution of δ0.95. The markers indicate the posi-
tion of the profiles shown in Figures 8 and 11.

region in Figure 7(a). For Case II, the criterion is re-
spected along the nozzle, as expected by design. How-
ever, this nozzle produces a very slow acceleration and
does not represent a practical case. Nevertheless, this
case could still be used as a benchmark for further
wall-model studies (as wall-models mostly assume a
turbulent boundary layer).
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Figure 10: Evolution of K. The markers indicate the posi-
tion of the profiles shown in Figures 8 and 11.

Fluctuation profiles
The velocity fluctuation profiles in the three direc-

tions, defined as u′′j,rms =
√
u′′j u

′′
j , are shown in Fig-

ure 11 at the axial locations indicated by vertical lines
in Figure 3. These profiles do not use the usual non-
dimensionalization in wall coordinates since, with the
increase of the bulk velocity, the friction velocity de-
fined as

√
τw(x)/ρw(x) increases as well, rendering

such a graph misleading. The fluctuation profiles are
thus here non-dimensionalized by the maximum ve-
locity in the channel ue,i. This gives very similar fluc-
tuation profiles in the channel for both cases.

This figure confirms the observation done in Fig-
ure 7(b) regarding the decrease of the fluctuations am-
plitude in the nozzle; however, this decrease is not
uniform along the nozzle, nor along the three com-
ponents. Regarding the axial fluctuations amplitude
(Figure 11(a)), a decrease is observed in the core flow
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Figure 11: Profile of velocity RMS fluctuations non-
dimensionalized using the maximum velocity in
the channel ue,i. The markers and colors are
identical to those of Figure 3.

for both cases; and slightly more for the first case
(due to the larger acceleration). However, close to
the wall, the amplitude of the fluctuations remains, in
both cases, of the same order of magnitude as those in
the precursor channel. It is even slightly higher in the
first case; which might seem counter-intuitive since the
boundary layer relaminarizes. However, as explained
in Narasimha and Screenivasan (1979), turbulent fluc-
tuations can still be present in a relaminarized bound-



ary layer and are inherited from the flow history. Their
contribution to the mean flow should however be neg-
ligible. This is confirmed by Figure 12, where the
values of the Reynolds stress −u′′v′′ (here made di-
mensionless using the local friction velocity) tends to
zero near the outlet of the nozzle in Case I whereas, al-
though decreased, it is not negligible for Case II. The
fact that the near-wall region still contains fluctuations
with large amplitudes is important as it will have an
impact on the farther mixing occurring in the ejector
right beyond the primary nozzle outlet, these near-wall
fluctuations being indeed injected in the shear layer
between the primary and the secondary flows.
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Figure 12: Profile of the dimensionless Reynolds stress. The
markers and colors are identical to those of Fig-
ure 3. For improved readability, both cases are
shown for the bottom half of the nozzle.

Contrary to the axial fluctuations, the evolution of
transverse and span-wise fluctuations (Figures 11(b)
and 11(c)) along the nozzle is very similar between
both cases, their amplitude roughly decreasing of the
same amount. Moreover, the amplitude of those fluc-
tuations decreases similarly along the nozzle. For the
first case however, there is, for the profiles in the di-
verging part of the nozzle, a peak in near-wall fluc-
tuation amplitude that is not observed in the second
case. As for the axial fluctuations, these peaks are
most likely inherited from the flow history.

4 Conclusions
This work showed the challenge it poses to per-

form an affordable wall-resolved LES of a super-
sonic nozzle at a practical Reynolds number which
can be found in a supersonic ejector. For instance,
the primary nozzle of the target ejector application,
studied by Lamberts et al. (2017), runs at Reτ '
7000. The only affordable way forward is wall-
modeled LES. Wall models have been validated for
quasi-incompressible channel flows with DGM/ILES
in Frère et al. (2017) but they need to be assessed
and validated in the frame of accelerated compress-
ible flows. In that respect, the Case II presented in this
work already constitutes a good benchmark as it main-

tains turbulent boundary layers (which is the underly-
ing requirement when using wall models in LES).

Moreover, this study demonstrated the necessity to
feed the nozzle with a channel co-simulation to ade-
quately capture the turbulence profiles at the nozzle
outlet, yet in the case of a relaminarized boundary
layer. Indeed, those turbulent fluctuations will sig-
nificantly impact the development of the mixing layer
between the primary and secondary flows within the
ejector. A good high-fidelity scale resolving simula-
tion of an ejector should hence capture such features
to accurately quantify the mixing between both flows.
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Abstract
The objective of this work is to simulate with

Large-Eddy Simulation and the Conditional Moment
Closure combustion sub-grid model the lean blow-
off (LBO) curve of a realistic liquid-fuelled flame.
The simulation provides sufficient detail to explore the
physics of LBO phenomena relating to: flame struc-
ture, intermediate species behaviour, fuel evaporation
and fuel starvation. Three kerosene spray flames stud-
ied previously experimentally in the Cambridge bluff-
body swirl burner are simulated and it is found that
LES-CMC reproduces the experimental LBO points
within 20% accuracy. The blow-off duration falls in
the range 10-30 ms and asymmetric flame structures
are observed before blow-off, both comparing well
with experiments. CH2O was observed to enter the
recirculation zone from downstream during LBO and
was present in regions of low to intermediate temper-
ature. The temperature is observed to reduce in the
recirculation zone, thus evaporation cannot keep up
in the flame region. Reduced temperature is also an
obstacle to the pyrolysis of the kerosene vapour, so
the flame is starved of fuel, causing the stoichiometric
mixture fraction isosurface to shrink down toward the
bluff body until it exists only around the injected spray.
Fuel starvation is a significant factor in the blow-off of
spray flames.

1 Introduction
Liquid fuels and lean combustion will be neces-

sary in the aviation industry for decades to come, thus
a strong fundamental understanding of spray flames of
realistic fuels at extreme conditions like lean blow-off
(LBO) must be pursued by combustion scientists to
improve stability and reduce emissions. Spray flames
are characterised by a wide range of scales and phys-
ical processes (Jenny et al., 2012) where both flame-
turbulence interaction and spray evaporation play a
strong role in determining local flame structure (Ol-
guin and Gutheil, 2014) and extinction behaviour. Re-
cently studied experimentally at laboratory-scale with
various liquid fuels (Cavaliere et al., 2013; Yuan et al.,
2018; Allison et al., 2018), non-premixed and spray
flames operated in the vicinity of blow-off are usu-

ally characterised by the presence of local extinctions
which eventually develop into the global extinction
of the flame. There is experimental evidence that
spray flame blow-off has some salient differences from
gaseous flame blow-off (Cavaliere et al., 2013), so a
better fundamental understanding of the coupling be-
tween the multi-physical processes involved in the lo-
cal and global extinction of spray flames is still neces-
sary. A numerical approach capable of capturing the
finite rate chemistry effects, with all the physical pro-
cesses leading to the extinction transient included, is
required to reliably predict the extinction behaviour.

This work aims to complement previous investiga-
tions of modelling LBO of kerosene spray flames (Es-
clapez et al., 2017) by using the Large Eddy Simula-
tion (LES) Conditional Moment Closure (CMC) ap-
proach with a focus on fuel evaporation and LBO phe-
nomena. The burner is the Cambridge lab-scale bluff
body swirl-stabilised spray burner numerically stud-
ied previously with n-heptane (Tyliszczak et al., 2014)
and ethanol (Giusti and Mastorakos, 2017). The LES-
CMC approach, which has had demonstrated suc-
cess capturing local and global extinction for gaseous
(Zhang et al., 2015; Zhang and Mastorakos, 2016) and
spray flames (Giusti and Mastorakos, 2016, 2017), is
used here with Lagrangian spray modelling and a de-
tailed Hybrid Chemistry mechanism for Jet-A (Wang
et al., 2018; Xu et al., 2018). Experimental evidence of
the extinction transient of heavy fuels (Pathania et al.,
2020) suggests significant low- and high-temperature
chemical effects during the LBO process. Hence, us-
ing a complex chemical scheme for kerosene allows
exploration of the full range of behaviours to be ex-
plored by simulation. The objectives of this work are:
(i) to predict lean blow-off phenomena such as local
extinction and fuel starvation, (ii) to investigate the
flame structure, species and the interaction between
turbulence and evaporation during global lean blow-
off, and (iii) to simulate the experimental blow-off
curve of Jet-A spray flames.

2 Methods and configuration
The lean blow-off behaviour of kerosene spray

flames is investigated using the LES-CMC ap-



proach (Klimenko and Bilger, 1999; Mortensen and
Bilger, 2009). This method is based on the solution of
conditionally filtered mass fraction of species and en-
thalpy. It allows for a direct computation of the tran-
sient of the local flame structure in mixture fraction
space, and as a function of time and physical space,
including turbulence effects, micro-mixing and evap-
oration. First order closure is used for the chemical
source terms with the reaction rate evaluated using the
detailed HyChem mechanism for Jet-A, consisting of
119 species and 843 reactions (Wang et al., 2018). The
CMC equations were solved using an unstructured in-
house code (Garmory and Mastorakos, 2015; Giusti
and Mastorakos, 2016) implemented in OpenFOAM
2.3.1 using an Eulerian-Lagrangian approach for di-
lute sprays (Sitte and Mastorakos, 2019), the Abram-
zon and Sirignano (1989) evaporation model and time
step of 1 µs. The same computational setup used
in Foale et al. (2021) for the solution of both the flow
field and CMC equations was adopted in this study.

The bluff-body spray swirl burner geometry used
in this study was previously explored experimentally
(Yuan et al., 2018; Sidey et al., 2017; Allison et al.,
2018) and numerically (Tyliszczak et al., 2014; Giusti
and Mastorakos, 2017; Foale et al., 2019, 2021). The
burner is enclosed in a quartz rectangular enclosure
that is open at the top, exposed to atmospheric pres-
sure. The fuel spray is injected as a hollow cone from
the centre of the 25 mm bluff-body at a 60◦ angle with
Sauter Mean Diameter of 60 µm. In this study the
flame is simulated at three fuel mass flow rates: 0.27
g/s, 0.30 g/s and 0.33 g/s. Air is swirled clockwise
through a 60o swirler in the annular duct with outer
diameter of 37 mm surrounding the bluff-body. Sta-
ble air bulk velocities from which blow-off was ini-
tiated corresponding to the respective fuel mass flow
rates were: 15.9 m/s, 18.6 m/s, and 22.1 m/s. The
stable 0.27 g/s case is the original, from which the
fuel and air mass flow rates were increased to generate
the successive 0.30 g/s case. From this case the ṁf

= 0.33 g/s case was similarly generated. The simula-
tions were run for 5 ms to stabilise before commenc-
ing blow-off. To initiate blow-off, the air mass flow
rates were increased in steps by 10% until matching
the blow-off air bulk velocities UBO,exp reported for
Jet-A in Allison et al. (2018). In the ṁf = 0.27 g/s
case, Ub = 1.05UBO,exp was high enough to bring
OH mass fraction and temperature levels low enough
to be considered extinguished. The 0.30 g/s and 0.33
g/s fuel mass flow rate cases required increased blow-
off velocities beyond experimental values due to their
rates of isosurface area, heat release and evaporation
being less sensitive to the increased air than the ṁf

= 0.27 g/s case. The time t = 0 ms in Section 3 fig-
ures indicates the beginning of the blow-off transient,
the first instance the experimental blow-off air velocity
was injected.

3 Results and discussion
After increasing the bulk air velocities to the exper-

imental values, the simulations underwent the blow-
off transient. In all cases, the air velocity was in-
creased beyond the experimental values to ensure
blow-off, to speeds 5-20% higher than those observed
in experiments. Final Ub values are recorded in Ta-
ble 1 and graphical comparison with the experimental
blow-off curve is in Fig. 1.

Figure 1: LBO curve comparing LES-CMC blow-off bulk
air velocities with experimental values for Jet-A
from Allison et al. (2018).

Table 1: Simulation fuel mass flow rates (ṁf ), final blow-
off bulk velocities (Ub), overall equivalence ra-
tio (φoverall), and comparison with experimental
blow-off velocities.

ṁf (g/s) Ub (m/s) φoverall Ub/UBO,exp

0.27 22.7 0.26 105%
0.30 25.7 0.25 115%
0.33 28.0 0.25 120%

The blow-off transients in the flame zone are vi-
sualised quantitatively using conditional stoichiomet-
ric temperature averaged over the stoichiometric mix-
ture fraction isosurface area in Fig. 2 and using the
volume integrated heat release (HR) from 3D cells lo-
cated along the stoichiometric mixture fraction isosur-
face in Fig. 3. Figure 2 shows both the conditional
stoichiometric isosurface-averaged temperature and

Figure 2: OH mass fraction and temperature (K) averaged
over isosurface area, conditioned on stoichiomet-
ric mixture fraction (ηst = 0.0637) during LBO.



Figure 3: Heat release (top) and evaporation rate (bottom)
integrated from cell volumes along the stoichio-
metric (ηst = 0.0637) isosurface.

OH mass fraction decrease fairly monotonically for
the three cases, before levelling out to values indicative
of an extinguished flame. The rates of decrease vary
between the cases; the length of the blow-off transient
appears to increase with increasing fuel mass flow rate.
Using an extinction temperature threshold of 1200 K,
determined using 70% of the temperature value in the
0D-CMC solution prior to extinction (see Zhang and
Mastorakos (2016) or Foale et al. (2021) for details).
Fig. 2 shows the flame blowoff event lasts between
about 7 to 17 ms for the three mass flow rates.

Another way to estimate the blow-off transient
time is through the change in heat release. Figure 3
shows the heat release and evaporation rate in the re-
gions of stoichiometric mixture fraction for the three
cases. The simulations in Fig. 3 experienced 89.5%,
80.3% and 81.2% reductions in heat release for ṁf =
0.27 g/s, 0.30 g/s and 0.33 g/s respectively. Using a
threshold of 80% reduction in heat release to signify
blow-off of the flame, the blow-off times are 14.8 ms,
17.9 ms and 28.6 ms. These blow-off transient dura-
tions all fall within the expected range compared with
decane and dodecane spray flame experiment blow-off
times in Yuan et al. (2018).

Reductions in the heat release in the flame stoi-
chiometric region are linked to the evaporation rate,
shown in the bottom of Fig. 3. As evaporation rate
decreases over time, so does heat release. However
after a certain point evaporation rate increases again,
it does not necessarily mean the heat release will in-
crease, as seen in the ṁf = 0.27 g/s flame. Evapora-

Figure 4: Heat release (top) and evaporation rate (bottom)
integrated over entire chamber volume.

tion rate at stoichiometry is higher at larger fuel mass
flow rates. The physical understanding for the cause
of LBO in non-premixed flames is that local extinc-
tions, or holes, in the flame surface increase in size
and duration until the flame is extinguished globally.
In Foale et al. (2021) local extinctions of the ṁf =
0.27 g/s flame were identified to increase in number
during LBO, however their influence did not appear
to be the sole reason for blow-off of the flame, as
the flame isosurface shrank downward and inward to-
ward the centre of the bluff body. Decreased presences
of gaseous fuel and pyrolysis products were observed
during blow-off. In Fig. 3 the evaporation rate in the
flame zone decreases considerably, supporting the idea
proposed in Cavaliere et al. (2013) that fuel starvation
from reduced temperatures and evaporation is another
cause for the blow-off of spray flames.

The heat release and evaporation during the blow-
off transients behave quite differently taking the whole
combustion chamber volume into account, as seen in
Fig. 4. The mean evaporation rates in the chamber
range between 87-90% of the injected fuel mass flow
rates, indicating the presence of unburnt droplets in
the system. Despite similar proportions of evaporated
fuel in the three cases, the ṁf = 0.30 g/s chamber dis-
plays heat release close to the ideal heat of combustion
for kerosene (≈11 kW) early on in the blow-off tran-
sient, while the other two cases release significantly
less power initially. However as time progresses, the
other two cases interestingly increase in power during
most of the transient, while the heat release of the ṁf

= 0.30 g/s case decreases after about 10 ms. This in-



Figure 5: LBO time sequence of the 3D stoichiometric isosurface (ηst = 0.0637) coloured with temperature (K) for the
ṁf = 0.30 g/s case, showing an asymmetric flame shape characteristic of low-volatility fuels close to blow-off.

creasing heat release behaviour can be attributed to in-
creased strain rates and the presence of droplets down-
stream in the chamber, which continue to vaporise in
the warm temperatures of the recirculation zone, pro-
ducing gaseous fuel that reacts with increased quan-
tities of fresh oxidants from the higher air mass flow
rates.

Moving on to qualitative results and the struc-
ture of kerosene spray flames during LBO, Fig. 5
shows the stoichiometric mixture fraction isosurface
coloured with temperature of the ṁf = 0.30 g/s
flame during the blow-off event. The flame shape
is asymmetric with a single flame branch, which ro-
tates around the bluff body edge. This matches well
with the asymmetric spray flame structures observed
in Yuan et al. (2018) for decane and dodecane, where
low fuel volatility was suggested to cause a lack of
fuel vapour in the central recirculation zone. Signifi-
cant quantities of unburnt fuel vapour (pre-pyrolysis)
can also quench large regions of the flame, observed
in the ṁf = 0.27 g/s results in Foale et al. (2021), re-
sulting in a large local extinction which can travel with
the swirling air. Once the flame is extinguished at t =
18 ms in Fig. 5, stoichiometric mixture fraction iso-
surface still persists, although only in the vicinity of
the spray.

Heat release rate (HRR) during the blow-off event
for the ṁf = 0.27 g/s case is displayed in Fig. 6. At
first HRR is high along the shear layer and the flame
is solidly attached to the bluff body edge. As the tran-
sient progresses the peak levels of HRR decrease and
regions of very low HRR appear along both the in-
ner and outer flame branches. These results are simi-
lar to OH-PLIF results for decane and dodecane (Yuan
et al., 2018), where the inner and outer flame branches
were also often disconnected and fragmented, espe-
cially near LBO.

The LBO sequence in the same 2D plane with OH
mass fraction for the ṁf = 0.33 g/s case is shown
in Fig. 7. The asymmetric flame branch is visible
with medium to high values of OH as the start of
LBO, but as time increases the peak OH reduces and
shrinks down toward the bluff body where peaks even-
tually reduce to extinguished flame values. At blow-
off (t =28 ms), very little OH is present in the conical

HRR
0 800

t =  0  ms t =  3  ms t =  6  ms

t =  9  ms t =  12  ms t =  15  ms

t =  18 ms t =  21 ms t =  22 ms

Figure 6: 2D cut-planes of the LBO sequence showing HRR
(MW/m3) for ṁf = 0.27 g/s flame.

t =  0  ms t =  2  ms t =  5  ms

t =  8  ms t =  11 ms t =  14 ms

t =  17 ms t =  20 ms t =  23 ms

t =  26 ms t =  27 ms t =  28 ms

OH
0 0.0025

Figure 7: 2D cut-planes of the LBO time sequence showing
OH mass fraction, ṁf = 0.33 g/s flame.
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Figure 8: 2D cut-planes of the LBO time sequence of tem-
perature (K), ṁf = 0.33 g/s. White iso-lines in-
dicate stoichiometry (ηst = 0.0637).

central recirculation zone and none whatsoever is lo-
cated around the outer corners of the chamber.

Figure 8 shows the temperature field for the same
flame. The colour scale emphasises the intermedi-
ate temperature range, 1050 K being the temperature
when pyrolysis of the parent fuel begins, according
to shock tube experiments with Jet-A in Han et al.
(2019). From time t = 0 ms to about 11 ms the re-
circulation zone contains regions hot enough to enable
the full pyrolysis of the evaporated fuel, and OH is
present in these corresponding regions in Fig. 7. In
Fig. 8 the temperature of the recirculation zone during
blow-off decreases over time due the increased amount
of cold air, to the point where its temperature is at the
lower threshold 1000-1050 K, below which pyrolysis
of the fuel does not occur. The stoichiometric iso-lines
show how the flame shrinks during the transient, after
t = 28 ms the only location stoichiometric mixture can
be observed is along the fuel spray.

CH2O mass fraction, a marker of incomplete com-
bustion, is shown in Fig. 9. Prior to blow-off and be-
tween t = 0 to 11 ms CH2O peaks are near stoichiom-
etry (white iso-lines) and the air shear layer. How-
ever as the blow-off transient progresses, peak CH2O
tends to appear more in regions of low to intermedi-
ate temperature, between the 500 K and 800 K tem-
perature iso-lines, especially in regions of large gradi-
ents like the air shear layer where the iso-lines come
close together. CH2O presence gradually builds up
both in the recirculation zone and the outer corners of
the chamber during the blow-off transient, where tem-
peratures are either low or decreasing from interme-
diate levels. This is due to the corresponding lack of
OH presence in these regions, as reaction with OH is
a primary CH2O consumption pathway (Paxton et al.,

t =  0  ms t =  2  ms t =  5  ms

t =  8  ms t =  11 ms t =  14 ms

t =  17 ms t =  20 ms t =  23 ms

t =  26 ms t =  27 ms t =  28 ms

CH2O
0 0.00015

Figure 9: 2D cut-planes of the LBO time sequence of CH2O
mass fraction, ṁf = 0.33 g/s. White iso-line con-
tours indicate stoichiometry (ηst = 0.0637), cyan
lines indicate T = 500 K, and red lines indicate
T = 800 K.

2019). Similar behaviour of CH2O entering the re-
circulation zone from downstream during LBO was
observed in pre-vapourised kerosene experiments by
Pathania et al. (2020), where it was also suggested
that CH2O could act as a marker for low-temperature
chemistry regions during LBO.

These LES-CMC results demonstrate the matu-
rity of the LES-CMC turbulence-combustion model
in its ability to capture finite-rate extinction and low-
temperature phenomena of practical fuels.

4 Conclusions
The LES-CMC approach is used to simulate

kerosene spray flames in a bluff-body swirl burner
for three fuel mass flow rates at lean blow-off condi-
tions. A high-temperature detailed mechanism devel-
oped specifically for Jet-A using the HyChem method-
ology is deployed. LES-CMC is able to capture asym-
metric flame structural behaviour and global blow-off
events at multiple fuel mass flow rates within 5-20%
of experimental blow-off velocities. Heat release var-
ied in different regions of the chamber, but was noted
to decrease by at least 80% in the stoichiometric flame
zone. The blow-off transient lasts between about 10-
30 ms for the flames, in the same duration range as past
experiments with low-volatility heavy hydrocarbon fu-
els. CH2O is noted to build up in low-temperature
regions between 500-800 K in the bottom corners of
the chamber as well as in the recirculation zone from
downstream during LBO. The effects of fuel starva-
tion are shown to contribute to the blow-off of spray
flames. Fuel starvation is caused by reduced temper-



atures in the recirculation zone, which both decreases
evaporation rates as well as reduces pyrolysis of the
vaporised fuel.

This work extends the LES-CMC approach capa-
bility to include modelling lean blow-off of heavy hy-
drocarbon liquid fuels and, by allowing the simulation
of the full blow-off curve of a realistic fuel, can assist
the combustion engineer in assessing operability at the
design stage.
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Abstract
This work presents an experimental investigation

of cross-flow pulsed jets for heat transfer enhancement
in a turbulent boundary layer. We performed a para-
metric study, analyzing different actuation frequencies
and duty cycles to determine the most effective and
efficient control strategies. A flush-mounted slot jet
injects fluid into a well-developed turbulent bound-
ary layer over a flat plate. The time-averaged convec-
tive heat transfer downstream of the actuator location
is evaluated by means of infrared thermography and
a heated-thin-foil sensor. The results show that both
the jet penetration in the streamwise direction and the
overall Nusselt number increase with increasing the
duty cycle. Additionally, a frequency is identified at
which the heat flux is locally maximum. Considering
the amount of injected fluid during the actuation, it is
concluded that the lowest duty cycle is the most effi-
cient.

1 Introduction
The need to control heat transport in turbulent

flows is an engineering challenge of utmost impor-
tance, fostering the development of control methods
geared towards augmenting the heat transfer capacity
of thermal machines. In recent years, there have been
significant advances on methods, both passive and ac-
tive, designed to control convective heat transfer in tur-
bulent flows. The conventional solution for convective
heat-transfer enhancement in turbulent flows exploits
passive methods such as obstacles or vortex-generators
(see e.g. Jacobi & Shah, 1995). These devices gener-
ate near-wall streamwise vortices which improve the
momentum transfer within the boundary layer. This
causes high-momentum fluid from the outer regions
to move towards the wall, enhancing heat transfer and
turbulent mixing inside the turbulent boundary layer
(TBL). While simple, passive methods normally im-
ply an intrinsic loss (for example the drag induced by
obstacles). There are many applications in which the
control is instead only required at very specific condi-
tions, thus reducing their overall effectiveness of pas-
sive methods compared to equivalent active methods.

Among the wide variety of active methods, jets in a
crossflow are a well-known strategy to enhance mixing

in wall-bounded flows (Kamotani & Greber, 1972).
A jet in crossflow, or transverse jet, is a fundamental
but complex flow configuration with many engineer-
ing and research applications. It consists of a jet in-
jecting fluid into a crossflow. The resultant structures
after the activation of the jet in crossflow are well-
established and characterised by shear-layer vortices,
wakes, horseshoe vortices and a large-scale counter-
rotating vortex pair (Fric & Roshko, 1994). The mu-
tual interaction of the large-scale pairs of counter-
rotating vortices with the boundary layer is the main
driver for the enhanced mixing rates associated with
jets in crossflow (Gevorkyan et al., 2016). Moreover,
the dynamics of the jet in crossflow can be modified by
pulsating its flow rate; the penetration distance, spread
and vorticity can be enhanced by temporally changing
the jet velocity at a certain forcing frequency, as stud-
ied e.g. by M’Closkey et al. (2002). This dependency
of the flow structure on the pulsating parameters has
been used to different levels of success in areas such
as mixing enhancement in a turbulent jet (Zhou et al.,
2020) and boundary layer separation (Warsop et al.,
2007). Alternatively to the round jet nozzle, several
studies investigate the use of slotted nozzles to ensure
the two-dimensionality of the flow along the jet axis.
Some examples are the work by Plesniak & Cusano
(2005), studying the scalar mixing of a slot jet along
the spanwise direction, or the recent contribution by
Cheng et al. (2021) for drag reduction with an array of
streamwise-aligned slot jets in crossflow.

The utilization of pulsed slot jets in crossflow is,
however, barely investigated for heat transfer pur-
poses. The present work addresses the performances
of a pulsed slot jet in crossflow in terms of convec-
tive heat transfer enhancement via a parametric assess-
ment. Two main parameters are investigated: the actu-
ation frequency and the duty cycle, i.e. the fraction of
time the pulsed jet is ejecting flow between two con-
secutive pulses. The analysis focuses on describing the
effect of both parameters on the wall heat-flux distri-
bution, assessing the extension of the affected area, the
absolute performance and the optimal control strategy
within the considered parametric space. Additionally,
an estimation of the power requirements for the actu-
ation is obtained based on the time-averaged flow rate
issued by the jet.
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Figure 1: Schematic representation of the experimental setup. (a) Top view of the flat plate assembly; (b) Side view of the
flat plate mounted on the wind-tunnel section; (c) Detailed view of the slot-jet flow injection; (d) Pneumatic system
driving the jet secondary flow injection.

Reτ Reθ H12 δ∗/δ99 θ/δ99 δ99 [mm] uτ [m/s] U∞ [m/s]
806 2015 1.39 0.151 0.109 23 0.52 11.97

Table 1: Parameters of the reference turbulent boundary layer at the slot-jet streamwise location.

2 Methodology and experimental setup
The experimental campaign was held in the

Göttingen-type wind tunnel at Universidad Carlos III
de Madrid, which features a test chamber with a 0.4×
0.4m2 cross-section and a length of 1.5m. A TBL
develops on a smooth poly-methyl methacrylate flat
plate of 1.5m length and 20mm thickness, spanning
the entire width of the test section. The flat plate is
installed so that the flow develops under zero pressure
gradient conditions (ZPG), which has been carefully
checked by measuring the pressure coefficient profile
along with the development.

Two main inserts are flush-mounted into the flat
plate, namely the slot-jet injector and the heat-flux sen-
sor (see Figure 1(a)). A movable trailing-edge flap is
used to modify the position of the stagnation point and
ensure parallel flow over the plate. The boundary layer
is tripped close to the leading edge with 2.5mm height
zig-zag turbulators in combination with a 10mm wide
DYMO tape (with the embossed letter ‘V’ pointing in
the flow direction), ensuring that the TBL is not rem-
iniscent of tripping effects at the measurement loca-
tions.

The experiments are carried out for an inflow

velocity of U∞ ≈ 12m/s, which correspond to a
Reynolds number based on the TBL thickness at the
jet location of Reδ ≈ 2 · 104. The TBL was charac-
terised by means of Particle Image Velocimetry (PIV).
The parameters of the reference TBL at the slot-jet
streamwise location are computed by fitting the ex-
perimental data on the composite profile proposed by
Chauhan et al. (2009). A discussion about the robust-
ness and the uncertainties of this approach is reported
by Castellanos et al. (2021). The reference TBL pa-
rameters are attached in Table 1, including the friction-
based Reynolds number Reτ , the Reynolds number
based on momentum thickness Reθ, the displacement
and momentum thickness δ∗ and θ, the shape factor
H12 = δ∗/θ and the friction velocity uτ .

The actuation on the main flow is performed by a
solenoid which ejects flow through a slot. The slot-
ted nozzle has a width of λ = 25mm and a height of
h = 1mm. An ad hoc slot-jet diffuser was designed to
ensure a smooth transition from the pneumatic line to
the nozzle exit section, reducing separation and pres-
sure losses. The diffuser is inclined to inject fluid at 30
degrees angle with respect to the wall as shown in Fig-
ure 1(c), which a standard configuration for industrial
applications such as film cooling (Coletti et al., 2013).
The pneumatic system used to feed the jet is sketched



in Figure 1(d). Compressed air is filtered and regulated
to a constant absolute pressure of 3.0(±0.005)bar by
means of a pressure-relief valve. The mass flow rate
passing through the system is monitored by an Alicat
Scientific M-100SLPM high-accuracy mass-flow me-
ter, which is also employed to track the value of the ab-
solute pressure and temperature in the pneumatic line.
The jet pulsation is enabled by an SMC SX-11DJ high-
speed solenoid valve which provides ON/OFF control
over the flow exiting the jet. The solenoid valve is
actuated by a 24V periodic square signal with a char-
acteristic carrier frequency f and duty cycle DC, de-
fined as the percentage of the period T where the sig-
nal is at a high level. The square-wave signal driving
the actuation is generated through MATLAB-Simulink
and transferred to the valve via an Arduino microcon-
troller. A characterization of the slot-jet, based on hot-
wire anemometry, concluded that the frequency re-
sponse of the flow exiting the nozzle coincides with
the desired actuation frequency and DC for the whole
actuation range.

Heat flux measurements are obtained by means of
infrared thermography coupled with a heat-flux sensor,
as shown in Figure 1(a,b). A thermally-thin, flush-
mounted Printed Circuit Board (PCB) is used as a
heated-thin-foil sensor. A constant heat-flux by Joule
effect q′′j is provided to the PCB by a stabilized di-
rect current power supply. The convective heat transfer
distribution is expressed in the non-dimensional form
in terms of Nusselt number Nu = hδ99/kair, where
kair is the air thermal conductivity, h is the convec-
tive heat transfer coefficient, and δ99 is the boundary
layer thickness at the slot-jet location. The calcula-
tion of h is obtained by a steady-state energy balance
modelling the PCB as a heated-thin-foil sensor (Carlo-
magno & Cardone, 2010). Temperature maps over the
PCB are measured with an Infratec 8820 IR camera
(640 × 512pix MCT detector and NETD < 25mK),
capturing images at a frequency of 50Hz with a spatial
resolution of 3.8pixels/mm. To improve the accuracy
of IR measurements the PCB is coated with a thin layer
of high-emissivity paint (ε = 0.95). The value of the
wall temperature (Tw) and the adiabatic temperature at
the wall (Taw) are computed from two different mea-
surement runs: Taw is obtained as the ensemble aver-
age of 500 images acquired with q′′j = 0; Tw is the
ensemble average of 1000 images acquired with the
power supply of the PCB activated. The experimen-
tal uncertainties of the Nusselt number calculation are
determined through a Monte Carlo simulation, assum-
ing statistically uncorrelated errors. The uncertainty
on the local Nusselt number is found to be ±4.2%.
It should be noted that this uncertainty includes both
random and bias error sources.

3 Heat transfer of the actuated TBL
Infrared thermography measurements are per-

formed directly downstream the actuation on a region

measuring 5λ × 2.8λ in the streamwise and span-
wise direction, respectively. Note that results along
the streamwise direction are referenced with respect
to x̂ = x− xSJ , being xSJ = 0.815m the location of
the slot jet as indicated in Figure 1(a).

The steady-state time-averaged Nu maps are
shown in Figure 2. The results are normalized with
respect to that of the non-actuated TBL, Nu0. The re-
sults conclude that the duty cycle is the main driver of
the heat transfer enhancement downstream of the ac-
tuation. A higher duty cycle implies a greater mass
fraction injected into the system (see Figure 4), and
hence its performance increases both in terms of abso-
lute Nu and the extension of the affected area.

Further analysis on the results can be performed
by taking the streamwise and spanwise average of the
Nu maps as shown in Figure 3. On the one hand,
the spanwise Nusselt number profiles (Figure 3(a)),
computed by integrating the Nu distribution along the
streamwise direction in the range x̂/λ = [0, 5], show
an increase in the heat-transfer performance with the
duty cycle. On the other hand, the streamwise Nusselt
number profiles (Figure 3(b)), computed by integrat-
ing the Nu distribution along the spanwise direction
in the range z/λ = [−1.4, 1.4], corroborates the rel-
evance of duty cycle. Both 〈Nu〉x(z) and 〈Nu〉z(x)
profiles group according to its duty cycle, with only
a secondary effect from the actuation frequency. It is
to be noted that, all the tested control laws present a
similar spatial distribution in terms of Nusselt number.
The similarity in the heat transfer results from the dif-
ferent control actions confirms that both the effects of
f and DC affect the intensity of the actuation but not
its pattern.

The assessment of the frequency main effect on
the actuated flow is extracted from Figure 4 and Fig-
ure 5, presenting the mass flow rate ṁ and the spatial-
averaged Nusselt number Nu for each case respec-
tively. As the actuation frequency is increased the
time during which the valve is open (high signal from
the controller) becomes progressively shorter. This
means that the characteristic times for valve open-
ing/closing become relevant, and lead to a reduction
in injected mass flow rate a shown in Figure 4. How-
ever, this detrimental impact of f on ṁ does not sig-
nificantly affect the convective heat transfer results as
shown in Figure 5. Despite the fact that the pulsated
jet has lower performance than the continuous case,
there is an actuation frequency at which the effect is
locally maximum. The actuation with DC = 75%
and f = 225Hz reaches a value similar to that of the
continuous jet with a considerable reduction in the in-
jected mass. This local maximum at f = 225Hz is
common to the three tested DC, which gives hints to
the existence of a characteristic frequency of the sys-
tem at which the pulsated jet maximizes heat transfer
enhancement.

Trade-off analysis is required to assess the best ac-



DC=25%

-1

-0.5

0

0.5

1

z
=6

0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1 2.2 2.3 2.4 2.5 2.6

Nu=Nu0

-1

-0.5

0

0.5

1

z
=6

-1

-0.5

0

0.5

1

z
=6

-1

-0.5

0

0.5

1

z
=6

-1

-0.5

0

0.5

1

z
=6

0 1 2 3 4 5

x̂=6

-1

-0.5

0

0.5

1

z
=6

DC=50%

0 1 2 3 4 5

x̂=6

DC=75%

f
=

2
5
H

z
f

=
7
5
H

z
f

=
1
2
5
H

z
f

=
1
7
5
H

z
f

=
2
2
5
H

z
f

=
2
7
5
H

z

0 1 2 3 4 5

x̂=6

Figure 2: Nusselt number distribution downstream the slot jet for the tested actuation frequencies and duty cycles. Results
are normalized with respect to the Nusselt number distribution for the reference TBL, Nu0. Rows indicate different
actuation frequencies, while columns from left to right indicate duty cycles of 25%, 50% and 75%, respectively.

tuation for this open-loop control investigation. The
optimal actuation within the parametric space herein
investigated is a function of the Nu maximization
(convective heat transfer enhancement) and the power
consumption for the active control (computed as the
product of the volumetric jet flow and the relative pres-

sure in the pneumatic line). According to the presented
results, Nu increases with the mass injection, which
allow extending the effect of the actuation over a wider
area downstream. On the contrary, the minimization of
the power requirement for the pneumatic system im-
plies minimizing the flow rate, i.e. the cost of the ac-
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Figure 3: (a) Streamwise averaged Nusselt number 〈Nu〉x =
∫
Nu(x, z) dx. (b) Spanwise averaged Nusselt number 〈Nu〉z =∫

Nu(x, z) dz. Results are normalized with respect to the streamwise averaged Nusselt for the reference TBL,
〈Nu0〉x. Duty cycle is denoted by marker and color, following: ( )75% DC, ( )50% DC, ( )25% DC and ( )
Continuous. Colours range from light to dark tone for increasing actuation frequency.
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Figure 4: Pulsed jet mass flow rate ṁ for the tested actua-
tion frequencies and duty cycles. Results are nor-
malized with respect to the mass flow rate of the
continuous jet, ṁ0. Refer to Figure 3 for marker
legend.

tuation. The selection of the control parameters is to
be driven by the application objectives and the system
restrictions.

4 Conclusions
The control of the convective heat transfer in a tur-

bulent boundary layer by means of a pulsed, slot jet in
crossflow is investigated experimentally. The slot jet
injects fluid at a controlled pressure within the lower
region of the boundary layer at an angle of 30 degrees
with respect to the wall. The analysis focuses on the
convective heat transfer enhancement induced by the
action of the jet in a fully developed turbulent bound-
ary layer over a flat plate with ZPG conditions. Heat
transfer measurements, using a PCB as a heat-flux sen-
sor and infrared thermography as temperature trans-
ducer, are carried out to measure the convective heat
transfer at the wall far downstream the actuation.

Different actuation frequencies and duty cycles are
tested, performing a parametric analysis to find the op-
timal actuation to enhance heat transfer. The mass in-
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Figure 5: Spatial averaged Nusselt number Nu =∫∫
Nu(x, z) dxdz. Results are normalized

with respect to the spanwise averaged Nusselt for
the reference TBL, Nu0. Refer to Figure 3 for
marker legend.

jected by the jet is directly related to the duty cycle,
hence being the main driver of the actuation cooling
performance. The Nusselt number does not show a lin-
ear dependency with the actuation frequency. Among
the considered actuation frequencies, it is found that
the optimal actuation occurs at f = 225Hz, which
seems to be a characteristic frequency of the problem
at hand. Further analysis on the flow physics is re-
quired to assess why this frequency provides a better
performance despite its lower mass injection.

The assessment of the best actuation is directly re-
lated to both the Nusselt number maximization and the
required power to perform the control action. For the
former, the actuation characterised byDC = 75% and
f = 225Hz seems to be optimal within the consid-
ered parametric space; however, the inclusion of the
consumed power to account for the efficiency of the
system brings forward the control actions at the lowest
duty cycle.
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Abstract 

The effects of buoyancy on turbulent premixed 

flames are expected to be strong due to the large 

changes in density between the unburned and fully 

burned gases. The present work utilises three-dimen-

sional Direct Numerical Simulations of statistically 

planar turbulent premixed flames to study the influ-

ence of buoyancy on the evolution of turbulent kinetic 

energy within the flame brush. Four sets of turbulence 

parameters have been studied, with four different val-

ues of Froude number for each set. It is found that for 

a given set of turbulence parameters, flame wrinkling 

increases with an increase in body force magnitude in 

the case of unstable stratification, which is also re-

flected in the increased values of turbulent burning ve-

locity and flame surface area. Turbulent kinetic energy 

and its dissipation rate are found to be affected by both 

the magnitude and direction of the body force. For low 

turbulence intensities considered here, turbulent ki-

netic energy increases from the leading edge of the 

flame brush and then decays towards the product side 

of the flame brush. For high turbulence intensities, the 

turbulent kinetic energy is found to decay across the 

flame brush, and it is also seen that the effect of body 

force on the evolution of turbulent kinetic energy is 

marginal in the case of high turbulence intensities. The 

effects of body force magnitude and direction on the 

statistical behaviours and closures of the various terms 

of the turbulent kinetic energy transport equation are 

analysed, and existing models have been modified to 

account for Froude number effects, where necessary. 

1 Introduction 

In premixed flames, density changes by a significant 

amount between the unburned and fully burned gases 

and therefore, buoyancy is expected to affect the flame 

wrinkling and flame normal acceleration under turbu-

lent conditions. It has been demonstrated by Veynante 

and Poinsot (1997) that buoyancy significantly influ-

ences statistical behaviours of turbulent scalar flux and 

flame wrinkling in premixed turbulent combustion us-

ing two-dimensional Direct Numerical Simulations 

(DNS) data. Although an increased level of counter-

gradient transport and an augmentation of flame wrin-

kling have been reported for buoyantly unstable flows 

by Veynante and Poinsot (1997), its implication on the 

turbulent kinetic energy transport has not been ana-

lysed in detail in the existing literature. The aforemen-

tioned gap in the existing literature has been addressed 

in the present analysis by conducting three-dimen-

sional DNS of statistically planar turbulent premixed 

flames subjected to the body force term Γ in the direc-

tion of mean flame propagation for different turbu-

lence intensities. Under this condition, the momentum 

conservation equation in the ith direction takes the fol-

lowing form (Veynante and Poinsot, 1997): 

𝜕(𝜌𝑢𝑖)

𝜕𝑡
+
𝜕(𝜌𝑢𝑖𝑢𝑗)

𝜕𝑥𝑗
= −

𝜕𝑝

𝜕𝑥𝑖
+
𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
+ 𝑆i (1) 

where 𝑢𝑖  is the ith component of fluid velocity, 𝑝 is the 

pressure, 𝜏𝑖𝑗  is the component of shear stress tensor 

and 𝑆𝑖 is the source/sink term in the ith direction. The 

source term is assumed to take non-zero values only in 

the 𝑥1-direction which is taken to align with the mean 

direction of flame propagation. Here, 𝑆1 is expressed 

as: 𝑆1 = 𝜌Γ = 𝜌𝑔
∗𝑆𝐿
2/𝛿𝑍  where 𝛿𝑍 = 𝛼𝑇0/𝑆𝐿  is the 

Zel’dovich flame thickness, 𝑆𝐿 is the unstrained lami-

nar burning velocity, 𝛼𝑇0 is the thermal diffusivity in 

the unburned gas, and 𝑔∗ stands for the inverse of 

Froude number-squared (i.e., 𝑔∗ = Γ𝛿𝑍 𝑆𝐿
2⁄ = 𝐹𝑟−2). 

A positive (negative) value of 𝑔∗ indicates an exter-

nally imposed flow acceleration (deceleration). Alter-

natively, a positive value of 𝑔∗ represents an unstable 

stratification where the heavier cold unburned reac-

tants sit on top of lighter hot burned products whereas 

a negative value of 𝑔∗ signifies a situation of stable 

stratification where the heavier cold unburned reac-

tants reside underneath the lighter hot burned prod-

ucts.  

The transport equation for the turbulent kinetic en-

ergy is given by (Jones and Launder, 1973): 
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(2) 

where the unclosed terms 𝑇1 to 𝑇6 are the mean veloc-

ity gradient, mean pressure gradient, pressure dilata-

tion, viscous dissipation, pressure transport and the 

turbulent transport terms, respectively. 



 

 

2 Mathematical formulation 

A well-known DNS code SENGA+ is used for the 

simulations of statistically planar flames. In the inter-

est of a parametric analysis involving different values 

of normalised root-mean-square velocity fluctuation 

𝑢′/𝑆𝐿  and 𝑔∗, the chemical mechanism is simplified 

by assuming a single step Arrhenius-type irreversible 

chemical reaction. The Lewis number of all the spe-

cies are considered to be unity and standard values are 

taken for Prandtl number 𝑃𝑟  (i.e., 𝑃𝑟 = 0.7 ) and 

Zel’dovich number 𝛽 = 𝑇𝑎𝑐(𝑇𝑎𝑑 − 𝑇0)/𝑇𝑎𝑑
2  (i.e., 𝛽 =

6.0) where 𝑇𝑎𝑐 , 𝑇𝑎𝑑 and 𝑇0 are the activation tempera-

ture, adiabatic flame temperature and unburned gas 

temperature, respectively. The heat release parameter 

𝜏 = (𝑇𝑎𝑑 − 𝑇0)/𝑇0 is taken to be 4.5.  

     The simulation domain considered is a rectangular 

box of size 140.4𝛿𝑍 × 70.2𝛿𝑍 × 70.2𝛿𝑍, which is dis-

cretised by a grid size of 800 × 400 × 400, ensuring 

that the grid spacing remains smaller than the Kolmo-

gorov length scale and 10 grid points are accommo-

dated within the thermal flame thickness 𝛿𝑡ℎ =
(𝑇𝑎𝑑 − 𝑇0)/max|∇𝑇|𝐿 , where 𝑇 is the instantaneous 

temperature.  A divergence free, homogeneous, iso-

tropic turbulence field generated using a pseudo-spec-

tral method (following Batchelor-Townsend spec-

trum) is used to initialise the turbulent velocity field. 

The boundaries in the direction of mean flame propa-

gation are taken to be partially non-reflecting and the 

transverse boundaries are taken to be periodic. The 

non-periodic boundaries are specified using the Na-

vier Stokes characteristic boundary conditions tech-

nique. The initial values of normalised root-mean-

square turbulent velocity fluctuation 𝑢′/𝑆𝐿 , integral 

length scale to flame thickness ratio 𝑙𝑇/𝛿𝑡ℎ, Damköh-

ler number 𝐷𝑎 = 𝑙𝑇𝑆𝐿/𝑢
′𝛿𝑡ℎ  and Karlovitz number 

𝐾𝑎 = (𝑢′ 𝑆𝐿⁄ )1.5(𝑙𝑇 𝛿𝑡ℎ⁄ )−0.5  are presented in Table 

1, where 𝜌0 is the unburned gas density, and 𝜇0 is the 

unburned gas viscosity. The simulations have been 

conducted for 𝑔∗ = −3.12, −1.56, 0.0, 1.56, 3.12 for 

each set of the turbulence parameters summarised in 

Table 1, where |𝑔∗| = 3.12 corresponds to a pressure 

gradient of 2000 𝑃𝑎/𝑚 (Shepherd et al., 1982). Sim-

ulations have been carried out for 3.0-8.0 initial eddy 

turn over times for Set-A to Set-D, respectively, which 

remains greater than 2.0𝛿𝑡ℎ/𝑆𝐿  for all cases consid-

ered here (i.e., 𝑡𝑠𝑖𝑚 = 3.0𝑡𝑒 − 8.0te > 2.0𝛿𝑡ℎ/SL ). 

The Reynolds/Favre-averaged values of a general 

quantity 𝑞 is evaluated by ensemble averaging the rel-

evant quantities in 𝑥2 − 𝑥3 planes at a given 𝑥1 loca-

tion following several previous analyses. 

 

Table 1: Numerical parameters considered for simula-

tion 
 

Case 𝒖′/𝑺𝑳 𝒍𝑻/𝜹𝒕𝒉 𝑫𝒂 𝑲𝒂 

Set-A 3.0 3.0 1.0 3.0 

Set-B 5.0 3.0 0.6 6.45 

Set-C 7.5 3.0 0.4 11.86 

Set-D 10.0 3.0 0.3 18.26 

3 Results & Discussion 

The instantaneous iso-surfaces of reaction progress 

variable 𝑐 for Set-A, Set-B and Set-D, for 𝑔∗= -3.12, 

0.0 and 3.12 are shown in Fig. 1. It can be seen from 

Fig. 1 that the value of 𝑔∗ influences the flame mor-

phology, and flame wrinkling increases with increas-

ing 𝑔∗ and initial 𝑢′/𝑆𝐿. Large scale flame wrinkling, 

possibly due to Rayleigh-Taylor instability, can be 

discerned as 𝑔∗ increases, especially in cases with low 

initial 𝑢′/𝑆𝐿(such as Set-A and Set-B).  

      The increased flame wrinkling with increasing 

values of 𝑔∗ and initial 𝑢′/𝑆𝐿  is also evident in the val-

ues of normalized flame surface area 𝐴𝑇/𝐴𝐿 and nor-

malized turbulent flame speed 𝑆𝑇/𝑆𝐿 shown in Fig. 2. 

Here, 𝑆𝑇 and 𝐴𝑇 are evaluated using the volume inte-

grals given by 𝑆𝑇 = ∫ �̇�
 

𝑉
𝑑𝑉/𝜌0𝐴𝑃  and 𝐴𝑇 =

∫ |∇𝑐|
 

𝑉
𝑑𝑉  respectively, where 𝐴𝑃  is the projected 

flame area in the direction of mean flame propagation, 

and the subscripts 𝑇 and 𝐿 refer to turbulent and lami-

nar flame conditions, respectively. These findings are 

consistent with the previous two-dimensional DNS 

(Veynante and Poinsot, 1997) and theoretical (Libby, 

1989) findings. 

   

Figure 1: Instantaneous iso-surfaces of progress 

variable 𝑐  for 𝑔∗ = −3.12, 0.0  and 3.12  for Set-A, 

Set-B and Set-D, respectively. 

Effects of 𝒈∗ on variations of �̃� and  �̃� 

The variations of normalised turbulent kinetic energy 

�̃�/�̃�0 and its dissipation rate ϵ̃/ϵ̃0 with Favre averaged 

reaction progress variable �̃� for different values of 𝑔∗, 
for Set-A and Set-D are exemplarily shown in Fig. 3, 

where �̃�0 and ϵ̃0 are values of turbulent kinetic energy 

and dissipation rate at �̃� = 0.005. It can be seen from 

Fig. 3 that the variations of turbulent kinetic energy 

and its dissipation rate within the flame brush are af-

fected by both the magnitude and direction of 𝑔∗ (i.e., 

from −3.12 to 3.12). It is clear from Fig. 3 that �̃�/�̃�0 
increases significantly from the leading edge of the 

flame brush before decaying towards the product side 

of the flame brush for small 𝑔∗ values in Set-A (i.e., 

𝑔∗ = −3.12, −1.56 and 0.0), whereas a slight decay 



 

 

in �̃�/�̃�0 across the flame brush is observed in Set-D 

for larger 𝑔∗ values. Moreover, in Set-D, the influence 

of 𝑔∗  on the variation of kinetic energy across the 

flame brush has been found to be much weaker than in 

Set-A. This may be attributed to the weakening of the 

body force effects with an increase in 𝑢′ 𝑆𝐿⁄ , which 

can be explained by considering the ratio of body 

forces to the inertial forces due to turbulent velocity 

fluctuations as: 𝐹𝑟𝑇
−2 = Γ𝑙𝑇 𝑢′2⁄ = (𝑔∗𝑆𝐿

2/δ𝑍)/(𝑢
′2/

𝑙𝑇)~𝑔
∗(𝑙𝑇/𝛿𝑍)/(𝑢

′2/𝑆𝐿
2) , where 𝐹𝑟𝑇 = 𝑢′ √Γ𝑙𝑇⁄  is 

the turbulent Froude number. Accordingly, an in-

crease in 𝑢′/𝑆𝐿  for a given value of 𝑙𝑇/𝛿𝑍  and 𝑔∗ 
leads to a decrease in the effect of body forces. It can 

also be observed from Fig. 3 that ϵ̃/ϵ̃0 exhibits signif-

icant augmentation within the flame brush in Set-A, 

whereas this tendency in Set-D is much weaker than 

in Set-A. In order to understand the 𝑔∗ dependence of 

turbulent kinetic energy distribution within the flame 

brush, it is useful to consider the statistical behaviour 

of terms 𝑇1  to 𝑇6  of the turbulent kinetic energy 

transport equation. The variations of these terms for 

𝑔∗ = −3.12, 0.0 and 3.12, for Set-A, Set-B and Set-

D are shown in Fig. 4.  

From Fig. 4, the following observations can be made: 

• The pressure dilatation term 𝑇3 is the major source 

term across all the cases. The magnitude of 𝑇3  re-

mains largely unaffected by 𝑔∗ but its magnitude de-

creases with increasing 𝑢′/𝑆𝐿. 

• The viscous dissipation term 𝑇4  is the major sink 

term in all the cases and its magnitude decreases 

with increasing 𝑔∗ (i.e., from −3.12 to 3.12), espe-

cially in cases with lower initial 𝑢′/𝑆𝐿  (Set-A and 

Set-B). 

 
Figure 2: Variation of 𝑆𝑇/𝑆𝐿  and 𝐴𝑇/𝐴𝐿  with 𝑔∗  for 

all sets of turbulence parameters considered.  

 

 
Figure 3: Variations of �̃�/�̃�0  and 𝜖̃/𝜖0̃  with �̃�  for 

different values of 𝑔∗ for Set-A and D. 

• The mean velocity gradient term 𝑇1  also acts as a 

sink term across all cases and its magnitude de-

creases with increasing 𝑔∗, thereby becoming negli-

gible at high 𝑔∗ values (i.e., for 𝑔∗ = 3.12). 

• The mean pressure gradient term 𝑇2 acts as a source 

term in all the cases and its magnitude decreases 

with increasing 𝑔∗. Therefore, 𝑇2 remains a signifi-

cant term at lower 𝑔∗ values (i.e., for 𝑔∗ = −3.12) 

but becomes negligible at high 𝑔∗  values (i.e., for 

𝑔∗ = 3.12). 

• The pressure transport term 𝑇5  and the turbulent 

transport term 𝑇6 remain significant only for nega-

tive 𝑔∗ values (i.e., 𝑔∗ = −3.12). 

 
Figure 4: Variations of {𝑇1 − 𝑇6} × 𝛿𝑍/𝜌0𝑆𝐿

3  with �̃� 
for 𝑔∗=−3.12, 0.0 and 3.12 (rows 1-3) for Set-A, B 

and D. 

Modelling of the mean velocity gradient term 𝑻𝟏 

Modelling of  𝑇1 depends on the modelling of 𝜌𝑢𝑖
′′𝑢𝑗

′′, 

which for non-reacting turbulent flows is usually mod-

elled as (Jones and Launder, 1973; Durbin and Petters-

son-Reif, 2001; Wilcox, 2002):  



 

 

𝜌𝑢𝑖
′′𝑢𝑗

′′ �̅�⁄ =  −𝜈𝑡(𝜕�̃�𝑖 𝜕𝑥𝑗⁄ + 𝜕�̃�𝑗 𝜕𝑥𝑖⁄ )  

+
2

3
𝛿𝑖𝑗(𝜈𝑡 𝜕�̃�𝑘 𝜕𝑥𝑘⁄ + �̃�)       (3) 

where 𝜈𝑡  is the kinematic eddy viscosity given by 

𝜈𝑡 = 𝐶𝜇�̃�
2/𝜖̃ with the standard model constant 𝐶𝜇 =

0.09 . Using Eq. 3, the Reynolds stress component 

𝜌𝑢1
′′𝑢1

′′ is given as: 

𝜌𝑢1
′′𝑢1

′′ �̅�⁄ =  − (4 3)⁄ 𝜈𝑡 (𝜕�̃�1 𝜕𝑥1⁄ ) + (2 3)⁄ �̃� (4) 

For reacting flows, in the context of Bray-Moss-Libby 

(BML) analysis (Bray et al., 1985), another model for 

the Reynolds stress was proposed by Chakraborty et 

al. (2011), which takes the following form: 

𝜌𝑢1
′′𝑢1

′′ �̅�⁄   =  −(4 3)⁄  𝐶𝜇(𝜌0�̃�
2 �̅�𝜖̃⁄ ) 𝜕�̃�1 𝜕𝑥1⁄   

             + (2 3)⁄ �̃� + 𝜌𝑢1
′′𝑐′′ 𝜌𝑢1

′′𝑐′′ (�̅�. 𝜌𝑐′′𝑐′′⁄ ) (5) 

The predictions of the models given by Eqs. 4 and 5 

are compared with 𝜌𝑢1
′′𝑢1

′′ �̅�⁄  from DNS data in Fig. 5. 

The model given by Eq. 4 underpredicts the magnitude 

of 𝜌𝑢1
′′𝑢1

′′ �̅�⁄  for most of the cases whereas Eq. 5 sat-

isfactorily captures the behaviour of 𝜌𝑢1
′′𝑢1

′′ �̅�⁄  for all 

the cases. The predictions of Eq. 4 do improve signif-

icantly at high 𝑔∗ values (i.e., for 𝑔∗ = 3.12). 

 

Figure 5: Variations of 𝜌𝑢1
′′𝑢1

′′/�̅�𝑆𝐿
2 with �̃� along with 

the predictions of Eq. 4 and Eq. 5 for 𝑔∗ = −3.12, 0.0 

and 3.12 (rows 1-3) for Set-A, B and D. 

Modelling of the mean pressure gradient term 𝑻𝟐  

For unity Lewis number flames, the density variation 

across the flame brush can be expressed as: 

1 𝜌⁄ =  (1 + 𝜏𝑐) 𝜌0⁄ = 𝑐 𝜌𝑝⁄ + (1 − 𝑐) 𝜌0⁄  (6) 

where 𝜌𝑃 = 𝜌0/(1 + 𝜏𝑐) is the density of the prod-

ucts. Equation 6 can be used to obtain a relation for 𝑢1
′′ 

in the following manner: 

𝑢1
′′ = ∫ 𝑢1

′′𝑃(𝑐)𝑑𝑐
1

0

= ∫ 𝜌𝑢1
′′ 𝑃(𝑐) 𝜌⁄ 𝑑𝑐

1

0

  

= (1 𝜌𝑃⁄ − 1 𝜌0⁄ )𝜌𝑢1
′′𝑐′′ (7) 

Here 𝑃(𝑐) is the probability density function (pdf) of 

𝑐. Equation 7 gives rise to the model for 𝑇2 by Nishiki 

et al. (2002), which can be written as: 

𝑇2 = −(𝜏𝜌𝑢1
′′𝑐′′ 𝜌0)⁄ 𝜕�̅� 𝜕𝑥1⁄  (8) 

Since Eq. 8 is an exact form of the 𝑇2 term, its predic-

tions are not shown here for the sake of conciseness. 

Modelling of the pressure dilatation term 𝐓𝟑 

Zhang and Rutland (1995) modelled 𝑇3 as: 

𝑇3 = 0.5𝐶𝑧𝜌0𝑆𝐿
3𝜏2�̃�Σ (9) 

where 𝐶𝑧 is a model parameter having a value of the 

order of unity (i.e., 𝐶𝑧 = 1.35). The model proposed 

by Nishiki et al. (2002) for 𝑇3 uses the FSD-based clo-

sure for the mean reaction rate (i.e., �̅̇� = 𝜌0𝑆𝐿Σ) and 

is given by:  

𝑇3 = 𝐶3𝑆𝐿
2𝜏2�̅̇� (10) 

where the model parameter 𝐶3 = 0.35. The models by 

Zhang and Rutland (1995) and Nishiki et al. (2002) 

will henceforth be referred to as the PDZ and PDN 

models, respectively. The predictions of PDZ and 

PDN models are shown in Figure 6 in comparison to 

𝑇3 extracted from the DNS data. It can be seen from 

Fig. 6 that the PDN model provides satisfactory pre-

dictions of 𝑇3 across all the cases. Both PDZ and PDN 

models tend to over-predict the magnitude of 𝑇3  for 

negative 𝑔∗ values (i.e., for 𝑔∗ =  −3.12). 

 
Figure 6: Variations of 𝑇3 × 𝛿𝑍/𝜌0𝑆𝐿

3  with �̃�  along 

with the PDZ and PDN model predictions for 𝑔∗ =
 −3.12, 0.0 and 3.12 (rows 1-3) for Set-A, B and D. 

Modelling of the viscous dissipation and molecular 

diffusion term 𝑻𝟒 

For modelling purposes, the term 𝑇4 can be written in 

the following manner (Chakraborty et al., 2011): 

𝑇4 = 𝑢𝑖
′′
𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
= −�̅�𝜖̃ +

𝜕

𝜕𝑥𝑗
(𝜇
𝜕�̃�

𝜕𝑥𝑗
) + 

[ 𝑢𝑖
′′
𝜕

𝜕𝑥𝑘
(𝜇
𝜕𝑢𝑘

′′

𝜕𝑥𝑖
) −

2

3
𝑢𝑖
′′
𝜕

𝜕𝑥𝑖
(𝜇
𝜕𝑢𝑘

′′

𝜕𝑥𝑘
) ]

⏟                        
𝑇𝑉

 
(11) 



 

 

where the last term 𝑇𝑉  on the right-hand side is un-

closed and needs to be modelled. Based on an order of 

magnitude analysis, Nishiki et al. (2002) proposed the 

following model for TV: 

𝑇𝑉 = −𝐶𝑎𝑑𝑑𝜌0𝜏�̃�
1/2𝑆𝐿

2Σ (12) 

where Cadd = 0.25 is a model constant. The model 

given by Eq. 12 will be referred to as the VN model 

and it is based on the scaling of the spatial derivative 

𝜕𝑢𝑘
′′/𝜕𝑥𝑘 with respect to the length scale given by the 

laminar flame thickness 𝛿𝐿, which may not be valid in 

the thin reaction zones regime of combustion. 

Chakraborty et al. (2011) proposed a new model for 

𝑇𝑉 in which the spatial derivative has been scaled with 

respect to the integral length scale of turbulence 𝑙𝑇. In 

the present analysis, the model given by Chakraborty 

et al. (2011) has been modified by incorporating the 

𝑔∗dependence into the model parameters and this new 

model is given as: 

𝑇𝑉 = −𝐶𝑣 (𝜖̃ �̃�⁄ )𝜇0𝜏𝑆𝐿 𝑐̃
𝑝(1 − �̃�)𝑞 𝛿𝐿⁄  (13) 

where the model parameter 𝐶𝜈 = 0.03 +  0.0145 erfc 

(0.75𝑔∗ + 1.223), 𝑝 = 1.8 and 𝑞 = 2.1. The predic-

tions of the VN model and the model given by Eq. 13 

are shown in Fig. 7, alongside the 𝑇𝑉 extracted from 

DNS data. It can be seen from Fig. 7 that both models 

satisfactorily predict the variations of 𝑇𝑉 but the pre-

dictions of the model given by Eq. 13 are better in 

cases with high 𝑢′/𝑆𝐿 (Set-D). The VN model tends to 

overpredict the magnitude of 𝑇𝑉 at the unburned gas 

side of the flame brush for Set-D. 

Figure 7: Variations of 𝑇𝑉 × 𝛿𝑍/𝜌0𝑆𝐿
3  with �̃�  along 

with the predictions of the VN model and the model 

given by Eq. 13 for 𝑔∗ = −3.12, 0.0 and 3.12 (rows 

1-3) for Set-A, B and D. 

Modelling of the pressure transport term 𝑻𝟓   

The pressure transport term 𝑇5  can be written as 

(Chakraborty et al., 2011): 

𝑇5  = −𝑢𝑖
′′ 𝜕𝑝′ 𝜕𝑥𝑖⁄ − 𝑇3 (14) 

where the term −𝑢𝑖
′′𝜕𝑝′/𝜕𝑥𝑖  is the fluctuating pres-

sure gradient term. Several models have been pro-

posed for the fluctuating pressure gradient term 

(Zhang and Rutland, 1995; Launder et al., 1975; 

Strahle, 1983; Domingo and Bray, 2000). Chakraborty 

et al. (2011) proposed a modification to the models 

proposed for non-reacting turbulent flows by Launder 

et al. (1975) and strict flamelet regime of premixed 

combustion by Domingo and Bray (2000) using a lin-

ear bridging based on the segregation factor 𝑔 =

𝜌𝑐′′𝑐′′/�̅��̃�(1 − �̃�). In the present work, the model pro-

posed by Chakraborty et al. (2011) is modified to in-

clude the dependence on 𝑔∗ and this updated model is 

given as:  

−𝑢𝑖
′′
𝜕𝑝′

𝜕𝑥𝑖
= −𝑔

𝜌𝑢𝑖
′′𝑐′′

�̅�(1 + 𝜏�̃�)
[−
𝜕�̅�𝑅
𝜕𝑥𝑖

+ (1 + 𝜏)
𝜕�̅�𝑃
𝜕𝑥𝑖

] 

−𝑔
(1 − �̃�)

(1 + 𝜏�̃�)
𝑢𝑅
′
𝜕𝑝𝑅

′

𝜕𝑥𝑖
− 𝑔

(1 + 𝜏)�̃�

(1 + 𝜏�̃�)
𝑢𝑃,𝑖
′
𝜕𝑝𝑃

′

𝜕𝑥𝑖
 

+
1

2
𝑔𝜌

0
𝜏𝑆𝐿
2Σ ⟨�⃗⃗⃗� . �⃗⃗⃗� 𝑖⟩

𝜌𝑢𝑖
′′𝑐′′

�̅�(1 − �̃�)

+  0.35𝜌
0
𝑔𝜏2𝑆𝐿

3Σ ⟨(�⃗⃗⃗� . �⃗⃗⃗� 𝑖)⟩ ⟨(�⃗⃗⃗� . �⃗⃗⃗� 𝑖)⟩

+ (1 − 𝑔)𝐶1𝑁𝜌𝑢𝑖
′′𝑢𝑗
′′ 𝜕�̃�𝑖
𝜕𝑥𝑗

− (1 − 𝑔)𝐶2𝑁�̅��̃� 
 

+(𝑔𝜏 𝜌0)⁄ 𝜌𝑢𝑖
′′𝑐′′ 𝜕�̅� 𝜕𝑥𝑖⁄  (15) 

where the model parameters 𝐶1𝑁 =  12.64 + 8.42 erf 

(0.67𝑔∗ − 1.0)  and 𝐶2𝑁 = 1.07 − 0.931  erf 

(1.12𝑔∗ + 1.31) are the modified model parameters 

that include the dependence on the value of 𝑔∗. The 

predictions of Eq. 15 are shown in Fig. 8, along with 

the fluctuating pressure gradient term extracted from 

DNS data. It can be seen from Fig. 8 that Eq. 15 satis-

factorily predicts the variation of the fluctuating pres-

sure gradient across the flame brush for all cases, alt-

hough a slight over-prediction for Set-B and Set-D is 

observed for high positive 𝑔∗  values (e.g., 𝑔∗ =
3.12).  

 

Figure 8: Variations of −𝑢𝑖
′′𝜕𝑝′/𝜕𝑥𝑖 × 𝛿𝑍/𝜌0𝑆𝐿

3 with 

�̃�  along with the predictions of Eq. 15 for 𝑔∗ =
 −3.12, 0.0 and 3.12 (rows 1-3) for Set-A, B and D.  

Modelling of the turbulent transport term 𝑻𝟔 

For statistically planar flames, it is necessary to model 

the turbulent flux of kinetic energy 𝜌𝑢1
′′𝑘 =



 

 

𝜌𝑢1
′′𝑢𝑗

′′𝑢𝑗
′′/2 to model the turbulent transport term 𝑇6. 

In the present work, 𝑇6 is modelled using a modified 

version of the model proposed by Chakraborty et al. 

(2011), where the modifications have been made to in-

clude the effects of 𝑔∗. This modified model is given 

as: 

𝜌𝑢1
′′𝑘 =  −�̅�𝐶𝑇2(�̃�

2 𝜖̃⁄ ) 𝜕�̃� 𝜕𝑥1⁄

− 𝐶𝑇3𝜌𝑢1
′′𝑐′′𝑀𝑖 (𝜕�̃� 𝜕𝑥𝑖)/Σ⁄  

+(𝜌𝑢1
′′𝑐′′)

3

(1 − 2�̃�𝑔𝑠) 2 (𝜌𝑐′′2)
2

⁄  (16) 

where 𝑠 = 0.2 , 𝐶𝑇2 = 0.45 + 0.15  erf (1.624𝑔∗ −
0.31)  and 𝐶𝑇3 = 0.305 + 0.295  erf (1.95𝑔∗ −
0.684).  Equation 16 is derived based on the BML 

analysis (Bray et al., 1985), and a gradient hypothesis 

(Jones and Launder, 1973; Durbin and Pettersson-

Reif, 2001; Wilcox, 2002) is used to model the non-

reacting part of the turbulent flux of kinetic energy. 

The predictions of the model given by Eq. 16 along 

with the data extracted from DNS has been shown in 

Fig. 9. It can be seen that the model given by Eq. 16 

satisfactorily predicts the variation of 𝜌𝑢1
′′𝑘 across the 

flame brush for all cases considered, although under-

prediction of the magnitude of 𝜌𝑢1
′′𝑘 for high negative 

𝑔∗  values (i.e., 𝑔∗ = −3.12 ) are observed for high 

𝑢′/𝑆𝐿  (e.g., Set-D). 

 

Figure 9: Variations of 𝜌𝑢1
′′𝑘/𝜌0𝑆𝐿

3 with �̃� along with 

the predictions of the model given by Eq. 16 for 𝑔∗ =
 −3.12, 0.0 and 3.12 (rows 1-3) for Set-A, B and D. 

4 Conclusions 

The effects of body force on the transport of turbulent 

kinetic energy have been evaluated using a DNS data-

base of three-dimensional statistically planar flames 

with unity Lewis number for different sets of initial 

𝑢′/𝑆𝐿 values. A range of different values of normal-

ised body forces (or Froude numbers) have been con-

sidered, representing both unstable and stable config-

urations in terms of density stratification for each set 

of initial turbulence parameters. The effects of body 

forces on the behaviour of the various terms of the tur-

bulent kinetic energy transport equation have been an-

alysed. The performance of existing models for clo-

sure of the various terms in the transport equation have 

also been analysed and the existing models for the vis-

cous dissipation and molecular diffusion term 𝑇4, the 

pressure transport term 𝑇5 and the turbulent transport 

term 𝑇6 have been modified to account for the effects 

of body force on the turbulent kinetic energy transport. 
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Abstract 
Due to the worldwide spread of the SARS-CoV-

2 virus the wearing of facemasks became obligatory 
in many crowded places, mainly to protect other 
from exhaled aerosols. This initiated research on 
aerosol separation in such facemasks consisting of 
different woven and non-woven fibre structures. 
Quite often computational fluid dynamics is used 
for analysing aerosol transport and deposition in fi-
bre media. In this study the Euler/Lagrange ap-
proach is applied for analysing the degree of fine 
droplet capture inside fully resolved fibre matrices. 
For providing a basis of facemask optimisation, dif-
ferent regular fibre structures and fibre layers were 
considered. Moreover, droplet size and fibre Reyn-
olds number were varied in order to obtain a com-
plete picture about the correlation between separa-
tion efficiency and fibre structure. Additionally, the 
effect of inflow turbulence on deposition was stud-
ied. 
 
1 Introduction 

Filters have a wide range of applications, from 
household to industrial purposes. Filters can differ in 
the way they capture particles (particle inertia and 
diffusion and electrostatics), as well as the degree of 
air purification (size of particles captured). In con-
nection with the spread of coronavirus infection, 
which began at the end of 2019, the use of filter me-
dia in the field of medicine, more precisely, to im-
prove the quality of personal protective equipment 
(PPE), has significantly increased. In this regard, the 
number of studies, using experimental and computa-
tional methods has increased, which consider not on-
ly materials and already existing equipment (masks, 
respirators, face shields) that can effectively capture 
harmful particles, but also improve or create new 
ways to protect the population from the spreading 
disease. 

The spread of the SARS-CoV-2 virus, which 
caused the COVID-19 pandemic around the world, 
has prompted governments to impose restrictive 
measures that include social distancing measures and 
the use of personal protective equipment (PPE) in 

public places to reduce the spread of the disease 
(WHO 2020a; WHO 2020b). Regarding this, masks 
used by medical workers to prevent dust and me-
chanical particles from entering the respiratory tract, 
as well as various microbes and viruses and their fur-
ther spread, have become mandatory for all citizens. 
In this case, PPE means masks or respirators, that are 
physical barriers for preventing the lung penetration 
of droplets from infected people (Tang et al. 2009). 
In such a case, the transmission of the virus occurs 
unconsciously, by breathing or talking. Therefore, is 
necessary to significantly reduce the possibility of 
transmission of the virus through the breathing pro-
cess. This fact has expanded the market of manufac-
tured masks, which include not only medical, but al-
so homemade, as well as specialized such as FFP. 

In as much facemasks can protect humans from 
breathing fine aerosols is an old problem, already 
studied for many years in connection with virus 
transmission in the medical area. New challenges for 
the efficiency of such masks came up recently in 
connection with the COVID-19 pandemic (O´Dowd 
et al. 2020). Hence, facemasks normally composed of 
several layers of non-woven fabric materials must in-
sure the separation of a wide range of aerosol particle 
or droplet sizes. For analysing and understanding 
such an interaction of aerosols with fibre matrices, 
high resolution CFD (computational fluid dynamics) 
has become a valuable tool (Fotovati et al. 2010; Qi-
an et al. 2014; Hou et al. 2019). 

In this contribution laminar and turbulent particle-
laden flows through fully-resolved regular fibre 
structures were simulated based on the open-source 
computational library OpenFOAM. In addition, fibre 
structure, as well as the fibre-based Reynolds number 
were varied. The deposition of aerosol droplets inside 
the fibre structure was computed for different sizes 
and hence Stokes numbers. Droplets are assumed to 
stick to the fibres upon contact and have no influence 
on the flow field. 

 
2 Flow simulation and droplet tracking 

In this study the Euler/Lagrange approach is ap-
plied for analysing flow field and droplet deposition 
in regular fibre structures being a small element out 
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of a facemask as an example. Different fibre orienta-
tions and diameters are considered as well as the 
combination of different fibre layers consisting of 
several diameters. For these geometries, laminar and 
turbulent flow computations were conducted and 
compared. In order to account for any ambient turbu-
lence on deposition, the flow was computed by ap-
plying the RNG k-ε turbulence model implemented 
in OpenFOAM. Due to the application of symmetry 
boundary conditions on the side faces of the compu-
tational domain, decaying turbulence is obtained. In 
the present study no influence of the aerosol droplets 
on the flow field was considered so that a converged 
solution of the flow field was used for droplet track-
ing. In addition, the aerosol deposition on the fibre 
structure was considered not to have an effect on the 
flow field. The droplets basically disappear upon 
contact with the fibres. This is a situation found for 
the initial filtration period. All new implementations 
are realised in the open-source code OpenFOAM 
(Sgrott and Sommerfeld 2019). 

 
2.1 Flow Field Computations 

For analysing fine particle separation, different 
regular structures of fibre media were considered, 
composed of 4 layers with crosswise oriented 10 or 
20 µm straight fibres as illustrated in Figures 1 b). 
The free-space between the fibre layers corresponds 
to one fibre diameter and the centre-to-centre separa-
tion between the fibre rods in one layer is 3 fibre di-
ameters. Consequently, the porosity if the filter ele-
ments is approximately ε = 0.86. The computational 
domain for the 10 µm fibre matrix consists of a small 
rectangular box (Figure 1 a) with a quadratic cross-
section of 520 µm x 520 µm and a length of 1000 
µm. For the 20 µm fibre elements the domain had 
double these dimensions (Table 1). For such a geom-
etry the meshing is a quite challenging task where-
fore an unstructured grid was selected (Figure 1 a). 
The total number of grid cells is 5.7 million with a 
strong refinement round the fibre matrix (Figure 1 a) 
and b)). 

 
Fibre 

diameter 
y- 

direction 
x- 

direction 
z-

direction 
 10 µm 1000 µm 520 µm 520 µm 
 ∆y = 10 µm ∆f = 20 µm ε = 0.86 
 20 µm 2000 µm 1040 µm 1040 µm 
 ∆y = 20 µm ∆f = 40 µm ε = 0.86 

Table 1: Dimensions of the computational domain 
for the two considered fibre diameters and ∆y: the 
spacing between fibre layers, ∆f: the gap between 
two adjacent fibres in a layer as well as the porosity ε 
of all four fibre layers (the number in the first column 
indicates the Case number). 

Besides the 4-layer structures of equal-sized fil-
ters, two such fibre elements with different fibre di-
ameter were placed consecutively, the first composed 

of 20 µm fibres and the second with 10 µm fibres 
(see Figure 1 c). As summarised in Table 2 addition-
ally, three slightly different geometries were consid-
ered by varying the arrangement of the coarse fibres 
whereas the structure of the fine fibres was always 
the same, identical to the 10 µm four fibre layers (see 
Table 1). Such a situation compares to a multi-layer 
filter medium. For these cases a computational do-
main with a quadratic cross-section of 520 µm x 520 
µm and a length of 1000 µm was used yielding a to-
tal of 8.1 million meshes. 

 
Fibre 

diameter 
y-direction x-direction z-direction 

 20 µm 1000 µm 520 µm 520 µm 
+ 10 µm ∆y = 20 µm ∆f = 10 µm ε = 0.777 
 20 µm 1000 µm 520 µm 520 µm 
+ 10 µm ∆y = 10 µm ∆f = 10 µm ε = 0.758 
 20 µm 1000 µm 520 µm 520 µm 
+ 10 µm ∆y = 10 µm ∆f = 40 µm ε = 0.829 

Table 2: Dimensions of the computational domain 
for the two consecutive 4-layer fibre structures with 
first 20 µm and second 10 µm (this 4-layer structure 
is identical to that provided in Table 1) fibres; for the 
20 µm fibre layers the values for ∆y: the spacing be-
tween fibre layers, ∆f: the gap between two adjacent 
fibres in one layer are provided and finally also the 
porosity ε of the entire filter element (the number in 
the first column indicates the Case number). 

For each of the geometries, laminar flow compu-
tations were conducted and for one geometry the in-
flow was assumed to have different turbulence inten-
sity (i.e. 0.05 < Tu < 0.20). The inflow velocity (i.e. 
at the left face of the domain, Figure 1 a) was varied 
to yield fibre Reynolds-numbers of 0.65, 1.3, 2.6, and 
5.2 for the coarse fibres of 20 µm (i.e. plug inflow 
velocities of 0.5, 1.0, 2.0 and 4.0 m/s, density ρ = 1.2 
kg/m3 and dynamic viscosity µ = 18.5⋅10-6 Pa⋅s). 
Naturally for the 10 µm fibres and the same free 
stream velocities the fibre Reynolds numbers are 
0.33, 0.65, 1.3 and 2.6. 

In the present study no influence of the aerosol 
droplets on the flow field was considered so that a 
converged solution of the flow field was used for 
droplet tracking. Furthermore, any aerosol deposition 
on the fibre structure was not considered to have an 
effect on the flow field. The droplets basically disap-
pear upon contact with the fibres. 

Typical flow fields through the double segment 
filter (4x20 µm and 4x10 µm) are shown in Figure 2 
where the velocity magnitude is viewed from the 
outside of the domain. The flow velocity before and 
downstream of the fibre element is of course close to 
2 m/s. For a smaller spacing between the 20 µm fibre 
layers (Figure 2 b) the flow velocity between the lay-
er is of course remarkably higher which will yield al-



 

 

so a larger inertia effect for the particles and a better 
separation. 

 

 

 

 
Figure 1: Computational domain with left inflow 
boundary (x-y-plane), side faces and outlet cross-
section (not visible), flow along y-axis (a); and con-
sidered fibre matrix structure with 4 crosswise ori-
ented straight 10 µm or 20 µm fibres (b); and two el-
ements of 4-layer fibre structures with first 20 µm 
(left element) as well as 10 µm (right element) fibres, 
this corresponds to the case  in Table 2. 

The pressure difference along the filter elements 
of various fibre structures is shown in Figure 3. The 
lowest pressure drop is expectedly obtained for the 
20 µm four fibre layer structure (Case). The high-
est pressure drop is caused by the filter elements with 
the narrow spacing between the fibres in a single lay-
er (Case and Case in Table 2) as may be also 
seen in Figure 1c). the porosity of these filter ele-
ments is rather small. If now the spacing between the 
fibres in a layer is remarkably increase (i.e. from 10 

µm to 40 µm) the pressure drop across the filter ele-
ment is again drastically reduced (Case in Figure 
3). 

 

 

 

Figure 2: Gas velocity magnitude viewed from the 
outside of the computational domain for the case  
(a) and case  (b) in Table 2 with an inflow velocity 
of U0 = 2 m/s. 

 
Figure 3: Pressure difference along the filter element 
with an inlet velocity of U0 = 2 m/s for the cases C, 
C, C and C. 

A turbulent flow across the filter element was 
calculated for the 4 layers of the 20 µm fibres; Case 
 in Table 1 with an inlet turbulence intensity of 
10% and 20%. The turbulent kinetic energy along the 
computational domain is shown in Figure 4. In front 
of the filter medium the turbulent kinetic energy de-
cays continuously and then within the fibre layer a 
maximum turbulent kinetic energy of about 1.6 m2/s2 

a) 

b) 

a) 

b) 

c) 



 

 

is reached for both cases. In as much turbulence will 
modify droplet deposition on the fibres will be dis-
cussed below. 

 
Figure 4: Turbulent kinetic energy along the filter 
element with an inlet velocity of U0 = 2 m/s for the 
cases C with initial turbulence intensities of Tu = 
10 % and 20 %. 

2.1 Aerosol droplet tracking 
The aerosol droplets considered in the present 

study are spherical and have diameters between 
0.050 µm and 5 µm with a material density of 1000 
kg/m3, which corresponds to water droplets. In drop-
let tracking using the Lagrangian point-mass ap-
proach, the forces considered are the standard drag, 
gravity (in the negative z-direction) and the Browni-
an random force. The applied drag coefficient con-
siders the surface slip effect through the well-known 
Cunningham correction (Sommerfeld et al. 2008). It 
should be mentioned that the Brownian force under 
these conditions is only of importance for droplets 
below about 0.1 µm and even then, it resulted in only 
a small increase of droplet deposition in the fibre ma-
trix. 

In the case of considering a turbulent inflow the 
instantaneous fluid velocity seen by the particles has 
to be generated. When applying stationary RANS 
approaches for the gas flow prediction, as conducted 
here, only the cell-based mean velocity components 
and mean turbulence properties (e.g. turbulent kinetic 
energy, Reynolds-stresses, dissipation rate or specific 
dissipation rate) are obtained. The equation of motion 
for the particles however includes the instantaneous 
relative velocity. Thereby, the task is to generate the 
instantaneous fluid velocities at the particle centroid 
from the interpolated mean velocity components plus 
a randomly generated instantaneous fluctuating com-
ponent. There are a number of more or less complex 
models for such a purpose, e.g. completely random 
discrete eddy concepts and correlated Langevin equa-
tion models (Sommerfeld et al. 2008). Here a single-
step Langevin equation model is applied which gen-
erates all components of the fluid fluctuation veloci-
ties at the droplet location through a temporal and 
spatial correlation function including the integral 
time and length scales of turbulence. These are ob-

tained from the turbulent kinetic energy and the dis-
sipation rate (Sommerfeld et al. 2008). This model 
provides very good results for particle dispersion 
(Sommerfeld et al. 1993, Sommerfeld 1996). Natu-
rally, turbulence will also enhance local particle dep-
osition on the fibre structures. 

The considered aerosols are water droplets in the 
size range between 0.05 and 5 µm and the selected 
fibre diameters are 10 and 20 µm. However, for such 
conditions and the assumed free stream velocities, it 
is not yet known what will happen to the tiny drop-
lets when impinging on the fibres at a range of im-
pact angles (Dbouk and Drikakis 2020). When graz-
ing collisions occur (i.e. impact parameter larger than 
about 0.5, see e.g. Pasternak et al. 2021) it may hap-
pen, that the droplets are splashed. Due to the limit-
ing knowledge about fine droplet collisions with fi-
bres a complete deposition of the droplets is assumed 
and as mentioned above there is no influence of the 
deposit on the flow field. 

The droplets are assumed to be perfectly spherical 
and are injected with random position at the inflow 
boundary (Figure 1 a) and tracked through the flow 
field until they deposit on the fibre matrix or are 
leaving the computational domain at the outlet 
boundary (Figure 1 a)). The droplets were injected 
with the flow velocity in the stream-wise direction, 
but adding a small normal distributed random varia-
tion of 5 %. The lateral mean velocity components 
were assumed to be zero, but again with a small ran-
domness of 5 % from the mean stream-wise velocity. 
At the side faces the droplets are secularly reflected 
back into the computational domain in order not to 
lose any droplets. The droplet injection time period 
was selected to be 0.025s so that at the end 250,000 
droplets were released in order to have sufficient sta-
tistics on droplet deposition. By running the tracking 
simulations until 0.03 s all droplets had left the com-
putational domain. 

3 Deposition Results 
For the flow conditions considered here (i.e. Re = 

1.3) and the 10 µm fibres the deposited droplet num-
ber per unit area is illustrated in Figure 5. It is obvi-
ous, that the number of separated droplets is much 
lower for the 0.1 µm-droplets than for the larger 1.0 
µm-droplets. Consequently, the deposition pattern on 
the fibres is much more inhomogeneous for the 
smaller droplets due to low capture efficiency. 

From all deposited droplets for a given size of 
course the separation efficiency curve for the fibre 
matrix may be evaluated by dividing through the 
number of injected droplets (see Figure 6). First of 
all, it is surprising that for the considered simple and 
thin filter medium composed only of four 20 µm fi-
bre layers the separation is quite good. Expectedly, 
with increasing free stream velocity the grade effi-
ciency curves are continuously shifted to smaller par-
ticle sizes. For all flow velocities the small particle 
separation efficiency is around 6% only and then 



 

 

continuously grows up to about 70 – 90% for the 
largest droplets of 4 µm. This increase begins at 
about 1 µm for the velocity of 0.5 m/s and for the 
highest velocity of 4 m/s at about 0.25 µm. This is of 
course associated with a remarkable reduction of the 
median cut size of the filter matrix. As already men-
tioned above, for the smallest droplets considered 
(here 0.05 µm), the random Brownian effect yields 
only a very small increase of deposition. 

 

 
Figure 5: Visualisation of the deposited number of 
particles per unit area on the fibre matrix for top) 0.1 
µm-particles and bottom) 1.0 µm-particles, fibre di-
ameter 10 µm, U0 = 2.0 m/s and Re = 1.3. 

 
Figure 6: Separation (grade) efficiency curves for 
the simple four-layer 20 µm fibre matrix in depend-
ence of droplet diameter for different free stream ve-
locities. 

The influence of free stream turbulence on the 
four-layer fibre matrix (20 µm fibres) is shown in 
Figure 7 for a free stream velocity of 2 m/s. Com-
pared to the laminar case, turbulence enhances main-
ly small particle deposition up to about 1.5 µm. Be-
yond this size, inertia is obviously dominating parti-
cle deposition. The deposition augmentation is al-
most constant over the range of small particle sizes 
considered and is almost unaffected by the degree of 
turbulence. 

 
Figure 7: Separation (grade) efficiency curves for 
the simple four-layer 20 µm fibre matrix in depend-
ence of droplet diameter, comparing the laminar con-
dition with turbulent inflow for two turbulence inten-
sities, U0 = 2 m/s, Tu = 10 and 20%. 

The separation efficiency for the same four-layer 
fibre matrix with smaller diameter (10 µm) shows the 
same trends as for the larger fibres (Figure 8), but the 
median cut size is shifted to smaller droplets (com-
pare 20 µm at 4 m/s). However, in the case of the 
larger droplets the small fibres show slightly lower 
separation efficiency, which might be an effect of the 
lower fibre Reynolds number. Hence, a combination 
of small and large fibres could yield a shift of the cut 
size to smaller droplets. 

 
Figure 8: Separation (grade) efficiency curves for 
the simple four-layer 10 µm fibre matrix in depend-
ence of droplet diameter for different free stream ve-
locities and comparison with the result of the 20 µm 
fibre matrix at a velocity of 4 m/s. 



 

 

Finally, the composite fibre matrices consisting 
each of four layers composed of first 20 µm fibres 
followed by 10 µm fibres are studied. The cases  
and  have a narrow spacing between the 20 µm fi-
bres in a single layer (∆f = 10 µm) and therefore a 
lower porosity of around ε ≈ 0.7 (see Figure 1 c). 
This results expectedly in much higher separation ef-
ficiency compared to the base case with four layers 
of 20 µm fibres (see Figure 1 b) and Table 1). This 
finding is summarised in Figure 8, where the circular 
symbols are related to the four-layer fibre matrix 
with 20 µm fibres. The triangular symbols are related 
to case  with the full symbols for the entire filter 
element, the open symbols for the coarse fibres, and 
the open crossed symbols for the fine fibres. Since 
most of the droplets are captured in the first coarse 
fibre matrix the separation in the fine fibre structure 
is very low (Figure 9). Expectedly the pressure loss 
across such a filter element with very narrow fibre 
spacing is very high (see Figure 3. When increasing 
the spacing between coarse fibres in a single layer to 
∆f = 40 µm naturally the porosity of the entire filter 
element in creases to ε = 0.83 (Case ) and the pres-
sure drop reduces remarkably (see Figure 3). The to-
tal grade efficiency curve now lies between Case  
and the composite Case  with narrow coarse fibre 
spacing (Figure 9). This means the small particle 
separation is closer to Case  and the large particle 
separation closer to Case . As a result, the coarse 
layer separation of the composite filter (Case ) is 
now very close to the coarse four layer 20 µm fibre 
case. The fine fibre element of the composite filter 
now shows a maximum separation around 1 µm 
droplets which with growing droplet size slightly de-
creases, but being still larger than 20%. Hence, with 
a skilful combination of several fibre elements hav-
ing different fibre diameters and porosity or structure 
it is possible to shift the grade efficiency appropriate-
ly in order to separate the existing droplet size. For 
that purpose, a further analysis of the results with re-
spect to the particle Stokes number is required. 

For the smallest droplets considered (i.e. 0.1 µm-
droplets) there is no large difference between the fil-
ter medium composed of 10 µm or 20 µm fibres. 
However, for the larger droplets the separation on the 
thin fibre matrix becomes much better and reaches 
more than 80 % for 2 µm-droplets. The decrease of 
the separation efficiency for the 4 µm-droplets is as-
sociated with particle rebound from the fibres since 
the critical velocity becomes quite low. For a lower 
free-stream velocity the grade efficiency curve is 
shifted to the right-hand side as inertial separation is 
diminished. Naturally, the separation efficiency may 
be also plotted with respect to the particle Stokes 
number build with the particle response time scale 
and the system time scale. This may be calculated 
with the fibre diameter divided by the undisturbed 
velocity or the filter medium thickness divided by the 
undisturbed velocity. 

 

 
Figure 9: Separation (grade) efficiency curves for 
composite filter elements consisting of four 20 µm 
fibre layers and four 10 µm layers, comparing low 
and high porosity cases (cases C and C) with the 
simple four 20 µm fibre layers (C), velocity U0 = 2 
m/s. 

3 Conclusions 
Euler/Lagrange numerical simulations were con-

ducted for analysing the droplet separation in differ-
ent, but simple fibre matrices. Computations of four-
layer crosswise oriented fibre structures showed the 
as expected thinner fibres result in smaller median cut 
sizes of the filter elements. Turbulence of the 
freestream flow yields an increase of fine particle 
separation to about 10% but not for particles larger 
than about 1 µm. With composite fibre layers of dif-
ferent diameters, the separation efficiency curves 
may be remarkably altered both in slope and also 
shift towards lower median cut sizes. A separation of 
specific droplet diameters may be achieved by smart 
combination of different diameter fibre layers. 
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Abstract
The influence of the friction Reynolds number,

Reτ (based on the wall shear velocity uτ and the chan-
nel half width δ) on the dynamics of inertial ellip-
soidal particles in a turbulent channel flow is investi-
gated by means of Direct Numerical Simulation and
Lagrangian particle tracking. From these computa-
tions, it is noticed that the time (in wall units) required
for the particle distribution to reach steady state in-
creases withReτ , regardless of particle shape or relax-
ation time. In the steady state, the near-wall concen-
tration weakly varies with increasing Reτ . Nonethe-
less, the near-wall concentration gradient is sharper
and concentration in the channel core increases. Pref-
erential orientation is also found to be significantly in-
fluenced by the Reynolds number. The mean direction
cosines reveal a decrease of the fraction of the channel
over which preferential orientation occurs when Reτ
increases. This is accompanied by a substantial mod-
ification of the rotation mode of the ellipsoids. In the
viscous sublayer periodic rotation caused by the mean
velocity gradient are modified by the stronger fluctu-
ations of the vorticity field. Spinning rotation mode
is enhanced while tumbling is decreased and these
changes influence preferential orientation. In the chan-
nel core, where the fluctuations of the velocity gradient
dominates, spinning dominates regardless of the parti-
cle characteristics. This rotation mode as well as parti-
cle alignment with the fluid seen vorticity is enhanced
by higher values of the Reynolds number.

1 Introduction
The dynamics of particles in turbulent flows is

of interest for a wide variety of applications, from
the marine dispersion of microplastics (Barboza and
Gimenez, 2015) to industrial processes such as paper-
making (Lundell et al., 2011). Non-spherical parti-
cles can be modelled by spheroids, and provide a bet-
ter understanding of the two-phase flow characteris-
tics than a spherical model. The dynamics of ellip-
soidal in a turbulent channel flow has been first stud-
ied by Zhang et al. (2001), who coupled direct numeri-
cal simulation of the turbulent fluid with a Lagrangian
particle tracking at Reτ = 125. They used the for-
mulas from Happel and Brenner (1965) and Jeffery

(1922) to compute the force and torque applied by the
fluid on the particles. Since, the same methodology
has been used to study ellipsoids translational, rota-
tional or orientational dynamics at values of the fric-
tion Reynolds number Reτ ≤ 180 (see e.g. Mortensen
et al., 2008; Marchioli et al., 2010; Zhao et al., 2019).
Few studies have however described the effect of the
flow Reynolds number on the particle dynamics. At
our knowledge, only Zhao et al. (2014) compared slip
velocity statistics at three values of Reτ (150, 180 and
300) and observed a scaling with this parameter. A
study at Reτ = 1440 has been conducted by Ouchene
et al. (2018), but focused on acceleration statistics and
used a short time interval to compute statistics. In this
study, we propose to fill the gap by investigating the
influence of Reτ on the concentration and preferential
orientation of inertial ellipsoids.

2 Governing equations

Fluid dynamics
The velocity u and pressure P for a Newtonian,

incompressible and isothermal fluid are obtained from
the continuity and Navier-Stokes equations:

∇ · u = 0, (1)

∂u

∂t
+ (u · ∇)u = − 1

ρf
∇P + ν∇2u. (2)

Where ν and ρf are the fluid kinematic viscosity and
density, respectively.

Particle dynamics
Particles are modelled as prolate spheroids de-

scribed by their aspect ratio λ = a/b > 1 (a and
b are the lengths of the semi-major and semi-minor
axes) and are treated as material points (point particle
approximation). Particle translation is computed from
the system:

dxp
dt

= up, (3)

mp
dup
dt

= F, (4)

where xp and up are respectively the particle position
and velocity. Happel and Brenner (1965) obtained the



expression of the force F exerted by the fluid on the
particle:

F = νρfA
−1KAur, (5)

where ur is the relative velocity between the particle
and the fluid and K is the translation resistance ten-
sor, describing the influence of particle shape on trans-
lation. This tensor is diagonal in the particle frame
and its components can be found in Gallily and Cohen
(1979). A is the transfer matrix allowing coordinate
change from the particle frame to the Eulerian frame
as described by Zhang et al. (2001). This matrix is
constructed knowing the unit quaternion, qp describ-
ing particle orientation, obtained from the system:

dqp
dt

=
1

2
qpω

′
p, (6)

II
dω′p
dt

+ ω′p × (IIω
′
p) = T′, (7)

where ω′p is the particle angular velocity and II the in-
ertia tensor. These equations are solved in the frame
linked to the particle axes as noted by prime expo-
nents. In this frame, II is diagonal and its components
are Ixx = 2b2mp/5 and Iyy = Izz = (a2 + b2)mp/5.
The hydrodynamic torque T′ is computed by the for-
mula from Jeffery (1922):

T ′x =
16πµab2

3β0
(Ω′zy − ω′px) (8)

T ′y =
16πµab2

3(β0 + λ2α0)
[(1− λ2)S′xz (9)

+ (1 + λ2)(Ω′xz − ω′py)]

T ′z =
16πµab2

3(λ2α0 + β0)
[(λ2 − 1)S′yx (10)

+ (λ2 + 1)(Ω′yx − ω′pz)]

µ = ν/ρf being the fluid dynamic viscosity. S′ij =

1
2

(
∂u′

i

∂x′
j

+
∂u′

j

∂x′
i

)
and Ω′ij = 1

2

(
∂u′

i

∂x′
j
− ∂u′

j

∂x′
i

)
are the

fluid rate of strain and rate of rotation tensors at the
particle position, expressed in the frame linked to the
particle axes (x′, y′, z′).
The fluid velocity and velocity gradient necessary to
compute equations 5 and 8-10 are obtained by tricubic
Hermite and trilinear interpolations, respectively.

3 Numerical setup
Direct numerical simulation of the turbulent flow

in a channel is performed using a finite difference
solver on a staggered grid. Similarly to Vreman and
Kuerten (2014), the spatial discretization of the con-
vective and viscous terms is fourth-order in the ho-
mogeneous directions, and second-order in the wall-
normal direction. Temporal increment is performed
by the third order, low storage Runge-Kutta scheme
introduced by Lee and Moin (1991). The timestep
is variable and it is obtained by fixing a CFL num-
ber equal to 0.5. Further details about the flow solver

Table 1: The flow Reynolds number, size of the compu-
tational domain and mesh spacing for the two
Reynolds numbers considered in this study.

Reb Reτ L∗x L∗y ∆+
x ∆+

y ∆+
z

2820 179 4π 1.3π 7.85 0.98− 4.44 4.67
10050 543 2π 1.3π 7.68 1.08− 4.94 5.62

Table 2: Characteristics of the ellipsoids considered in the
simulation. The volume equivalent sphere diameter
is fixed and equal to d+eq = 1.

ρp/ρf
λ a+ b+ τ+p = 1 τ+p = 5 τ+p = 30

1 0.50 0.50 18 90 540
3 1.04 0.35 20 100 601
10 2.32 0.23 28 139 833

can be found in Michel and Arcen (2021). The flow is
simulated for two values of the bulk Reynolds number
Reb = Ubδ/ν which is based on the mean flow veloc-
ityUb and channel half width δ. The computed friction
Reynolds number are presented in the table 1 and are
close to the expected values of Reτ = 180 and 550.

Three values of the aspect ratio λ = 1, 3 and 10,
as well as three relaxation time τ+p = 1, 5 and 30
have been considered. τ+p characterises the particle
dynamic response to a fluid solicitation, but this defi-
nition is not unique due to particle anisotropy. Shapiro
and Goldenberg (1993) obtained an expression for τp
based on the average value of K over an uniform par-
ticle orientation distribution :

τp =
2ρpb

2λ

9ρfν

ln(λ+
√
λ2 − 1)√

λ2 − 1
. (11)

The dimensionless relaxation time τ+p is the Stokes
number, the ratio of the particle response time and the
viscous scale. Particle characteristics were obtained
by keeping the volume equivalent sphere diameter deq
fixed. This definition is adopted because particle-wall
collisions are detected when the distance between
the particle center of mass and the wall is inferior
to deq/2. Hence, keeping a constant value for deq
allows for a comparison of near-wall statistics without
it being collision biased. Particle characteristics are
presented in table 2. a+ and b+ are smaller or of the
order of Kolmogorov’s length scale so point particle
approximation stays valid.

To produce statistics, 300 000 particles are intro-
duced in an turbulent flow field. Initial position and
orientations are randomized while particle velocities
are equal to those of the fluid at the particle position.
Particle tracking is performed over 50 000 viscous
time units and the instantaneous metrics of the parti-
cles are collected every 200 iterations.

4 Results



Temporal evolution of the particle distribution
To ensure no transient effect influences the statis-

tics, we determine the time required by particle dis-
tribution to reach steady state. For this purpose, we
compute the temporal evolution of the entropy param-
eter S, which was introduced by Picano et al. (2009):

S(t+) = −
M∑
i=1

pi(t
+) ln [pi(t

+)]

ln(Np)
, (12)

where pi(t+) = Ni(t
+)

Np
. M is a number of uniformly

spaced wall-parallel slabs, Np the total number of par-
ticles in the domain and Ni(t

+) the number of par-
ticle in the i-th sub-volume at a given t+. We work
with M = 100 in the current study, independently of
Reτ . The value of S varies between 1 if the parti-
cles sample the domain uniformly and 0 if all particles
are located in an unique sub-volume. The temporal
evolution of the parameter is presented in figure 1 and
reveals that the distribution becomes more anisotropic
as time passes. This is expected due to particle accu-
mulation near the wall. The time required for S to
stabilize is long, typically over 10 000 viscous time
units and it is significantly influenced by λ and τ+p .
λ = 3 particles require more time that λ = 10 par-
ticles to reach steady state, and this is especially pro-
nounced for τ+p = 5. The steady state value of the
entropy parameter is very low for these particles and
indicates a strong segregation in the viscous sublayer,
which likely requires a longer time to complete due
to viscosity dominated processes in this region. In-
creasing the flow Reynolds number results in a longer
transient duration as well as an increased steady state
value of S. Hence, steady state distribution is closer
to uniform when the flow Reynolds number is high,
but longer simulation time is required to obtain steady
state statistics. In the following, statistics have been
collected over the interval t+ ∈ [30 000, 50 000], for
which the distribution of each particle set has reached
a statistically steady state.

Steady state concentration profile
In the i-th sub-volume used to compute the en-

tropy, the normalized concentration is calculated by:

Ci
C0

=
MNi
LxLyLz

1

C0
, (13)

where C0 = Np/(LxLyLz) is the mean concentration
in the channel. We previously observed that particle
distribution is closer to being uniform with high val-
ues ofReτ . The concentration profiles for τ+p = 5 and
30 are presented in figure 2 as a function of y∗ = y/δ
and reveal that particle distribution is more uniform
as a consequence of a higher particle concentration in
the channel core. It is remarkable to note that the near-
wall value of the concentration is almost unaffected by
the value of the Reynolds number. Bernardini (2014)
noticed a similar trend by computing the concentra-
tion profiles of inertial spheres for Reτ ranging from
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Figure 1: Temporal evolution of the entropy parameter for
λ = 3 and λ = 10 ellipsoids of different re-
laxation times. Continuous : τ+p = 1. Dotted :
τ+p = 5. Dashed : τ+p = 30.

180 to 1000. In fact, he noticed that particle concen-
tration profiles scale when expressed in wall units. As
the size of this region decreases (in bulk units) with
increasing Reτ , it is expected that the profile slope
becomes more negative when expressed in bulk units.
This is in agreement with the steeper slope observed
forReτ = 550 compared to 180. While figure 2 shows
the results for λ = 10 only, similar influence of Reτ is
noticed regardless of λ and for all the relaxation times
considered.

Preferential orientation
A significant influence of particle shape and iner-

tia has been observed on orientation statistics in ear-
lier studies like the one of Mortensen et al. (2008).
We present in figure 3 the mean direction cosines for
λ = 10 particles to examine the influence of Reτ . The
high value of | cos(θx)| and low values of | cos(θy)|
near y∗ = 0 for τ+p = 1 indicates that the particle
symmetry axis lies in the (x, z) plane and is preferen-
tially aligned in the streamwise direction. It is consis-
tent with the observations of Zhao et al. (2019), who
showed that τ+p = 1 and λ = 10 ellipsoids favour
spinning around their major axis and spend long time
periods nearly aligned with the mean flow. In compar-
ison, low values of | cos(θz)| indicate that τ+p = 30
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Figure 2: Steady state concentration profiles for λ = 10 el-
lipsoids. Continuous : τ+p = 1. Dotted : τ+p = 5.
Dashed : τ+p = 30.

ellipsoids tumble around their minor axis and avoid
alignment with the mean vorticity. In addition, iden-
tical values of | cos(θx)| and | cos(θy)| at the wall in-
dicates that rotation of τ+p = 30 particles takes place
with nearly constant angular velocity. Figure 3 a) and
b) shows that increasing the flow Reynolds number de-
creases the fraction of the channel over which prefer-
ential orientation occurs. This is a direct consequence
of the decrease of the viscous sublayer width (in bulk
units), where the mean velocity gradient causes or-
ganized Jeffery orbitting of the particles. When Reτ
increases, particle orientation is randomized by the
turbulent fluctuations of the velocity gradient over a
larger fraction of the channel. In the channel core,
preferential orientation is nearly isotropic, but we re-
mark an influence of Reτ . A slight streamwise prefer-
ential orientation remains at Reτ = 180, while it be-
comes unnoticeable atReτ = 550. This feature seems
to be a consequence of the low value of the Reynolds
number. Finally, we observed similar influence ofReτ
for λ = 3 ellipsoids.

Ellipsoids rotation
We now investigate the link between particle rota-

tion and orientation in the near-wall region. Figure 4
presents the pdf of β, the angle between the particle
major axis and angular velocity. The pdf of | cos(θz)|
is presented as well because it describes particle ori-
entation with the mean vorticity vector in this region.
High pdf of β near 1 in figure 4 a) indicates align-
ment with the angular velocity vector, which charac-
terizes spinning. This is what we expected for τ+p = 1.
We also remark that these particles have preferential
alignment with the spanwise direction. On the op-
posite τ+p = 30 ellipsoids have high pdf of both β
and | cos(θz)| near 0. This indicates that they tum-
ble around their minor axis, and that their major axis
lies in the velocity-gradient plane. Substantial mod-
ifications to the rotation and orientation can be ob-
served when Reτ increases. The lower pdf of β in-

0

0.2

0.4

0.6

0.8

1

10.2 0.4 0.6 0.8

〈 
| 
c
o

s
 (

θ
i 
)|

 〉

y
*

Re180

Re550
a) λ = 10, τ+p = 1

0

0.2

0.4

0.6

0.8

1

10.2 0.4 0.6 0.8

〈 
| 
c
o

s
 (

θ
i 
)|

 〉

y
*

Re180

Re550
b) λ = 10, τ+p = 30

Figure 3: Mean absolute direction cosines | cos(θi)| as a
function of y∗ for λ = 10 ellipsoids. τ+p = 1
and τ+p = 30. Continuous : | cos(θx)|. Dotted :
| cos(θy)|. Dashed : | cos(θz)|.

dicates decreased tumbling for τ+p = 5 and 30, while
the higher value near 1 indicates that spinning is in-
creased for τ+p = 1 and 5. The pdf of cos(θz) reveals
that alignment of spinning particles with the mean vor-
ticity increases as well, while tumbling particles are
more likely to be found outside the velocity-gradient
plane. These observations suggest that near-wall ro-
tation and orientation can be significantly modified by
the modifications of the flow properties due to increas-
ing Reynolds number. This may result in significant
changes of the rotation mode and orientation of mod-
erately inertial (τ+p = 5) ellipsoids.
In the channel core, the pdf of β presented in figure

5 a) reveals that particles favour the spinning rotation
mode, but that weakly inertial particles spin more than
inertial ones. Due to the weak mean velocity gradient
in the channel core, preferential orientation in this re-
gion is better understood by computing the pdf of α,
the angle between the particle major axis and the fluid
seen vorticity. Pumir and Wilkinson (2011) observed
that inertialess ellipsoids preferentially align with the
fluid seen vorticity in homogeneous and isotropic tur-
bulence, and we observe that this alignment occurs for
inertial particles in the channel core as well. An influ-
ence of particle relaxation time can be noticed and it
is similar to what was observed on the pdf of β : more
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Figure 4: Pdf of β, the angle between the particle major axis
and particle angular velocity vector and | cos(θz)|,
in the region y+ ∈ [1, 2] for λ = 10 ellipsoids.
Continuous : τ+p = 1. Dotted : τ+p = 5. Dashed :
τ+p = 30.

inertial particles have a weaker preferential alignment.
Finally, increasing Reτ increases both spinning and
alignment with the fluid seen vorticity for all the parti-
cles considered.

5 Conclusion
Direct numerical simulation of the turbulent flow

in a channel was coupled with Lagrangian particle
tracking to study the influence of the flow Reynolds
number on ellipsoidal particle dynamics. Temporal
evolution of the particle distribution was examined and
revealed that the transient duration increases withReτ ,
regardless of particle characteristics. The steady state
particle distribution is closer from the uniform distri-
bution for higher values of this parameter. The study
of the concentration profiles reveals that this is caused
by an increase of the concentration in the channel core
and a decrease of the concentration in the buffer layer.
The near-wall concentration is however almost unaf-
fected by the value of Reτ . Preferential orientation
is also significantly influenced by Reτ . A notable de-
crease of the fraction of the channel over which prefer-
ential orientation occurs is noted when Reτ increases,
which we ascribe to the decreased width of the viscous
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Figure 5: Pdf of β the angle between the particle major axis
and particle angular velocity vector and α the an-
gle between the particle major axis and the fluid
seen vorticity in the core region for λ = 10 ellip-
soids. Continuous : τ+p = 1. Dotted : τ+p = 5.
Dashed : τ+p = 30.

sublayer. In this region, particle rotation is dominated
by the mean velocity gradient. Increasing Reτ pro-
motes spinning and alignment with the spanwise di-
rection of weakly inertial particles. On the contrary
tumbling and preferential orientation in the velocity-
gradient plane of inertial particles is decreased. Fi-
nally, in the channel core, spinning and alignment with
the fluid vorticity is enhanced by increasing Reτ re-
gardless of the particle characteristics.
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Abstract 

We explored the characteristics of angular momen-

tum transport in turbulent Taylor-Couette flow with ir-

regularly rough surfaces on the rotating inner cylinder 

and a radius ratio of 0.94. The roughness height was 

quite small; the standard deviations were O(10-3) com-

pared to the gap width between the cylinders. The ex-
amined range of the Taylor number was O(109)–

O(1010), where ultimate turbulence was sustained. We 

confirmed the enhancement of angular momentum 

transfer, even with a small roughness. We also examined 

this effect with particle image velocimetry by following 

the analysis developed for large ribs regularly arrayed 

on an inner cylinder. Regarding turbulence statistics, the 

turbulence intensity and Reynolds shear stress slightly 

increased owing to the roughness. In the discussion, we 

showed that the previous analysis method for regular 

roughness is valid for our irregular one. We also pro-
posed a roughness parameter, which included a charac-

teristic wavelength in the streamwise direction as well 

as roughness height, as a new indicator for the effect of 

roughness. 

 

1. Introduction 

There has long been a vast interest in the relation-

ship between wall roughness and friction, from both a 

practical and an academic perspective. Since it was first 

introduced by Nikuradse (1933) and Colebrooke 

(1937), the equivalent sand grain roughness has been 

utilized in many studies to understand the flow on a reg-

ularly arranged rough surface. However, in practical 
situations, most roughness is irregular; therefore, esti-

mating the equivalent sand grain roughness is not triv-

ial, and it is not clear whether this concept is valid for 

surfaces with irregular roughness. 

Many researchers have discussed irregular rough-

ness and attempted to overcome this difficult problem. 

Flack and Schultz (2010) proposed an empirical model 

for the equivalent sand grain roughness based on the 

standard deviation and skewness of irregular rough-

ness. Subsequently, Kuwata and Kawaguchi (2019) 

conducted a direct numerical simulation (DNS) of tur-
bulent flow on an irregularly rough surface to assess the 

model. They pointed out that predicting the equivalent 

sand grain roughness using higher-order moments of 

roughness had a limited scope of application. Their 

conclusion is consistent with the concept that infor-

mation about characteristic wavelengths, such as the 

slope of the roughness curve, is also necessary. For in-

stance, Napoli et al. (2007) proposed an effective slope, 
defined as an integration of the roughness gradient in 

the streamwise direction, which plays an important role 

in our experiments. 

In the present study, we use Taylor-Couette flow, 

which is the flow between coaxial rotating cylinders, to 

investigate the effect of irregular roughness on 

transport phenomena. Utilizing this compact flow sys-

tem, we can easily generate a highly turbulent flow and 

directly measure wall friction on the cylinders by meas-

uring the torque acting on them. We treat the ultimate 

turbulence with a sufficiently high Taylor number 

Ta where the scaling law of the angular momentum 

transfer is applicable, Nuω~Taγ. Here, Nuω is the ‘an-

gular’ Nusselt number, defined as the ratio of angular 

momentum transfer to that of laminar flow [see a recent 

review by Grossmann et al. (2016)]. 

In addition, we conduct particle image velocimetry 

(PIV) to obtain statistics of the turbulent velocity field. 

The mean velocity distribution is important for analyz-

ing the roughness effect in more detail, based on a 

model developed by Zhu et al. (2017) for large ribs reg-
ularly arrayed on the inner cylinder. Furthermore, we 

discuss higher-order turbulence statistics, turbulence 

intensity and Reynolds shear stress, which are also af-

fected by irregular roughness.  

 

2. Experimental setup and conditions 

Our experimental setup consisted of a rotating inner 

cylinder and a fixed outer cylinder (Fig. 1). The aspect 

ratio 𝛤and radius ratio 𝜂 were 30 and 0.94, respectively, 

which corresponded to a rather narrow gap, as summa-

rized in Table 1. There was a small gap between the bot-

tom ends of the two cylinders, whereas a free surface of 
water existed above the inner cylinder. 



 

 

In the experiments, we controlled the Taylor number 

Ta, which is defined in Table 1. With respect to a result-

ant parameter, we defined the ‘angular’ Nusselt number 

Nuω. Nuω indicates the normalized total torque on the 

inner cylinder, which represents angular momentum 

transfer and is analogous to heat transfer in Rayleigh-

Bénard convection [Eckhardt et al. (2007)].  

Table 1 also shows the Ta values examined for our 
PIV. We measured the velocity field on the plane at the 

half-height of the inner cylinder using a double-pulsed 

laser. Because the surface of the inner cylinder is irreg-

ularly rough, the laser and high-speed CCD camera were 

synchronized to the rotation of the cylinder to capture 

images at the same rotational angle. Because it is impos-

sible to completely suppress the oscillation of the rotat-

ing cylinder, the position of its surface varied slightly 

during the PIV measurements. We detected the surface 

from the distribution of the brightness values and cor-

rected the position for each image before calculating the 

velocity field, using DynamicStudio version 5.1 (prod-
uct of Dantec Dynamics Co., Ltd). This correction is 

sufficient for calculating the mean velocity, but a rela-

tively large error exists for higher order turbulence sta-

tistics, such as turbulence intensity or Reynolds shear 

stress. 

We generated irregular roughness on the inner cyl-

inder by spraying it with paint. We used a one-shot 3D 

measuring microscope, VR-3100 (product of Keyence 

Co.), consisting of a CMOS camera and running light-

sheet inclined from the surface to measure the roughness 

height on the inner cylinder without contact. The rough-
ness statistics defined in the next section were calculated 

from five measurement areas. The heights of their cen-

ters were the same as that of the PIV measurement 

plane. By subtracting the moving average in the azi-

muthal direction to remove the curvature effect, we 

again defined this direction as the 𝑋-direction (see the 

definition in Fig. 2(d)). The size of each measurement 

area was 𝐿𝑋 = 12 mm (1024 data points), and 𝐿𝑧 = 9 

mm (768 data points), in the 𝑋- and 𝑧-directions, respec-

tively. 

 

3. Roughness characteristics  

Fig. 2 shows the irregular roughness height ℎ(𝑋, 𝑧), 

for each inner cylinder. To quantify the roughness, we 

defined some moments of roughness, namely, the 

mean  ℎ𝑚 , standard deviation 𝑅𝑞 , skewness 𝑅𝑠𝑘 , and 

kurtosis 𝑅𝑘𝑢𝑟 of ℎ(𝑋, 𝑧), which are defined as: 

 

ℎ𝑚 =
1

𝐿𝑋𝐿𝑍

∫ ∫ ℎ(𝑋, 𝑧)𝑑𝑋𝑑𝑧

𝐿𝑍

0

𝐿𝑋

0

, (1) 

𝑅𝑞
2 =

1

𝐿𝑋𝐿𝑧

∫ ∫ (ℎ(𝑋, 𝑧) − ℎ𝑚)2𝑑𝑋𝑑𝑧

𝐿𝑋

0

𝐿𝑍

0

, (2) 

𝑅𝑠𝑘 =
1

𝑅𝑞
3𝐿𝑋𝐿𝑧

∫ ∫ (ℎ(𝑋, 𝑧) − ℎ𝑚)3𝑑𝑋𝑑𝑧

𝐿𝑋

0

,

𝐿𝑍

0

(3) 

𝑅𝑘𝑢𝑟 =
1

𝑅𝑞
4𝐿𝑋𝐿𝑧

∫ ∫ (ℎ(𝑋, 𝑧) − ℎ𝑚)4𝑑𝑋𝑑𝑧

𝐿𝑋

0

𝐿𝑍

0

. (4) 

 

In addition, we defined the effective slope 𝐸𝑆, and 

mean wavelength 𝑆𝑚 , which have information about not 

only the roughness height but also the length scales, 

such as the gradient [see Napoli (2007) and Fig. 3 for 

definitions].  𝐸𝑆 contains information about both the 

roughness height and wavelength. 𝑆𝑚 represents the 

 
Figure 1: Measurement system and coordinate sys-

tem. 
 

 

Figure 2: 3D macroscopic shape of rough surfaces generated by spraying. 

Table 1. Definitions of dimensionless parameters and 

experimental conditions for PIV. 

 
 



 

 

mean distance in the 𝑋-direction of the crossing con-

cerning ℎ𝑚 from lower to higher values. The roughness 

parameters are listed in Table 2. The wall friction factor 

on the inner cylinder decreases monotonically from R1 

to R3. Thus, this result shows that when 𝐸𝑆 increases or 

𝑆𝑚  decreases, the pressure resistance increases; there-

fore, the wall friction also increases. 

On the other hand, there is no simple dependence of 

wall friction on 𝑅𝑞 ,  𝑅𝑠𝑘 , or  𝑅𝑘𝑢𝑟 . This implies that 

𝑅𝑞 alone is not sufficient to derive a relationship be-

tween the roughness and wall friction coefficient, and 

multiple parameters, such as 𝑅𝑠𝑘  and 𝑅𝑘𝑢𝑟  are neces-

sary to develop more complicated empirical models. 

 

4. Global response: Ta-dependence 

of 𝐍𝐮𝛚 

Before presenting the results of the torque measure-

ments and discussing the impact of the irregular rough-

ness, we briefly summarize the ultimate turbulence in 

Taylor-Couette flow for a sufficiently high Ta. The an-

gular momentum transported by the Taylor vortices is 

analogous to the heat transported by Bénard rolls in 

Rayleigh-Bénard convection. As Eckhardt et al. (2007) 

have already derived, in the ultimate turbulence in Tay-

lor-Couette flow, the same scaling law applies as that 

used in Rayleigh-Bénard convection for a high Rayleigh 
number [see also Kraichnan (1962) and Grossmann and 

Lohse (2011)]. 

 

Nuω~Ta1/2(log Ta)−3/2. (5) 

 

The logarithmic correction (log Ta)−3/2  vanishes, and 

Nuω~Ta1/2 for Ta → ∞. The index 1/2 is thus the so-

called ultimate scaling for turbulent Taylor-Couette 

flow. 

This ultimate scaling is expected for a sufficiently 

high Ta, and the scaling law Nuω~Taγ has been con-

firmed by many experimental and numerical studies. 

However, 𝛾 is approximately 0.38 for the case in 

which both the inner and outer cylinders have smooth 

surfaces. To understand this deviation from theory, Zhu 

et al. (2018) conducted experiments as well as DNS with 

a rib-shaped roughness of 7.5% of the height of the gap 

width attached to the inner or outer cylinders, and re-

ported an increase in 𝛾 of up to 0.43 for large ribs at-
tached only to the inner cylinder. They concluded that 

this was because of the enhanced pressure resistance in 

the boundary layer due to the ribs. It should be noted that 

their roughness was regular and quite large, in contrast 

with ours (Fig. 2 and Table 2). 

Fig. 4 shows the Ta-dependence of Nuω for irregu-

lar roughness of  𝑅𝑞
∗ =  O(10-3), compared to the gap 

width. We can observe clear scaling laws with 𝛾 = 0.38 

for smooth surfaces, and 𝛾 up to 0.42 for rough surfaces, 

respectively. Surprisingly, our small roughness has an 

effect comparable to that of Zhu et al. (2018), where the 

standard deviation of the rib-shaped roughness normal-

ized by the outer scales, 𝑅𝑞
∗ = O(10-2), is much larger 

than ours. This result is consistent with the fact that 

𝑅𝑞
+ = O(10) is normalized by the inner scales of the 

boundary layer on the inner cylinder. In other words, the 

height of the irregular roughness reaching the buffer 

layer is sufficient for enhancing the angular momentum 

transfer. We also expect that a lower roughness than was 

used here is not effective for this enhancement. 

Next, to more closely investigate the effect of rough-

ness, we decompose Nuω  into contributions from the 

smooth (outer cylinder) and rough (inner cylinder) sur-

faces by following the method of Zhu et al. (2017). We 

introduce the asymmetry parameter 𝜒, which is defined 

as: 

 

𝜒 =
𝜔𝑚

𝜔 − 𝜔𝑚

. (6) 

 

Table 2. Statistical parameters of roughness surfaces. 

The code S corresponds to a smooth surface for com-

parison. 
Code 𝑅𝑞[μm] 𝑅𝑠𝑘[-] 𝑅𝑘𝑢𝑟[-] 𝐸𝑆[-] 𝑆𝑚[mm] 

R1 27.5 1.74 9.13 0.260 0.46 

R2 19.6 2.20 12.91 0.166 0.47 

R3 25.8 0.01 3.34 0.144 1.15 

S 0 - - - - 
 

 

 

Figure 3: Definition of ES and 𝑆𝑚 in 𝑋-direction. 

 

 
Figure 4: Ta-dependence of Nuω. Black and red lines 

are fittings for smooth (S) and rough (R1) surfaces. 



 

 

Here, 𝜔𝑚  is the mean angular velocity at the mid-gap. 

Fig. 5 shows 𝜒 as a function of Ta. For each rough sur-

face, it becomes constant for Ta ≥ 1.3 × 1010 . Using 

𝜒, we decompose Nuω and Ta into smooth and rough el-

ements, defined as: 

Nus =
Nuω

2
(

1 + 𝜒

𝜒
) , Tas =

4Ta𝜒2

(1 + 𝜒)2
, (7) 

Nur =
Nuω

2
(1 + 𝜒),           Tar =

4Ta

(1 + 𝜒)2
. (8) 

 

Here, the subscript ‘s’ (‘r’) represents smooth (rough) 

elements. Fig. 6 shows the results of this decomposition. 

Concerning Nur and Tar , 𝛾 increases to 0.45, while 

Nus ∼ Tas
0.38 for both smooth and rough surfaces, and 

the result was almost the same in the absence of rough 

surfaces. This result implies that the boundary layer on 
the inner cylinder is turbulent because of the small 

roughness, whereas the boundary layer on the outer cyl-

inder is not. This turbulent boundary layer results in an 

increase in 𝛾, approaching the theoretical 

prediction, 𝛾 = 0.5. Our results are in excellent agree-

ment with those reported by Zhu et al. (2017). This 

means that their analysis is also effective in estimating 

the contribution of the turbulent boundary layer even for 

the present irregular and small roughness. 

 

5. Profiles of turbulence statistics 

The turbulence statistics obtained using PIV can ex-

plain the results provided in the previous section. Fig. 7 

shows the radial distribution of the mean azimuthal ve-
locity relative to the rotation of the inner cylinder. The 

results are normalized by the angular velocity, radius of 

the inner cylinder, and gap width. In the central region 

of the gap, the velocity decreases owing to the rough-

ness, for all values of Ta. This velocity reduction is 

called the roughness function, 𝛥𝑈, and is an indicator of 

the wall friction coefficient for a rough wall [Hama 

(1954)]. This is also the case for the present study, as 

shown in Fig. 8, where a monotonic trend between 𝛥𝑈+ 

normalized by the inner scales and wall friction exists. 
Here, recall that R1, R2, and R3 are in the order of the 

wall friction coefficient. Here, 𝛥𝑈+ is estimated by tak-

ing the average of the plateau regions in Fig. 7. It is im-

portant to note that there is an obvious positive correla-

tion between 𝛥𝑈+and asymmetry parameter 𝜒 (Fig. 5). 

Fig. 9 shows the distribution of the azimuthal turbu-

lence intensity,𝑣𝜃,𝑟𝑚𝑠
∗ . For a smooth surface, 𝑣𝜃,𝑟𝑚𝑠

∗ ≈

0.05 in the central region of the gap. This is consistent 

with the results of Verschoof et al. (2018), who reported 

that 𝑣𝜃,𝑟𝑚𝑠
∗ ≈ 0.06 in this region, and 𝛾 ≈ 0.5 when ribs 

with a height of 5.0% of the gap width were attached to 

both the inner and outer cylinders. In this study, we also 

observe this increment of 𝑣𝜃,𝑟𝑚𝑠
∗  due to roughness, 

 
Figure 5: Ta-dependence of asymmetry parameter 𝜒. 

 
Figure 6: Left: Nur as function of Tarfor rough walls; 

Right: Nus as function of Tas for smooth wall. 

 

 
Figure 7: Mean azimuthal velocity 𝑣𝜃

∗. 

 
Figure 8: Roughness function 𝛥𝑈+as function of Ta. 
 



 

 

which is also evidence of the sufficient impact of irreg-

ular and small roughness for approaching the ultimate 

scaling. Meanwhile, the DNS by Berghout et al. (2019) 

for irregular sand grain roughness on the inner cylinder 

with a height of O(10-2) compared to the gap width 

showed that the turbulence intensity normalized by the 

inner scales was approximately unity. In our experi-

ments, the turbulence intensity normalized by the inner 

scales is twice as high as that for their DNS. This seems 

to be attributed to their relatively lower Ta (≤ 109) than 

those in the present experiments. 

Fig. 10 shows Reynolds shear stress increases due to 

the roughness. We can recognize a Ta-dependence, alt-

hough it is difficult to find a detailed trend among the 

cases for R1, R2, and R3 because of the ineludible error 

in PIV as mentioned in Sec. 2. More concretely, R1 and 

R2 cases show the larger values in a bulk region than R3 

and S cases, for Ta ≥ 1.3 × 1010, while this difference 

is not so clear for the lowest Ta. Note that 𝛥𝑈+ implies 

fluid towed by the inner cylinder through the increase of 

wall friction due to the roughness. That is, the results of 

PIV are all consistent with those of torque measure-

ments, demonstrating the fact that angular momentum 

transfer is sufficiently enhanced by such small and ir-
regular roughness. 

 

6. Discussion 

As mentioned in Section 4, the standard deviation 

𝑅𝑞
+ normalized by the inner scales is an important indi-

cator for estimating the effect of roughness. This was 

O(10) in our experiments as well as the experiments 

reported by Zhu et al. (2018) and DNS by Berghout et 

al. (2019). Therefore, we can conclude that our results 

with small roughness, 𝑅𝑞
∗ = O(10-3), has a sufficient ef-

fect to develop the ultimate turbulence. Incidentally, 

Berghout et al. (2019) reported that 𝛾 = 0.33 for Ta ≤ 

O(109), which might have been contaminated by a low-

Ta effect. This undeveloped ultimate turbulence was 

also expected from the difference in turbulence intensity 

between our experimental results and theirs, as dis-

cussed in the previous section. 

Zhu et al. (2018) also reported that the ratio of the 

distance 𝑠  between the rib-shaped elements to their 

height ℎ affected the increase in 𝛾. They reported that 𝛾 

was around 0.5, which was the predicted ultimate scal-

ing, for 7 ≲ 𝑠/ℎ ≲ 35 corresponding to 20 ≲ 𝑠/𝑅𝑞 ≲

203 in their condition. Because the present study used 

an irregular roughness, we calculated a similar quantity 

𝑆𝑚/𝑅𝑞 being 16.7 for Ta = 1.3 × 1010 and the R1 case. 

This value is well coincident with the lowest one of 

𝑠/𝑅𝑞 in Zhu et al. (2018). This discussion supports an 

idea that 𝑠/𝑅𝑞 , which includes information about not 

only roughness height and also a characteristic wave-

length, is a key parameter for the unified understanding 

of regular and irregular roughness effect on turbulence. 

To verify this conclusion, further parametric examina-

tion is required. 

To consider the effects of roughness and Ta on tur-
bulence statistics, we first confirmed the flow state with 

the phase diagram of Ostilla-Mónico et al. (2014), with 

a radius ratio of 0.71. For the case where only the inner 

cylinder was rotating, as Ta  increased, and after 

 
Figure 9: Azimuthal turbulence intensity 𝑣𝜃,𝑟𝑚𝑠

∗ . 

 

 
Figure 10: Reynolds shear stress. 

 



 

 

turbulent Taylor vortices appeared, the flow reached the 

featureless ultimate regime. According to the phase dia-

grams, we confirmed that turbulence reached the ulti-
mate regime in all cases of S, R1, R2, and R3 under our 

experimental conditions. Therefore, we could not ob-

serve a clear Ta-dependence of the distributions of the 

turbulence intensity and Reynolds shear stress in Figs. 9 

and 10. 

As reported by Berghout et al. (2019), considering 

the changes in the boundary layer and Taylor vortices 

due to the addition of roughness, we can conclude that 

the boundary layer on the inner cylinder becomes turbu-

lent, and frequent bursts of plumes occur for all rough-

ness values used. With the addition of roughness, the 
bursts dominate, and the effect of the Taylor vortices on 

angular momentum transport becomes relatively weak. 

Therefore, the turbulence intensity and Reynolds shear 

stress are smaller on the smooth surface than on the 

rough surfaces because the plume effectively transports 

fluid with high angular momentum from the inner to the 

outer cylinders. 

 

7. Conclusion 

We investigated the effect of irregular roughness on 

angular momentum transport in the ultimate turbulence 

of Taylor-Couette flow. We adopted an analysis similar 

to that of Zhu et al. (2017), which was developed for 

large and regular ribs. Our results showed that even for 

our relatively small roughness, there was a sufficient im-

pact on the flow that enhanced the dependence of the 
angular Nusselt number on the Taylor number. Regard-

ing the turbulence statistics, the turbulence intensity and 

Reynolds shear stress slightly increased, corresponding 

to the developed turbulent boundary layer on the inner 

cylinder owing to roughness. These results imply that 

we can adopt the above analysis for regular roughness is 

valid even for irregular roughness. As far as we know, 

the present study is the first to report such a robust 

method for turbulence with rough walls. 
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3 Université catholique de Louvain (UCLouvain), 1348 Louvain-la-Neuve, Belgium
4 Université de Liège (ULiege), 4000 Liège, Belgium
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Abstract
Most wall models used for Large Eddy Simulation

(LES) assume that the boundary layer is fully turbu-
lent, at equilibrium and attached. These models have
also been successfully applied to turbulent bound-
ary layers under moderated adverse pressure gradi-
ents. Once the adverse pressure gradient becomes too
strong, and in particular if the boundary layer sepa-
rates, equilibrium wall models are no longer applica-
ble. Another difficulty is that in many practical ap-
plications transition may play a very important role.
In view of elaborating more general wall models, the
relations between the instantaneous wall shear stress
τw, the instantaneous velocity field v and the instanta-
neous pressure gradients ∇p near the surface are in-
vestigated, by means of space-time correlations ex-
tracted from a wall-resolved LES (wrLES) of the two-
dimensional periodic hill at a bulk Reynolds number
Reb of 10595. This work constitutes a first step to-
wards a local wall model for flows featuring separa-
tion based on deep neural networks, by determining
an adequate set of network inputs.

1 Introduction
At off-design conditions, the flow inside turbo-

machinery components is dominated by complex fea-
tures, which are well outside the range of reliability of
RANS turbulence models. It is, therefore, desirable to
perform high-resolution simulations with much fewer
modeling assumptions, if only for verification. Di-
rect Numerical Simulations (DNS) will remain com-
putationally intractable at high Reynolds numbers typ-
ical of most turbomachinery passages for a long time
to come. Even wall resolved LES methods remain
prohibitively expensive, especially at full component
level. This consideration motivates the development
of wall shear-stress modeled LES.

A first aspect is the discretization of the wall model
in a numerical flow solver, and in this case, in a dis-

continuous Galerkin (DG) solver. A first approach
was treated by Frère (2018), and validated on channel
and airfoil flows Frère, Carton de Wiart, et al. (2017);
Frère, Hillewaert, et al. (2017). Krank et al. (2019)
proposed to enrich the DG solution using a turbulent
boundary layer velocity profile model. This was suc-
cessfully applied to channel and periodic hill flows. A
second aspect is the physical modeling. In general,
equilibrium wall models were shown to provide ade-
quate results for moderate pressure gradients. The ap-
plication of wall models to separation is another mat-
ter. Cadieux et al. (2016) address the separation prob-
lem using integral wall-model for LES with additional
non-equilibrium terms. They managed to obtain an an-
alytically tractable integral formulation and success-
fully applied it to a flat plate subjected to an adverse
pressure gradient. Nevertheless, the capability of equi-
librium and non-equilibrium wall models to accurately
predict high-pressure gradient or separated flows, with
and without adaptations for pressure gradients, have
not proven successful so far.

The current research aims at exploiting the ap-
proximation capabilities of deep learning, defined
by Hornik (1991), to establish a more general model
for the complex relation between the instantaneous
flow fields, geometrical parameters and wall shear
stress using DNS or wrLES databases. A first step
towards this solution was proposed by Zhou et al.
(2020). Before training any neural network, a first pre-
processing consists of computing space-time correla-
tions between τw and v (and/or ∇p) measured in the
nearby volume. This is used to determine which in-
puts in time and space are relevant for a potential wall
model, to be integrated in a DG solver.

To the authors’ knowledge, such space and time
cross-correlations have not been measured yet in such
wrLES. In experiments, computing correlations be-
tween the velocity field and the wall shear stress
or the pressure is common practice (see Colella and
Keith (2003)). Those correlations highlight the pres-



ence of large-scale structures which are convected
along the wall at an angle of inclination depending on
the Reynolds number according to Colella and Keith
(2003). These structures loose coherence as they are
convected along the wall. In our approach, space-time
correlations are not only computed in the wall-normal
direction but also in the streamwise direction in view
of finding new relevant inputs of the wall model.

2 Computational framework

Flow solver. The ArgoDG solver, developed at Ce-
naero, is based upon the Discontinuous Galerkin
(DG)/ Symmetric interior penalty method (SIP). For
a detailed description of the code and its applica-
tion to turbulent flows, we recommend the theses
of Hillewaert (2013), Carton de Wiart (2014) and
Frère (2018).

Instrumentation. A grid of probes are positioned
in the volume near the wall and are linked to surface
probes through an orthogonal projection on the nearby
wall. The probe grid contains (180,100,10) probes in
the streamwise, wall-normal, and spanwise directions
respectively. To prevent the probe lines emanating
from the concave corners from crossing, a hyperbolic
grid generator, see Chan (1998), is adopted.

3 Geometry and flow
The test case is the well-known 2D periodic hill,

at bulk Reynolds number Reb = 10595. It con-
sists of a bi-periodic flow between two walls with a
streamwise constriction. It combines carefully cho-
sen characteristics resulting in flow separation, re-
circulation, and reattachment. The flow is driven
by a constant pressure gradient whose magnitude is
controlled to match the bulk Reynolds number fol-
lowing a procedure proposed by Benocci and Pinelli
(1990), whereto small modifications have been intro-
duced by Carton de Wiart (2014) to account for com-
pressibility. This test case is part of the ERCOFTAC
KB Wiki, and has been extensively studied both nu-
merically, e.g. by Gloerfelt and Cinnella (2015); Car-
ton de Wiart et al. (2015); Breuer et al. (2009), and
experimentally by Song and Eaton (2004). We refer to
Fröhlich et al. (2005) for the description of the geom-
etry and a detailed discussion of the flow.

4 Space-time correlations
Turbulent flows appear highly disorganized with

structures at all scales, and are said to be unpredictable
in their ”detailed behavior”. Nonetheless, they are
described by deterministic equations, and often have
statistically stationary solutions. Consequently turbu-
lent flow quantities can be decomposed into means
and fluctuations, both in space and time. To further
characterize the flow behavior, relations are sought be-

tween observed quantities in realizations of those fluc-
tuating processes. For the present study, the observa-
tions are the instantaneous wall shear stress, the in-
stantaneous velocity field, and the instantaneous pres-
sure gradient. As a first step towards understanding
or quantifying, the correlation coefficient is computed.
This coefficient is a single number that condensates
the strength of dependence. The most popular corre-
lation coefficient is the classical Pearson correlation
(see Edelmann et al. (2021)). The Pearson correlation
is known to measure the strength of linear dependen-
cies between random variables. Although the indepen-
dence between two random variables implies a zero
correlation, the reverse implication is false. To avoid
this drawback, alternative correlation coefficients have
been proposed. Of these alternatives, the distance cor-
relation coefficient, proposed by Székely et al. (2007),
has also been considered in this study. Both correla-
tion coefficients are applied to the periodic hill flow
for feature selections. Since the long term goal is to
develop wall-models applied to separation, the main
focus is on the curved bottom wall featuring separa-
tion, recirculation and reattachment. The Pearson cor-
relation can be extended to handle time delay δt and
space shift δξ as follows,

ρ(δt, δξ) =
〈u(x+ (δξ)êξ, t0 + δt)τw(x, t0)〉√

〈u2(x, t0)〉
√
〈τ2w(x, t0)〉

, (1)

where u and τw are the fluctuations of tangential ve-
locity and wall shear stress taken in the wall paral-
lel direction, respectively. The operator 〈·〉 stands for
time and spanwise average. A similar exercise is per-
formed for the sample distance correlation to account
for spatial shift and temporal delay. Assuming that
X = u(x + δξ, t0 + δt) and that Y = τw(x, t0), two
realizations of size n, the sample distance covariance
measured at (δξ, δt) is defined as

dCor(X,Y ) =
dCov(X,Y )√

dVar2(X) dVar2(Y )
, (2)

where dCov(X,Y ) is the distance covariance between
X and Y computed as

dCov2n(X,Y ) =
1

n2

n∑
j=1

n∑
k=1

Aj,kBj,k . (3)

In this last expression, Aj,k and Bj,k are two matri-
ces of size n × n where Aj,k is computed as Aj,k :=
aj,k − aj. − a.k + a.. where aj. is the jth row mean,
a.k is the kth column mean and a.. is the grand mean
of the distance matrix. The distance matrix ofX is de-
fined as aj,k = ‖Xj−Xk‖, j, k = 1, 2, · · · , nwhere
‖.‖ denotes the Euclidean norm. The same applies
to Y to form the matrices bj,k and Bj,k. Finally, the
sample distance variance is defined as: dVar2(X) :=
dCov2

n(X,X) = 1
n2

∑
k,lA

2
k,l.



Figure 1: Friction coefficient Cf measured on the bottom surface of the periodic hill, compared with references.

5 Results and discussion
The flow has been simulated for a bulk Mach num-

berMb = 0.1, and statistical data have been converged
over more than 38 flow-through times, after evacu-
ating the numerical transient during 45 flow-through
times. The averaged results are compared to those ob-
tained by Temmerman et al. (2003) and by Gloerfelt
and Cinnella (2015). Examining the mean veloc-
ity profiles and the Reynolds stresses, a good agree-
ment with respect to the references is observed (not
shown here for the sake of brevity). Figure 1 de-
picts the friction coefficient defined as u2τ/(0.5ρu

2
b)

where uτ =
√
τw/ρw is the friction velocity. A good

match is noted with the results obtained by Gloerfelt
and Cinnella (2015) at M = 0.1. A precursory sep-
aration is visible at x/h ' 0 for compressible sim-
ulations only. According to Gloerfelt and Cinnella
(2015), this pre-separation appears only when using
compressible flow solvers. The main separation ap-
pears at x/h ' 0.2. Around x/h ' 2.0, the flow de-
celerates and then re-accelerates due to the change in
curvature. We notice that the deceleration/acceleration
process is slightly shifted for the green Cf curve in
Figure 1. At the leeward base of the hill, Gloerfelt
and Cinnella (2015) predicts a small separation before
x/h = 7.0. These two discrepancies with Gloerfelt
and Cinnella (2015) are probably due to the geometric
definition of the lower wall and, more precisely, at the
connection between the bottom flat part and the hill.
The reattachment location is well captured. The re-
covery region goes from x/h ' 4.2 to x/h ' 7.0,
with a secondary recirculation bubble at x/h ' 7.2,
followed by a strong acceleration while ascending.

The next three subsections discuss the Pearson and
distance correlations obtained at three different loca-
tions for multiple combinations between τw and v on
the one hand and ∇p on the other. The three locations
target the separation, reattachment, and acceleration
processes along the periodic hill. The Pearson corre-
lations given by Equation (1) and the distance corre-
lations are computed over 33 flow-through times and
22 flow-through times, respectively. In both cases, in-
stantaneous signals are sampled every five time steps,

which are set to δt ub/h = 510−3. Since this under-
sampling is lower than the correlation time scale, it
does not affect the accuracy of the correlation map.

Among the many correlations, we only target the
ones that effectively highlight an explicit and strong
dependence between the measured quantities. All con-
sidered dependencies are summarized in Table 1.

uξ uη uz ∂p/∂ξ ∂p/∂η ∂p/∂z

τw,ξ a1 a2 - a3 - -
τw,z - - b1 - - b2

Table 1: Notations for the investigated correlations.

5.1 Correlations at position x/h ' 0

Correlation a1. Both maps shown on Figure 2 ex-
pose a similar behavior. The Pearson and distance
correlation maps both show a domain of dependence
shift in the positive δξ/h with a maximum of 0.45. It
means that the separation drives the wall shear stress
at x/h ' 0.05. It also indicates an anti-correlation
(of smaller amplitude, only −0.12) for δξ/h < 0 and
δt ub/h < 0 at the same position the distance correla-
tion indicates a dependence in the lower left quadrant.
If we think in terms of wall-models, there is no rela-
tion between the wall-shear stress and the streamwise
velocity at the same location. The streamwise velocity
needs to be taken at several δξ/h downstream the po-
sition at which the wall-shear stress will be predicted.

Correlation b1. Examining Figure 3, the Pearson
and distance correlation do not exhibit the same de-
pendencies. Both indicate a correlation shifted in
δξ/h > 0 as shown for the correlation between the
streamwise wall stress and velocity (Figure 2) but with
a delay in time (δt ub/h > 0). Moreover, Pearson’s
correlation shows an anti-correlation of absolute am-
plitude 0.12 in the lower right quadrant (δξ/h > 0
and δt ub/h > 0). Since causality must be respected,
none of those bounding boxes could be used for a wall
model. The correlation b1 is four times smaller than
a1, which suggests that the spanwise component is less
relevant than the streamwise one, as expected.



Figure 2: Pearson (top) and distance correlation (bot-
tom) between τw,ξ and uξ at (ξ, η)/h = (0.05, 0.10).

Figure 3: Pearson (top) and distance correlation (bot-
tom) between τw,z and uz at (ξ, η)/h = (0.05, 0.10).

Correlation a2. As observed for the correlation a1,
the Pearson’s correlation (Figure 4) finds a positive
correlation shifted in the δξ/h > 0 and an anti-
correlation visible in the lower left quadrant. The
amplitude of the maximum is comparable to the am-
plitude of correlation b1 but the anti-correlation is
stronger. The distance correlation highlights the same
contours as the anti-correlation measured with Pear-
son’s correlation. Conversely to correlation a1 and
b1, the wall-shear stress is influenced by the upstream
wall-normal velocity.

Figure 4: Pearson (top) and distance correlation (bot-
tom) between τw,ξ and uη at (ξ, η)/h = (0.05, 0.10).

Correlations a3 and b2. The pressure gradients in-
duced by the continuous wall curvature have a small
impact on the wall shear stress. Figure 5 depicts the

contour at 60% of the correlation maximum in plain
line and 60% of the correlation minimum in dashed
line (only valid for Pearson’s correlation which is con-
tained within the interval [−1, 1]). In both cases, the
correlations are small in absolute value. In Figure 5a,
the Pearson and distance correlations indicate differ-
ent behaviors. The Pearson correlation (not shown
here) has contours aligned with δξ/h = 0.5. The dis-
tance correlation indicates a domain of dependence in
the upper right quadrant. Due to this difference, there
should be a non-linear relation between the streamwise
pressure gradient and the wall-shear stress. In Fig-
ure 5b, we can observe that the domain of dependence
between the spanwise wall-shear stress and the span-
wise pressure gradient lies predominantly in the lower
left corner. At x/h ' 0.30, thus downstream the sep-
aration, the streamwise pressure gradient has a bigger
impact on the wall shear stress with an anti-correlation
evaluated at 0.25. The domain of dependence is com-
posed of two main lobes, one in the lower left quadrant
and one in the upper left quadrant. Figure 5d shows
the same behavior as Figure 5b but with a smaller am-
plitude for both the distance and Pearson’s correla-
tions indicating a smaller relation between the span-
wise pressure gradient and the spanwise wall shear
stress after the separation.
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(c) ξ/h = 0.30.
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(d) ξ/h = 0.30.

Figure 5: Correlation (Pearson: in red and distance:
in black) contours between τw,ξ and ∂p/∂ξ (left) and
between τw,z and ∂p/∂z (right) at η/h = 0.10.

5.2 Correlations at position x/h ' 4.7
According to Fröhlich et al. (2005), at the reat-

tachment and in the recovery region, the flow develops
through a moderate adverse pressure gradient, caused
by the outer flow. However, for this position, no clear
relation has been found between τw and ∇p, so only
the correlations a1, a2 and b2 are discussed.

Correlations a1, a2 and b1. At this location, the
flow has reached the bottom flat surface and it reat-
taches. There is a strong relation between the stream-
wise (spanwise) wall-shear stress with the streamwise



(spanwise) velocity component. In both cases (Fig-
ure 6), the Pearson and distance correlations give sim-
ilar domain of dependence. Notice how different the
correlations are w.r.t. those measured close to the
mean separation location. They both feature an el-
liptical shape centered at (δξ/h, δt ub/h) = (0, 0)
which aligns with the local mean velocity measured
at (ξ/h, η/h) = (4.7, 0.1). The correlation ampli-
tudes are the same for the streamwise and spanwise
relations, around 0.4 and 0.2 for the Pearson and dis-
tance correlations, respectively. It was not the case
close to the separation where the streamwise relation
was stronger than the spanwise one. The correlation
between the wall-shear stress and the wall-normal ve-
locity component (Figure 7a) is quite different from
those of the two other cases. The domain of depen-
dence does not form an ellipse centered at (0, 0). The
Pearson and the distance correlations show a similar
behavior. The highest correlation is located just be-
low the horizontal axis δξ/h = 0 and spreads equally
along the time axis, its amplitude being approximately
twice smaller. It means that the streamwise wall-shear
stress is less influenced by the wall-normal velocity.
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Figure 6: Correlation contours btw τw,ξ and uξ (left)
and btw τw,z and uz (right) at (ξ, η)/h = (4.7, 0.1).
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(a) (ξ, η)/h = (4.70, 0.10).
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(b) (ξ, η)/h = (8.00, 0.10).

Figure 7: Correlation contours between τw,ξ and uη .

5.3 Correlation at position x/h ' 8.0
This point is located on the ascending part of the

hill. The friction coefficient increases and the bound-
ary layer thickness is reduced to 0.05h. The accelera-
tion of the flow is due to the continuous wall curvature
and no significant correlations are found between the
wall shear stress and the pressure gradients between
x/h ' 8.0 and x/h ' 8.6. Near the top of the hill,
where the friction reaches its maximum, correlations
with the pressure gradients become significant. How-
ever, further research is needed to separate the impact
of the curvature from that of the pressure gradient.

Correlations a1, a2 and b1. Examining the correla-
tions a1 and b1 (Figure 8), they are found maximal in

an ellipse centered at (0,0) aligned with the local mean
velocity. When going downstream, the correlations a1
narrow and incline more and more due to the acceler-
ation of the flow. The correlations b1 do not change
much when going downstream. Examining the cor-
relation a2 (Figure 7b), the maps are similar to those
in Figure 7a but here the correlation patterns are more
tilted due to the flow acceleration in the streamwise di-
rection. The ellipse forming the domain of dependence
is still located below the horizontal axis δξ/h = 0
and is slightly shifted for δt ub/h < 0. When mov-
ing downstream, the anti-correlation visible on Pear-
son’s correlation map leans due to the acceleration of
the flow and its amplitude increases too. The same is
true for the distance correlation.
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Figure 8: Correlation contours btw τw,ξ and uξ (left)
and btw τw,z and uz (right) at (ξ, η)/h = (8.0, 0.1).

Pressure gradients at x/h ' 8.72. For both
stream- and spanwise velocity correlations, the
distance and Pearson’s correlation have the same
behavior. According to Figure 9a, the wall shear
stress is mainly impacted by the pressure gradients
upstream at δξ/h = −0.2. This correlation extends
over a long period (−1.5 ≤ δt ub/h ≤ 0). Figure 9b
reveals that the relation with the spanwise pressure
gradient is weaker than that with the streamwise one.
The correlation is not aligned with the horizontal as in
Figure 9a and it extends less in time.
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(a) τw,ξ and ∂p/∂ξ.
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Figure 9: Pearson and distance correlation contours at
(ξ, η)/h = (8.72, 0.10).

6 Conclusions
The study confirmed that purely local and instan-

taneous information could be sufficient for attached
flows. However, upstream information can be used if
convection delay is taken into account. Except for the
correlations with ∇p where discrepancies were noti-
fied, both Pearson’s and distance correlations give sim-
ilar results, implying that the relation between the ve-



locity and τw is linear. For separated flow, informa-
tion has to be sought up- and downstream, since local
correlations are insignificant. We conclude that it is
necessary for generality to enlarge the domain of de-
pendence of the wall model to include up- and down-
stream information in both space and time. Correlation
maps will be used to develop a single model for all lo-
cations in this case, with the hope of extending it to a
general framework based on the training of a similar
neural network on a representative set of cases.
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catholique de Louvain.

Frère, A., Carton de Wiart, C., Hillewaert, K., Chate-
lain, P., & Winckelmans, G. (2017). Application
of wall-models to Discontinuous Galerkin LES
channel flow. Physics of Fluids 9(8), 085111.

Frère, A., Hillewaert, K., Chatelain, P., & Winckel-
mans, G. (2017). High Reynolds number air-
foil: from wall-resolved to wall-modeled LES.
In Proceedings of the DLES 11 conference.
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Abstract

In Detached Eddy Simulations (DES[1] and ID-

DES [2]), part of the flow is URANS mode (where

most of the turbulence is modeled by a RANS model)

and the other part is in LES mode (where most of the

turbulence is resolved). Between these regions the par-

tition of turbulent kinetic between URANS mode and

LES mode changes seamlessly (as in IDDES) or some-

what more abruptly (as in DES). Looking at the en-

ergy spectrum this change of partition can be seen as

a change of the cut-off wavenumber, κc. In this paper

we formulate a limitation – based on perturbation anal-

ysis – on how to reduce the spatial change in partition.

This is achieved simply by setting a limit on the dissi-

pation term in the k equation in the LES region. This

slows down the spatial transition from RANS to LES

at RANS-LES interfaces in boundary layers, embed-

ded LES and – depending of boundary condition on k
– at inlets. It is found to give at least as good results

as the standard IDDES model. For the hump flow, the

IDDES-PC model gives better results than the IDDES

model.

1 Introduction

In [3] they performed perturbation analyses about

the equilibrium states, representing small variation of

the turbulent kinetic energy partition. The analysis

was performed along a streamline assuming that the

left-hand sides of the k and ε equations are zero. They

introduced a H-equivalence between PITM/PANS[4,

5] and DES. Later on, new formulations of the PANS

model were presented mimicking the DES model [6]

and the IDDES model [7]. The two new PANS mod-

els were denoted D-PANS and ID-PANS, respectively.

In [7] it was found that the ID-PANS model was nu-

merically more stable than its parent IDDES model.

A smaller time step had to be used in IDDES than in

ID-PANS.

In the present work we propose how to limit the

spatial change of partition between resolved and mod-

eled turbulence. We will, furthermore, extend the per-

turbation analysis to flows where we include the left-

hand side of the k and ε equations neglecting the dif-

fusion term. We denote the new model IDDES-PC

(Partition Control).

2 The turbulence models

The low-Reynolds number for IDDES and PITM

(Partially Integrated Transport Modeling) reads

∂k

∂t
+
∂ūjk

∂xj
=

∂

∂xj

[(

ν +
νt
σk

)

∂k

∂xj

]

+ Pk − ψε

∂ε

∂t
+
∂ūjε

∂xj
=

∂

∂xj

[(

ν +
νt
σε

)

∂ε

∂xj

]

+ Cε1f1Pk
ε

k
− C∗

ε2

ε2

k

Cε1 = 1.5, Cε2 = 1.9, Cµ = 0.09

νt = Cµfµ
k2

ε
, σk = 1.4, σε = 1.4 (1)

where the damping functions are defined as

f2 =

[

1− exp
(

−
y∗

3.1

)

]2 {

1− 0.3exp

[

−
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)2
]}
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[

1− exp
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−
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14

)

]2
{

1 +
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3/4
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exp

[

−
( Rt

200

)2
]

}

PITM

The coefficient in the ε equation reads C∗

ε2 =
Cε1+ fk(Cε2f2−Cε1) and ψ = 1. The function fk is

computed based on IDDES/DES and the equivalence

criterion [7]

fk = min

{

1,max

[

Cε2 − Cε1ψ

Cε2 − Cε1
, 0

]}

(2)

The PITM model is used in the analysis below. It

is not included in the results section.

IDDES and IDDES-PC

1
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Figure 1: Channel flow, periodic boundary conditions. : IDDES-PC model; : IDDES; : Smagorinsky

model using the IDDES-PC velocity field; Markers: DNS [8]

The coefficient in the ε equation is constant,C∗

ε2 =
Cε2 and ψ in the k equation is computed as

ψ = max

(

1,
k3/2/ε

LIDDES

)

where LIDDES is the usual IDDES length scale [2, 7]

LIDDES = fd(1 + fe)
k3/2

ε
+ (1− fd)CDES∆

IDDES-PC differs from IDDES by the use of a limiter

for ψ, which is derived below.

3 Analysis

Let us define the modeled ensemble-averaged k
and ε, i.e. kM = 〈k〉 and εM = 〈ε〉. Along mean

streamlines, kM and εM are assumed to be in equilib-

rium, which yields, when describing both PITM and

IDDES

dkM
dt

= P k +Dk − ψεM = 0 (3)

dεM
dt

= Cε1
εM
kM

P k +Dε − C∗

ε2

ε2M
kM

= 0 (4)

ψ = max

(

1,
k3/2/ε

CDES∆max

)

(5)

We introduce a perturbation, δkM , which slightly

moves the cut-off between resolved and modeled

scales. We assume that does not affect the dissipation,

i.e

δεM = 0. (6)

Following [3], we assume that δkM/kM does not vary

in space, i.e.

∂(δkM/kM )

∂xj
= 0 ⇒

1

kM

∂(δkM )

∂xj
−
δkM
k2M

∂kM
∂xj

= 0

which gives

∂(δkM )

∂xj
=
δkM
kM

∂kM
∂xj

(7)

The relation above implies that the spatial change of

partition between resolved and modeled turbulence is

proportional to that of the modeled turbulence; this is

a physical, reasonable assumption.

For the PITM model, the perturbation analysis

gives [7, 9]

δC∗

ε2 =
3δkM
kM

(C∗

ε2 − Cε1) ⇒
δfk
fk

=
3δkM
kM

(8)

We find – as expected – that there is a linear relation

between a change in the turbulence kinetic energy par-

tition, δkM , and fk. When fk increases (i.e. the cut-

off wavenumber moves to a lower wavenumber), then

δkM increases (i.e. more turbulence is modeled).

For the IDDES/DES model, the equations for in-

finitesimal perturbations of Eqs. 3-4 are

δP k + δDk − εMδψ = 0

Cε1
εM
kM

P k

(

δP k

P k
−
δkM
kM

)

+Cε2
ε2M
kM

(

δkM
kM

)

+ δDε = 0

The perturbation analysis gives [7, 9]

δψ =
3 (Cε1ψ − Cε2)

Cε1

δkM
kM

⇒

δψ

ψ
=

3δkM
kM

(

1−
Cε2

Cε1ψ

)

(9)

For ψ < Cε2/Cε1, the relation is as expected: an in-

crease in ψ – due to, for example, a decrease in ∆max

– corresponds to a negative δkM (i.e. less modeled and

more resolved turbulence). But for ψ > Cε2/Cε1 this

relation is reversed. The reason is probably that Eq. 7

is not valid. One way to make sure that Eq. 7 is not

violated is to introduce a limit on ψ as

ψ ≤ Cε2/Cε1 (10)

In this way we get a modified IDDES model – denoted

IDDES-PC (Partition Control)– in which the change in

turbulence kinetic energy partition obeys Eq. 7.

Above we made an analysis neglecting the con-

vection terms while retaining the diffusion terms, see

Eq. 3. Next, we make an assumption that the diffusion

term is negligible but we retain the convection term,



Ck, i.e.

P k − Ck − ψεM = 0

Cε1
εM
kM

P k − Cε − C∗

ε2

ε2M
kM

= 0

A perturbation analysis gives, using Eq. 7, for the

PITM model [9]

δfk
fk

=
δkM
kM

(11)

and for the IDDES/DES model [9]

δψ

ψ
=
δkM
kM

(

1−
Cε2

Cε1ψ

)

(12)

The limit on ψ for the IDDES/DES model when ac-

counting for convection is the same as when account-

ing for diffusion (see Eq. 9).

The perturbation analysis presented above – both

when neglecting the diffusion and the convection –

gives the same limit on ψ, i.e. Eq. 10. This limit is

expected to be active when the spatial gradients of the

turbulence kinetic energy partition –and the gradient of

k itself – is largest, i.e. in regions where the changes in

cut-off wavenumber, κc, is strongest. We expect this

to happen at RANS-LES interface in a boundary layer,

at embedded RANS-LES interface and at inlets (pro-

vided that the inlet boundary conditions for k are taken

from RANS).

4 The numerical method

The finite volume code pyCALC-LES [10] is

used. It is fully vectorized (i.e. no for loops). The

solution procedure is based on fractional step. Second-

order central differencing is used in space and the

Crank-Nicolson scheme in time. For k and ε, the

hybrid central/upwind scheme is used together with

first-order fully-implicit time discretization. The dis-

cretized equations are solved with Pythons sparse ma-

trix solvers. For the pressure Poisson equation, the

pyAMG solver [11] has been found to be very efficient.

5 Results

The first test case is fully-developed channel flow

at Reτ = uτh/ν = 5 200, where h denotes half-

channel width. The size of the domain is xmax = 3.2,

ymax = 2 and zmax = 1.6. The mesh has 32×96×32
(x, y, z) cells which gives (∆x+,∆z+) = (800, 400).

Figure 1a shows that both models give virtually the

same velocity profiles. The strongest change in parti-

tion between modeled and resolved turbulence – due

to turbulent diffusion – occurs in the interface region

between RANS and LES. The theoretical maximum

partition change is given by Eq. 9. It can be seen in

Fig. 1b that when going from RANS to LES the mod-

eled turbulence decreases faster – i.e. the energy parti-

tion changes faster – for the IDDES model compared

to IDDES-PC. The reason is – of course – that we limit

the change in turbulence kinetic energy partition in the

IDDES-PC model. Figure 1c shows ψ and we see

that the limitation in ψ in the IDDES-PC model takes

place in the LES region close to the RANS-LES inter-

face. The turbulent viscosity (Fig. 1d) predicted by the

IDDES-PC in the LES region near the interface does

not exhibit any local minimum near the RANS-LES

interface as does the IDDES model. The first impres-

sion may be that the IDDES-PC does not sufficiently

reduce the turbulent viscosity in the LES region near

the RANS-LES interface. But on the other hand, why

should the turbulent viscosity in the LES region close

to the RANS-LES interface exhibit a local minimum

as does the IDDES model? The Smagorinsky model

gives a peak in the turbulent viscosity at the same loca-

tion (the Smagorinsky turbulent viscosity is computed

for post-processing in the IDDES-PC simulation) as

the location of the minimum with the IDDES model.

Finally, it should be noted that many DES/PANS mod-

els predict a local minimum in turbulent viscosity near

the interface, see e.g. [12].

The second test case is channel flow with inlet-

outlet. The same mesh is used as above in the y
and z directions. In the x direction, the extent is

xmax = 9 using 96 cells. The inlet k is taken from

a 1D RANS. Following Eq. 6, Neumann is used for ε,
i.e. ∂ε/∂x = 0. The object is to study how fast the

turbulence models change the partition from modeled

to resolved turbulence when going from RANS to LES

near the inlet. The theoretical partition change is given

by Eq. 12. Figure 2a shows that both models give

reasonable good results (including commutation terms

improves the result, see below, but it is not such a good

test case for partition change). The modeled, turbulent

kinetic energy in Fig. 2b shows the same trend as for

fully-developed channel flow: the change in partition

is much faster for IDDES than for IDDES-PC.

The third test is identical to the second, except that

we in the k equation add a commutation term includ-

ing ∂fk/∂x at the plane adjacent to the inlet. The ob-

ject is to reduce the inlet k, prescribed from 1D RANS,

where fk is taken from the equivalence criterion in

Eq. 2; fk = 1 at the inlet. The commutation term

reads (Interface Model 2 in [12]).

Pc = ktotū1
∂fk
∂x

(13)

where ktot is the sum of resolved (running average)

and modeled turbulent kinetic energy. For more de-

tail on inlet synthetic fluctuations and the commutation

term, see [12].

Figure 3 presents the friction velocity, the modeled

k, ψ and the turbulent viscosity. Thanks to the com-

mutation term, the modeled turbulent kinetic energy

is quickly reduced from RANS values at the inlet to

appropriate LES values. The ψ function is limited in

the entire LES region. Far downstream (not shown),

the limit is active only near the RANS-LES interface
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Figure 5: Hump flow. Velocities. : IDDES-PC model; . IDDES. Markers: experiments [13, 14]
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(as in Fig. 1c). It may be noted – contrary to Fig. 1d

and 2d – the ψ function exhibits a local minimum in

the LES region near the RANS-LES interface also for

the IDDES-PC model. The reason is the commutation

term in Eq. 13 which is large in the interface region

(ktot is large).

The fourth test case is the flow over a two-

dimensional hump. The Reynolds number of the hump

flow is Rec = 936 000, based on the hump length,

c = 1, and the inlet mean velocity at the centerline,

Uin,c = 1. The time step is set to 0.003c/Uin,c. The

inlet is located at x = −2.1 and the outlet at x = 4.0.

The spanwise extent is zmax = 0.2. The mesh has

582×128×32 cells (x, y, z) and it is based on the mesh

in [15] but it is refined in the region −2.1 ≤ x ≤ −1
so that ∆x = 0.01 for x < 0, see Fig. 4a. The inlet

mean flow and the turbulent quantity, k is set from a

2D RANS simulation and ∂ε/∂x = 0. Anisotropic

fluctuations are superimposed on the mean flow in the

same way as in the channel flow simulation and the

commutation term in Eq. 13 is employed.

Figures 4b and 4c compare predicted pressure co-

efficient and skin friction with experiment. The agree-

ment is good for both models. The IDDES model

gives slightly too strong a recirculation region which

is seen also in the velocity profiles (Fig. 5). The total

shear stress and the modeled shear stress are presented

in Fig. 6 (to enhance visibility, the negative modeled

shear stresses are plotted). Both models over-predict

the magnitude of the shear stress at x = 0.65. This



was also seen in [7, 15]. Figure 7 presents ψ and it

is seen that the limit of ψ in the IDDES-PC is active

in a large region in the attached boundary at x = 0.65
but further downstream it is active up to approximately

y − ywall < 0.02. For the IDDES model, ψ has at

x = 0.65 a local peak at y − ywall ≃ 0.07 which fur-

ther downstream moves away from the wall. The peak

has probably its origin at x = 0 where the IDDES

model predicts a large peak in 〈u′u′〉, see Fig. 8a. This

peak is almost three times larger than the peak in the

experiments at x = 0.65 (not shown). Figure 8b shows

the turbulent viscosity and it can be seen that the ID-

DES gives a local peak at x ≃ 0.07 (the same location

as ψ). Such a minimum in the turbulent viscosity in

the LES region close to the RANS-LES interface was

also seen in the channel flows (Figs. 1d and 2d).

6 Conclusions

A new limit on spatial gradient of partition be-

tween modeled and resolved turbulent kinetic energy

is presented. Looking at the turbulent kinetic energy

spectrum, the location of partition corresponds to the

cut-off wavenumber, κc. The limit was introduced in

the perturbation analyses in [3]. It states that the spa-

tial gradient of κc is related to that of k.

It is found that the new model does reduce the gra-

dient of κc in the RANS-LES interface regions as it

should. It is found to give at least as good results as

the standard IDDES model. For the hump flow, the

IDDES-PC model gives better results than the IDDES

model. The reason may be that the resolution in the

boundary layer approaching the hump is too low or

that the synthetic fluctuations are not good enough.

This issue will be addressed in the near future using

a refined mesh and inlet boundary conditions from a

pre-cursor simulation.

The new limit is in this work used in the IDDES

model. It could probably be used in any DES model.
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Abstract
The central objective of the present study is to

investigate the turbulence-coagulation interaction via
direct numerical simulation (DNS) coupled with the
population balance equation (PBE). Coagulation is an
important process in several environmental and engin-
eering applications involving turbulent flow, including
soot formation, gas-phase synthesis of nanoparticles
and atmospheric processes, but its interaction with tur-
bulence is not yet fully understood. Particle dynamics
can be described by the PBE, whose Reynolds decom-
position leads to unclosed terms involving correlations
of number density fluctuations. In the present study,
we employ a discretisation (sectional) method, which
is free of a priori assumptions regarding the particle
size distribution (PSD) to solve the PBE together with
flow DNS. The behaviour and significance of the un-
known correlations is investigated by performing DNS
of a 3D spatially developing planar jet laden with mon-
odisperse nanoparticles. Coagulation due to collisions
in the free-molecule regime is considered in accord-
ance with the kinetic theory of gases. The correlations
of the turbulent fluctuations of the PSD are calculated
at several points in the domain and found to be positive
for most of the points examined. Negative correlations
are also observed close to the jet break-up point. The
correlation terms in the transport equation of the mo-
ments make a considerable contribution to the time-
averaged coagulation source term and therefore neg-
lecting these terms, as is common practice, can result
in an error of 20% on the jet centreline and up to 40%
close to the jet edges.

1 Introduction
Coagulation is an important process in several ap-

plications, including soot formation, gas-phase syn-
thesis of nanoparticles, and atmospheric processes.
Particle dynamics can be described by the Popula-
tion Balance Equation (PBE), which is also known as
the General Dynamic Equation (GDE). In most of the
cases, coagulation occurs in turbulent flows and its in-
teraction with turbulence is not yet fully understood.
Direct numerical simulations (DNS) can be used to
gain physical insight into such complex phenomena.

DNS analysis of nanoparticle coagulation in a 2-D
turbulent planar jet were performed by Scott and Gar-
rick (2004). They used a nodal method, where un-
like the moment methods there are no a priori assump-
tions regarding the PSD. However, the computation of
the turbulent fluctuations which occur by Reynolds de-
composing the PBE were left for future work. One of
the first attempts to model the turbulent fluctuations
was made Rigopoulos (2007) where a PDF approach
was developed and tested in a partially stirred reactor.
It was concluded that future work should evaluate the
error which occurs by neglecting the turbulent fluctu-
ations of the PSD. Finally, the effect of turbulence on
nanoparticle coagulation via DNS analysis was stud-
ied by Garrick (2011) in a turbulent shear 3-D flow,
where a moment method was used . Results showed
that small-scale interactions act to both increase and
decrease particle growth.

The central objective of the present study is to
investigate the turbulence-coagulation interaction via
DNS coupled with the PBE. Reynolds decomposition
of the PBE leads to unclosed terms involving correl-
ations of number density fluctuations. The behaviour
and significance of the unknown correlations is invest-
igated.

2 Mathematical Model
The nanoparticle dynamics can be described by the

PBE which for the coagulation case takes the form:

∂n

∂t
+ uj

∂n

∂xj
=

∂

∂xj

(
Dp

∂n

∂xj

)
+

1

2

∫ v

0

β(w, v − w)n(w)n(v − w)dw

−
∫ ∞

0

β(v, w)n(v)n(w)dw (1)

where, v and w represent particle volumes, n =
n(x, t, v) is the number density function per unit
volume, Dp is the diffusion coefficient of particles
of volume v, and β(v, w) is the coagulation kernel
where the kernel for the Free Molecular Regime was
used in this study. For the case of pure coagulation
it can be proved that Eq. (1), without the convec-
tion and viscous terms, admits self similar solutions.



For a initially monodisperse aerosols undergoing co-
agulation in the free molecular regime, it was found
that the time to reach the Self Preserving PSD is:
τSP = 5

( 3
4π )

1/6
(

6kbT

ρp

)1/2
v

1
6
o Nt=0

where vo is the initial

particle volume. The Coagulation Damkohler Number
is defined as Dacoag = τconv

τSP /5
where τconv = h

Uo
is a

convection timescale.
The moments of the PSD are defined as Mk =∫∞

0
vk · n(v)dv where k is the order of the moment.

The 0th moment is the total number concentration of
particles M0 ≡ N . The 1st moment represents the
particle volume fraction M1 ≡ Φ and the 2nd mo-
ment M2 is proportional to the total light scattering.
A transport equation for the evolution of moments can
be derived by multiplying Eq. (1) with vk and integ-
rate with respect to v. By decomposing the PSD into
mean and fluctuating parts n = n+n′ and introducing
that to the equation for the moments we get Eq. (2).
The unknown correlations occurred are calculated in
the present research.

∂Mk

∂t
+ uj

∂Mk

∂xj
+ u′j

∂M ′
k

∂xj
=

∂

∂xj

(
Dp

∂Mk

∂xj

)
+

1

2

∫ ∫
(v + w)k β(v, w)n(v)n(w)dvdw

−
∫ ∫

(vk + wk)β(v, w)n(v)n(w)dvdw

+
1

2

∫ ∫
(v + w)k β(v, w)n′(v)n′(w)dvdw

−
∫ ∫

(vk + wk)β(v, w)n′(v)n′(w)dvdw (2)

3 Methodology
DNS of 3-D spatially developing planar turbulent

jet were performed. The jet is laden with monod-
isperse nanoparticles and issues into a particle-free co-
flow stream. Simulations for two cases withDacoag =
1 and Dacoag = 1/3 were performed. A contour plot
of M2 is shown in Fig. (1).

The Reynolds number based on the jet velocity at
the centreline is Re = 3000. The size of the compu-
tational domain is 25h× 26h× 5h and the number of
cells used is 900 × 452 × 128 in the x, y, and z dir-
ections, respectively. Top-hat profiles are imposed at
the inflow and turbulent fluctuations are superimposed
to the mean velocity. The maximum Reynolds num-
ber Reλ was found to be 160. Good agreement of the
results with the experimental flow data was found. In
the current work a unit Schmidt number Scp = 1 was
chosen for all particles.

The simulations of the current study were per-
formed with an inhouse CFD code called “PANTAR-
HEI” coupled with an inhouse code for particulate
modelling called “CPMOD”. The code constitutes a
finite volume solver of the incompressible Navier-

Stokes equations. A central space discretisation
scheme and a 3rd order Backward Differentiation For-
mula were used. The discretisation method of the PBE
is described in Liu and Rigopoulos (2019). The PBE
is descretised to number densities ni and the PSD is
obtained for each computational cell of the domain. In
the current study 35 intervals (bins) are used and non-
inertial particles are considered St� 1.

4 Results - Conclusions
The number density fluctuation correlations

n′(v)n′(w) were calculated at several probe points in
the domain. They were mostly positive but negative
values were also present (see Fig. (2)) close to the jet
break-up location. The unclosed terms in Eq. (2) for
the 0th and 2nd moment are shown in Eq. (3) and Eq.
(4).

−1

2

∫ ∞

0

∫ ∞

0

β(v, w)n(v)n(w)dvdw︸ ︷︷ ︸
A0

=

−1

2

∫ ∞

0

∫ ∞

0

β(v, w)n(v)n(w)dvdw︸ ︷︷ ︸
B0

−1

2

∫ ∞

0

∫ ∞

0

β(v, w)n′(v)n′(w)dvdw︸ ︷︷ ︸
C0

(3)

∫ ∞

0

∫ ∞

0

vwβ(v, w)n(v)n(w)dvdw︸ ︷︷ ︸
A2

=

∫ ∞

0

∫ ∞

0

vwβ(v, w)n(v)n(w)dvdw︸ ︷︷ ︸
B2

+

∫ ∞

0

∫ ∞

0

vwβ(v, w)n′(v)n′(w)dvdw︸ ︷︷ ︸
C2

(4)

Results showed that C0 is negative everywhere
in the domain.This means that, by neglecting it, one
would overestimateM0. The ratiosC0/A0 andC2/A2

are shown in Fig. (3). The correlation terms in the
transport equation of the moments make a consid-
erable contribution to the time-averaged coagulation
source term and therefore neglecting these terms, as is
common practice, can result in an error of 20% on the
jet centreline and up to 40% close to the jet edge. An
interesting observation is that C2/A2 reaches higher
values than the ratio C0/A0 with a relative difference
of the peak values close to 18% (see Fig. (3)). Coagu-
lation was found to have greater effect on the evolution
of M2 in this region. This has to do with the heav-
ier weighting of the large particles of the distribution,
which are formed due to coagulation at downstream



positions. This partly explains why C2/A2 reaches
higher values than the ratioC0/A0. Finally, both ratios
were found to have a weak dependence on the Dacoag
number, at least for the cases examined.

Figure 1: Contour plot of instantaneous M2 for Dacoag =
1.

Figure 2: Maps of number density fluctuation correlations
n′(v)n′(w) at probe point (10, 0, 0).

Figure 3: Centreline values of C/A (see Eq. (3) and (4)).
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Abstract
In the current study we perform LES of the jets is-

suing from the triangular nozzles with various aspect
ratios (ARs) and various end sections, i.e., smooth
transition, straight pipe, short contracting and orifice
plate. It is shown that increasing the AR of a noz-
zle speeds-up the decay of the axial velocity and in-
creases the growth of its fluctuations in the near-field.
However, the impact of the AR on the jet behaviour
strongly depends on the type of the exit nozzle section.

1 Introduction
Passive control of the jet flows is most often re-

alised by shaping the nozzles. It is regarded as the
simplest way allowing to obtain practically desired
jet characteristics, e.g., enhanced mixing rates and
entrainment. Even though such geometrical modi-
fications can be applied easily, the actual outcome
is difficult to predict by intuition. For instance, it
turns out that the jets issuing from sharp-edged ori-
fices are more energetic compared to the jets gener-
ated by smoothly contoured nozzles (Mi and Nathan
2010; Azad et al. 2012), whereas the jets issuing from
asymmetric or polygonal nozzles feature in emergence
of flow structures that enhance the mixing intensity
(Gutmark and Grinstein, 1999; Quinn, 2005). In the
experimental study of Mi and Nathan (2010) put an
effort into recognition of the impact of smoothly con-
tracting and orifice-type (OP ) nozzles on the jet dy-
namics. This work was devoted to triangular noz-
zles (equilateral and isosceles triangular with various
aspect ratios (AR)), among others, which in previ-
ous research showed remarkably different behaviour
compared to the other nozzle shapes, e.g., circular or
square. Among all analysed configurations the re-
sults obtained using the isosceles-triangular nozzle of
AR = 2.5, characterised by the fastest velocity decay
rate in the near-field, enhanced mixing and the largest
spreading rate. The triangular nozzles show tendency
to shorten the potential core of the jet and intensify tur-

bulence level was recently showed experimentally by
Aleyasin et al. (2018) for a sharp contraction nozzle
in a wide range of the Reynolds number (Re = 6000-
20 000). It was shown by the author that the potential
core length was about 16%–30% shorter in the triangu-
lar jets compared to the round jets, implying enhanced
mixing performance in the near-field region of the tri-
angular jets. Additionally, the authors showed that in
case of round jet increasingRe above 6000 reduces the
mixing performance in contrast to the triangular jets
in which the mixing characteristics were almost inde-
pendent of Re. One of the indicators was the swirling
strength which revealed faster turbulent diffusion from
the shear layers toward the centreline in the triangular
jets comparing to the round jets. The impact of the
nozzle exit shape was studied experimentally by Quinn
et al. (2013). The configurations under investigations
were: triangular isosceles OP nozzles of AR ≈ 1.9
andAR ≈ 0.09 and were compared to the two circular
ones: OP and contoured nozzle. For Re = 168 000
the authors showed a higher streamwise centreline ve-
locity decay in low AR jet. The potential core length
was the shortest forOP nozzle andAR ≈ 0.09, on the
other hand it was the longest for the contoured nozzle
circular jet. The axis-switching phenomena was dis-
cerned for the highAR nozzle but no evidence of such
was reported for the low AR jet.

The current studies extend on the jets issuing from
the triangular nozzles with various ARs and various
end sections. It is unknown whether the exceptional
characteristics of the jet studied by Mi and Nathan
(2010) (AR = 2.5, orifice-type nozzle) is preserved
if the nozzle is a long pipe or if it ends by a sharp con-
traction. In the present research we focused on this
issue and assessed the effect of the jet nozzle aspect
ratio, i.e., AR = 1.0, 1.5, 2.0, 2.5, 3.0 and the noz-
zle type, i.e., a straight pipe (SP ), short contraction
(SC) and orifice plate. The research is performed ap-
plying Large Eddy Simulation (LES) and an in-house
high-order solver SAILOR (Tyliszczak, 2014). The
results obtained allowed us to show that depending on



the nozzle type the jets at various AR behave signifi-
cantly different.

2 Configuration
Similarly as in the experimental study of Mi and

Nathan (2010) we consider the jets characterized by
Re = UbDe/ν = 15 000, defined based on the bulk
jet velocity Ub, equivalent nozzle diameter De, which
is kept constant for all analysed nozzle configurations
and air kinematic viscosity ν. The Re value was in-
tentionally chosen since as shown by Aleyasin et al.
(2018) the triangular jets at Re = 15 000 generally
feature in similar characteristics as the higherRe num-
bers cases and the mixing efficiency seems not be too
much affected.

a) AR 1.0 b) AR 1.5

c) AR 2.0 d) AR 2.5

e) AR 3.0 f) AR 2.5 SP

g) AR 2.5 OP h) AR 2.5 SC

Figure 1: Schematic views of the analysed nozzles types.

The computations were performed in two stages.
In the first one, we applied the ANSYS Fluent solver
to model the flow inside the nozzles and acquired the
velocity signals (of a duration 300De/Ub), which were
then used as the inlet boundary conditions for the sec-
ond part of the simulations. The main computations
were carried out using the SAILOR code. In that stage
we modelled the flow in a rectangular domain of di-
mensions 8De × 8De × 28De. The geometries used
to generate the inlet velocity signals are presented in
Fig. 1. The subfigures (a)-(e) show the geometries
of the smooth transition nozzles with initial circular

cross-section changing into the triangular one. Subfig-
ure (f) depicts the SP nozzle geometry with the cross-
sections indicating the locations of the inlet signal ac-
quisition, while the subfigures (g) and (h) show the
geometries of the OP and SC nozzles.

Referring to a particular case throughout the text
we use abbreviations containing: AR (aspect ratio)
followed by the value of AR, i.e, 1.0, 1.5, 2.0, 2.5 or
3.0. The abbreviation ends with the symbol denoting
the nozzle type, i.e., OP , SC or SP (smooth transi-
tion is left without any symbol). In case of SP isosceles
triangular nozzle, one of the values 1, 5, 10, 15 or 19
used in the symbol indicates the location expressed in
y/De units, where the inlet signal was a gathered.

Modelling
In this paper we consider incompressible flow

modelled through the incompressible LES filtered
Navier-Stokes equations which can be found in many
textbooks, i.e., Geurts (2021). The main numeri-
cal simulations were carried out using an in-house
LES high-order compact difference code developed
and verified by Tyliszczak (2014). The SAILOR code
is based on the projection method for the pressure-
velocity coupling with time integration performed
by a predictor-corrector (Adams-Bashforth/Adams-
Moulton) method. The spatial discretization is based
on the compact difference method up to 10th order
on half-staggered meshes. For sub-grid stresses mod-
elling it exploits the Vreman model. As already men-
tioned, for generating the inlet velocity signals we
used ANSYS Fluent software with LES turbulence
model, applying the WALE sub-grid scales model.

3 Results
Figure 2 presents the centreline profiles of the nor-

malized time-averaged axial velocity Uc/Um (Um de-
noting the maximum velocity value) (a), its inverse (b),
RMS of the axial velocity fluctuations (URMS) (c),
and its normalized values URMS/Uc (d), for all the
analysed cases. It can be seen in Fig. 2a) and b) that
with the increasing nozzleAR the velocity profiles ex-
hibit the expected trend of a faster velocity decay. The
results for AR 1.0 and AR 2.5 up to the intermediate-
field are in good agreement with the experimental data
of Mi and Nathan (2010) (note that experiments were
performed using OP nozzle). For OP nozzle we ob-
tained a good agreement in the near-field however un-
derestimation is evident in the intermediate-field. On
the other hand, the results from SP isosceles traingu-
lar nozzle show a distinct behaviour. The results in
Fig. 2a) indicate that Uc/Um profiles almost overlap
in the near to intermediate field, differently from the
smooth transition cases. However, from Fig. 2b) one
can read that the velocity decay rate increases in the
far-field while progressing the plane of the inlet signal
acquisition towards the nozzle exit.

The velocity fluctuations grow downstream the jet



a) b)

c) d)

Figure 2: Centreline profiles of the time-averaged Uc nor-
malized by Um (a), its inverse (b), RMS of the ax-
ial velocity fluctuations URMS (c), and its normal-
ized values URMS/Uc (d).

as the turbulent structures evolve in the shear layer.
The centreline URMS and URMS/Uc profiles in gen-
eral indicate that the velocity fluctuations in SP jets of
AR = 2.5 are weaker than in the other. From Fig. 2c)
a faster rate of URMS growth for smooth transition
nozzles compared to SP can be found. Also, by in-
creasing AR the peak value of URMS grows. Faster
increase of URMS can be attributed to the quicker
growth of the turbulent structures towards the centre-
line. This indicates the enhancement in near-filed mix-
ing rate attributed to smooth transition nozzles with a
high AR. In Fig. 2d) we indicated the experimental
results of Mi and Nathan (2010). Even though the un-
derestimation is evident we were able to well capture
the trend of the characteristic broad peak in URMS/Uc

as well as its axial location. The origin of that peak is
discussed in the following sections. One can note the
characteristics non-growing regions of URMS in the
zoom in Fig. 2c) for SP nozzle. These are due to the
merging of multiple shear layers stemming from the
non-circular nozzle geometry as noted by Quinn et al.
(2013).

The profiles of Um/Uc apparently asymptote to a
linear decay. Therefore for getting a further insight
into the velocity characteristics we calculated the pa-
rameters of the linear fits of the results from Fig. 2b)
for y/De > 10, following the expression:

Um

Uc
= Ku

(
y − y0
De

)
, (1)

where y0/De is called the jet virtual origin and Ku

is velocity decaying rate. Additionally, we estimated

the potential core lengths Lc/De based on the value
0.98Um. These results can be found in Tab. 1.

Table 1: Table presenting the values from fitting the axial ve-
locity profiles to Eq. (1) and Lc values.

Case y0
De

Ku
Lc

De

Re

AR 1.0 -0.21 0.156 3.3 15 000
AR 1.5 -0.25 0.153 3.3 15 000
AR 2.0 -0.31 0.159 2.7 15 000
AR 2.5 -0.57 0.140 2.4 15 000
AR 3.0 -0.04 0.188 2.2 15 000
AR 2.5 OP -0.24 0.210 2.1 15 000
AR 2.5 OP b) — 0.203 — 15 000
AR 1.0 OP c) — 0.196 — 184 000
AR 2.5 SC -0.17 0.158 2.8 15 000
AR 1.0 SC a) — 0.156 — 13 800
AR 1.0 SC a) — 0.157 — 20 000
AR 2.5 SP1 -0.30 0.134 3.1 15 000
AR 2.5 SP5 -0.19 0.141 3.1 15 000
AR 2.5 SP10 -0.37 0.138 3.3 15 000
AR 2.5 SP15 -0.11 0.154 3.3 15 000
AR 2.5 SP19 -0.29 0.148 3.3 15 000

a) Aleyasin et al. (2018) b) Mi and Nathan (2010)
c) Quinn (2005)

The estimated Ku values confirm that the jets issu-
ing from SP nozzle characterize slower velocity de-
cay than the ones originating from smooth transition
nozzle. For SC and OP nozzles Ku values agree well
with the literature data. The velocity decay rate in OP
jet is the fastest while Lc/De is the shortest one. It
should be noted that Lc is often regarded as an in-
dicator of the mixing efficiency in the near-field re-
gion. On the other hand Ku parameter measures the
mixing performance for the intermediate region. Both
these parameters for theOP case have the highest val-
ues. As can be seen in Tab. 1 the velocity in SC case
starts to decay 25% farther than in OP and this aligns
well with the experimental observations of Aleyasin
et al. (2018). Similarly as in experiment of Mi and
Nathan (2010) we reported a shorter Lc for the isosce-
les traingular jets compared to the equilateral one.

Inlet profiles characteristics
Figure 3 shows U/Uc exit profiles (left column)

and turbulence intensity (Ti = U/Ub) (right column)
from the axial distance y/De = 0.1 for the cases:
smooth transition nozzles (a),OP , SC nozzles (b) and
SP nozzle (c), along major (r1) and minor (r2) axes.
The profiles exhibit substantially different behaviours
leading to the distinct properties of the issuing jets.
For cases shown in Fig. 3a) one may observe the pro-
files change its horizontal extends due to nozzle AR
in a predictable way. However, with increasing the jet
AR the velocity profiles clearly deviate from the top
hat shape. This, together with increasing values of Ti,
along the nozzle base and towards its corner suggests
a stronger turbulent transport toward the axis accom-
panied by the momentum retardation in the vicinity



a)

b)

c)

Figure 3: Nozzle exits U/Uc (left column) and T i (right
column) profiles at y/De = 0.1 for cases: a)
smooth transition, b) OP and SC. Profiles in
c) correspond to the consecutive planes along SP
case. Profiles denoted as r1 and r2 extracted along
the major and minor axes, respectively.

of the walls. This has direct impact on the develop-
ment of the issuing shear layer. The velocity profiles
of OP and SC jets shown in Fig. 3b) are significantly
steeper near the nozzle walls, along direction r1. This
results from very short passage before exiting the noz-
zle, insufficient for the boundary layer development.
Therefore, the velocity profiles are more alike on both
sides. They present characteristic local minima situ-
ated in the vicinity of the axis. Accompanying Ti pro-
files present also very distinct features. In particular
Ti peaks for OP case have values higher than in other
cases.

The velocity profiles of SP cases exhibit typical
channel like development except for a strong devia-
tion is seen in the corner vicinity. The corner acts as
turbulence suppression as no peak in Ti is found in
that region. This feature makes the profiles distinct
from the smooth transition cases where the peaks are
present. Therefore, it can be concluded that cross-
sectional change leads to the boundary layer turbular-
ization in the corner vicinity in contrary to what is ob-

served in the long straight channel. Comparing the ve-
locity profiles in smooth transition case to the SP we
can conclude that the retardation of the momentum in
the corner vicinity is not caused by the turbulent dif-
fusion but rather by the viscous shear. This contrasts
with the smooth transition cases in which the retarda-
tion was attributed to the former process.

In the Tab. 2 the estimates of the parameters char-
acterizing the inlet profiles are given. In particular,
the momentum thicknesses in a vicinity of the nozzle
regions, i.e., sides (s), base (b), corner (c) and the re-
spective shape factors (H).

Table 2: Table presenting the characteristic parameters of
the inlet velocity profiles.

Case De

θs

De

θb

De

θc
Hs Hb Hc

AR 1.0 15.1 16.3 6.8 2.2 2.0 2.5
AR 1.5 16.0 15.5 4.8 2.2 2.2 2.4
AR 2.0 15.1 11.5 4.0 2.4 1.6 2.5
AR 2.5 16.1 9.4 3.2 2.1 1.3 2.4
AR 3.0 16.7 8.4 2.9 2.4 1.3 2.5
AR 2.5 OP 35.1 29.0 26.5 2.8 2.4 3.3
AR 2.5 SC 57.6 193.0 232.8 3.0 1.0 1.3
AR 2.5 SP1 44.8 42.9 14.3 3.3 1.6 2.5
AR 2.5 SP5 26.2 25.4 7.0 2.8 2.0 3.2
AR 2.5 SP10 22.0 20.4 5.4 1.8 2.0 3.0
AR 2.5 SP15 19.2 17.9 4.5 1.9 2.0 3.1
AR 2.5 SP19 17.5 16.4 4.2 1.6 2.0 3.1

Overall, θs, θb and Hs, Hb values are more uni-
form in case of SP nozzle for AR 2.5 than in smooth
transition nozzle. This is because the geometrical
hump accelerates a boundary layer development. In all
the cases other than SC, θc (Hc) have the lowest (high-
est) values. This is a consequence of the momentum
retardation in the corner region. Most notable differ-
ences are found for SC andOP nozzles. TheOP noz-
zle introduces the most uniform θ along the perimeter.
On the other extreme the SC nozzle makes the issuing
boundary layer the thinnest one. This alters the size
of turbulent structures originating from the emerging
shear layer.

Averaged velocity distributions
The impact of nozzle shape on jets structure in the

near-fields is qualitatively shown in Fig. 4. The im-
ages present U/Ub distributions drawn on the planes
aligned with the major nozzle axis r1. Most pro-
nounced differences in shape and Lc are evidenced.
Clearly, the nozzle geometry impacts the shear layer
thickness and the rate of its growth.

In Fig. 5 the contours of the averaged axial veloc-
ity are shown on the planes perpendicular to the jet
axis of the cases, i.e., (a) AR 1.0, (b) AR 2.0, (c)
AR 2.5 OP and (d) AR 2.5 OP . They present in-
teresting and distinct features representative also for
other cases. Case (a) shows evolution of the velocity
iso-contours typical for low AR nozzles (1.0 and 1.5).



AR 1.0 AR 1.5 AR 2.0 AR 2.5

AR 3.0 AR 2.5 OP AR 2.5 SC AR 2.5 SP1

AR 2.5 SP5 AR 2.5 SP10 AR 2.5 SP15 AR 2.5 SP19

Figure 4: Normalized axial velocity distributions drawn on
the planes aligned with the major nozzle axis.

Contours evolve downstream with growing waviness
of the outer iso-lines in the directions of extreme pos-
itive/negative curvature, indicated by the arrows. The
curvature is attributed to the alternate inward and out-
ward mass fluxes. The waviness is not present for the
smooth transition nozzles with AR > 2.0 and in SP
nozzle. There, the jet spreads only in the outward di-
rection changing from the oval to the circular shape
farther downstream. This mechanism seems to not be
influenced by θ but rather by the aerodynamic effect
of the flow through the nozzles with higher AR. The
transition into the circular shape is much faster for SP
jet than for the smooth transition ones (this does not
translate into the faster spreading rates). The contours
shape transition is substantially different for OP and
SC nozzles. The arrows in Fig. 5c) and d) indicate the
directions of this transition. It is evident that the pro-
files shrink along the major axis of the nozzle and at
the same time expand towards the minor axis. Further
downstream the initial triangular profiles are blurred
however the orientation of the initial shape is inverted.
This is an indication of the axis switching phenomena.

Most likely due to the approximately uniform distribu-
tion of θ along the nozzle perimeter.

a) AR 1.0

b) AR 2.0

c) AR 2.5 OP

c) AR 2.5 SC

Figure 5: Contours of the averaged axial velocity on the
planes perpendicular to the jet axis at three axial
locations.

Finally, we want to take a closer look into
the origin of the broad peak in URMS/Uc for
AR 2.5 OP nozzle (Fig. 2d)). As suggested by Mi
and Nathan (2010) this is the manifestation of the axis
switching phenomena. We found however that even
though the axis switching is observed also for SC noz-
zle the broad peak of URMS/Uc is not present in that
case. This suggests that the broad peak have different
origin than the axis-switching, likely due to the highly
energetic turbulent structures merging in the jet cen-
treline.

PSD and integral length scale
The power spectra (PSD) of the velocity fluctua-

tions are shown in Fig. 6. For smooth transition noz-
zles we discerned two distinct peaks in the jet poten-
tial core region for all the AR cases. First one ap-
pearing approximately at Lc/2 and the second one fur-
ther downstream at Lc, most likely stemming from the
two phenomena, i.e., shear layer vortex shedding and
vortex merging at the end of the potential core. The
frequencies in terms of the Strouhal number (St) of
those peaks for the AR 1.0 jet are St ≈ 0.68 and
0.35, respectively. Increasing AR the frequencies of



the peaks slightly decrease. Differently from the

a) AR 1.0 b) AR 2.5 OP

c) AR 2.5 SP1 d) AR 2.5 SP5

Figure 6: Power spectral densities of the centreline signal of
axial velocity fluctuations.

Figure 7: Centreline integral length scale evolution (linear
fits). For lines legend see Fig. 2.

smooth transition nozzles, no evident peak but rather a
broadband power distribution was found for OP , SC
and AR 2.5 SP1 cases. This somewhat contradicts
with findings of Quinn and Azad (2013) who found
for AR 1.9 OP case the dominant peak at St = 0.53
(however for Re = 168 000). Regarding the PSD in
cases other than AR 2.5 SP1 , a single peak in the
range from St = 0.6± 0.1 up to 0.7 occurs. However
without a clear correlation to the location of the veloc-
ity signal extraction. It prevails at Lc/De = 2.6± 0.1
for other cases and its power diminishes while pro-
gressing further downstream.

Finally, we analyse the centreline integral scale
L/De evolutions calculated from the time signal au-
tocorrelation function, following the expression:

L = Ub

∫ t2

t1

Ruudt, (2)

in which we use Ub to estimate the length scale. The
linear fits of the L/De evolution along the jets centre-
lines with fits functions are presented in Fig. 7. As can
be seen, L increases linearly with the streamwise dis-
tance approaching L/De = 1 close to the y/De ≈ 20,
similarly as in Aleyasin et al. (2018).

4 Conclusions
The obtained results show that increasing the AR

of a nozzle speeds-up the decay of the axial velocity
and increases the growth of its fluctuations in the near-
field. It is found that the impact of the AR on the jet
behaviour strongly depends on the type of the exit noz-
zle section. A systematic parametric study allowed to
univocally assess in which cases the alteration of AR
causes qualitative or/and quantitative changes. Having
a deep insight into the flow dynamics we were able to
identify the mechanism (structures) causing the excep-
tional behaviour of the triangular jets.
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Abstract
Physics-informed neural networks (PINNs) are

successful machine-learning methods for the solu-
tion and identification of partial differential equa-
tions (PDEs). We employ PINNs for solving the
Reynolds-averaged Navier–Stokes (RANS) equations
for incompressible turbulent flows without any spe-
cific model or assumption for turbulence, and by tak-
ing only the data on the domain boundaries. We
first show the applicability of PINNs for solving the
Navier–Stokes equations for laminar flows by solv-
ing the Falkner–Skan boundary layer. We then apply
PINNs for the simulation of four turbulent-flow cases,
i.e., zero-pressure-gradient boundary layer, adverse-
pressure-gradient boundary layer, and turbulent flows
over a NACA4412 airfoil and the periodic hill. Our
results show the excellent applicability of PINNs for
laminar flows with strong pressure gradients, where
predictions with less than 1% error can be obtained.
For turbulent flows, we also obtain very good accu-
racy on simulation results even for the Reynolds-stress
components.

1 Introduction
In recent years, machine-learning (ML) methods

have started to play a revolutionary role in many sci-
entific disciplines (Vinuesa et al., 2020). Fluid me-
chanics has been one of the active research topics
for development of innovative ML-based approaches
(Kutz, 2017; Duraisamy et al., 2019; Brunton et al.,
2020). The contribution of ML in turbulent-flow prob-
lems is mainly in the contexts of data-driven turbu-
lence closure modeling (Ling et al., 2016; Jiang et al.,
2021), prediction of temporal dynamics in turbulent
flows (Srinivasan et al., 2019; Eivazi et al., 2021),
nonlinear modal decomposition (Murata et al., 2020;
Eivazi et al., 2020) extraction of turbulence theory
form data (Jiménez, 2018), non-intrusive sensing in
turbulent flows (Guastoni et al., 2020; Güemes et al.,
2021), and flow control (Tang et al., 2020). More re-
cently, exploiting the universal-approximation prop-
erty of neural networks for solving complex partial
differential equation (PDE) systems has brought at-
tention, aiming to provide efficient solvers that ap-

proximate the solution. Physics-informed neural net-
works (PINNs), introduced by Raissi et al. (2019a),
have been shown to be well suited for the solution of
forward and inverse problems related to several dif-
ferent types of PDEs. PINNs have been used to sim-
ulate vortex-induced vibrations (Raissi et al., 2019b)
and to tackle ill-posed inverse fluid mechanics prob-
lems (Raissi et al., 2020). Moreover, PINNs have been
employed for super-resolution and denoising of 4D-
flow magnetic resonance imaging (MRI) (Fathi et al.,
2020) and prediction of near-wall blood flow from
sparse data (Arzani et al., 2021). Recently, Jin et al.
(2021) showed the applicability of PINNs for the sim-
ulation of turbulence directly, where good agreement
was obtained between the direct numerical simulation
(DNS) results and the PINNs simulation results. A de-
tailed discussion on the prevailing trends in embedding
physics into ML algorithms and diverse applications of
PINNs can be found in the work by Karniadakis et al.
(2021).

In this study, we employ PINNs for solving the
Reynolds-averaged Navier–Stokes (RANS) equations
for incompressible turbulent flows without any spe-
cific model or assumption for turbulence. In the RANS
equations, the loss of information in the averaging
process leads to an underdetermined system of equa-
tions. Traditional solvers require the introduction of
modeling assumptions to close the system. We in-
troduced an alternative approach to tackle this prob-
lem by using the information from a few data exam-
ples and the underdetermined system of equations for
the training of a neural network that solves the sys-
tem of equations. In particular, we use the data on the
domain boundaries (including Reynolds-stress com-
ponents) along with the RANS equations that guide
the learning process towards the solution. The spa-
tial coordinates are the inputs of the model and the
mean-flow quantities, i.e., velocity components, pres-
sure, and Reynolds-stress components, are the outputs.
Automatic differentiation (AD) (Baydin et al., 2018) is
applied to differentiate the outputs with respect to the
inputs to construct the RANS equations. Only the data
on the domain boundaries are considered as the train-
ing dataset for the supervised-learning part while a set
of points inside the domain together with the points
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Figure 1: A schematic of PINNs for solving the RANS equations for a general two-dimensional set-up. The left part of the
model is a FNN, and the right part is the formulation of the RANS equations using AD.

on the boundaries are used to calculate the residual of
the governing equations, which acts as the unsuper-
vised loss. The Reynolds number is set through the
governing equations. We take mean-flow quantities
obtained from DNS or well-resolved large-eddy sim-
ulation (LES) of canonical turbulent flow cases as the
reference.

2 Methodology
A schematic of PINNs for the RANS equations is

depicted in Figure 1. In a general two-dimensional set-
up, the spatial coordinates (x and y) are the inputs of
a fully-connected neural network (FNN), and the out-
puts are the mean streamwise and wall-normal com-
ponents of velocity (U and V , respectively), pressure
(P ), and Reynolds-stress components (u2, uv, and v2).
Automatic differentiation (Baydin et al., 2018) is ap-
plied to differentiate outputs with respect to the in-
puts and formulate the RANS equations (continuity
and momentum equations). AD can be implemented
directly from the deep learning framework as it is used
to compute the gradients and update the network pa-
rameters, i.e. weights w and biases b, during the train-
ing. We use the open-source machine-learning soft-
ware framework TensorFlow (Abadi et al., 2016) to
develop our PINN models. TensorFlow provides the
“tf.GradientTape” application programming in-
terface (API) for AD by computing the gradient of
a computation with respect to some inputs. Tensor-
Flow “records” the computational operations executed
inside the context of a tf.GradientTape onto a
so-called “tape”, and then uses that tape to compute
the gradients of a recorded computation using reverse-
mode differentiation.

In our setup, only the data on the domain bound-
aries are used as the training dataset for supervised
learning. The total loss is the summation of the super-
vised loss and the residual of the governing equations
as follows:

L = Le + Lb, (1a)

Le =
1

Ne

3∑
i=1

Ne∑
n=1

|εni |2, (1b)

Lb =
1

Nb

Nb∑
n=1

|Un
b − Ũn

b |2, (1c)

where Le and Lb are the loss-function components
corresponding to the residual of the RANS equations
and the boundary conditions, respectively. Here Ne
represents the number of points for which the resid-
ual of the RANS equations is calculated, and Nb is
the number of training samples on the domain bound-
aries. We consider a set of points inside the do-
main and compute the residuals on these points to-
gether with the points on the domain boundaries. Here,
Un
b = [Unb , V

n
b , P

n
b , u

2
n

b , uv
n
b , v

2
n

b ]
T represents the

given data for point n on the boundaries. Ũn
b is the

vector of PINN predictions at the corresponding point,
and εni is the residual of the ith governing equation at
point n. It is also possible to consider weighting coef-
ficients to balance different terms of the loss function
and accelerate convergence in the training process (Jin
et al., 2021).
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Figure 2: Simulation results of the Falkner–Skan boundary
layer with adverse pressure gradient using PINNs
(left) in comparison with the reference data (right).
(a, b, c) Contours of U , V , and P , respectively.

3 Results
We employ PINNs for solving the RANS equa-

tions for four turbulent flow cases, i.e., zero-pressure-
gradient (ZPG) boundary layer (Eitel-Amor et al.,
2014), adverse-pressure-gradient (APG) boundary
layer (Bobke et al., 2017), and turbulent flows over a
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Figure 3: Simulation results of the ZPG turbulent boundary layer using PINNs in comparison with the reference data. (a) Con-
tours of U (top), V (middle), and uv (bottom); (b) Shape factor H12 (top) and skin-friction coefficient cf (bottom).
(c) Inner-scaled mean streamwise velocity U+(top) and Reynolds-stress uv+ (bottom) profiles at Reθ = 2500, 4000,
and 5500. Dashed and solid lines represent, respectively, the PINN predictions and the reference data. Darker color
shows higher Reθ .

NACA4412 airfoil (Vinuesa et al., 2018) and the pe-
riodic hill. We also show the applicability of PINNs
for the simulation of laminar boundary flows. To eval-
uate the accuracy of the predictions, we consider the
relative `2-norm of errors Ei on all the computational
points and for the ith variable as:

Ei =
||Ui − Ũi||2
||Ui||2

× 100, (2)

where || · ||2 denotes `2-norm, and U and Ũ indicate
the vectors of reference data and PINN predictions, re-
spectively. Results for E is reported in Table 1 for all
the test cases. The dash symbol in this table denotes
that the corresponding variable is not calculated in that
test case. We discuss each test case in detail in the fol-
lowing.

Table 1: Relative `2-norm of errors, as defined in Eq. (2), in
the PINNs predictions with respect to the reference
data for all the test cases. The dash symbol in the
table denotes that the corresponding variable is not
calculated in that test case.

Test EU EV EP Eu2 Euv Ev2

FSBL 0.07 0.12 0.001 – – –
ZPG 1.02 4.25 – – 6.46 –
APG 0.28 1.57 4.60 – 7.96 –
NACA4412 1.56 2.17 7.30 9.43 11.36 4.69
Periodic hill 2.77 19.70 8.61 28.18 16.70 20.24

Falkner–Skan boundary layer (FSBL)
As the first test case, we solve two-dimensional

Navier–Stokes equations for the Falkner–Skan bound-
ary layer at Re = 100 using PINNs to show the ap-
plicability of PINNs for the laminar boundary layer

flows. We consider a boundary layer with adverse-
pressure-gradient with m = −0.08 leading to βFS =
2m/(m+ 1) = −0.1739 where βFS = −0.1988 cor-
responds to separation. The inputs of the PINN model
are x and y and the outputs are the velocity compo-
nents and the pressure. We only use the data on the
domain boundaries for the velocity components for su-
pervised learning. The reference data is obtained from
the analytical solution. The FNN comprises 8 hidden
layers, each containing 20 neurons with hyperbolic
tangent function (tanh) as the activation function. We
first use the Adam optimizer (Kingma and Ba, 2017)
for the training of the model and then apply Broyden–
Fletcher–Goldfarb–Shanno (BFGS) algorithm to ob-
tain a more accurate solution. The optimization pro-
cess of the BFGS algorithm is stopped automatically
based on the increment tolerance. Similar model archi-
tecture and training procedures are implemented for
the simulation of other test cases using PINNs.

Results are illustrated in Figure 2 as the contours
of U , V , and P obtained from PINN predictions (left)
and reference data (right). The relative `2-norm of
errors are reported in Table 1. Our results suggest
that excellent predictions can be obtained using PINNs
for laminar boundary layer flows. It can be seen in
Figure 2 that although we only use velocity compo-
nents on the domain boundaries as the training data,
the PINN model provides accurate predictions for the
pressure.

ZPG turbulent boundary layer
For the ZPG boundary layer we employ the simu-

lation data of Eitel-Amor et al. (2014) for a domain
range of 1, 000 < Reθ < 7, 000, where Reθ =
θU∞/ν represents the Reynolds number based on the
momentum thickness θ, the free-stream velocity U∞,
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Figure 4: Simulation results of the APG turbulent boundary layer using PINNs in comparison with the reference data. (a)
Contours of U , V , uv, and P from top to bottom, respectively. (b) Shape factor H12 (top) and skin-friction coefficient
cf (bottom). (d) Inner-scaled mean streamwise velocity U+(top) and Reynolds-stress uv+ (bottom) profiles at Reθ =
1623, 2138, and 2588. Dashed and solid lines represent, respectively, the PINN predictions and the reference data.
Darker color shows higher Reθ .

and the kinematic viscosity ν. For this test case, we
consider continuity and streamwise momentum equa-
tions as the governing equations and the mean stream-
wise U and wall-normal V velocity components and
the shear Reynolds-stress uv as the outputs of the
model.

Results of the PINN simulation are depicted in
Figure 3(a ∼ c) in comparison with the reference
data. Figure 3(a) shows contours of U , V , and uv.
The relative `2-norm of errors for U , V , and uv are
1.02%, 4.25%, and 6.46%, respectively, as reported in
Table 1. The characteristics of the boundary layer are
also quantified in terms of the shape factor, defined
as the ratio of displacement and momentum thick-
ness, H12 = δ∗/θ, and the skin-friction coefficient
cf = 2(uτ/U∞)2, where uτ =

√
τw/ρ represents the

friction velocity (τw is the mean wall-shear stress and
ρ is the fluid density). The relevant velocity and length
scales close to the wall are given by uτ and `∗ = ν/uτ .
The inner-scaled quantities are thus written as, e.g.,
U+ = U/uτ and y+ = y/`∗. Figure 3(b) shows the
shape factor H12 and the skin-friction coefficient cf
obtained from PINN predictions against the reference
data. Moreover, Figure 3(c) depicts inner-scaled mean
streamwise velocity U+ and Reynolds-stress uv+ pro-
files at three streamwise locations (Reθ = 2500, 4000,
and 5500) indicated by white dashed lines in Fig-
ure 3(a) (top left). Our results show excellent accuracy
of the PINN simulation.

APG turbulent boundary layer
As the next test case, we simulate the APG tur-

bulent boundary layer for a Reynolds number range
of 910 < Reθ < 3360 and at a constant Clauser

pressure-gradient parameter β = δ∗/τwdP∞/dx ' 1
where P∞ is the free stream pressure (Bobke et al.,
2017). For this test case, we consider a PINN model
with 8 hidden layers, each containing 20 neurons, and
continuity and streamwise and wall-normal momen-
tum equations as the governing equations. We observe
that, even in the presence of adverse pressure gradient,
excellent predictions can be obtained using PINNs as
it is shown in Figure 4 where we compared the pre-
dictions with the reference data. It can be seen in Fig-
ure 4(a) that although we do not use any turbulence
model, the predictions for the shear Reynolds stress uv
coincide with the reference data. The relative `2-norm
of errors are reported in Table 1 where the lowest and
the highest errors are related to U and uv and are equal
to 0.28% and 7.96%, respectively. Figure 4(b) shows
the accuracy of the PINN predictions against the ref-
erence data in terms of boundary layer characteristics,
i.e., H12 (top) and cf (bottom). Moreover, Figure 4(c)
depicts the inner-scaled streamwise velocity (top) and
Reynolds-stress (bottom) obtained from the PINN pre-
dictions and the reference data at three different Reθ
of 1623, 2138, and 2588. Our results show that the
PINN model can provide accurate predictions for the
APG turbulent boundary layer.

NACA4412 airfoil

Next, we use PINNs for simulation of the turbu-
lent boundary layer developing on the suction side of
a NACA4412 airfoil at the Reynolds number based
on U∞ and chord length c of Rec = U∞c/ν =
200, 000. The data for the training and testing of
the model is employed from the work by Vinuesa
et al. (2018) where results were obtained based on



well-resolved large-eddy simulations (LESs) using a
spectral-element method. We consider a domain range
of 0.5 < x/c < 1 and a PINN model with 8 hidden
layers, each with 20 neurons. Two-dimensional RANS
equations are considered as the governing equations.
For this test case, we use the wall-normal based spa-
tial coordinates xn and yn as the inputs of the FNN
and U , V , P , u2, uv, and v2 as the outputs. Re-
sults are reported as the profiles of the inner-scaled
streamwise velocity and Reynolds-stress components
at x/c ' 0.625, 0.75, and 0.875 in Figure 5. Our re-
sults show an excellent agreement between the PINN
predictions and the reference data both for velocity and
Reynolds-stress components. Table 1 shows the rela-
tive `2-norm of errors in the PINN predictions. It can
be seen that for mean-velocity components U and V ,
the error is less than 3%. The highest error is related
to uv, and it is equal to 11.36%.
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Figure 5: Simulation results of turbulent boundary layer
over the suction side of a NACA4412 airfoil at
Rec = 200, 000 using PINNs in comparison with
the reference data at x/c ' 0.625, 0.75, and
0.875. (a) Inner-scaled streamwise velocity profile
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stress components uv+, u2
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tively. Dashed and solid lines represent, respec-
tively, the PINN predictions and the reference data.
Darker color shows higher x/c.

Periodic hill
At last, we evaluate the performance of our pro-

posed framework for solving RANS equations using
PINNs in the simulation of the turbulent flow over a
periodic hill at the Reynolds number Reb = 2, 800
based on the crest height H and the bulk velocity Ub
at the crest. The training and testing data are ob-
tained from DNS simulation using a spectral-element
method. For this test case, we consider a domain
range of 1 < x/H < 5 as it is depicted in Fig-
ure 6 by the grey dashed lines. Similar to the pre-
vious test cases, the data on the domain boundaries
are used for the training of a PINN model with 8 hid-
den layers, each containing 20 neurons where two-
dimensional RANS equations are considered as the
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Figure 6: Simulation results of the turbulent flow over a pe-
riodic hill at Reb = 2, 800 using PINNs in com-
parison with the reference data. (a) Contour of U
and flow streamlines for the PINN simulation (left)
and the reference data (right). (b) U profiles at five
different streamwise locations.

governing equations. Figure 6(a) shows the stream-
wise velocity U contour and the flow streamlines for
the PINN predictions (left) and the reference data
(right). It can be observed that the PINN model is
able to simulate the separated flow without a turbu-
lence model and only by using the data on the domain
boundaries and the RANS equations as the governing
equations. It should be noted that the velocity and
Reynolds-stress components on the top and bottom
boundaries are equal to zero due to the no-slip condi-
tion. Therefore, we only need the data at the input and
output boundaries and pressure on all the boundaries
for the supervised learning. Figure 6(b) illustrates the
streamwise velocity profiles at five different stream-
wise locations for the PINN predictions and the ref-
erence data. Our results show an excellent agreement
between the PINN predictions and the reference data.
It can be seen in Figure 6 that the extent of the sepa-
rated region and the reattachment point are accurately
predicted by the PINN model. The relative `2-norm of
errors are reported in Table 1. The lowest error is re-
lated to U , and it is equal to 2.77%. The highest error
is equal to 28.18% and is associated with u2.

4 Conclusions
We introduced an alternative approach based on

PINNs for solving the RANS equations. In contrast
to traditional methods, we solve the RANS equations
for incompressible turbulent flows without any spe-
cific model or assumption for turbulence and through



the use of the data on the domain boundaries (includ-
ing Reynolds-stress components) along with the gov-
erning equations that guide the learning process to-
wards the solution. We simulate the Falkner–Skan
boundary layer with adverse pressure gradient using
PINNs to show the applicability of the model for lam-
inar boundary layer flows. In this case, we only used
the data on the boundaries for the velocity compo-
nents as the training data. Our results suggest the ap-
plicability of PINNs for laminar boundary layer flows
where excellent predictions can be obtained, even for
the pressure. Moreover, we applied PINNs for the
simulation of ZPG and APG turbulent boundary lay-
ers, and turbulent flows over the NACA4412 airfoil
and the periodic hill. We only used the data on the
domain boundaries, including Reynolds-stress compo-
nents, for supervised learning while we considered the
residual of the RANS equations as the loss for unsu-
pervised learning. A set of points inside the domain
and the points on the domain boundaries are employed
to evaluate the residual of the governing equations.
From these points we predict the mean-flow quanti-
ties. For the points on the boundaries we calculate
the supervised loss by comparing the predictions with
the training data while for all the points we compute
the residuals by constructing the RANS equations us-
ing AD. For ZPG and APG boundary layers, we ob-
tained excellent predictions using PINNs where the av-
erage relative `2-norm of errors are equal to 3.91% and
3.60%, respectively. Our results for the NACA4412
airfoil and the periodic hill show that PINNs can pro-
vide accurate predictions for the streamwise velocity
with less than 3% error while leading to good accuracy
even in the simulation of Reynolds-stress components.
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Abstract
Airblast atomizers of the ‘prefilming’ type

are commonly employed for liquid fuel injec-
tion in gas turbine engines propelling modern air-
craft. Supplied from holes or slits upstream, the
liquid fuel forms a thin film over the prefilm-
ing surface before being driven to the atomiz-
ing edge by a turbulent flow through the turbine.
We consider a simplified numerical setup using
a volume-of-fluid method to simulate the essen-
tial physics of this multiphase problem. A liq-
uid film is ‘sandwiched’ between sheared turbu-
lent gas flows which deform and then rupture the
liquid film. The simplified setup allows us to sys-
tematically vary parameters such as film thick-
ness and turbulent gas flow Reynolds number to
gauge their role in deforming and ultimately rup-
turing the initially stationary liquid film. This
work presents a detailed study of the developing
pressure field over the deforming film and related
aerodynamic effects, as previously suggested by
other authors, in particular the role of the invis-
cid lift force. Understanding and controlling the
route to breakup and atomization of liquid fuels
in such systems is of primary practical concern in
modern gas turbine engine design.

1 Introduction

Liquid sheet rupture and its subsequent atom-
ization under the influence of gas-phase turbu-
lence is a complex problem of technological im-
portance. One prominent example is the use of
airblast atomizers in modern aircraft, where the
the liquid fuel forms a thin film over the pre-
filming surface before being driven to the atom-
izing edge by turbulent flow. The breakup of
a liquid film (also referred to as a liquid sheet

or plane jet) is commonly demarcated into two
phases: primary atomization, where a coherent
liquid film disintegrates into ligaments and then
drops, and secondary atomization, denoting the
breakup of liquid drops into yet smaller liquid
drops (Lefebvre and Ballal, 2010; Desjardins and
Pitsch, 2010). The current work builds on that
of Kozul et al. (2020) to further understand the
manner and mechanisms of the initial deforma-
tion and subsequent rupture of a liquid film under
the effect of a turbulent sheared flow. The present
simulations, having full access to the pressure
fields, seek to better understand aerodynamically-
assisted liquid sheet primary breakup driven prin-
cipally by inviscid processes. Our focus is on
large film deformations beyond the linear regime
which directly result in the initial rupture and en-
suing primary breakup of the film.

In addition to the primary streamwise Squire
instability associated with a wavelength λ, con-
sidering the fragmentation of a slow liquid stream
by a fast gas stream, Marmottant and Villermaux
(2004) provided the theoretical basis for the sub-
sequent destabilization of streamwise waves in
the spanwise direction to form streamwise liga-
ments separated by a distinct spanwise or perpen-
dicular wavelength. Due to the passage of the
travelling primary undulations, fluid particles in
the slow stream are periodically accelerated per-
pendicular to the interface. The resulting acceler-
ations of the liquid interface perpendicular to its
surface rapidly become large enough, and more-
over, much larger than the acceleration due to
gravity in the laboratory (Marmottant and Viller-
maux, 2004), to produce a secondary Rayleigh–
Taylor instability (RTI). Growth models for the
late-time, self-similar turbulent mixing induced
have been the subject of significant research ac-



tivity for the RTI, which occurs at the interface
of two fluids of differing densities separated by a
plane boundary and subjected to a constant accel-
eration g normal to the interface with the direction
from the lighter fluid to the heavier fluid (i.e. ρh(l)
is the density of the heavy (light) fluid) (Youngs,
1984).

The liquid fuel film in airblast atomizers is
subject to fully turbulent air flows on both sides.
However, most previous simulations of gas phase
flows over liquid surfaces (Deike et al., 2016;
Zandian et al., 2018) have neglected this turbu-
lence found in almost every natural and engineer-
ing interfacial flow. Moreover, a common ap-
proach has been to prescribe interfacial pertur-
bations, for example a sinusoidal surface on a
liquid film (Zandian et al., 2018), or prescribed
waveforms in the related deep water wind-driven
wave setup (Deike et al., 2016). The present
technique considers a more realistic turbulent gas
phase acting directly on the liquid surface with-
out pre-determined surface perturbations, aiming
to understand how deformations on the liquid
surface arise spontaneously from the turbulence-
laden gas phase, as they do in practical engineer-
ing applications as well as in nature.

2 Numerical methodology

The present simulations use a recently-
implemented VoF method for multiphase flow
simulations (Rosti et al., 2019). Hereafter, we
refer to fluctuating velocities u, v and w in the x-
(streamwise), y- (wall- and film-normal) and z-
(spanwise) directions. In that which follows, the
subscript g will refer to the turbulent gas phase,
and subscript ` to the liquid phase, representing
the initially quiescent film. The VoF simulations
use velocity fields from fully-developed precur-
sor turbulent channel flow fields with walls at the
top and bottom of the domain, simulated using a
single-phase channel solver (Costa, 2018). The
fully developed fields are split at the channel
centreline and inverted in the wall-normal (or
film-normal) direction y. The liquid film is
placed between the turbulent shear layers in the
xz-plane to form the novel ‘sandwich’ setup.
The VoF is set to 1 in the region between the
inverted shear layers, and to zero elsewhere. The
initial velocity is zero within the film such that it
is in continuity with the precursor velocity fields.

Flow that was contiguous (physically adjacent) at
the centreline in the precursor channel simulation
is now contiguous via the periodic boundary con-
dition (numerically adjacent) used at the top and
bottom boundaries in the film-normal direction.
Periodic boundary conditions are also used in
the streamwise and spanwise directions. No flow
forcing is applied once the film simulations are
started. The present cases are therefore temporal
simulations. In analogy to the spatial system of
the physical prefilmer, when the VoF simulation
starts the flow is a model for that at the edge of
the atomizer as the fuel film leaves the atomizing
edge.

t = 0 t = 7

Figure 1: The liquid film surface (contours drawn
at φ = 0.5) for the LoRe-med case at two times.

Table 1 summarises the parameters of the film
breakup simulations. These are the same liquid
film cases as in Kozul et al. (2020), with the ad-
dition of the larger-domain case LoRe-med-big.
Three film thicknesses are considered (suffixes to
case names ‘thin’, ‘med’ and ‘thick’ referring to
the physical thickness in terms of w`,0/h, where
w`,0 is the initial liquid film thickness and h is the
precursor channel half-height). A uniform grid
is used in all three dimensions, with grid spac-
ing ∆x+0 = ∆xuτ,0/νg = ∆y+0 = ∆z+0 < 1,
where uτ,0 is the steady state friction velocity
of the precursor gas phase (channel) simulations,
and νg = νl is the gas phase kinematic viscosity.
The adequacy of the grid resolution was inves-
tigated in Kozul et al. (2020) with a companion
simulation using a coarser grid to that of LoRe-
thin (not shown here), equivalent to the grid res-
olution used herein for the other cases of table
1. A high level of similarity was found between
the two thin film simulations with different res-
olutions, suggesting the lower resolution is sat-



case name sym. Reτ,0
w`,0

h w+
`,0

Lx
h

Lz
h Nx (N`,y)0 Ny Nz (∆x+)0 (∆y+)0 (∆z+)0

LoRe-thin • 180 1/12 15 6 3 2304 32 800 1152 0.47 0.47 0.47

LoRe-med N 180 1/6 30 6 3 1152 32 416 576 0.94 0.94 0.94

LoRe-med-big N 180 1/6 30 12 6 2304 32 416 1152 0.94 0.94 0.94

LoRe-thick � 180 1/3 60 6 3 1152 64 448 576 0.94 0.94 0.94

HiRe-thin • 393 1/13 30 6 3 2496 32 864 1248 0.94 0.94 0.94

Table 1: Parameters for the liquid film simulations. Subscript 0 refers to parameters when the film
simulations are started. Fully developed turbulent velocity fields from the channel simulations form the
gas phase; Reτ,0 refers to their steady state Reynolds number. The viscous scaled initial film thickness is
w+
`,0 = Reτ,0(w`,0/h). (N`,y)0 is the number of grid points over the liquid phase at the start of the VoF

simulations. All simulations have a film-normal domain size Ly/h = 2 + w`,0.

isfactory to capture primary breakup. The role
of Reynolds number is presently investigated in a
limited sense with one of the cases using a turbu-
lent gas phase at a higher starting Reynolds num-
ber of Reτ,0 = 393 (HiRe-thin); all other cases
begin with a turbulent gas phase at Reτ,0 = 180.
Liquid-to-gas density and viscosity ratios are both
set to 40 (i.e. µl/µg = ρl/ρg = 40 for µ viscosity
and ρ density). The initial Weber number is set
as We0 = ρlU

2
b,0wl,0/γ = 500 (note since our

liquid is initially at rest, the present Weber num-
ber is defined in terms of the gas phase velocity),
where Ub,0 is the bulk velocity of the precursor
channel flow and γ is the surface tension coeffi-
cient, as a direct comparison to previous numer-
ical work (Desjardins and Pitsch, 2010). Unless
otherwise stated, simulation times cited through-
out this work are normalized by Ub,0/(2h).

3 Results

A first view of the physical problem is given in
figure 1 for the LoRe-med case. There is a consid-
erable time delay before significant deformations
of the film emerge; these deformations then grow
rapidly to rupture the film by t = 7. There is a
dominant wavelength emerging in the streamwise
direction which we will quantify as λ below. Fig-
ure 2 shows images of streamwise velocity in the
xy-plane at time t = 4 for the LoRe-thin (start-
ing gas phase friction Reynolds number Reτ,0 =
180), and the HiRe-thin (Reτ,0 = 393) cases. The
initially perfectly flat film is deformed by the tur-
bulent shear layers on either side of it. The film
in the LoRe-thin case is highly sinusoidal at this

Figure 2: Streamwise velocity contours in an xy-
plane at t = 4; (a) LoRe-thin case; (b) HiRe-thin
case. Bulk velocity is to the right.

time, whereas the HiRe-thin case is much more
jagged and has in fact already ruptured. At higher
Reynolds number, a wider spectrum of scales in-
teracts with the film, clear from figure 2(b), since
w`,0/δν is larger, where δν = ν/uτ is the viscous
wall unit.

Lozano and Barreras (2001) found that for ve-
locity and momentum ratios for which the sinu-
soidal mode is dominant, liquid sheet oscillation
can cause air boundary layer separation at the in-
terface for the wave troughs. They postulated that
this separation causes a pressure difference on
both sides of the liquid sheet, which can be partly
responsible for enhancement of the flapping mo-
tion. They also found that before breaking, the
sheet oscillations grow non-linearly and the sinu-
soidal wave deforms into a ‘zigzag’ shape, as ob-
served for the LoRe-med case at t = 7 in figure
1 and the HiRe-thin case in figure 2(b). Figure



Figure 3: Contours of the normalised pressure
fluctuations over the deforming film, spaced at
intervals of 5 p′/ρgu

2
τ,0: (a) LoRe-thin case at

t = 4; (b) HiRe-thin case at t = 3.0. Solid lines
denote positive contours and dashed lines nega-
tive contours in each case. Thicker black contours
denote the surface of the liquid film.

3 shows contours of fluctuations in the pressure
field over the deforming film. They are shown
for the same two cases as in figure 2, but at dif-
ferent times, corresponding to the emergence of
significant alternating pressure minima and max-
ima preceding film rupture. Contours of the film
are superimposed highlighting the pressure jump
across the gas-liquid interface. The alternating
minima and maxima in the pressure field suggest
each panel or segment of the deforming film ef-
fectively functions like an airfoil, and this view
motivates our ensuing analysis.

3.1 Lift over the deforming film

In the present high-Weber number configuration,
the film’s breakup is likely to be dominated by
aerodynamic effects, including the lift force (Des-
jardins and Pitsch, 2010). Therefore following the
insight gained from figure 3, it is of great inter-
est to investigate the development of aerodynamic
quantities over the deforming film before it rup-
tures. For this analysis we divide the deforming
film into segments (figure 4), which additionally
yields the wavelength λ and amplitude a of film
deformations (figures 5a and 5b), noting a is de-
fined as the deviation from the starting film loca-
tion. The inviscid lift (FL) force is defined as:

FL =

∫
pn · j dS, (1)

Figure 4: Division of the deforming film into
segments based on local minima and maxima.
Filled bullets indicate points added from one side
of the film to the other if absent within a speci-
fied tolerance based on w`,0. In some cases (e.g.
x/h ≈ 4 − 6) no additional points need to be
added, but they are often required (e.g. x/h ≈ 1)
in order to deduce the segments to calculate the
cumulative lift CL,cumul.. Only genuine local ex-
trema (open bullets) are used to calculate film de-
formation amplitudes a.

where n is the inward point normal vector to the
film’s surface, j is the is the unit normal vector
film-normal direction y, and dS is the elemen-
tal surface area of the film. Note this analysis
is performed at each spanwise location. Calcu-
lating the lift over the entire film should be sta-
tistically zero since the problem is symmetric in
the film-normal direction. However, it is clear
from figure 3 that there is a segment-wise lift
serving to increasingly deform the film. Figure
5(c) shows the segment-wise ‘cumulative’ lift co-
efficient CL,cumul. = 2FL,cumul./(ρgU

2
∞Afilm)

which steeply increases with time as the film de-
forms for the different cases, pointing to the cen-
tral role of pressure in the primary breakup of the
film. The cumulative lift force FL,cumul. is de-
fined as the sum of the absolute values of the lift
force on each segment of the film, U∞ is in this
case the (decaying) mean streamwise velocity at
the top (or bottom) of the domain andAfilm is the
deforming film’s surface area, which increases in
time as the film deforms. As suggested above, the
typical lift coefficient CL (not shown) is in con-
trast almost zero during the simulations since the
lift felt by each individual segment is effectively
cancelled out, hiding the action of the film-normal
pressure force.

3.2 Growth rate of film deformations

At late times, the mixing width or amplitude h of
the mixing layer induced by RTI was empirically



Figure 5: Key parameters in time: (a) amplitude
of the deforming liquid surface a; (b) stream-
wise wavelength λ of the deformations; (c) ‘cu-
mulative’ lift coefficient CL,cumul.. Note the high
agreement between LoRe-med and LoRe-med-
big (with a domain twice larger in the stream- and
spanwise dimensions), confirming the adequacy
of the original domain sizes.

found to grow quadratically with time (Youngs,
1984; Banerjee and Andrews, 2009):

h = αAgt2, (2)

for growth parameter α, where A = (ρh −
ρl)(ρh + ρl) is the Atwood number. Whilst the
implication of (2) is that the flow has lost mem-
ory of the initial conditions (Agt2 being the self-
similar scale), and noting that Youngs (1984) ini-
tially found α to vary only slightly with density
ratio, subsequent work (Banerjee and Andrews,
2009) has pointed to the strong influence of the
initial conditions on the overall growth rate during
late-time development, meaning a universal value

Figure 6: (a) Amplitude a of interfacial (film)
deformation (figure 5a) with quadratic fits cor-
responding to the classical late-time, self-similar
turbulent mixing scaling for the mixing width in-
duced by the RTI (dashed lines); (b) cumula-
tive lift coefficient CL,cumul. plotted against time
scaled with the growing amplitude a. Sym-
bols/colours as per legend in figure 5(b).

of α remains elusive. Thus despite many exper-
imental and numerical investigations, the univer-
sality of the late-time scaling∼ h/gt2 remains an
open question. Quadratic fits a = βA(t−t0)2, for
the present A = 0.95, are applied to the growing
amplitude of the deforming film with success in
figure 6(a). Growth factors range from β = 0.01
with t0 = 6.5 (LoRe-thick) to β = 0.04, t0 = 2.0
(HiRe-thin). Banerjee and Andrews (2009) found
a range of α = 0.02 − 0.06 for their numerical
study of the RTI for differing spectra of the ini-
tial interfacial disturbances, noting their value of
g = 9.81 and A = 0.5.

An additional resemblance between the
present physical problem and RTI is suggested by
figure 6(b). The numerical RTI study of Cook and
Dimotakis (2001) found that mixing-zone height
h was a better progress and scaling variable than
time. We similarly find this scaling to hold for
our present deforming liquid film, where the
cumulative lift coefficient CL,cumul. (figure 5c) is
well-collapsed when time is scaled by the starting



bulk velocity Ub,0 and the growing amplitude
a. Therefore, despite differences in the physical
setup, most notably that the present deformation
and rupture of the film is a shear-driven process,
clear commonalities are suggested by figure 6
between the RTI and the present physical prob-
lem, if only in an empirical sense. This apparent
likeness may be related to the emergence of the
secondary RTI instability induced in the film.

4 Conclusions

The aerodynamically-driven rupture of a liquid
film has been simulated using a novel numerical
setup introduced in Kozul et al. (2020), featuring
realistic fully developed turbulent gas-phase shear
layers from a channel simulation. The present
results further demonstrate its utility to paramet-
rically investigate the role of important physical
parameters such as film thickness and gas-phase
Reynolds number in liquid film deformation and
rupture. Several scalings in the present work sug-
gest that the RTI may play an important role in
the current film deformation process, or that the
present physical problem is otherwise RTI-like.
The classical (empirical) late-time, self-similar
turbulent mixing scaling for the mixing width in-
duced by RTI is found to be a good model for the
growing amplitude of the deforming film a at late
times. In addition, the cumulative lift coefficient,
introduced in Kozul et al. (2020) to capture the
alternating pressure minima and maxima forming
over the film which amplify to eventually rupture
it, is collapsed when plotted against time scaled
by the channel bulk velocity Ub,0 and liquid film
deformation amplitude a. This aligns with a key
observation of Cook and Dimotakis (2001) in
studying the RTI: that mixing-zone height is a bet-
ter progress and scaling variable than time, an ob-
servation that also appears to hold for the present
turbulent shear-driven rupture of a liquid film.
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M. Själander, M. Jahre, G. Tufte, and N. Reiss-
mann. EPIC: An energy-efficient, high-
performance GPGPU computing research in-
frastructure. 2019.

D. L. Youngs. Numerical simulation of turbu-
lent mixing by rayleigh-taylor instability. Phys-
ica D: Nonlinear Phenomena, 12(1-3):32–44,
1984.

A. Zandian, W. A. Sirignano, and F. Hussain. Un-
derstanding liquid-jet atomization cascades via
vortex dynamics. J. Fluid Mech., 843:293–354,
2018.



DNS STUDY ON DEVELOPMENT OF
TURBULENT BOUNDARY LAYER
IN ENTRANCE REGION OF PIPE

H. Hattori1, H. Baba2, T. Houra2 and M. Tagawa2

1 Advanced Manufacturing Research Center, Nagoya Institute of Technology
Gokiso-cho, Showa-ku, Nagoya 466-8555, Japan

2 Department of Electrical and Mechanical Engineering, Nagoya Institute of Technology

hattori@nitech.ac.jp

Abstract
In this study, in order to investigate and observe

turbulent phenomena in the development region of
boundary layer in a pipe, DNS which is applied by
the higher accuracy finite differential method, of the
development of turbulent boundary layers caused by
an obstacle on the wall in a pipe is carried out. It is
found that the turbulent boundary layer is developed
in a pipe, when an obstacle with more than a certain
height is arranged on the wall at a Reynolds num-
ber based on height of obstacle. DNS results clearly
demonstrate development of turbulent quantities from
laminar in a pipe, in which the highest wall friction
coefficient near the inlet of pipe is obtained due from
laminar to turbulence. In the downstream region, the
wall friction coefficient is almost close to its empiri-
cal value of fully-developed turbulent flow in a pipe.
Also, in the downstream region, it is observed that the
log-law region of mean velocity is formed, though it
is difficult to be observed in the upstream region. Dif-
ferent developments of turbulent boundary layer at the
individual points on the wall are found, because the
obstacle which is turbulent generator is arranged at the
one side. At the near side of obstacle arranged wall,
the boundary layer faster develop than that in the side
of smooth wall. It is found that, moreover, the turbu-
lent structures can be observed in the side of obstacle
arranged wall in the upstream region, but the struc-
tures appear in all sides in the downstream region. It
is found that the turbulent structure remarkably influ-
ences the development of boundary layer from lami-
nar to turbulence. Therefore, the detailed knowledge
of turbulent phenomena in the development region of
turbulent boundary layer in a pipe can be obtained.

1 Introduction
The phenomena of development of turbulent

boundary layer is often observed in an engineering
problem and in an industrial equipment. In the phe-
nomenon, a wall friction coefficient is usually higher
than that in the almost fully-developing region of

boundary layer. So this phenomenon often yields
transport loss of flow due to increase of the friction
force and pressure loss . In order to achieve the ef-
ficient enhancement of transport by flow in an indus-
trial equipment, an increase of friction force should be
suppressed in the development region should be inves-
tigated and known in detail. As for such phenomena,
the turbulent pipe flow including entrance region of
velocity field had been experimentally investigated, in
which the detailed turbulent statistics and structures of
turbulence were revealed (Hishida, Nagano, and Shi-
raki, 1978; Nagano, Hishida, and Kaji, 1979; Hishida,
Nagano, and Tagawa, 1986) . On the other hand, in or-
der to reproduce the development region of turbulent
boundary layer in a pipe by means of direct numerical
simulation (DNS), it is thought that a method to de-
velop a turbulent boundary layer using an obstacle on
the wall is arranged. In the previous study, DNS of the
development region of both the velocity and thermal
fields in a turbulent boundary layer on the flat plate
has been carried out in order to investigate the effect
of partial fluctuations of inlet flow for the development
of turbulent boundary layer, where the inlet flow con-
dition is a uniform mean velocity (Hattori, Inagawa,
Tadano, Houra, and Tagawa, 2019). As the results
of previous study, it is found that the development of
turbulent boundary layers of both velocity and ther-
mal fields are clearly influenced by the height of given
fluctuation in the inlet flow. The conditions of previ-
ous study, however, may be not reproduced in the ac-
tual fields, because the partial fluctuations of velocity
are given by the turbulent generator of DNS (Hattori,
Houra, and Nagano, 2007). Thus, in order to investi-
gate and observe turbulent transport phenomena in the
development region of boundary layer under the con-
dition more similar to the reality, DNS using the gen-
erator of turbulence caused by an obstacle on the wall
should be carried out.

In this study, in order to investigate and observe
turbulent transport phenomena in the development re-
gion of boundary layer in a pipe, DNS which is applied
by the higher accuracy finite differential method, of a



Figure 1: Computational domain and coordinate system

turbulent pipe flow is carried out. In the DNS, in or-
der to reproduce the development of turbulent bound-
ary layer in velocity field, an obstacle with various
heights is arranged on the wall so as to cause the tur-
bulence in the downstream region. Also, the influence
of height of obstacle for development from laminar to
turbulence is observed.

2 DNS of development of boundary layer
in a pipe

The governing equations of cylindrical coordinates
system for the DNS are the Navier-Stokes, the conti-
nuity and the energy equations which are assumed as
incompressibility fluid as follows (Hattori, Hosyaku,
Kamiya, Houra, and Tagawa, 2015):
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where ur, uϕ, uz are the velocity components in the
radial, circumferential and streamwise directions, re-
spectively. Also, r, ϕ, z are the coordinate in the

radial, circumferential and streamwise directions, re-
spectively. t is time, p is pressure and ν is the kine-
matic viscosity. Equations are nondimensionalized by
the bulk velocity, Ub, and the radius of pipe, R. The
Reynolds number, Reb(= UbD/ν), based on the bulk
velocity and the diameter of pipe is set as 5346. Fig-
ure 1 shows the flow configuration and coordinate sys-
tem. In order to generate turbulent boundary layer in
an entrance region of pipe, an obstacle having hegiht
of k is arranged at the wall as shown in Fig. 1. In the
DNS, the uniform velocity is given as the inlet veloc-
ity boundary condition, in which fluctuations are gen-
erated by an obstacle at the wall near the inlet of pipe.
The Reynolds numbers, Rek(= Ubk/ν), based on the
height of obstacle and the bulk velocity are set as 300,
600, 900 and 1800. The boundary condition at the wall
is imposed on the non-slip condition, and the convec-
tive boundary condition is used for the outlet boundary
condition. The DNS methods use the high accuracy
finite differential method (Hattori and Nagano, 2004)
arranged for the cylindrical coordinates system (Hat-
tori, Hosyaku, Kamiya, Houra, and Tagawa, 2015), in
which the discretizations for the time marching em-
ploy the Adams-Bashforth method for the non-linear
terms and the Crank-Nicolson method for the linear
term, the 6th-order central difference method is used
for the discretization for the space, and the coupling al-
gorithm between the continuity and pressure employs
the fractional step method. In order to avoid a signif-
icant point at the centre of pipe, the special attention
which was proposed by Fukagata and Kasagi (Fuka-
gata and Kasagi, 2002) is paid. The summarized com-
putational conditions of main simulation part are in-
dicated in Tab. 1, in which the grid resolutions are
calculated using the friction velocity obtained by the
equivalent fully-developing turbulent pipe flow.

3 Results and discussion
In order to investigate the effect of height of obsta-

cle, the local wall friction coefficients, Cf , in various
Reynolds numbers, Rek, are shown in Fig. 2. Due
to the obstacle, the wall friction coefficient becomes
large in the rear of obstacle in all cases. In the case
of Rek = 300 which is the lowest height of obstacle,
the wall friction coefficient does not reach a value by
the law of Blasius (Blasius, 1913), and then it is found



Table 1: Computational conditions and configurations of pipe
Domain size: L∗

z × L∗
r × L∗

ϕ 40× 1× 2π

Grid numbers: Nz ×Nr ×Nϕ 1536× 96× 128

Reynolds number: Reb(= UbD/ν) 5346
Reynolds numbers: Rek(= Ubk/ν) 300, 600, 900, 1800
Grid resolutions calculated using the equivalent fully-developing turbulent pipe flow (Reb = 5346)

∆z+ 9.38
∆r+ 0.36 ∼ 3.61
r+∆ϕ 0.18 ∼ 8.84

Time step: ∆t∗ 1.485× 10−4

that the wall friction coefficient along that by laminar
solution is given. Thus, it can be seen that the flow in
the case does not develp to a turbulence within the re-
gion DNS arranged. Since the wall friction coefficient
in other cases obviously reach the value obtained by
the law of Blasius (Blasius, 1913), the flow develops
from laminar to turbulence, in which it is found that
the wall friction coefficient fastest reach to the law of
Blasius in the highest height of obstacle. Thus, the
follwing discussion concerning a development region
from laminar to turbulence is conducted using the case
of Rek = 900.

Figure 3 shows the local wall friction coefficients
in the case of Rek = 900. The different profiles of
wall friction coefficient are found in the pipe. In the
side of obstacle arranged wall (ϕ = 0), the wall fric-
tion coefficient takes the highest value in the rear of
obstacle, and then decreases toward the downstream
region. Local wall friction coefficients in all positions
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Figure 3: Local wall friction coefficients (Rek = 900)

suddenly increase and reach the value obtained by Bla-
sius’s law, where it is found that the wall friction co-
efficient of the side of ϕ = π/4 fastest reaches the
value. On the other hand, in the side of normal wall
(ϕ = 3π/4, π), the wall friction coefficient takes a
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similar value of laminar flow up to the vicinity of the
downstream location of z/D = 30, and it is found
that the wall friction coefficient of the side suddenly
increases near the location and reaches the value of
obtained by Blasius’s law.

As for the characteristic sides, streamwise mean
velocities are shown in Fig. 4. In all sides, it can be
seen that the mean velocity at the inlet (z/D = 0) is
the laminar flow. In the side of ϕ = 0 as indicated
in Fig. 4 (a), the log-law region is clearly formed near
the z/D = 30, but the log-law region is not formed
at the similar region in the side of ϕ = π as shown in
Fig. 4 (c). The log-law region, however, can be also
observed at the downstream region (z/D = 40) in the
side of ϕ = π. In the side of ϕ = π/4 whose lo-

100 101 102
0

1

Reb=5346
Pr=0.71
Rek=900

 z=D=0
 z=D=10
 z=D=20
 z=D=30
 z=D=40

 Fully-developed

u
r
u
z

+

y
+

û=0

(a) ϕ = 0

100 101 102
0

1

Reb=5346
Pr=0.71
Rek=900

 z=D=0
 z=D=10
 z=D=20
 z=D=30
 z=D=40

 Fully-developed

u
r
u
z

+

y
+

û=ô=4

(b) ϕ = π/4

100 101 102
0

1

Reb=5346
Pr=0.71
Rek=900

 z=D=0
 z=D=10
 z=D=20
 z=D=30
 z=D=40

 Fully-developed

u
r
u
z

+

y
+

 û=ô

(c) ϕ = π
Figure 5: Distributions of Reynolds shear stresses

cal friction coefficient fastest reaches to the value of
turbulence, the log-law region can be found from the
near-obstacle location (z/D = 10). Thus, the lami-
nar boundary layer at this side fastest develops to the
turbulent boundary layer.

In order to observe Reynolds shear stresses in
the developing region, distributions of Reynolds shear
stress are indicated in Fig. 5. Due to the laminar flow at
the inlet (z/D = 0), it can be observed that Reynolds
shear stress does not occur on all sides. In the sides of
ϕ = 0 and phi = π/4, Reynolds shear stress is clearly
observed at the upstream region as shown in Figs. 5 (a)
and (b). At the increase point of Cf (near z/D = 20)
in the side of ϕ = 0, it is found that Reynolds shear
stress also increases. In the side of ϕ = π/4, Reynolds
shear stress faster develops than that of other cases.
Compared with distribution of Reynolds shear stress
of phi = 0, Reynolds shear stress under a value may
not affect the increase of wall friction coefficient. On
the other hand, in the side of ϕ = π, no distribution
of Reynolds shear stress is found in the upstream re-
gion, but Reynolds shear stress obviously appears in
the downstream region as shown in Fig. 5 (c). Thus, it
is considered that the local wall friction coefficient in
this side distributes along the value of laminar flow up
to the far downstream region.

Figures 6 and 7 show to observe and investigate
the turbulent structures in the entrance region of pipe
in detail. The vortex structure which is detected by the
invariant of velocity gradients appears in the side of
ϕ = 0 from the obstacle, but the vortex structure is not
observed in the side of ϕ = π as indicated in Fig 6(a).
The streak structure is also observed similar with the
vortex structure as shown in Fig. 6(b). In Fig. 7, the

(a) Vortex structure

(b) Streak structure
Figure 6: Turbulent structures



(a) r/R = 0.9

(b) r/R = 0.7
Figure 7: Streak structures displayed in expansion plan of pipe

streak structures displayed in expansion of plane of
pipe are indicated to understand the structure in de-
tail. Obviously, the streak structure (velocity fluctua-
tion) is yielded from the obstacle, and the structure can
be observed expanding in radius direction. Although
the velocity fluctuations can be seen at the r/R = 0.7
as shown in Fig. 7 (b), the clear streak structure can
be observed near the wall (r/R = 0.9) as indicated in
Fig. 7 (a). Near the location of z/D ∼ 25, since the
streak structure can be found whole the pipe, the wall
friction coefficient in the side of phi = π increses, and
the boundary layers in all sides almost develop to the
turbulence.

4 Conclusions
DNS of development of turbulent boundary layer

caused by the obstacle in an entrance region of pipe
is successfully carried out. Results of DNS clearly
show development of turbulent quantities in an en-
tance region of pipe, in which different developments
of boundary layers at the individual points are found,
because the obstacle which is turbulent generator is ar-
range at the one side. In the side at a little distance of
obstacle arranged wall, the boundary layer fastest de-
velops in all sides. Also, the turbulent structures are
only observed in the side of obstacle arranged wall
in the upstream region, but the structures are found in
all side in the downstream region. It is found that the
turbulent structure remarkably influences the develop-
ment of boundary layer from laminar to turbulence.

Acknowledgments
This work is the result of a collaborative research

program with the Research association of Automotive
Internal Combustion Engines (AICE) for fiscal years
2020-2021.

References
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Abstract 

In our previous work (Experimental Thermal and 

Fluid Science 121 (2021) 110291), it was demonstrated 

that a rough surface in the form of a wavy-wall applied 

at a certain distance in APG modifies the flow down-

stream the corrugation (towards stronger APG) where 

at high Reynolds number both advancement and reduc-

tion of turbulent separation was observed. 

This paper presents new experimental and numeri-

cal results of the flow over smooth and rough surface 

topologies in APG for much lower Reynolds number 

which are aimed at better understanding the effect ex-

erted by roughness with different geometrical parame-

ters on downstream smooth wall. 

The analysis has been performed for free-stream 

velocity at the inlet to the APG of equalled to 6 m/s 

which corresponds to the momentum loss thickness 

based Reynolds number of 4900. Three different wall 

topologies were examined, namely, smooth wall, two-

dimensional (2D) and three-dimensional (3D) undula-

tions. Three different amplitudes of 2D wall case were 

examined. The numerical simulations were performed 

using large eddy simulation method combined with the 

immersed boundary approach based on the volume pe-

nalization technique. 

It was confirmed that with roughness height there 

is an increase of boundary layer thickness accompanied 

with a significant decrease of mean velocity in the in-

ner region of boundary layer and a rise of Reynolds 

stress. This causes the larger momentum deficit and 

move the separation point upstream which is in contra-

ry to our findings at high Reynolds number. It was 

shown that 2D roughness amplifies the effect caused 

by APG although the physical basis is different. 

 

1 Introduction 

Turbulent flow over a rough surface is of high interest 

in a number of practical cases, e.g. ice deposition on an 

aircraft surface and wind turbine airfoils, biofouled 

ship hull or degradation due to harsh operating envi-

ronment of shape and surface of turbines‟ blades. That 

is why a better understanding the effects of roughness 

on turbulent flows is of high importance as it may con-

tribute to improvement of currently available and to 

newly developed technologies utilising fluid flows.  

There is a plenty of works on examining how the 

surface roughness affects turbulent boundary layer 

(TBL) as a number of studies have been performed, es-

pecially, under zero pressure gradient (ZPG) flow con-

ditions. Surface irregularities modify turbulence pro-

duction and momentum transfer between mean and 

turbulent fields, in particular in the closest vicinity of 

the wall, which is manifested by increased wall-normal 

fluctuations (Krogstad and Antonia 1999) and reduced 

Reynolds stress anisotropy (Shafi and Antonia 1995). 

Wall roughness also triggers a mechanism for turbulent 

kinetic energy (TKE) production due to spatial varia-

tion of the time-averaged velocity (Finnigan 2000). 

Much less attention is devoted to adverse pressure 

gradient (APG) flow cases which, from the practical 

point of view, are of much greater interest. When TBL 

is exposed to APG the flow separation can be post-

poned when applying the roughness for laminar or 

transitional flows (McMasters and Henderson 1979). 

For turbulent flows, detachment occurs earlier, and the 

separation bubble is substantially larger on rough sur-

face due to the momentum deficit caused by wall ir-

regularities (Aubertine, Eaton, and Song 2004). 

In our previous work (Dróżdż et al. 2021), it was 

demonstrated that a rough surface in the form of a 

wavy-wall applied at a certain distance in APG modi-

fies the flow downstream the corrugation (towards 

stronger APG) where at high Reynolds number both 

advancement and reduction of turbulent separation was 

observed. This paper presents new experimental and 

numerical results of the flow over smooth and rough 

surface topologies in APG for much lower Reynolds 

number which are aimed at better understanding the ef-

fect exerted by roughness with different geometrical 

parameters on downstream smooth wall. 

Table 1. Details of analysed surface topologies. 

case Ain [mm] kp
+ λ [mm] 

SW (smooth wall) - - - 

2D-1 4.93 34 100 

2D-2 9.85 68 100 

2D-3 18.70 136 100 

3D 8.0 56 27 
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2 Methods 

The experimental part has been conducted inside an 

open circuit wind tunnel equipped with APG section. 

Free-stream velocity at the inlet to the APG section 

was equalled to 6 m/s which corresponds to the mo-

mentum loss thickness based Reynolds number Reθ = 

4900. Technical details about experimental stand can 

be found in Dróżdż et al. (2021). In the present exper-

iment three different wall topologies were examined, 

namely, smooth wall, two-dimensional (2D) and three-

dimensional (3D) undulations. 2D waviness was de-

signed in a way to have a fixed wavelength λ and fixed 

wave amplitude, but this in viscous units kp
+
= Auτ/2ν 

where uτ is the friction velocity while ν is kinematic 

viscosity. The parameter kp
+ 

is independent of stream-

wise direction x, so the actual amplitude A was increas-

ingly grown in the streamwise direction. Details of all 

configurations that were examined are collected in Ta-

ble 1.  

The numerical simulations were performed using 

large eddy simulation (LES) method combined with 

the immersed boundary (IB) approach based on the 

volume penalization technique (IB-VP), al 

so known as fictitious domain method (Mittal and 

Iaccarino 2005). It enables modelling of the flow prob-

lems around and inside complex shape objects using 

Cartesian meshes that, generally, do not conform to 

their boundaries. More details about numerical model 

used here can be found in Szymanek and Tyliszczak,  

(2021). Computational domain together with boundary 

conditions are presented in Fig. 1a. Note that in order 

to acquire an actual APG conditions velocity profiles 

from experiment (see Fig. 1b) were used in simulations 

as a boundary condition at the upper wall – marked as 

„suction‟ in Fig. 1a. 

3 Results 

Figure 2a shows the Q-parameter in the vicinity of the 

lower wall for the 2D-3 wall configuration. One may 

observe elongated in the spanwise direction vortices 

developed along the flow, which occupy an ever-

increasing area of the channel. The development of ed-

dy structures is better seen in Fig. 2b (illustrating the 

semi-transport vorticity) where local detachment zones 

are evident in the valleys of the corrugation. The back 

wall in Fig. 2a presents the contours of instantaneous 

a)   

 

b) 

 

Figure 1. Computational domain and boundary conditions (a) and the mean velocity profiles from experiment adopted 

on the upper suction wall in CFD simulations (b) 

 

a) 

 

 

 

c) 

 

b) 

 
Figure 2. Q-parameter (a), semi-transport vorticity iso-surface with velocity contour in background (b) for 2D-3 

case and evolution of mean velocity profiles downstream 2D-2 corrugation (c). 

 



 

 

streamwise velocity. A strongly increasing adverse  

pressure gradient causes a decrease in velocity, which 

is particularly evident in the rear part of the computa 

tional domain. 

In the paper, particular attention is given to the flow 

region beyond the end of the corrugation. Fig. 2c 

shows the evolution of the mean velocity profiles from 

x = 0.5 m to x = 0.8 m (see the lines). As can be seen, 

the velocity deficit increases downstream the flow and 

the boundary layer tends to detach. The last traverse (x 

= 0.8 m) shows the comparison between numerical re-

sults and experimental data. As can be seen a very 

good agreement was obtained over the whole range of 

the boundary layer thickness. 

The last set of drawings (Fig. 3) shows the profiles 

of mean streamwise velocity and velocity fluctuations 

at x = 0.8 m for surface topologies varying by the am-

plitude of the waviness. It was confirmed that with 

roughness height there is an increase of boundary layer 

thickness accompanied with a significant decrease of 

mean velocity in the inner region of boundary layer 

(<0.5 ) and a rise of Reynolds stress (u‟u‟). This caus-

es the larger momentum deficit and move the separa-

tion point upstream which is in contrary to our findings 

at high Reynolds number (Dróżdż et al. 2021). It was 

shown that 2D roughness amplifies the effect caused 

by APG although the physical basis is different.  
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Figure 3. Mean velocity (a) and turbulence intensity (b) profiles obtained for  

cases SW, 2D-1, 2D-2 and 2D-3 at x = 0.8 m. 
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Abstract 

Two widely used sub-grid scale models, the stand-

ard and the dynamic Smagorinsky models were tested 

in a simulation of the flow in a thermally driven 3D 

cavity at Rayleigh number of Ra=109. The main focus 

of the research is the response of the subgrid scale 

models to the coarse mesh and their ability to predict 

the flow in a thermally driven 3D cavity with the 

mesh resolution below generally accepted LES stand-

ards. The research is motivated by investigating a fea-

sible modeling strategy for the particulate flow in the 

wall-bounded side-wall heated cavity. As URANS 

and hybrid RANS-LES models fail to produce mod-

eled energy due to laminarization, the alternative is 

LES applied on the coarse mesh. In a quantitative 

manner, first and second-moment statistics are com-

pared against both reference LES and experimental 

databases from literature. For first moment statistics, 

both models globally predict the flow field well. 

However, for higher moments, the dynamic model 

outperforms the standard Smagorinsky model using 

the same mesh resolution. In a qualitative fashion, we 

report the contours of both temperature and velocity 

fields as well as the near-wall turbulent coherent 

structures. Results of flow quantities are globally in 

very good agreement with both reference LES and 

experimental measurements at a fraction of the CPU 

power needed for conventional LES.  

 

 

1 Introduction 

Particle transport in containments is very crucial 

for many engineering, medical and environmental ap-

plications from flow inside hospital rooms and the 

transport of air-borne pollutants in clean rooms to ra-

dioactive particulate flows in nuclear plants and air-

craft-related applications. [Morrison, G. C. et al, 

2006; Kam, T. et al., 1998; Wana, M. P. et al.,  2007; 

Poussou, S. B. et al., 2010; Jones, A. V. et al., 2000]. 

For that sake, having a reliable design-based tool to 

predict such flows is very important to reduce the cost 

relative to the prototype-based approach. A branch of 

particulate flows in closed containments is thermally-

driven flows in a parallelepiped cavity due to buoyan-

cy circulations. Such configuration is referred to as a 

Differentially Heated Cavity (DHC), where two oppo-

site walls are put to two different temperatures and 

the rest of the walls are adiabatically insulated.  

Over the last few decades, numerous studies have 

investigated the flow of DHC both numerically and 

experimentally. In particular, the first numerical 

simulation of flow inside a DHC date back to 1983, 

when De Vahl Davis [G. De Vahl Davis, 1968] con-

ducted a study on 2D square cavities with laminar 

flow. With the exponential development in computer 

power, research has found its way to endeavor 2D and 

3D turbulent flows inside DHC with moderate to very 

high Rayleigh numbers with both Large Eddy Simula-

tion (LES) and Direct Numerical Simulation (DNS); 

some of which are [A. Dehbi et al, 2017; Puragliesi 

R., 2010; Sebilleau F. et al., 2018; Sergent A., 2013]. 

Currently, the DHC serves as one of the main bench-

marks used to validate turbulent buoyancy-driven 

flows in CFD. In this paper, we solely focus on the 

gas flow prediction in an extensive analysis as a first 

step prior to investigating the discrete phase. 

To properly predict particle dispersion, the under-

lying carrier flow must be well-predicted. Despite be-

ing a simple geometry, DHC poses a big challenge for 

CFD codes to accurately capture the particulate flow 

behavior in a 3D turbulent regime. The main chal-

lenge for both the Unsteady Reynolds-Averaged Na-

vier-Stokes (URANS) and hybrid RANS-LES models 

is the simultaneous existence of both laminar and tur-

bulent regions and the underlying transition from lam-

inar to turbulent flow. It is known that eddy-viscosity-

based turbulence models cannot capture laminar-

turbulence transition accurately. For this particular 

set-up, the URANS and hybrid LES/RANS model re-

sult with a zero modeled energy reducing the simula-

tion to a very course DNS. Since a proper DNS is 

prohibitively expensive, and the RANS approach re-

quires complicated stochastic models for particles to 

“feel” turbulence, LES stands as a common ground 



 

 

for simulating the flow inside 3D cavities. However, 

to properly resolve the boundary layer, LES can have 

stringent resolution requirements which scale with 

Reynolds number.  

      As an alternative, the hybrid RANS-LES models 

have been used in several studies to compute the flow 

in DHC but with the infinitely long cavity in the 

spanwise direction (y-direction), which helps sustain 

the modeled energy. The RANS-LES approach acti-

vates RANS mode near the wall – tolerating much 

coarser mesh near the wall – while LES is deployed 

when cell size is sufficient to resolve local motion 

scales in the far-wall region. In this light, [Abramov 

& Smirnov, 2006] studied the square cavity at a Ray-

leigh number of 1.58·109 using Detached Eddy Simu-

lation (DES) based on a one-equation model for the 

turbulent kinetic energy (TKE) transport. It was found 

in this study that although the mean flow was reason-

ably represented, turbulent statistics were observed to 

be poorly predicted in the near-wall proximity.  

      Recently Ali A.E.A et al., (2021) proposed a dual-

mesh hybrid RANS-LES approach that can predict the 

flow to good accuracy in DHC, again with the period-

ic boundary condition in the y-direction. The idea be-

hind that approach is based on using two overlapping 

computational domains, one for LES mode and the 

other is used to solve RANS equations. The main mo-

tivation for this study was to avoid the mismatch that 

often occurs at the LES/RANS interface when a sin-

gle mesh is used for both models. It was reported that 

this approach yields satisfactory results in comparison 

with standard LES or RANS tested at the same study. 

However, such a method may raise many flags for fu-

ture dispersed phase analyses that favor single-mesh 

simulation and consistent flow time and length scales.  

      We applied two widely used subgrid-scale models 

but on the coarse mesh.  In the present work, this ap-

proach is investigated through the assessment of both 

the standard and dynamic Smagorinsky SGS models. 

This study aims to test the subgrid-scale model accu-

racy for the mesh resolution, which is below generally 

accepted LES standards.  

      The flow inside the cavity is buoyancy-driven 

where the vertical walls are held at two different tem-

peratures and the rest of the walls are assumed to be 

insulated. As reported in the literature, it is very cru-

cial to account for wall-to-wall radiation (between the 

bottom and top walls) [J. Kalilainen et al., (2016); 

Sergent A. et al., (2013)]. We therefore implicitly ac-

count for such effect by imposing the measured tem-

perature profiles from the experiment as Dirichlet 

boundary conditions as suggested by Dehbi et. al., 

(2017). In a quantitative fashion, we report flow first 

and second-order statistics i.e. mean and RMS veloci-

ty profiles as well as mean temperature profiles. Re-

sults are compared against reference LES predictions 

by Dehbi et. al., (2017) and experimental measure-

ments by J. Kalilainen et al, (2016). In particular, the 

high-quality particle image velocimetry (PIV) exper-

imental measurements produced by J. Kalilainen 

made it possible to quantitatively validate our results. 

In addition, we qualitatively show the main character-

istics of the flow circulation at the cavity corners – 

where the flow is highly turbulent, as well as other 

flow structures.  

 

2 Methodology  

To compute the flow field we consider the momen-

tum, continuity, and energy conservation equations to 

solve the incompressible non-Newtonian flow. Density 

variations due to thermal stratification are accounted 

for using the Boussinesq approximation for buoyancy.  

In this study, we use T-Flows [Niceno, B. et al, 

(2001)], which is a second-order accurate, unstruc-

tured, cell-centered, finite volume, in-house CFD code. 
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      We use the Linear Eddy Viscosity (LEV) approxi-

mation to close the Reynolds stress term that stems 

from averaging the non-linear advection term in the 

momentum conservation equation Eq. (1). Using the 

Boussinesq eddy viscosity assumption, the stress tensor 

is evaluated by the space-filtered velocity field, which 

is linked to the mean velocity gradients. Using this hy-

pothesis, the Reynolds stress tensor reads: 

 

                                 

 

(4) 

 

where k is the turbulent kinetic energy (TKE) and  is 

the Kronecker delta. The subgrid-scale (SGS) eddy 

viscosity  is then computed based the filter width and 

the Smagorinsky parameter, which is computed in the 

standard model as follows 

  

 (5) 

 

where Cs is the Smagorinsky constant which takes a 

fixed value between 0.1 - 0.2, while the Smagorinsky 

dynamic model allows the Smagorinsky constant to 

vary in space and time depending on an algebraic iden-

tity between the subgrid-scale stresses at two different 

filtered levels and the resolved turbulent stresses [Ger-

mano M. et al., (1991)]. 
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      For energy transport (Eq. 3), we model the turbu-

lent heat flux (THF) through the Simple gradient diffu-

sion hypothesis (SGDH) as follows  



 

 

Table 1: Fluid parameters and reference values 
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       In the above equation,  is the turbulent Prandtl 

number and it is fixed to the standard value of 0.9 in all 

simulations, while  is the dynamic Smagorinsky pa-

rameter, and  is the standard definition of LES cut-

off length (i.e. the cubic root of the volumetric cell), 

and  is the magnitude of the strain rate, 

. It will be shown later in Section 4 that the Sma-

gorinsky dynamic model can predict the correct eddy 

viscosity needed to damp fluctuations in the near-wall 

region, and hence, give a better prediction for higher 

moment central statistics in the near-wall region.  

      We consider a cubical cavity (x: horizontal, y: 

depth, z: vertical) with side length H = 0.7m, where all 

walls are set to no-slip boundary condition. The fluid 

flow is assumed homogeneous, incompressible, and 

Newtonian with constant viscosity and thermal diffu-

sivity. Regarding thermal boundary conditions, vertical 

opposite walls are held at constant temperatures with 

ΔT=39.18 to have a Rayleigh number of Ra= 109. Like 

the LES study by Dehbi et. al., (2017), the front and 

back walls were set to adiabatic (passive) walls.  

      As shown in Fig. 1, the left vertical wall (x = 0) is 

assigned to be the hot wall (at temperature T = 

330.54K), while the cold wall is at x=0.7 (with T = 

291.36K). It was mentioned by J. Kalilainen et al., 

(2016) that the isothermal walls in the DIANA experi-

ment were carried out within 0.4K uncertainty margin. 

Also, due care was taken to reduce heat losses from 

passive walls to the surroundings for which limit, the 

adiabatic wall assumption can still hold. To implicitly 

emulate wall-to-wall radiation effects, we set the tem-

perature of bottom and top walls independently of the 

spanwise direction (y-axis). This is done by imposing 

the measured temperature profiles (from the DIANA 

experiment) as Dirichlet boundary conditions on the 

horizontal walls. This set of boundary conditions are 

called Intermediate Realistic conditions (IRC) as first 

coined by Xin et al., (2013). In that study, the authors 

showed that IRC can represent the right turbulent fields 

in the DHC.  

      As indicated in Table 1, the fluid parameters used 

for all simulations are fixed. For pressure momentum 

coupling, we use SIMPLE scheme and for time integra-

tion, we use the parabolic scheme. The central differ-

encing scheme was used for the momentum equation 

while SMART scheme was used for the energy equa-

tion.  

 

 

 

 

 

 

 

 

Figure 1: Schematic showing the geometry of the 

cavity with the thermal boundary conditions indicated. 

 

 
Figure 2: Measured temperature profiles for bottom 

and top walls from exp. Kalilainen et al., (2016). 

 

      For near-wall grid spacing, we use 0.003643 H for 

the first cell size. As shown in the Table 2 below, the 

corresponding y+ values for both SGS models are 

shown. The same mesh was used for each model with 

56 nodes in each direction (the total number of cells is 

166,375 cells). To guarantee a time-accurate solution, 

the time step size was assigned in each case so that the 

Courant–Friedrichs–Lewy number (CFL) is less than 

one throughout the simulation in all reported cases. It 

can be noticed from the table below that the dynamic 

Smagorinsky model takes about 33% extra CPU time 

compared to the standard Smagorinsky model. This is 

mainly due to the additional loops designed for the dy-

namic calculation of the model coefficient.   

Variable 
  

β υ 
   

Values 1.0 2.434E-5 0.00319 1.72814E-5 1.0 39.18 1.0 



 

 

Table 2: CPU hours needed for VLES simulations 

Turbulence model  CPU [hr:min:sec] 

Smagorinsky classic 1.5 07:31:59 

Smagorinsky dynamic 1.7 10:08:00 

 

3 Flow field results 

      In this section, we show the results from both the 

standard Smagorinsky and the Dynamic models. It is 

usually standard to judge the predictions of the flow 

statistics after a certain number of flow time units, τ. In 

this flow configuration, the time unit is defined in 

terms of cavity length and circulation speed as follows: 

 

 (8) 

 

                 
(9) 

      In the LES study of [Puragliesi et al., (2010)], au-

thors consider 450 time units to assume statistically 

stationarity (fully developed flow), while both studies 

by Dehbi et. al., (2017) and Sergent A. et al., (2013) 

quote 600 time units. In this study, we adopt double the 

latter timespan, where turbulent statistics were engaged 

after 1200 time units from the beginning of the simula-

tion, then results were averaged over another 1200 time 

units. This time-averaging interval was found to ensure 

full convergence of the flow. For our simulations, the 

circulation velocity and the time unit have values of 1.1 

m/s and 0.637s respectively.  Considering the time step 

size of 0.01s, this translates to approximately 153,000 

time steps to cover the whole simulation from scratch 

until convergence. 

 

 

Figure 3 Contours of mean temperature at the cavity 

midplane (x=0.35m) by the Smagorinsky dynamic 

model after 2400τ 

 

 

Figure 4: Contours of instantaneous velocity magnitude 

at the cavity midplane (x=0.35m) by the Smagorinsky 

dynamic model after 2400τ 

 
      The flow configuration inside DHC has a unique 

nature. This can be noticed from both the temperature 

and velocity contours shown in Fig. 3-4 where the 

highest velocity is located near the active cold and hot 

walls, while in the bulk region the fluid velocity almost 

nullifies. This can also be observed from the velocity 

contours shown in Fig. 5-6. The reason for this particu-

lar flow organization is due to the buoyancy force 

emerging from thermal stratification. It can also be 

noted that velocity gradients are quite high at the cavity 

corners due to the strong flow re-circulations as seen 

from the coherent turbulent structures in Fig. 7. This 

unique flow configuration makes the choice of the sub-

grid scale model for wall treatment quite crucial. For 

this sake, we study with scrutiny the prediction of both 

the standard and dynamic Smagorinsky models to ob-

tain credible databases. 

 

 
Figure 5:  Plot of iso-surfaces of the normalized Q-

criterion for a value of Qn = 0.65. The vortices are col-

ored by velocity magnitude. Turbulent structures are 

produced by the standard Smagorinsky model with 

Cs=0.1. 



 

 

         As shown below, the mean and root mean square 

(RMS) profiles are plotted for both models to reveal 

the effect of the SGS model on flow prediction in the 

near-wall region – which is our main interest for the 

long run in terms of particulate cavity investigation. 

The mean temperature profiles give a very good match 

with the reference data, see Fig. 6. It can also be ob-

served from Fig. 7 that mean vertical velocity profiles 

predicted by both SGS models are closely matching 

both LES and experimental data. However, the dynam-

ic model gives a more accurate representation of the 

horizontal velocity near the wall.  

       For the higher moment statistics i.e. RMS values, 

the SGS model effect is more pronounced. It was 

shown that the vertical velocity fluctuation (RMS of 

w’) is better captured by the dynamic model than the 

standard Smagorinsky model. This can be seen in Fig. 

9 where the dynamic model captures 93% of the peak 

value of the velocity fluctuations, while the classic 

model predicts only about 67% of the reference value 

near the wall.  

      As mentioned above, the main reason why the dy-

namic Smagorinsky model performs better than the 

standard one is that the dynamic Smagorinsky parame-

ter allows a better prediction for turbulent eddy viscosi-

ty values near the wall – and therefore offers a better 

SGS model for the near-wall region. This was also con-

firmed by calculating the eddy-over-molecular-

viscosity ratio the value produced by the dynamic 

model was approximately 4 times higher than the one 

predicted by the standard model. This in turn damps 

turbulent fluctuations near the wall in the case of the 

dynamic model, and hence better represent the flow 

behavior. 

 

 

 
Figure 6: Comparison for mean temperature profiles 

between hot and cold walls from both Smagorinsky 

models against reference LES and experimental data-

bases. Profiles are obtained at (z=0.35m) using same 

mesh after 2400 time units. 

 
Figure 7: Comparison for mean vertical velocity pro-

files between hot and cold walls from both Sma-

gorinsky models against reference LES and experi-

mental databases. Profiles are obtained at (z=0.35m) 

using same mesh after 2400 time units. 

 

 

Figure 8: Comparison for mean horizontal profiles 

between bottom and top walls from both Smagorinsky 

models against reference LES and experimental 

databases. Profiles are obtained at (z=0.35m) using 

same mesh after 2400 time units. 

 

 

Figure 9: Comparison for RMS vertical velocity 

between hot and cold walls from both Smagorinsky 

models against reference LES and experimental 

databases. Profiles are obtained at (z=0.35m) using 

same mesh after 2400 time units. 



 

 

Conclusions 

The flow field inside a three-dimensional differen-

tially heated cavity (DHC) has been investigated using 

large eddy simulations on a coarse mesh at Rayleigh 

number of Ra = 109. In particular, two LES models 

have been used namely: the standard Smagorinsky and 

dynamic Smagorinsky models.  Wall-to-wall radiation 

effects have been implicitly taken into account by im-

posing the PIV-measured temperature profiles of bot-

tom and top walls as Dirichlet BCs in all simulations.  

A quantitative analysis is reported for the fluid flow 

where first and second-moment statistics are analyzed. 

Results are compared against both well-resolved LES  

by Dehbi A. et. al., (2017) and the experimental data-

base by Kalilainen J. et al, (2016). 

 It was shown that the models could predict the 

mean flow properly even when a coarse mesh is used. 

However, for high moments i.e. RMS values for hori-

zontal and vertical velocity fluctuations, a significant 

underprediction of the flow statistics were observed in 

the near-wall region by the standard Smagorinsky 

model. On the other hand, the Dynamic model predic-

tions match the reference LES and experimental data-

bases very well. The main reason behind this difference 

is that the eddy viscosity values are better predicted 

near the wall by the dynamically adjusted model’s co-

efficient, and hence the flow is well represented com-

pared to the standard model.   First and second central 

moment statistics are globally in a very good match 

with reference LES and experimental measurements at 

a fraction of CPU cost relative to LES by A. Dehbi et 

al., (2017). Good performance of coarse LES simula-

tion with less than 0.2 million compared to the fine 5.1 

million-cell-mesh of well-resolved LES confirms that 

for the cavity simulation LES with the right SGS model 

still can be used which is a promising step for further 

multiphase flow investigations.  
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Abstract

DNS of mass transfer in gravity-driven bubbly

flow in a vertical pipe is performed at high Reynolds

numbers Re ∼ O(1000). Concerning the numeri-

cal approach, transport equations are discretized by

the finite-volume method on collocated unstructured

meshes. Furthermore, a multiple marker approach

has been combined with the unstructured conserva-

tive level-set method to avoid the numerical coa-

lescence of bubbles, whereas the mass conservation

issue inherent to standard level-set methods is cir-

cumvented. Discretization of the convective term of

transport equations is performed by unstructured flux-

limiter schemes, preserving the numerical stability at

high Reynolds number and high-density ratio. A one-

field formulation is adopted for modeling interfacial

boundary conditions of the chemical species concen-

tration in thermodynamic equilibrium. Numerical and

physical findings are discussed for mass transfer in

single bubbles and bubble swarms rising in a vertical

pipe.

1 Introduction

Mass transfer in gravity-driven bubble swarms is a

common phenomenon in nature and industry. Beyond

the scientific motivation, multiple applications can be

found in chemical processing plants. For instance,

bubble columns are used as chemical and biochemical

reactors to synthesize chemical products or to perform

separation processes. Although empirical correlations

have been proposed to estimate heat and mass trans-

fer coefficients in bubbles [18], the interplay between

fluid mechanics and mass transfer (or heat transfer) in

turbulent bubbly flows is not well understood yet.

The growing power of supercomputers has im-

pulsed the Direct Numerical Simulation (DNS) of

Navier-Stokes equations as another means to design

non-invasive and controlled numerical experiments of

bubbly flows. In this context, multiple methods have

been reported for DNS of multiphase flows on struc-

tured or unstructured meshes, for instance: volume-

of-fluid (VOF) methods [26], level-set (LS) methods

[30, 33], conservative level-set methods [29, 4, 13],

coupled VOF and LS methods [7], and front track-

ing (FT) methods [37]. Further extensions of these

methods for interfacial heat transfer or mass transfer

at deformable fluid interfaces have been reported in

[21, 2, 16]. Nevertheless, DNS of heat transfer or

mass transfer in bubble swarms is still quite limited

[22, 1, 32, 27, 13, 12, 14]. Indeed, multiple flow condi-

tions and geometrical configurations that involve mass

transfer processes in bubble swarms are not explored

yet. In this sense, this work aims to perform DNS

of gravity-driven turbulent bubbly flow in a vertical

pipe, using a multiple-marker CLS methodology [13].

This numerical approach has been designed for three-

dimensional collocated unstructured meshes [4, 13], as

well as adaptive unstructured mesh refinement [3]. As

an advantage, the accumulation of mass conservation

error is circumvented by the CLS method, whereas the

multiple-marker approach [13, 8, 5, 20] avoids the po-

tentially unphysical and numerical coalescence of bub-

bles.

This paper is organized as follows: The mathemat-

ical model is presented in section 2. Numerical meth-

ods are reviewed in section 3. Numerical experiments

are presented in section 4 Finally, concluding remarks

are discussed in section 5.

2 Mathematical formulation

Incompressible two-phase flow

The Navier-Stokes equations for the dispersed fluid

(Ωd) and continuous fluid (Ωc) can be combined into a

set of equations in a global domain Ω = Ωd∪Ωc, with

a singular source term for the surface tension force at

the interface Γ [37, 4, 13]:

∂

∂t
(ρv) +∇ · (ρvv) = −∇p+∇ · µ (∇v) +

∇ · µ(∇v)T + (ρ− ρ0)g + fσ, (1)

∇ · v = 0, (2)

where v is the velocity, p is the pressure, g is the

gravitational acceleration, µ is the dynamic viscosity,

ρ is the fluid density, fσ is the surface tension force

per unit volume acting on Γ, subscripts d and c rep-

resents the continuous phase and dispersed phase re-

spectively. Physical properties are constant with a

jump discontinuity at Γ: ρ = ρdHd + ρcHc, µ =



µdHd + µcHc. Here Hc denotes the Heaviside step

function, which is one at the fluid c (in Ωc) and zero

elsewhere, whereas Hd = 1 − Hc. Since periodic

boundary conditions are employed, the force −ρ0g

with ρ0 = V −1

Ω

∫

Ω
(ρdHd + ρcHc) dV , avoids the ac-

celeration of the flow field in the downward vertical

direction [5, 9, 13, 14].

Multiple marker CLS method

An unstructured CLS method [4, 13] is used for

interface capturing. Furthermore, a multiple marker

approach is combined with the CLS method to avoid

the numerical coalescence of bubbles. Therefore, each

fluid particle is represented by a CLS function [5, 8, 9,

13, 14]. The interface of the ith bubble is defined as

the 0.5 iso-surface of a regularized indicator function

φi, where i = 1, 2, ..., nd, nd is the total number of

bubbles in Ωd. Since the incompressibility constraint

(Eq. 2), the ith interface transport equation is written

in conservative form:

∂φi
∂t

+∇ · φiv = 0, i = 1, 2, ..., nd. (3)

Furthermore, an additional re-initialization equation is

solved to keep a sharp and constant interface profile:

∂φi
∂τ

+∇ · φi(1− φi)ni = ∇ · ε∇φi, i = 1, 2, ..., nd.

(4)

This equation is advanced in pseudo-time τ up to

steady state. Here, ni is evaluated at τ = 0. The

compressive term, φi(1 − φi)ni, compress the CLS

function along the normal vector ni. The diffusive

term, ∇ · ε∇φi, keeps the CLS profiles with charac-

teristic thickness ε = 0.5h0.9, where h is the grid size

[4, 8, 13].

Normal vectors ni and curvatures κi, are evaluated

as follows: ni = ∇φi‖∇φi‖
−1, κi = −∇·ni. Surface

tension force is computed by the continuous surface

force model [17], extended to the multiple marker CLS

method [5, 8, 9, 13]: fσ =
∑nd

i=1
σκi∇φi. Finally, in

order to avoid numerical instabilities at the interface,

fluid properties are regularized by a global level-set

function, Hd = φd, e.g., φd = max{φ1, ..., φnd
} [13,

14, 5].

Mass transfer

Concentration of chemical-species (C) in Ωc, is

computed by a convection-diffusion-reaction equa-

tion:

∂C

∂t
+∇ · (vC) = ∇ · (D∇C) + ṙ(C), (5)

where D is the diffusion coefficient, equivalent to Dc

in Ωc. Furthermore, ṙ = −k1C denotes the chemi-

cal reaction rate, with k1 defined as the reaction rate

constant (first-order). Chemical species concentration

at the interface are assumed in thermodynamic equi-

librium, therefore CΓ,c = HCΓ,d, where H is the so-

called Henry constant. The discontinuity introduced

by Henry’s law (H 6= 1), can be treated by rescal-

ing the concentration and diffusion coefficient to ob-

tain a continuous solution. Indeed, in the present re-

search the value of C is constant inside the bubble

[1, 32, 13, 14], whereas its value on the bubble inter-

face (CΓ,c) is imposed like a Dirichlet boundary condi-

tion. The reader is referred to [13] for further technical

details.

3 Numerical methods

Transport equations are discretized by the finite-

volume method on collocated unstructured meshes

[13]. Diffusive term of transport equations is centrally

differenced [13]. Cell-face values are linearly interpo-

lated unless otherwise stated. Gradients are evaluated

at cell centroids by the least-squares method [4, 12].

Compressive term at cell-faces (Eq. (4)), (φ(1 − φ))f
and nf , are approximated by linear interpolation [13].

The convective term of transport equations is

discretized at the control volume ΩP as follows:

(∇ · βψv)P = V −1

P

∑

f βfψfvf · Af , where VP is

the volume of ΩP , subindex f denotes the cell-faces

of ΩP , Af = ||Af ||ef is the area vector [13], ef
is a unit-vector perpendicular to the face and point-

ing outside the cell. Consistently with Eqs. (5, 1, 3:

(β, ψ) = {(1, C), (ρ, vj), (1, φi)}, vj are the compo-

nents of v. Furthermore, vf is a cell-face velocity [8],

interpolated to avoid the pressure-velocity decoupling

on collocated meshes [31]. Unstructured flux-limiters

schemes proposed by [13, 8, 4] are used to compute

ψf as follows: ψf = ψCp
+ 0.5L(θf)(ψDp

− ψCp
).

The anti-diffusive part is multiplied by the flux lim-

iter, L(θf ), with θf = (ψCp
− ψUp

)/(ψDp
− ψCp

),
subindex Cp denotes the upwind point, Up denotes

the far-upwind point, and Dp denotes the downwind

point as introduced in [13]. Some of the flux-limiters

(L(θ))) implemented in the unstructured multiphase

solver [13] have the form [34, 23]:






























max{0,min{2θf , 1},min{2, θf}} Superbee,

(1 + |θf |)/(1 + θf ) Vanleer,

max{0,min{4θf , 0.75 + 0.25θf , 2}} Smart,

1 CD,

0 Upwind.
(6)

In this research, Superbee limiter is employed unless

otherwise stated. Thus, numerical oscillations at dis-

continuities are avoided, whereas the numerical diffu-

sion is minimized.

The fractional-step projection method [19] is used

to compute the pressure-velocity coupling. First, a

predictor velocity (v∗P ) is calculated at cell-centroids:

ρP v∗

P − ρ0P v0

P

∆t
= C0

v,P + D0

v,P + (ρP − ρ0)g + fσ,P ,

(7)

where the superindex 0 denotes the previous time-step,

subindex P denotes the control volume ΩP , Dv = ∇ ·



µ∇v +∇ · µ(∇v)T , and Cv = −∇ · (ρvv). Imposing

the incompressibility constraint, (∇ · v)P = 0, to the

corrector step, Eq. (9), leads to a Poisson equation for

the pressure at cell-centroids:

(

∇ ·

(

∆t

ρ
∇p

))

P

= (∇ · v∗)P , (8)

which is solved by a preconditioned conjugate gradi-

ent method. In a further step the updated velocity (vP )

is computed at cell-centroids:

ρP vP − ρP v∗

P

∆t
= −(∇p)P . (9)

Furthermore, vf is specially interpolated [8, 13] to

fulfill the incompressibility constraint and to avoid

pressure-velocity decoupling on collocated meshes

[31]. Then, vf or some equivalent variable (e.g.,

vf · Af ) is employed to advect βfψf on the convec-

tive term of transport equations [8, 13].

Advection equation (Eq. (3)) and re-initialization

equation (Eq. (4)) are integrated in time by a TVD

Runge-Kutta method [24]. The reinitialization equa-

tion (Eq. (4)), is solved for the steady-state, using two

iterations per physical time-step [4, 7]. The numer-

ical algorithms have been implemented in the frame-

work of an in-house parallel C++/MPI code called Ter-

moFluids [36]. Parallel scalability and further techni-

cal details can be found in [13].

4 Numerical experiments

Validations,verifications and extensions of the un-

structured CLS method are reported in our previous

works, for instance: gravity-driven motion of single

bubbles [4, 6], binary droplet collision with bounc-

ing outcome [5], drop collision against a fluid inter-

face without coalescence [5], bubbly flows in vertical

channels [9, 11], falling droplets [10], Taylor bubbles

[25, 3], thermocapillary-driven motion of deformable

droplets [7], vapor-liquid phase change [15], mass

transfer in bubble swarms at Re ∼ O(100) [13, 12] as

well as Re ∼ O(1000) on unconfined domains [14].

Furthermore, a comparison of the unstructured CLS

method [4, 13] and geometrical VOF-LS method [7],

was reported in [10].

Therefore, this research is a further step for DNS

of mass transfer in turbulent bubbly flow in a vertical

pipe atRe ∼ O(1000). Following [13, 14, 12, 18], the

hydrodynamics of bubbly flows is characterized by the

Morton number Mo = gµ4
c(ρc − ρd)ρ

−2
c σ−3, Eötvös

number Eo = gd2b∆ρσ
−1, density ratio ηρ = ρc/ρd,

viscosity ratio ηµ = µc/µd, bubble-volume fraction

α = VΩd
/VΩ, confinement ratio CR = dbD

−1

Ω
, and

Reynolds number Re = ρcUTdb/µc. Here, db is the

initial bubble diameter, UT is the vertical component

(aligned with g) of the drift velocity defined as the dif-

ference between the bubble velocity and continuous

phase velocity.

Figure 1: Mass transfer from single bubbles in a vertical

pipe, Eo = 3.125, Mo = 10−11 ηρ = ηµ = 100,

Sc = 1, Da = 0, CR = 0.33. Snapshot at

t∗ = tg1/2d−1/2 = 11.2. (a) Vorticity (ωz =
ez · (∇×v)) on the plane x−y. (b) Concentration

(C) on the plane x− y.

Reactive mass transfer is characterized by the

Damköler number Da = k1d
2

b/Dc, Schmidt number

(Sc = µc/(ρcDc)) or Peclet number (Pe = ReSc),
and Sherwood number (Sh = kcdb/Dc) where kc
is the mass transfer coefficient at Ωc. The objective

in this research is to compute the Sherwood num-

ber Sh = Sh(Re, Sc,Da, α, CR). Further techni-

cal details on the computation of mass transfer coeffi-

cients and drag-force coefficients in bubbly flows can

be found in our previous work [13].

Mass transfer in single bubbles in a vertical pipe

Mass transfer coefficient (kc) in single rising bub-

bles is calculated in Ωc: kc(t) = VcA
−1

b (HC0 −
C∞)−1 (dCc/dt). Here, Cc = V −1

Ωc

∫

Ωc
CdV , VΩc

is the volume of Ωc, Ab =
∫

Ω
||∇φ||dV is the bubble

surface, H is the Henry constant (H = 1), C0 is the

concentration inside the bubble, and C∞ = 0 is the

concentration far from the bubble.

Ω is a cylinder with height HΩ = 12.1db and di-

ameter DΩ = 3db. Ω is discretized by 12.13 × 106

triangular-prisms distributed on 288 CPU cores, which

is equivalent to hmax = db/35. This grid size is

enough to achieve mesh-convergence in numerical re-

sults [13]. Furthermore, the mesh is densified around

the wall to capture thin fluid films in bubble-wall inter-

actions. Concerning boundary conditions at the wall:

no-slip condition is applied for velocity, Neuman con-

dition for the concentration of chemical species, and

φ|wall = φ|Ωd
. Periodic boundary conditions are ap-

plied to all variables, between top and bottom planes

of Ω along the y-axis (parallel to g). Both the continu-

ous phase and dispersed phase are initially quiescent.

Dimensionless parameters areEo = 3.125,Mo =
{10−11, 10−10, 10−8, 5×10−5}, ηρ = 100, ηµ = 100,

Sc = 1, Da = 0, CR = 0.33 and α = 0.59%. Fig.

1 depicts an snapshot of the vorticity field (ωz = ez ·
(∇×v)) and concentration field (C) on the plane x−y.

Fig. 2a illustrates the time evolution of Re, bubble



Figure 2: Mass transfer from single bubbles in a vertical

pipe, Eo = 3.125, ηρ = ηµ = 100, Mo =
{10−11, 10−10, 10−8, 5× 10−5

}, Sc = 1, Da =
0, CR = 0.33. (a) Reynolds number. (b) Nor-

malized bubble surface. (c) Sherwood number

Sh = dbkcD
−1

c . Instantaneous values (black line)

and averaged values (red line). (d) (Re, Sh) com-

puted with the present method (+) against correla-

tions of [28] (−−) and [35] (−·).

surface Ab, and Sh. Fig. 2b shows a comparison of

numerical results against correlations proposed by [28,

35].

Mass transfer in bubble swarms in a vertical pipe

DNS of reactive mass transfer in bubble swarms

in a periodic vertical pipe is performed. A first-

order chemical reaction avoids the saturation of con-

centration in Ωc [32, 13, 14]. The mass trans-

fer coefficient, kc(t), is computed as follows [13]:

kc(t) = VΩc
k1Cc(t)(HC0 − Cc(t))

−1A(t)−1 where

A(t) =
∑

iAi(t) is the interfacial surface, Ai(t) =
∫

Ω
||∇φi||dV is the ith bubble surface.

Ω is a vertical pipe with diameter DΩ = 4db and

height HΩ = 4db. Ω is discretized by 10.4 × 106 tri-

angular prisms, distributed on 960 CPU-cores. Bound-

ary conditions are the same as those described in the

previous section. Bubbles are initially distributed in

Ω following a random pattern, whereas fluids are ini-

tially quiescent. Since fluids are incompressible and

bubble coalescence is not allowed, the number of bub-

Figure 3: Mass transfer from bubble swarms (16 bubbles) in

a vertical pipe at t∗ = tg1/2d−1/2 = {3.8, 11.3},

Eo = 3.125, Mo = 10−11, ηρ = ηµ = 100,

Sc = 1, α = 16.7%. (a) Concentration on the

plane x− y. (b) Vorticity (ez ·∇× v) on the plane

x− y.

bles and the bubble volume-fraction (α = VΩd
/VΩ)

are constant throughout the simulation.

Dimensionless parameters are Eo = 3.125, M =
5 × 10−11, ηρ = 100, ηµ = 100, Sc = 1, Da = 200,

α = 16.7% andCR = 0.25. Fig. 3 shows snapshots of

mass transfer in bubble swarms at t∗ = tg1/2d−1/2 =
{3.8, 11.3}, with concentration and vorticity (ez · ∇×
v) fields on the plane x − y. Fig. 4 ilustrates the time

evolution of Reynolds number for each bubble (Rei)
and the averaged Reynolds number (red line), bub-

ble surface (Ai), Sherwood number (Sh), ans space

averaged concentration (Cc = VΩc

∫

Ωc
CdV ) of the

chemical species. Fig. 4a shows that Rei(t) presents

fluctuations induced by turbulence, bubble-bubble and

bubble-wall interactions. Fig. 4(c,d) shows that (Cc)

and (Sh) achieves the steady-state once the mass trans-



Figure 4: Mass transfer from bubble swarms (16 bubbles)

in a verticla pipe, Eo = 3.125, Mo = 10−11,

ηρ = ηµ = 100, Sc = 1, α = 16.7%. (a)

Reynolds number for each bubble, and averaged

Reynolds number (red line). (b) Normalized bub-

ble surface. (c) Sherwood number. (d) Chemical

species averaged concentration in Ωc.

fer from bubbles to Ωc is balanced by the chemical re-

action in Ωc. Fig. 5 depicts the bubble trajectories.

5 Conclusions

DNS of mass transfer in turbulent bubbly flow in a

vertical pipe, Re ∼ O(1000), was performed using a

multiple marker CLS method [5, 9, 13]. The method

avoids the numerical merging of bubbles, an artifact

inherent to standard interface capturing methods, such

as level-set and volume-of-fluid.

A repulsive effect was observed for horizontal

bubble-bubble and bubble-wall interactions, whereas

the so-called drafting-kissing-tumbling mechanism for

vertical and oblique interactions of bubble pairs leads

to strong bubble shapes deformations. Furthermore,

a thin film of the continuous fluid avoids the con-

tact bubble-wall. Turbulence induced by bubble-

bubble and bubble-wall interactions promotes the mix-

ing of chemical species. The averaged concentra-

Figure 5: Bubble trajectories: 16 bubbles in a vertical pipe,

Eo = 3.125, Mo = 10−11, ηρ = ηµ = 100,

Sc = 1, α = 16.7%.

tion achieves the steady-state due to the equilibrium

of mass transfer from bubbles and the chemical reac-

tion in Ωc. For the range of dimensionless parameters

analyzed in this work, the so-called film model [13]

leads to accurate predictions for the averaged chemi-

cal species concentration.
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[11]Balcázar N., Lehmkuhl O., Castro J., Oliva A. (2018). DNS

of the Rising Motion of a Swarm of Bubbles in a Confined

Vertical Channel. In: Grigoriadis D., Geurts B., Kuerten H.,

Frhlich J., Armenio V. (eds) Direct and Large-Eddy Simula-

tion X. ERCOFTAC Series, vol 24. Springer, Cham.
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Abstract 

Based on numerical simulations by the Euler/La-

grange approach in combination with the RNG-k- 

turbulence model flow field and particle transport 

through inhaler devices are studied. Since one major 

problem in inhaler performance and drug powder re-

lease is the deposition on the inhaler walls this issue is 

analysed in more detail. For computing fine particle 

motion through the stationary flow field all relevant 

particle forces and turbulent dispersion are considered. 

The possible deposition of fine particles on the inhaler 

walls is determined through a critical impact velocity 

approach which accounts for the elastic-plastic prop-

erties of wall and particle materials with adhesion. The 

performance of different deposition models was first 

analysed. The overall deposition of particles in the en-

tire inhaler is determined in dependence of particle 

size, (stationary) flow rate, particle release location 

and type of inhaler. Additionally, the spatial distribu-

tion of the deposits is determined for allowing inhaler 

optimisation.  

 

1 Introduction 

Dry powder inhalers (DPI) are increasingly used to 

administer drugs in the form of fine powders through 

the airways. These drugs are also called API (active 

pharmaceutical ingredient). Since such fine powders 

need to be smaller than about 5 µm for lung inhalation 

they are very cohesive and difficult to handle and dis-

perse. Therefore, two kinds of formulations are com-

monly in use. Most widespread is the blending of 

larger carrier particles with the fine drugs (called clus-

ter), however also agglomerated drug powder may be 

delivered to the inhaler. The main task of the inhaler 

is the detachment of the drug from the carrier or the 

destruction (aerosolization) of the agglomerates. Due 

to the strong adhesion forces between such small par-

ticles, both formulations require remarkable stresses. 

These may be realised by flow stresses produced by 

the breathing-induced air flow or by frequent wall im-

pacts (Sommerfeld et al. 2019). Unfortunately, the ef-

ficiency of dry powder inhalers is very low and only 

20 to 40 % of the fine particle dose loaded into the 

inhaler is delivered to the lung. 

One unsolved issue in the operation of DPIs may 

be the deposition of fine drug particles on the wall of 

the inhaler. This may happen during carrier particle 

wall collisions (Ariane et al. 2018; Cui and Sommer-

feld 2019) but also during the transport of aerosolised 

API during their transport through the inhaler. Such a 

deposition study for fine particles below 10 m was 

conducted by Milenkovic et al. (2013) for a Turbuha-

ler using numerical simulations based on an Euler/La-

grange approach. Besides RANS (Reynolds-averaged 

Navier-Stokes) with the k--SST and the RNG k- 

also LES (large eddy simulations) were used to calcu-

late the flow field. 

Because of these open issues in DPI performance, 

the complex and highly turbulent, mostly swirling 

flow field within inhalers and the difficult real-scale 

experimental analysis, computational fluid dynamics 

(CFD) is applied for more than one decade in order to 

analyse DPI related specific phenomena. Some of this 

work has been reviewed by Wong et al. (2012), 

Ruzycki et al. (2013) and Cui and Sommerfeld (2018). 

A detailed review, specifically related to particle 

phase modelling, was recently provided by Sommer-

feld et al. (2019). The need for multiscale modelling 

approaches for capturing all particle-scale transport 

processes was recently emphasised by van Wachem et 

al. (2017). 

Although LES (Large eddy simulations) is increas-

ingly applied to complex inhaler flows, most of the 

simulations are still done on the basis of RANS (Reyn-

old-averaged Navier-Stokes) equations in connection 

with an appropriate turbulence closure (e.g. RNG-k- 

or k--SST). Conceptually, LES requires fully un-

steady simulations whereas RANS is mostly con-

ducted in a steady-state mode. Therefore, LES re-

quires much longer computational times. 

Until now quite a number of studies were related 

to Lagrangian point-particle calculations of the motion 

of different kinds of particles through inhaler devices, 

such as: fine drug particle motion behaviour (Coates 

et al. 2004); fine particle tracking and analysis of dep-

osition in inhaler devices (Milenkovic et al. 2013) and 

analysis of coarse carrier particle motion in a Lagran-

gian way (see Donovan et al. 2012, Sommerfeld and 

Schmalfuß 2016). The present study concerns a de-

tailed analysis of API deposition in two different in-

haler devices. For that purpose, several deposition 

models are applied considering also the influence of 

wall and particle material in the adhesion models. The 



 

 

considered deposition models are based on the critical 

velocity approach resulting from an energy balance. 

2 Numerical approach 

In this study the Euler/Lagrange approach in com-

bination with the RNG-k- turbulence model is pri-

marily applied for analysing fine particle transport and 

deposition locations in two types of dry powder inhal-

ers, the well-known Cyclohaler (or Aerolizer) and the 

modular swirl-type inhaler developed at the Univer-

sity Kiel (Friebel 2010). A comparison of both inhal-

ers regarding carrier particle motion was already pre-

sented previously (Sommerfeld et al. 2019). 

In the present study only fine individual and spher-

ical drug particles are considered. The motion of such 

fine drug particles (here below 10 m) was performed 

on the basis of the Lagrangian point-particle approach 

considering drag and gravity, as well as the Brownian 

random force. The drag force was extended by apply-

ing the Cunningham correction in order to model the 

slip effect, which becomes relevant for very fine par-

ticles. Naturally, also the effect of turbulence on parti-

cle motion was accounted for using a single-step 

Langevin model (Sommerfeld et al. 2008). Collisions 

between particles as well as any modifications of the 

flow field by the particle phase or its deposit are not 

considered in the present study. All new implementa-

tions are realised in the open-source code Open-

FOAM. 

3 Deposition Model 

In order to obtain particle deposition on rigid walls 

of confined flows, two criteria must be fulfilled. First 

the particle needs to be transported towards the wall 

through inertial effects, fluid dynamic forces as well 

as turbulence and Brownian motion. Second the parti-

cle needs to stick to the wall by the involved adhesion 

forces depending on particle and wall material. 

Mostly Lagrangian models for deposition are re-

laying on a critical particle impact velocity below 

which deposition may occur. In the present case an 

elastic-plastic-adhesive oblique wall collision is con-

sidered. The required critical velocity is derived based 

on either an energy balance or a force or impulse bal-

ance (i.e. Newtons second law). The relevant energies 

in the particle-wall impact process are the kinetic en-

ergy of impact and rebound, a dissipated energy, 

mainly due to plastic deformation, a surface energy 

due to interface deformation and an adhesion energy 

caused in dry systems by the van der Waals interaction 

for the impact and rebound phase. Deposition will of 

course only take place if the rebound energy becomes 

zero. For deriving the different energy contributions, 

the size (i.e. radius and depth) of the contact area is 

required, which may be derived by the Hertzian theory 

(Hertz 1882) or the JKR-model (Johnson et al. 1971). 

This deformation area of course depends on the mate-

rial properties of particle and wall, such as Poisson ra-

tio 𝜈𝑖  and Youngs modulus 𝐸𝑖. Other relevant material 

properties are the Hamaker constant, the yield 

pressure and the interface energy. Consequently, a re-

liable modelling of drug particle deposition in inhaler 

devices requires actually all these parameters which 

are however mostly not available. 

In literature a number of deposition models are 

presented based on different derivation concepts and 

considering also different process during particle im-

pact on a plane wall. In the present study three depo-

sition models are considered delivering a critical im-

pact velocity. 

First the energy-based model proposed by Hiller 

(1980) for fine particle deposition on single fibres (i.e. 

related to gas filtration) is considered. Here the impact 

kinetic energy of the particle is compared with the ad-

hesion energy (van der Waals energy) and the dissi-

pated energy, which is determined with the maximum 

deformation depth. This yields the critical normal im-

pact velocity for deposition on a plane wall as: 

𝑉𝑐𝑟𝑖𝑡 =
√1− 𝑘2

𝜋 𝑘2 𝑑𝑃 𝑧0
2  

𝐻

√6 𝜌𝑃 𝑝𝑦
                     (1) 

The minimum contact distance is normally set to 

0.4 nm (0.410-9 m) and k is the energetic restitution 

ratio, H the Hamacker constant and 𝑝𝑦 the yield pres-

sure, all depending on the softest wall or particle ma-

terial considered. 

The deposition model of Brach and Dunn (1992) 

was developed for an oblique elastic-plastic wall im-

pact of small particles. The maximum contact area ra-

dius is determined on the basis of the Hertzian contact 

theory. Setting the kinetic energy of the impact (nor-

mal component for oblique impact angles) equal to the 

adhesion energy including the stored elastic energy 

and the interface adhesion energy one obtains eventu-

ally: 

𝑉𝑐𝑟𝑖𝑡 =
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1+ 𝜂2

𝑘2 )
10

7⁄

 (
1
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 (
1
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)
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 (
1

𝑅𝑃
)

10
7⁄

          (2) 

In this equation  𝜂 is a kind of friction coefficient 

and termed as impulse ratio and 𝑘 is the energetic res-

titution ratio, 𝜚𝑃 is the particle material density and 𝑅𝑃 

the particle radius. The material property parameter 𝐸∗ 

is defined in the most common way as: 

𝐸∗ =  (
1−𝜈𝑆

2

𝐸𝑆
+  

1−𝜈𝑃
2

𝐸𝑃
)

−1

                    (3) 

where the properties of surface S and particle P are 

considered through the Youngs modulus 𝐸𝑖 and the 

Poisson ratio 𝜈𝑖 . 

Another deposition model frequently used in the 

literature (see e.g. Venturini 2010) is that of Thornton 

and Ning (1998) where the normal wall impact of elas-

tic-plastic adhesive spheres was considered. Again, 

based on an energy balance, the critical velocity for 

deposition was derived considering the JKR-theory 

(Johnson et al. 1971). For this situation one obtains: 

𝑉𝑐𝑟𝑖𝑡 = 1.84 {(
1

𝐸∗)
1

3⁄

 (
1

𝜚𝑃
)

1
2⁄

 (
𝛾∗

𝑅𝑃
)

5
6⁄

}       (4) 



 

 

where 𝛾∗ =  √𝛾𝑃 𝛾𝑆 is the interface energy com-

posed of both the particle and surface energy. 

Beyond the critical normal impact velocity, i.e. 

when particle rebound occurs, the fully three-dimen-

sional hard-sphere wall collision model is solved 

(Sommerfeld and Huber 1999). Since the walls of an 

inhaler are supposed to be a very smooth plastic mate-

rial and the particles are assumed to be perfect spheres, 

any wall roughness effects are neglected. Moreover, 

since the particles are small and have very low inertia, 

particle rotation and the change of rotation due to wall 

collisions may be neglected without large errors. 

The dependence of the critical velocity on the ma-

terial properties opens the possibility to study the in-

fluence of material on the overall and local particle 

deposition. 

For validating the different deposition models the 

experimental data of Wall et al. (1990) were consid-

ered, where mono-size ammonium fluorescein (NH4 

Cl) spheres (diameter between 2.6 and 6.9 m) im-

pinge on different surface materials. These materials 

were silicon, molybdenum and tedlar, all carefully 

prepared to yield smooth surfaces. The model of Brach 

and Dunn (1992), in the following called B&D, with k 

= 1.0 and  = 0 under-predicts the measured critical 

velocity (Figure 1). However, when including a resti-

tution coefficient of k = 0.8 and a friction of  = 0.1 

the agreement is almost perfect for different wall ma-

terials, both with respect to slope and magnitude. The 

model of Th&N (Thornton and Ning 1998) remarka-

bly under-predicts the critical velocity in dependence 

of particle size and also the slope of the curve is com-

pletely different (Figure 1). Even when selecting a res-

titution ratio k = 0.8, the critical velocity obtained by 

the Hiller (1981) model is more than one order of mag-

nitude smaller as the experimental values. Also, this 

model shows no strong sensitivity on the wall mate-

rial, which is probably caused by the selection of the 

Hamaker constant. 

 
Figure 1: Critical velocity in dependence of particle 

diameter (ammonium fluorescein) for different wall 

materials (left: teldar (polyvinyl-fluoride), right: sili-

cone), comparison of model predictions (B&D: Brach 

and Dunn (1992) k = 1.0,  = 0 and k = 0.8,  = 0.1; 

Th&N: Thornton and Ning (1998); Hiller (1980)) with 

experiments (Wall et al. 1990). 

4 Inhaler Geometry and Flow Field 

The geometries of the two considered inhalers are 

shown in Figure 2 a) and b) consisting both of a cap-

sule and a swirl chamber, a grid as a kind of flow 

straightener and a mouth piece. A remarkable differ-

ence between the inhalers is not only the general 

shape, but also the Cyclohaler has two inlets whereas 

the Unihaler has only a single inlet channel which of 

course yields for the same flow rate higher velocities 

and induces a strongly asymmetric flow. This real-

scale geometry was discretised by an unstructured 

mesh with 1.44 million computational cells for both 

inhalers. For inducing the flow through the inhalers 

the considered flow rate is specified at the outlet and 

zero-gradient conditions are applied at the inlet. In 

pharmacy a comparison of different inhaler types is 

usually done for a pressure drop of about 4 kPa. The 

Unihaler has expectedly much higher pressure drop 

wherefore a comparison of both devices was done 

considering different flow rates; i.e. 90 l/min for the 

Cyclohaler and 60 l/min for the Unihaler, yielding 

roughly the same pressure drop. 

 
Figure 2: Geometry of Cyclohaler (a) and Unihaler (b) 

with capsule chamber, swirl chamber, grid and mouth-

piece. 

In both inhaler types a very strong high-velocity 

swirling flow develops (Figure 3 a) and b)). Due to the 

single inlet of the Unihaler the swirl velocity is higher 

even the flow rate is lower. The one-sided inlet also 

causes a quite uneven flow through the grid. Within 

the capsule chamber a strong flow recirculation devel-

ops for both inhalers. Note that the capsule chamber is 

much smaller for the Unihaler. 

The two considered inhalers rely on a capsule-

based delivery of the drug particles, either in form of 

agglomerated drug powder or as blended carrier parti-

cles (Sommerfeld et al. 2019). For being respirable 

such drug powder should be smaller than 5 m. The 

capsule size to be used in both inhalers is SIZE3 hav-

ing a diameter of about 5.83 mm and a length of 15.9 

mm. At the beginning of the inhalation process, the 

capsule, placed in the capsule chamber, is pierced by 

needles from both face sides, yielding hole diameters 

of 0.6 mm in this case. Hence, thereafter the drug 



 

 

particles may be drawn out of the capsule and are 

transported through the inhaler. This situation and the 

presence of a capsule initially located in the capsule 

chamber were not considered in the present simula-

tions. In a later stage the capsule is lifted upwards by 

the breathing airstream (Shur et al. 2012) and begins 

to rotate within the swirl chamber continuously releas-

ing drug particles (Benque and Khinast 2019). 

In order to circumferent such a complicated and gen-

erally unknown drug particle release three possible 

drug powder release or injection procedures were con-

sidered. In any case the starting point was the con-

verged steady-state flow field as illustrated in Figure 

3. 

 

 
 

 
 

Figure 3: Numerically obtained flow fields (velocity 

magnitudes) within different planes of the inhaler, left 

part vertical middle-plane, low-right: plane through 

the middle of the swirl chamber, top-right: plane just 

downstream of the grid; top) Cyclohaler at 90 l/min, 

scale 60 m/s and bottom) Unihaler at 60 l/min, scale 

until 75 m/s, corresponding roughly to the peak inspi-

ration flow rate. 

In the first two cases about 2500 stationary parti-

cles were released with zero initial velocity from a cu-

boidal arrangement, once placed in the capsule cham-

ber and secondly positioned within the swirl chamber, 

as illustrated in Figure 4 for the Cyclohaler. These two 

injection modes were also realised for the Unihaler 

with a similar initial arrangement of the drug particles. 

For the third particle injection mode (only used for the 

Cyclohaler), the particles were continuously released 

from the face sides of a fictitious capsule over a time 

period of 0.02 s (Figure 4 c)). During this period in 

total 5025 mono-sized drug particles were injected. 

The particle mean diameter was varied between 0.05 

m and 10 m and particle motion was initiated by the 

considered fluid forces. The particle tracking simula-

tions were conducted as long as all particles have left 

the inhaler or were deposited on the walls. This simu-

lation time was of course adapted according to the 

considered flow rates. 

 

Figure 4: Illustration of the drug particle injection 

modes considered in this study; a) injection mode 1 

with about 2500 particles released from the capsule 

chamber; b) injection mode 2 with 2500 particles re-

leased from the swirl chamber underneath the grid; c) 

mode 3 with continuous injection of 5025 drug parti-

cles from the cap faces of a fictitious capsule, location 

indicated by the arrow (local release). 

5 Analysis of Deposition 

The drug particle deposition studies were con-

ducted for both inhaler types, different flow rates (sta-

tionary flow), a particle size range between 0.05 m 

and 10 m, a number of particle release positions (see 

Figure 4), as well as various deposition criteria in the 

B&D deposition model. It should be noted that for 

lung deposition only particles below 5 m are rele-

vant. 

 

Material of Particles 

and walls 

Density 

[kg/m3] 

Young 

[GPa] 

Poisson 

ratio [-] 

Lactose Particles 1500 1.0 0.4 

Mannitol Particles 1500 0.1 0.3 

PMMA Particles 1190 5.9 0.4 

Polystyrene Wall 1050 4.1 0.35 

Glass Wall 2500 80 0.22 

Table 1: Summary of particle and wall mechanical 

properties for the considered deposition models. 



 

 

The particle material density was selected as 

1.5 𝑔 𝑐𝑚3⁄  representing Lactose and Mannitol pow-

der. As a standard case for the wall material Polysty-

rene is considered and also compared to cases with 

glass walls which is a hard and brittle material. All 

properties for the deposition model, particle density, 

Youngs modulus and Poisson ratio are summarised in 

Table 1. 

The general expectation is that particle deposition 

increases with particle diameter due to growing parti-

cle inertia. Naturally, also Brownian motion and tur-

bulence intensity could affect local deposition frac-

tions. Brownian effects may be neglected since they 

are only be relevant for particle below 0.05 m. For 

getting an idea about particle response, the Stokes 

numbers based on a system or swirl time-scale 

(𝑆𝑡𝑆𝑤 =  𝜏𝑃 𝜏𝑆𝑤⁄ ) and the integral time scale of turbu-

lence (𝑆𝑡𝑇 =  𝜏𝑃 𝑇𝐿⁄ ) are calculated. The particle re-

sponse time scale is calculated as 𝜏𝑃 =
 (𝜌𝑃  𝐷𝑃

2) (18 𝜇)⁄ , the system time scale of the flow is 

calculated as the radius of the swirl chamber over the 

tangential inlet velocity 𝜏𝑆𝑤 =  𝑅𝑆𝑤 𝑈𝑡⁄  and the inte-

gral time scales of turbulence is evaluated as the mean 

value obtained over the entire computed stationary 

flow field within the inhaler 𝑇𝐿 =  0.16 𝑘 𝜀⁄ . Both, the 

system time scale as well as the turbulent time scale 

are expected to decreasing with growing flow rate. 

The Stokes numbers for the Cyclohaler are de-

picted in Figure 5. Below St = 1 the particles should 

respond to the flow field yielding low deposition rates, 

whereases inertia is dominating above St = 1 associ-

ated with a growth of wall collisions and deposition. 

Only particles below about 4 – 6 m (with decreasing 

flow rate) are able to fairly well response to turbu-

lence. On the other hand, particles below 6 – 10 m 

are able to follow the strongly swirling mean flow 

field. 

Already the values for the Stokes numbers in de-

pendence of particle size indicate that the deposition 

caused by inertia and turbulence for the 1 m will be 

relatively small and will continuously grow with par-

ticle size. Hence such small particles shall follow the 

mean flow as well as the turbulence structures reason-

ably well. For the 10 m-particles the Stokes number 

related to both effects is well above unity. This behav-

iour is of course expected from standard deposition 

curves. 

 
Figure 5: System (swirl) 𝑆𝑡𝑆𝑤 (lower three lines, 

green) and turbulent 𝑆𝑡𝑇 (upper 3 line, blue) particle 

Stokes numbers versus particle size for the three flow 

rates 30, 60 and 90 l/min with 𝜏𝑆𝑤 =
 0.562, 0.281 and 0.187 ms and 𝑇𝐿 = 0.158,
0.083 𝑎𝑛𝑑 0.057 𝑚𝑠 (Cyclohaler). 

The particle deposition counts per area of wall for 

three particles sizes (i.e. 1, 2 and 5 m) are illustrated 

in Figure 6, magnifying the region of capsule and swirl 

chamber as well as the grid for the Cyclohaler. In all 

cases the deposition in the mouth piece is very low an-

yway. It is clear that the region of remarkable deposi-

tion strongly depends on particle size and hence on 

their inertia. For the 1 m-particles (Figure 6, left) no 

deposition is visible in the swirl chamber, as they seem 

to completely follow the rotating flow. Some deposi-

tion occurs in the capsule chamber, however the ma-

jority of particles deposit on the grid. When looking to 

the 2 m-particles it is clear that deposition on the grid 

is reduced as many of the impinging particles are re-

bound due to inertia (Figure 6, middle). Instead, most 

of the particles deposit in the capsule chamber and 

only a few are sticking on the walls of the swirl 

 

Figure 6: Illustration of the drug particle deposition in the different regions of the Cyclohaler device in depend-

ence of particle size for a flow rate of 90 l/min, B&D deposition model for Lactose particles and Polystyrene 

wall with k =0.8 and  = 0.1, with about 2500 particles released from a cuboidal arrangement in the capsule 

chamber; left: 1 m, middle: 2 m particles and right: 5 m. 

 

 

 

 



 

 

chamber. When the particles further increase in size (5 

m, Figure 6 right) inertia is further growing and the 

particles cannot follow the rotating flow and hit the 

swirl chamber wall where they deposit. However, 

gravity seems to bring the particles more to the bottom 

region of the swirl chamber (Figure 6 right). On the 

grid almost no particles are deposing but some more 

deposited particles are seen on the mouth piece wall. 

The total deposition in dependence of particle size 

for different drug particle release locations is illus-

trated in Figure 7. As mentioned above for all injection 

modes the deposition fraction continuously increases 

with particle diameter. Already between 40 to 50% of 

1 m particles may be deposited within the inhaler un-

der the present conditions. The capsule release of 5 

m-particles results yet in a deposition fraction of 

85%. When the particles are released in the swirl 

chamber, just underneath the grid, the deposition of 1 

m particles is about 10% higher than for the capsule 

release. However, then for the larger particles the dep-

osition from a swirl chamber release is remarkably 

lower than for capsule release (Figure 7). The local 

particle injection from the cap faces of the capsule 

placed in the capsule chamber interestingly yields the 

highest deposition fraction for all particle sizes. When 

assuming for the mode 1 of a capsule release, that all 

particles impinging on the wall are deposited the dep-

osition fraction is of course quite large and remains for 

particles larger than 3 m close to 100%. This result 

allows to conclude that for particle smaller than 1 m, 

where deposition is anyway low, there is no strong ef-

fect of drug particle release location. Whereas larger 

particle deposition strongly is affected by release lo-

cation. The lowest deposition rates are achieved when 

the particles are released in the swirl chamber. 

 
Figure 7: Total drug particle deposition fraction in de-

pendence of their size considering different release or 

injection modes as summarised in Figure 4 for Lactose 

particles and a polystyrene wall a listed in Table 1 (Cy-

clohaler at flow rate 90 l/min). 

As already indicated and discussed in Figure 6 the 

location of particle deposition depends strongly on 

particle size and response characteristics (see Figure 

5) in addition to the release location. In Figure 8 the 

local deposition fractions are shown for the capsule 

and swirl chamber as well as the grid and the mouth-

piece. This again quantifies the fact that small particles 

are most likely to deposit on the grid (see also Figure 

6) for both release locations (mode 1 and mode 2). Par-

ticles between 2 and 3 m are preferably deposited in 

the capsule chamber mainly for the capsule chamber 

release of the particles. Then for particle diameters 

larger than 2 m a continuous increase of the deposi-

tion in the swirl chamber is observed for further grow-

ing particle size due to the increasing particle inertia 

and associated centrifuging (Figure 8). This is the case 

for both release locations capsule and swirl chamber. 

The deposition in the mouthpiece is comparatively 

low and shows a maximum for 5 m particles in both 

release modes. 

 
Figure 8: Particle deposition fraction in the different 

regions of the Cyclohaler (capsule and swirl chamber, 

grid and mouthpiece) in dependence of particle diam-

eter for particle release in the capsule (mode 1) and 

swirl chamber (mode 2) at a flow rate of 90 l/min. 

In the following the total deposition fraction in de-

pendence of particle size will be analysed for different 

flow rates of the Cyclohaler and also compared with 

the Unihaler at a flow rate of 60 l/min producing about 

the same pressure drop as for the Cyclohaler at 90 

l/min (Figure 9). It is obvious, that the deposition frac-

tion for particles below 5 m is remarkably lower for 

the Cyclohaler with a low flow rate of 30 l/min com-

pared to 90 l/min. This is a result of the reduced parti-

cle-wall collision probability whereby deposition may 

occur less often. The Unihaler at a comparable flow 

rate shows slightly higher deposition fractions as the 

Cyclohaler at 90 l/min which is mainly associated with 

the single, one-sided inlet (see Figure 2). 

The deposition locations in the Unihaler for the 

three particle sizes are slightly different as observed in 

the Cyclohaler (compare Figure 6 and Figure 10). In 

the Unihaler 1 m particles are not so strongly depos-

ited on the grid, rather particles are also found in the 

capsule and swirl chamber, but also in the mouth 

piece. Note that in the Cyclohaler particles of 1 and 2 

m are not at all deposited in the swirl chamber. This 

is most likely associated with the one-sided inlet and 

the high tangential velocities (see Figure 3). The 2 m 

particles are preferably deposited in the capsule cham-

ber; some particles are found on the swirl chamber 

walls and very little is seen on the grid (Figure 10). 

The largest considered particles (5 m) are preferably 



 

 

deposited in the swirl chamber and show, due to the 

one-sided inlet, a nice spiral pattern of deposition. Al-

most no large particles are deposited on the grid. 

When considering hard particle and wall materials, 

the deposition fraction is remarkably reduced since the 

critical velocity is much lower comparted to the Lac-

tose/Polystyrene combination (Table 1). Hence, most 

collisions result in particle rebound which is especially 

seen for particles larger than about 3.5 m. It is how-

ever not clear in as much such a hard material combi-

nation may be realisable with real drug particles and 

commercially available inhaler devices. 

 
Figure 9: Total drug particle deposition fraction in de-

pendence of their size considering different flow rates 

for the Cyclohaler (30 and 90 l/min) and a comparable 

flow rate for the Unihaler (60 l/min) using Lactose 

particles and a Polystyrene wall (these wall interac-

tions are characterised as soft) as well as a case for the 

Cyclohaler at flow rate 90 l/min using PMMA parti-

cles and a glass wall (this is called hard), for both in-

halers particle release from the capsule chamber. 

5 Conclusions 

Dry powder Inhaler devices are known to have a 

quite low efficiency regarding the delivery of fine drug 

particles below 5 m to the human pulmonary airways. 

One reason for this may be the drug particle deposition 

on the inhaler walls for both formulations, carrier 

based or powder delivery, where the dose is mostly ad-

ministered through capsules. Therefore, the deposition 

of fine drug particles in two inhaler devices was ana-

lysed through numerical simulations with an Euler/La-

grange approach. The occurrence of deposition was 

described through an energy-based approach (Brach 

and Dunn 1992) yielding a critical velocity below 

which deposition happens. This critical velocity is de-

pending on the properties of particle and wall material 

and model calculations gave excellent agreement with 

measurements. 

With regard to deposition in inhaler devices it was 

shown that the deposition fraction is first of all 

strongly depending on the particle release location. 

Only a full simulation with rotating capsule and proper 

particle release from the openings of the capsule could 

solve this problem (Benque and Khinast 2019). It 

could be shown that for the considered swirl type 

inhalers with a grid at the mouthpiece entrance very 

fine particles ( 1 m) deposit preferably on the grid, 

intermediate sizes ( 2 – 3 m) are captured in the cap-

sule chamber and larger particles (> 5 m) preferably 

deposit in the swirl chamber due to inertia. A variation 

of flow rate as occurring for a realistic inhalation pro-

cess does not drastically change of deposition fraction. 

A possibility for reducing deposition is the use of 

harder particle and wall materials which reduces the 

critical velocity. 

 

Figure 10: Illustration of the drug particle deposition 

in the different regions of the Unihaler device in de-

pendence of particle size for a flow rate of 60 l/min, 

B&D deposition model for Lactose particles and Pol-

ystyrene wall with k =0.8 and  = 0.1, with about 2200 

particles released from a cuboidal arrangement in the 

capsule chamber; top: 1 m, middle: 2 m particles 

and bottom: 5 m. 
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Abstract
This work presents a novel conservative La-

grangian immersed boundary method (CLIB) to solve
incompressible viscous fluid flow problems around
solid geometries. Classical immersed boundary meth-
ods (IBM) are known to face mass and momentum
conservation issues at the frontier between solid and
fluid. This original method couples the penalty IBM
with a Lagrangian volume of solid (VOS) formulation
introducing some extra source terms in the governing
equations. These terms serve to represent the existence
of a solid body inside the fluid domain and give rise to
a fully conservative system of equations. Solid mass
conservation is guaranteed thanks to a Lagrangian rep-
resentation of the solid volume fraction field and is
proven effectively independent of the grid resolution.
The accuracy of the present method is demonstrated
by the good agreement of aerodynamic quantities for
two-dimensional flows around stationary and mobile
(rotating, oscillating) rigid solid bodies with the val-
ues found in literature.

1 Introduction
Renewable energy production units, such as wind

turbines, involve geometrically complex bodies (rigid
or flexible) in motion and in contact with fluids. The
study of wind turbine wakes involves high Reynolds
number flows around mobile complex geometries and
a wide range of temporal and spatial scales. This
makes body-fitted computations unaffordable. State-
of-the-art computations in wind energy are based on
Large-Eddy simulations (LES) coupled with actuator
line methods (ALM) where no re-meshing is required
(Porté-Agel et al. (2019)). This framework requires
the characteristics of the airfoil and its aerodynamic
coefficients to model its influence onto the fluid via a
momentum source term. An attractive alternative for
simulating fluid-structure interaction (FSI) problems
involving complex geometries and arbitrarily large
movements is the use of immersed boundary methods
(IBM). These methods do not need body-fitted meshes
due to the ability to allocate grid points within the solid
region. The main challenge is the proper modelling of
the presence of the immersed solid into the fluid via
forcing terms in the governing equations.

The original method was developed by Peskin
(1972) to simulate cardiac mechanics and associated
blood flow. Since then, the IB methods have been
extended to various applications in scientific and en-
gineering fields. Numerous modifications and refine-
ments have been proposed and a number of variants
of this approach now exist focusing on the definition
of the forcing term (extensive review can be found in
Sotiropoulos and Yang (2014)). The forcing term can
be represented in a discrete or a continuous manner.
The general advantage of continuous forcing is that the
formulation is almost independent of the discretization
scheme, which makes its integration easier. Hence, the
present work focuses on the continuous IBM of penal-
ization with a sharp representation of the solid-fluid in-
terface. Furthermore, the coupling of this method with
a Lagrangian volume of solid (VOS) approach results
in a fully conservative set of governing equations by
introducing extra source terms in the aforementioned
equations. This method will be referenced as conser-
vative Lagrangian immersed boundaries (CLIB).

This paper is organized in the following manner.
In Section 2 the governing equations and the main nu-
merical tools of this study are presented. The method-
ology is applied on three validation cases in Section 3:
flow past a stationary, a rotating and an oscillating
cylinder. Lastly, in Section 4 concluding remarks
about the method will be given.

2 Numerical framework

Governing equations
To start, the coupling of the volume of fluid (pro-

posed by Hirt and Nichols (1981)) and the penalty
IBM yields the following continuity and momentum
equations for the fluid:

∂

∂t
(φf ) +∇ · (φfuf ) = 0 , (1)

∂

∂t
(φfuf ) +∇ · (φfufuf ) =− 1

ρ
∇P +

1

ρ
∇ · (φfτ )

+ F s→f .
(2)

where uf is the fluid velocity, φf the fluid fraction,

P is the pressure, τ = µ
(
∇uf +∇uTf

)
the viscous



stress tensor, F s→f the solid-fluid interaction and ρ
the fluid density.

A unified mean velocity field u is introduced,
given by:

u = φfuf + φsus , (3)

where us is the solid velocity and φs = (1 − φf )
the solid fraction. A similar expression is used by Liu
et al. (2021) but as a correction to the predicted in-
termediate velocity to compute the forcing term in a
direct forcing IB approach.

In the method presented here, this unified velocity
is inserted directly to both the mass and momentum
conservation equations (1,2) giving rise to a unique
system of equations capable of describing both the
fluid and the solid phases. Finally, the governing equa-
tions for incompressible flows using the CLIB method
read:

∇ · u =
∂

∂t
(φs) +∇ · (φsus) , (4)

∂u

∂t
+∇ · (uu) =− 1

ρ
∇P +

1

ρ
∇ · (φfτ ) + F s→f

+
∂

∂t
(φsus) +∇ · (φsusus) .

(5)
This final set of equations is very similar to the

pure fluid equations except for the additional trans-
port terms on the right-hand side (RHS). The volume
source term in the RHS of the continuity equation is
associated with the solid movement and/or its defor-
mation/dilatation and will be noted as Qs. The source
term in the RHS of the momentum conservation equa-
tion is related to volume force applied by the solid on
the fluid and will be noted as Ps. This system of equa-
tions is fully conservative.

The volume forcing term F s→f is represented
sharply via a penalty term as described in Angot et
al. (1999) which constrains the velocity u to be equal
to the solid velocity inside the solid region. This is
achieved through the use of a masking term χs, acti-
vated only for φs > 0, and a penalization time param-
eter η, representing the time needed for the mean ve-
locity to reach the target solid velocity. A conventional
technique is to set the mask equal to 0 or 1 for fluid and
solid nodes respectively, but we wanted to guarantee a
continuous application of the force while amplifying
the effect at the nodes with small solid fraction values.
The penalty term is expressed as follows:

F s→f =
χs
η

(us − u) , (6)

χs ≡
√
φs, η ≡ ∆t . (7)

Lagrangian solid fraction field
A strong point of this method lies in the use of a

Lagrangian framework. Using Lagrangian particles in
IBM for the force calculation has already been exam-
ined, as in Uhlmann (2005). Here, they are used to

Figure 1: Solid volume fraction field projected onto the Eu-
lerian mesh from the Lagrangian particles (in red).

define a Lagrangian field of the solid fraction ensuring
solid mass conservation.

The procedure of the solid fraction computation
consists of two stages. First comes a pre-processing
stage where an unstructured mesh representing the
solid is generated. Inside each cell of this mesh, we
place Lagrangian particles containing information on
the solid volume. During the computation stage, be-
fore the advection of the velocity at each iteration, the
particles are relocated on the Eulerian mesh (depend-
ing on the motion of the solid) and then the volume
carried by the particles is projected onto the Eulerian
mesh resulting in the computation of the local quan-
tity of solid volume, and by extension, the local solid
fraction φs, as illustrated by Fig. 1.

The solid volume Vs,i at grid node i is given by:

Vs,i =
∑

p|xp∈Ei

VpWi,p . (8)

The subscript p denotes the properties of the pth

particle, Ei is the set of elements adjacent to the grid
node i, and Wi,p is the weight of the linear interpola-
tion. Its expression reads:

Wi,p =
|xp − xfi| · Sfi∑

i′∈N (Ep) |xp − xfi′ | · Sfi′
, (9)

where Ep is the element containing particle p, and
N (E) is the set of nodes i′ of the element E and Sfi′
the vector area of the face fi′ opposite to the node i.
The solid fraction may then be written as:

φs,i =
Vs,i
Vi

. (10)

This solid volume fraction is not necessarily equal
to one inside the solid because of local errors. φs is
therefore slightly filtered with a conservative diffusive
filter where diffusion is non-zero only in the solid, i.e.
diffusivity is a constant multiplied by φs.

Numerical schemes and CLIB implementation
Equations (4) and (5) are solved using the YALES2

flow solver. YALES2 is a massively-parallel finite-
volume solver, presented in Moureau et al. (2011). It



is specifically tailored for Large-Eddy Simulation, and
relies on a central 4th-order numerical scheme for spa-
tial discretization, and a 4th-order Runge-Kutta like
method for the time integration on unstructured grid.
The CLIB method is implemented via the following
steps at each fluid iteration:

1. Advancement of solid volume fraction field
The Lagrangian solid particles are advanced from
time-step n+1/2 to n+3/2 according to the mo-
tion prescribed to the solid and the solid volume
fraction φn+3/2

s is computed as described in the
previous paragraph. Then, at time-step n+ 1:

φn+1
s =

1

2

[
φn+1/2
s + φn+3/2

s

]
. (11)

2. Computation of CLIB source terms
To allow rapid convergence of the predicted ve-
locity to the target us at the solid, the CLIB
source terms are expressed implicitly as:

Qn+1
s =

[
φ
n+3/2
s − φn+1/2

s

∆t

]
+∇ ·

(
φn+1
s un+1

s

)
,

(12)

Pn+1
s =

[
φ
n+3/2
s un+1

s − φn+1/2
s uns

∆t

]
+∇ ·

(
φn+1
s un+1

s un+1
s

)
.

(13)

3. Prediction & Correction of the velocity field
In YALES2, to advance the solution of the
Navier-Stokes equations in time, a modified pro-
jection method is used based on the Helmholtz-
Hodge decomposition presented by Chorin
(1968). Keeping the old pressure term in the cal-
culation of the intermediate velocity u∗ prevents
the introduction of a larger error term making the
correction step less computationally demanding
(Klainerman and Majda (1982)). The prediction
of the intermediate velocity is done as follows:

u∗ − un
∆t

= −∇ · (u∗un) + Pn+1
s

− 1

ρ
∇Pn−1/2 +

1

ρ
∇ · (φfτn)

+
χs
η

(
un+1
s − u∗

)
.

(14)

By subtracting the old pressure gradient from u∗,
the irrotational part can be written now as:

un+1 − u∗
∆t

= −1

ρ
∇Pn+1/2 . (15)

Taking the divergence of the irrotational part and
inserting the continuity constraint of Eq. (4), re-
sults in the pressure Poisson equation:

∇2Pn+1/2 =
ρ

∆t
(∇ · u∗ −Qn+1

s ) . (16)

To solve this elliptic equation the deflated pre-
conditioned conjugate gradient (DPCG) solver is
used as proposed in Malandain et al. (2013).

Force calculation acting on a solid body in CLIB
Usually with IBM the calculation of the forces act-

ing on the body requires the reconstruction of the solid
surface and the integration of the pressure and vis-
cous forces over this surface. The reconstruction of
the body surface may prove computationally expen-
sive for complex mobile geometries. In the case of
CLIB, the use of the solid volume fraction and the fact
that the momentum sources are present inside the solid
body and not only at its surface, make the calculation
of the total force F trivial. As shown in Lee et al.
(2011) the force can be computed by integrating the
Navier-Stokes equations over an arbitrary control vol-
ume around the solid (which includes the solid):

F =

∫
Vs

−f dV +

∫
Vs

(
∂u

∂t
+∇ · (uu)

)
dV ,

(17)
with f representing all the extra momentum

sources in Navier-Stokes equations. We can thus avoid
reconstructing the solid surface by simply integrating
over a volume. By identification, from Eq. (5), we see
that f ≡ P + F s→f . We can thus express the force
as the volume integral of the pressure gradient and the
divergence of the deviatoric stress inside the solid:

F =

∫
Ω

φs

(
−1

ρ
∇P +

1

ρ
∇ · (φfτ )

)
dV , (18)

where Ω is the computational domain.

3 Validation studies
In this section, several benchmark flow problems

are solved using the CLIB method to demonstrate the
ability of the method to obtain accurate results for dif-
ferent configurations. We examine three cases of flows
around a cylinder of diameter D. The main compari-
son tools between the numerical results with the ref-
erence data are the drag and lift coefficients (CD and
CL) defined as:

CD =
2Fx
ρSU2

∞
, CL =

2Fy
ρSU2

∞
. (19)

Fx and Fy are the stream-wise and cross-flow total
forces, respectively. U∞ is the free-stream velocity
and S the cross-sectional area of the body.

Flow past a stationary cylinder
The 2D laminar flow past a stationary cylinder

is examined first. The aerodynamic coefficients of
a two-dimensional cylinder are examined for vary-
ing Reynolds numbers (Re = U∞D/ν). The inlet
velocity is kept constant while the Reynolds number
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Figure 2: Aerodynamic coefficients and Stouhal number
versus Reynolds number: • CLIB, × Qu et al.
(2013).

changes according to the values of the varying kine-
matic viscosity ν. The size of the computational do-
main is: Ω = [−15D, 50D] × [−15D, 15D] contain-
ing 1.3 million cells. The solid is placed in a refined
region of dimension [−2D, 10D] × [−2.5D, 2.5D]
where the grid spacing is ∆s = 0.01D. The time-step
for all the simulations is determined by a CFL condi-
tion set to CFL = 0.9. The simulations are carried out
for 2000 non-dimensional periods (t∗ = tU∞/D).

Figure 2 shows the lift coefficient mean fluctuation
(CrmsL ) in excellent agreement with the numerical re-
sults of Qu et al. (2013) for all Reynolds number val-
ues. It increases rapidly with increasing Re in lami-
nar shedding regimes due to stronger alternate periodic
vortex shedding. The Strouhal number St = fsD/U∞
(fs being the vortex shedding frequency) is also in
good agreement, although slightly overestimated, fol-
lowing a similar trend with increasing Re.

The mean drag is underestimated for these
Reynolds number values. This is directly related to
the penalization forcing term since the forcing term
Ps is zero in a stationary solid. Specifically, this
underestimation comes from the relatively high val-
ues of the penalization time parameter η. Angot et
al. (1999) have shown analytically that as η → 0
the solution of the penalized equation converges to the
solution of the Navier-Stokes equations with the cor-
rect boundary conditions at the solid. In our simula-
tions to promote fast solutions and numerical stability,
this parameter is equal to the time-step, which gives
η = [3.7 · 10−5− 3.2 · 10−5] for Re = [50− 200]. As
a result the force in the direction of the flow is under-
evaluated and some fluid streamlines can penetrate in-
side the solid region (Fig. 3).

The mean drag relative error (εD) between CLIB
and the reference falls from 14% to 8% as η drops.
A two-dimensional simulation for Re = 1000 is also
carried out and compared to 2D DNS simulations of

Figure 3: Streamlines for Re = 200 and vorticity field
ω∗ = (∇× u)D/U∞ = [−6, 6].

2D Sim. CrmsL CD εD St

CLIB 1.065 1.513 - 0.234
Jiang and Cheng 1.042 1.521 0.55% 0.239

Henderson N/A 1.505 0.51% 0.237

Table 1: R.m.s. lift coefficient, time averaged drag coeffi-
cient, relative error in mean drag and Strouhal num-
ber for Re = 1000.

Jiang and Cheng (2017) and Henderson (1997). In this
case, η = 2.5 · 10−5. All the aerodynamic quantities
are in perfect agreement with the reference cases.

Flow past a rotating cylinder
Flow past a rotating cylinder with impulsive start

is examined next. The computational domain remains
as previously presented. The Reynolds number based
on the cylinder diameter and the free-flow velocity is
Re = 200 and the spin ratio (α = ωD/2U∞) ranges
between 0 and 5.

The mean lift coefficient is in good agreement with
the 2D results of Mittal and Kumar (2003) for lower
values of spin ratio. As α increases, the lift mag-
nitude is slightly underestimated. This may be due
to the solid velocity into the forcing term Ps which
is weighted by the solid fraction φs. This leads to
an under-predicted fluid velocity at the solid surface
(0 < φs < 1), hence the effective local spin ratio will
be lower. This effect could probably be minimized by
increasing the grid resolution near the solid.

The mean drag coefficient is also in good agree-
ment with the reference except for the highest value
of spin ratio. As the spin velocity increases, the wake
flow deviates from the streamwise direction. For α =
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Figure 4: Mean aerodynamic coefficients versus spin ratio:
• CLIB, ×Mittal and Kumar (2003).



5, the wake is steady but extremely deviated towards
the upper and lower boundaries of the domain. In our
simulations, these boundaries are located 15 diame-
ters away from the cylinder. Mittal and Kumar (2003)
have shown that boundary effects are negligible for
distances greater than 75 diameters. Furthermore, the
deviation is so extreme that the near wake goes out of
the refined-mesh region very quickly, hence influenc-
ing the accurate prediction of the wake dynamics.

Cylinder in forced cross-flow oscillation
Numerical simulations of flow past a cylinder

forced to oscillate in the cross-flow direction is pre-
sented here for a fixed Reynolds number of 500. The
computational domain remains unchanged. A sinu-
soidal motion is prescribed to the solid with an ampli-
tude of oscillation normalized by the cylinder diameter
A = ymax/D and an excitation frequency f0 = 1/T0.
The non-dimensional solid motion is described by:

γ(t) = A sin(2πf0t) . (20)

The fluid flow can be affected by the cylinder mo-
tion producing different regimes depending on the fre-
quency ratio F = f0/fs. In our case the values of F
are based on the shedding frequency fs = 22.15 Hz
found in a simulation with a stationary cylinder at
Re = 500. The simulation was carried out for 2000
non-dimensional periods.

The reference case used is a 2D LES simulation of
Blackburn and Henderson (1999) where the following
configurations are examined: (A;F ) = (0.25; [0.75−
1.05]). This range of frequency ratios is particularly
interesting since many complex physical phenomena
take place around F = 1. One such phenomenon
is the lock-in regime where the vortex shedding fre-
quency and cross-flow oscillation frequency coalesce.
In the forced oscillation case, the vortex shedding fre-
quency changes to match the cylinder’s oscillation. In-
side the lock-in regime, depending on F , there is a no-
table change in the timing of the vortex shedding with
respect to the cylinder motion. This effect is related
to a sign change in the non-dimensional mechanical
energy transferred between the fluid and the solid per
motion cycle which can be expressed as:

E =

∫ T0

0

CL · γ̇ dt . (21)

This quantity takes negative values when energy
is transferred from the solid to the fluid and positive
when energy is transferred to the solid. As discussed
in Blackburn and Henderson (1999) previous experi-
mental studies show that the sign switch happens be-
tween two limit values of F that depend on both the
Reynolds number and the amplitude of oscillation. For
their simulation at Re = 500 and A = 0.25 the switch
takes place at around F = 0.85 and ends at F = 0.95.
The evolution of the energy E with F predicted using
the CLIB method is shown in Fig. 5. We see a slight
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Figure 5: Energy transfer between solid and fluid versus fre-
quency ratios: • CLIB, × Blackburn and Hender-
son (1999).
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Figure 6: Limit cycles of CL versus γ below the phase
switch (F = 0.875) and above (F = 0.975).

underestimation of the energy at lower oscillation fre-
quencies. This can be attributed once again to pene-
trating fluid streamlines in the direction of motion, and
thus the underestimation of the lift coefficient.

The switch in energy sign is accompanied by a
change in the phase difference φL−γ between lift and
displacement. Starting from a phase difference of
180°, it approaches rapidly to 90° near F = 0.9. Then
at F = 0.95 the phase difference jumps to 0° where
the lift follows perfectly the displacement. We suc-
cessfully observe the phase switch from the lift cycles
computed with the CLIB method. Figure 6 shows two
cases where φL−γ ≈ 180° and 0° for F = 0.875 and
0.975, respectively. In the region of F = [0.91−0.95]
the flow presents a weakly chaotic regime where some
rapid changes in energy sign are observed. The aver-
age value however per cycle showed the biggest en-
ergy transfer from the fluid to the solid.

Lagrangian solid and mass conservation
For the previous simulations fine meshes were

used, but for higher Reynolds number values compro-
mises on the grid resolution will have to be made. To
demonstrate that the Lagrangian particles conserve the
solid mass independently of the fluid mesh resolution



and the movement of the solid, we solved the flow
past a 2D cylinder of diameter D and volume Vcyl,
oscillating with amplitude ymax = D. Since the den-
sity of the solid is constant, the relative error between
the computed volume

(
Vs(t) =

∫
Ω
φs(t) dV

)
and the-

oretical volume Vcyl is examined for two coarse grids
where ∆s = D/5 and D/10. The mean relative error
is 0.16 ± 2.11 · 10−14 % and 0.16 ± 1.38 · 10−14 %,
respectively. Hence, the influence of the grid resolu-
tion is essentially negligible on the solid mass conser-
vation. The conservative nature of the solid volume
fraction in turn guaranties the conservation of the fluid
mass as well inside a given computational domain. Fu-
ture studies will focus on the limits of CLIB to predict
accurate aerodynamic parameters on coarser grids.

4 Conclusions
A conservative Lagrangian immersed boundary

method coupling a VOS approach with the penalty
method has been proposed for solving incompress-
ible viscous flow problems around stationary or mo-
bile solid geometries. Three 2D validation cases have
been performed: flow past a stationary, a rotating and
an oscillating cylinder. The Lagrangian representation
of the solid volume fraction field makes the conser-
vation of the solid and fluid mass independent of the
grid resolution. Concerning the prediction of the aero-
dynamic quantities, a good agreement with literature
has been observed despite a slight underestimation in
some cases. Two main factors have been identified.
The force at the body surface may be underestimated
because the solid velocity is weighted by the non-unity
solid fraction at solid interface in the momentum equa-
tion. Another aspect is the parameter η of the penalty
term which is essentially the value of the time-step ∆t.
All the simulations were driven by a high CFL value
constraint which gave large time-steps in the valida-
tion cases. With smaller time-steps, the penalty forc-
ing term will decrease, solving the penetrating stream-
lines issue. Future work will seek to improve the esti-
mation of the forces. It will also include the imple-
mentation of the method in three-dimensional flows
for wind energy applications. Furthermore, the com-
putational performances of the method will be tested
and compared against the costly and computationally
demanding body-fitted arbitrary Lagrangian-Eulerian
(ALE) method coupled with dynamic mesh adaptation
for complex solid geometries in motion.
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Abstract
The adoption of symmetry-preserving discretiza-

tions is presented in terms of the collocated, unstruc-
tured meshes customary of commercial codes. By
adopting an algebraic approach, a discretization of the
convective terms that reduces to the well know stag-
gered method of Harlow and Welch is presented. The
scheme properties are presented along with bench-
mark simulations concerning turbulent flows, achiev-
ing exact conservation of momentum and kinetic en-
ergy.

1 Introduction
Since the pioneering work of Harlow and Welch

(1965), the use of staggered variables has gained
widespread acceptance within the scientific commu-
nity due to its superior properties for the simulation of
incompressible flows. Its use along with symmetry-
preserving schemes as in Morinishi et al. (1998),
Vasilyev (2000), and Verstappen and Veldman (1997,
2003) sets the standard of high quality, state-of-the-
art Direct Numerical Simulation of turbulent flows.
However, despite its known advantages, the popularity
drops dramatically in commercial, unstructured codes.
The main reason behind it is the complex formula-
tion required to move from a structured arrangement
to an unstructured one when it comes to construct an
overlapping, staggered mesh; particularly when deal-
ing with the construction of the convective term.

While several attempts have been made in the past
to bring these ideas into unstructured meshes, there
is none, to the best of our knowledge, that recovers
the original Harlow and Welch formulation when ap-
plied to a structured one. Perot (2000) and Zhang et al.
(2002a) discussed its implementation by interpolating
the collocated discretization to the faces, while numer-
ical patologies appeared on its way. Later on, Hicken
et al. (2005) introduced a new type of shift transforma-
tions to address such a problem. However, none of the
methods introduced above recovers the original Har-
low and Welch formulation when applied to structured
meshes.

Trias et al. (2014) presented an alternative ap-
proach involving the construction of collocated dis-
cretizations that preserve symmetry. Nonetheless, this
clashes with the solution of the compact Laplace equa-
tion, which solves pressure by enforcing null diver-
gence of the staggered velocity as Trias et al. (2021).
While this mismatch can be fixed by interpolation, this
may enlarge the kernel dimension of the overall linear
system of equations, giving birth to the well-known
checker board problem. While numerical remedies
can be found, such as the popular Rhie and Chow
(1983) method, this introduces a mass conservation er-
ror Trias et al. (2021).

A remarkable attempt to bring staggered formu-
lations into unstructured meshes was the adoption of
the vorticity formulation. By locating vorticity at the
mesh edges it was better suited for an unstructured
mesh. Nonetheless, as was shown by Horiuti and Itami
(1998), this formulation does not collapse to the skew-
symmetric one unless homogeneous Cartesian meshes
are used. In addition, as presented by Zhang et al.
(2002a), this formulation does indeed preserve kinetic
energy and vorticity, while it is unsuitable for the con-
servation of kinetic energy and linear momentum at
the same time, suggesting the use of the divergence
form instead.

The geometric intuition behind the adoption of the
rotational form was to cleverly circumvent the con-
struction of an explicit staggered mesh, which may
turn cumbersome in unstructured meshes. However,
the ultimate reason between the mismatch between ro-
tational and discrete forms at the discrete level was the
lack of a discrete chain rule Horiuti and Itami (1998).
In this work, similarly to the computation of discrete
vorticity, we embrace the idea of computing quantities
at the collocated edges but enforce the fulfillment of
the discrete conservation form. To do so, we use pri-
mal and dual meshes, as well as conservative interpo-
lations between different geometric entities. Making
use of the aforementioned collocated operators only,
we present a new discretization of the convective term
which recovers the classical Harlow and Welch for-
mulation when applied to a Cartesian mesh, but that is



also suitable for unstructured meshes.
Equipped with such a discretization, we assess the

properties of staggered scheme against previous pro-
posals advocating for the interpolation of the collo-
cated discretizations.

2 Mathematical formulation

Collocated
We consider a classical mesh as a coherent collec-

tion geometrical entities in an n-dimensional space.
When n = 3, we talk about the set of points, edges,
faces and cells, which define the sets P , L, S, and V ,
respectively. These are sequenced by its correspond-
ing incidence matrices, Ei, as can be seen in Figure 2.
Incidence matrices represent the boundary elements of
every higher dimensional set (i.e.: two points bound an
edge, edges bound faces and finally faces bound cells).
These incidence matrices are signed, which account
for boundaries orientation. Each element of the mesh
can be given a metric, which are arranged as diagonal
matrices Mi i.e.: identity (dx0), length (dx1), surface
(dx2) and volume (dx3), respectively.

For every geometric entity we may define its cor-
responding wedge dual, which define the sets P̃ , L̃,
S̃, and Ṽ , corresponding to the volume centroids, the
face orthogonal lines, the lines orthogonal faces and
the point volumes, respectively. Those are equipped
with its metric as well and are related to each other by
a sequence of Ẽi = ETn−i. Analogously, the opera-
tors G̃, C̃ and D̃ can be constructed as in Lipnikov et
al. (2014), although additional conditions may be im-
posed on the mesh VanderZee et al. (2010). Although
these quantities require a bit more effort to obtain from
the mesh, they are readily used most of the time under
the hood of most discretization methods.

Physical quantities can be integrated (i.e., dis-
cretized) over each of these sets. Depending on its
physical nature Tonti (1975, 2014), they naturally fit in
one or another. For example: temperature T naturally
fits in P ; and its gradient dT is naturally integrated
along L; while the heat flux f belongs to S̃ owing to
its flux nature but also to its link with the temperature
gradient as f = λdT ; finally, thermal energy e natu-
rally fits in Ṽ as df = e but also because e = CpT .

These matrices can be readily obtained from the
mesh, and allow to construct discrete classical vector
calculus operators:

G̃φc = M̃−11 Ẽ0M̃0φc =
1

∆x

∑
c∈f

±φc ∀f (1)

Cφc = M−12 E1M1φe =
1

Sf

∑
e∈f

±Leφe ∀f (2)

Dφf = M−13 E2M2φf =
1

Vc

∑
f∈c

±Sfφf ∀c (3)

where ± sign accounts for the orientation with respect

to the element under consideration. This information
is readily included into the incidence matrix, whose
rows are in −1, 0, 1. Note that G̃ is the familiar face–
located gradient, which corresponds with the dual gra-
dient, while R and D correspond with the curl and di-
vergence, respectively.

The directional derivative, C(u)φ, is used to de-
fine the transport of a tensor φ by a flow u. It assigns
a flux at every face as UΠc→f where U = diag(u)
is the diagonal arrangement of the face-normal flows
and Πc→f is the cell-to-face interpolator. This interpo-
lator can be constructed by taking the unsigned matrix
abs(Ẽ2) as Πc→f = 0.5abs(Ẽ2), which results in the
typical center difference scheme. Considering the di-
vergence of the flow, we finally obtain:

Cc(u) = DUΠc→f (4)

This setup works well for scalar quantities, but
what happens if we want to treat vector quantities,
such as momentum?

Perot (2000) and Zhang et al. (2002b) proposed a
double interpolation approach consisting on moving
vector components into cell centers, the component-
wise application of the collocated convection as in
equation (4) and a final interpolation from cell to faces.

C0
s (u) = Γc→sCc(u)Γs→c (5)

where Γs→c is the staggered to collocated interpola-
tor, taking a vector field and n-dimensional collocated
vector and returning a stagered one, while Γc→s is the
reciprocal operator (i.e., takes a staggered field and re-
turn a component-wise collocated one).

However, this approach does not recover the classi-
cal Harlow and Welch (1965) approach when applied
to a Cartesian mesh. So, how to construct the convec-
tive operator in a staggered setup by using the collo-
cated mesh operators?

Staggered
In a staggered mesh, we consider the face normals

as a new (point) set of vector–valued quantities. Ve-
locity fits naturally in this set. Taking its wedge–dual
we obtain the (volume) set of vector-valued quantities.
Momentum fits naturally in this one. This staggered
control volume can be constructed by taking a face
and extruding it along its dual (i.e., orthogonal) line.
This results into a prismatic volume which extends at
both sides of the face between centroids of the adja-
cent cells. Its lateral boundaries are defined by the ex-
trusion of the edges bounding the initial face, while a
shift of the original face close both ends of the prism.
While the explicit construction of the staggered mesh
is indeed possible, this involves, most of the times, to
dramatically increase the memory demands of the nu-
merical implementation. So we opt instead for defin-
ing it in terms of the original, collocated mesh.

Following the same reasoning exposed for the di-
rectional derivative in equation (4), we construct the
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Figure 1: Collocated operators defined over and arbitrary unstructured mesh
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Ṽ S̃ L̃ P̃

P L S V
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Figure 2: Geometric primal and dual meshes on a col-
located arrangement.

vector valued directional derivative. However, the fol-
lowing must be taken under consideration.

First, faces are not, in general, oriented with
any preferential direction. This implies that ev-
ery face contains information from all dimensions of
the embedding space, so we approach the problem
component-wise, treating each orthogonal direction
(i.e., x, y and z) separately. To do so, we intro-
duce N = (diag(nxf )|diag(nyf )|diag(nzf ))

T ∈
R3nS×nS , where nif is the ith component of the face
normal, while nS is the number of faces. This maps
a face–arranged vector, containing the projection over
the normal of the components of the vector field, into
a face–arranged vector which contain the x, y and z
components of the projection. Thus Nφ is the discrete
counterpart of φn̂, which returns the vector n̂ scaled by
φ. Conversely, the operator n̂ ·~v can be represented as
NT v, where v is the column arrangement of the vector
~v. The adoption of this nomenclature allows to readily
extend local vector operations into the whole mesh.

Second, the boundaries of the staggered control
volume do not correspond with a unique collocated
geometric entity, but rather correspond with the union
of L and V , i.e., the set of edges and the set of cells.
We will treat these two kinds of boundaries separately.
In both cases, interpolators SPf→e and SPf→→c are
constructed a la symmetry preserving, i.e.: by sim-

ple arithmetic mean. The values at the boundaries can
then be arranged as an nL + nV vector by means of
the following block matrix

SPstg =

(
SPf→e
SPf→c

)
(6)

so (I3 ⊗ SPstg)N performs the same interpolation on
x, y and z components.

Third, once we have defined the vector compo-
nents at the boundaries, we produce the flux of ev-
ery component multiplying each of them by the cor-
responding velocity field, u, which in turn consists
of n dimensions as well. Edge, ~ue, and cell, ~uc, ve-
locities are interpolated from the faces in a volume-
weighted fashion, such that the interpolation preserves
the volume integral of all quantities. In particu-

lar, ~ue = 1/2
(
S̃eLe

)−1 ∑
f∈e

Sf L̃fuf , and ~uc =

1/2 (Vc)
−1 ∑

f∈c

(
Sf L̃fuf

)
, where S̃e and L̃f corre-

spond with the wedge-dual surface and length of the
primal edge and face, respectively. We will arrange
them as

Ustg =

(
Ue

Uc

)
(7)

where Ue and Uc stand for the matrix arrangement
of ~ue and ~uc, as we did for N . Accordingly, F =
(I3 ⊗ U) (I3 ⊗ SPstg)Nφf produces a vector con-
taining the fluxes of each x, y and z component of φf
in x, y and z directions, i.e., a vector of 9 components
for the edges and 9 components at the cells, so in total
an 18 components vector!

The staggered divergence operator is then made up
of the side and the base fluxes of the prism. These are
considered in detail next.

Side divergence. Side faces are the result of the
extrusion of each face edges. As such, their orienta-
tion is defined by n̂f × t̂e, which is consistent with the
orientation of the edge within the face. This can be
seen in Figure 3.

Once the fluxes are defined, they are projected over
the side normal and integrated over the side surface.
Considering the flux of a single component, ~F i, we
obtain ~Fe

i
·
(
n̂f × t̂e

)
Le∆x.



Figure 3: Reference coordinates for side faces.

In a finite volume setting, taking the divergence
requires summing up all the contribution from the
side fluxes and then dividing over the staggered vol-
ume as (∆xSf )

−1 ∑
e∈f
± ~Fei ·

(
n̂f × t̂e

)
Le∆x. Af-

ter rearranging, we obtain the side contributions as
n̂f ·S−1f

∑
e∈f
±Le

(
t̂e × ~Fe

i
)

, from where we can rec-

ognize the curl operator R, which acts on every com-
ponent of the flow. Note that the side contribution
consists of the following three steps: taking the cross
product with the tangential edge, taking the (oriented)
sum over all edges and then taking the dot product with
the face normal.

By introducing the following matrix

X(t) =

 0 −diag(tz) diag(ty)
diag(tz) 0 −diag(tx)
−diag(ty) diag(tx) 0


(8)

we can represent the cross product t̂e × ~Fe
i

as the
matrix operator X(t)Fi, where Fi is the row vector
~Fe
i
. Finally, by introducing the projection over the

normal by NT and using the Kronecker product to
make R act on all components, the contribution of
the sides fluxes to the staggered control volume is
NT (I3 ⊗R)X(t)F ie .

Base divergence. Base fluxes are the prod-
uct of the flow and the tensor at base faces (i.e., the
ends). The base area is the same as the face in ques-
tion, so its outer-oriented normal is readily defined
by n̂f . Considering the flux of a single component,
~F i, the flow balance getting in or out of the face
is determined by ~F i · n̂f . Integrating over the sur-
face and dividing over the staggered volume we get
(Sf∆x)

−1
Sf ~Fi · n̂f , which, after rearranging, we ob-

tain the base contribution as n̂f · (∆x)
−1 ∑

c∈f
± ~Fc

i
.

From where we can recognize the gradient operator G̃,
which, acts on each component of the flux. Gathering
all components together we obtain, in matrix notation:
NT

(
I3 ⊗ G̃

)
F ic .

Convective operator. Now, adding both side
and base contributions of the fluxes, we can obtain the

Figure 4: Reference coordinates for base faces.

staggered divergence as:

Dstg = NT
(
I3 ⊗RX(t) I3 ⊗ G̃

)
(9)

Extending it for all i gives the component-wise stag-
gered convection I3 ⊗ (DstgUstgSPstg)N , as stated
at the beginning of this section. In order to obtain
the face-normal component of the vector variable, we
need to project the resulting vector into the face nor-
mal again, yielding the final expression as:

Cstg(u) = NT I3 ⊗ (DstgUstgSPstg)N (10)

which has striking similarities with equation 4.

Comparison with Cartesian mesh
When applying this method method to a classical

Cartesian mesh we recover the classical Harlow and
Welch (1965) scheme. This can be seen as follows.

First, because of the orthogonal arrangement of
the faces, we can distinguish between x−normal,
y−normal and z−normal faces, i.e.: they only have
contributions in one coordinate. Thus, the component-
wise approach proposed here results in a fully decou-
pled set of equations. Second, face-to-cell and face-to-
edge interpolation reduce to the classical symmetry-
preserving 1/2 scheme for the tensor variable. Third,
because of the aforementioned orthogonal arrange-
ment, the matrix X(t) is also greatly simplified, such
that only one row remain. This renders the classical
side flows for the staggered control volume.

Finally, the interpolation of the fluxes is certainly
imposed to collapse to the same discretization as
the surface area–averaged detailed in Verstappen and
Veldman (2003).

3 Preliminary results
As a preliminary stage, we assess the performance

of other staggered discretizations constructed out of
the collocated arrangement in the context of a classi-
cal channel flow at Reτ = 180. Details on the simula-
tion can be found on Verstappen and Veldman (ibid.).
In order to assess the impact of the convective scheme
solely, we will restrict ourselves to the use of Cartesian
meshes, so its eventual patologies are not imputable to
mesh quality.



We compare the interpolation approach proposed
in Zhang et al. (2002a) in Figure 5 with the standard
symmetry-preserving staggered approach as in Ver-
stappen and Veldman (2003) in Figure 6. While over-
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Figure 5: Mean velocity 〈u〉 profile of a channel
flow at Reτ = 180. Computations are carried on a
stretched Cartesian mesh. The staggered convective
term is constructed by interpolation from cells to faces
of the collocated convective term.

0

5

10

15

20

25

30

1 10 100

<
u
>

y
+

DNS (KMM)

160x160x80

128x128x64

64x64x32

32x32x16

16x16x8

Figure 6: Mean velocity ∠u〉 profile for a channel
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stretched Cartesian mesh. The staggered convective
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all, results show convergence towards the reference so-
lution, we make the following remarks:

First, for the interpolated approach, the linear
regime is well captured until y+ ≈ 10 for all meshes,
owing to the refinement near the wall, whereas the log-
arithmic region shows an erratic convergence: while
coarse meshes, such as 32 × 32 × 16 fit reasonably
well up to y+ ≈ 30, finer meshes do no follow this
trend but rather depart from the reference before, fol-
lowing a curve which ressembles the reference solu-
tion in slope, but slightly shifted downwards. On the
contrary, the symmetry-preserving staggered approach

shows a poorer performance for coarser meshes, while
its convergence is consistent as the mesh is refined.

Second, convergence of the interpolated approach
is sluggish and seems to stagnate below the expected
centerline velocity. This is certainly in contrast the
symmetry-preserving staggered formulation, which
typically converge from an overpredicted centerline
velocity towards the right value. While the reason
of the later is the numerical diffusion included by
the sub–resolution of the mesh, which laminarizes the
flow, the reason for the underprediction of the center-
line velocity is not clear for the construction of the in-
terpolated scheme.

Beyond the purely observation of the unwanted
convergence exhibit by staggered scheme constructed
from direct approximation, we suggest a possible ex-
planation in terms of the dispersion relation of the con-
vective operator, as shown in Figure 7. While the stag-
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Figure 7: Dispersion relation for staggered (blue), col-
located (green) and interpolated (red) convective oper-
ators.

gered and collocated dispersion errors are well know,
we observe a much more complex behavior of the in-
terpolated schemes, which show a particular disper-
sion relation. This may suggest that the dispersion re-
lation may be altering the turbulent spectra, introduc-
ing artificial turbulence which stop the flow beyond the
expected physical mechanisms in the inertial regime.
Interestingly though, the slope of the curve is well rep-
resented, while the ultimate reasons for the apparent
shift downwards are, thus far, not self evident.

4 Conclusions
A staggered formulation for unstructured meshes

has been proposed in terms of elementary collocated
operators. The resulting scheme collapses to the well-
known staggered scheme proposed by Harlow and
Welch (1965) when a Cartesian mesh is employed, as
in Verstappen and Veldman (2003). This opens the
door to he implementation of staggered formulation on
readily available commercial codes.

By performing a dispersion relation analysis, we



highlight that interpolation strategies for the construc-
tion of staggered methods from a collocated mesh sub-
stantially modify the dispersion relation, introducing
undesired effects to the treatment of turbulence.

In future works, we plan to test this scheme in the
context of unstructured meshes and, once the proper-
ties of the scheme have been cleared, assess its perfor-
mance for the simulation of canonical turbulent flows.
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Abstract
This work presents direct numerical simulations

(DNS) of a circular turbulent jet impinging on rough
plates. A parametric forcing approach (PFA) accounts
for surface roughness effects by applying a forcing
term into the Navier-Stokes equations within a thin
layer in the near-wall region. The application of the
PFA in the context of spatially developing flows is the
essential aspect of the investigation. The method is
known to produce accurate predictions of the velocity
field in fully developed turbulent flows while avoid-
ing the demanding grid resolution required by an im-
mersed boundary method (IBM) approach. The com-
parison between PFA results and IBM-resolved rough-
ness DNS allows addressing the advantages and limi-
tations of the PFA in the context of spatially develop-
ing flows.

1 Introduction
Technical fluid flows occur over surfaces that are

rough as a result, for instance, of the manufacturing
process or wear. From the fluid-dynamics perspec-
tive, a wall is considered either rough or smooth ac-
cording to the flow characteristics. For wall-bounded
turbulent flows, the interaction of the smallest scales
of motion with roughness elements usually results
in enhanced wall-friction and heat exchange coeffi-
cients with respect to a comparable flow over a smooth
wall. Despite the constantly increasing computational
power, investigating the effects of roughness via fully-
resolved numerical simulations of turbulent flows over
rough walls remain a challenging task. In this con-
text, immersed boundary methods (IBM) have become
standard practice for simulating complex boundaries
in DNS. Despite their versatility, IBM require heavy
mesh refinement when complex geometries are in-
volved. Resolving roughness geometries within Carte-
sian grids may exceed the grid resolution requirements
demanded to capture the smallest eddies in the flow.
The parametric forcing approach (PFA) introduced by
Busse and Sandham (2012) appears as a promising al-
ternative. Similarly to IBM, no body-conform mesh is
required to describe the roughness. The PFA adds a
forcing term into the Navier-Stokes equation in a thin
layer where surface roughness is present. The added

unit volume force serves to account for the form drag
induced by roughness elements. The modified PFA
presented by Forooghi et al. (2018a) includes an ad-
ditional viscous drag contribution to the original for-
mulation. The same work shows the successful appli-
cation of the method for predicting the flow character-
istics of fully developed turbulent channel flows with
rough walls. The present research aims to employ the
PFA into the DNS of turbulent axisymmetric jets im-
pinging on rough plates. After jet impingement, the
flow occurring next to the impingement plate is a spa-
tially developing flow. Such flow configuration repre-
sents a scenario in which the PFA has not been tested
so far.

2 Methodology

Flow configuration

Figure (1) depicts a sketch of the flow configura-
tion. The jet originates from a fully developed turbu-
lent pipe flow and impinges on a plate placed 2D away
from the jet exit section (D represents the pipe diam-
eter). The Reynolds number is Re = 10000 (Re is
based on the pipe diameter and the bulk mean velocity
in the pipe). The flow is incompressible and free from
volume forces, except in the near-wall region where a
distributed forcing is applied to introduce the effects
of surface roughness into the flow. Fully developed in-
flow boundary conditions are enforced at the inlet sec-
tion of the computational domain using a periodic pre-
cursor simulation of a fully developed turbulent pipe
flow.
The flow solver employed is Nek5000 developed by
Fisher et al. (2008-2020). It is an open-source code
based on the spectral element method of Maday and
Patera (1989). Nek5000 is well known for its effi-
cient parallel scaling characteristics and for retaining
high order spectral accuracy in the solution.

Parametric forcing approach

The approach followed in the present work is
equivalent to the “modified PFA” introduced by
Forooghi et al. (2018a). A forcing term fi is intro-
duced into the momentum equation of the incompress-



Figure 1: Impinging jet flow configuration used in the sim-
ulations.

ible Navier-Stokes equations:

∂uj
∂xj

= 0 (1)

∂ui
∂t

+ uj
ui
∂xj

= − ∂p

∂xi
+

1

Re

∂2ui
∂xjxj

+ fi (2)

The above equations are valid for (i, j = 1, 2, 3) and
summation over repeated indexes is implied. Equa-
tions (1) and (2) are made dimensionless using the
mean bulk velocity in the pipe and the pipe diame-
ter D. Therefore, the Reynolds number appearing in
equation (2) is defined as Re = UbD/ν, where ν in-
dicates the kinematic viscosity of the fluid. Within
the present formulation, forcing is applied only in the
wall-parallel directions x1 − x2, therefore f3 = 0.
Furthermore, it is assumed that the volume force fi
is made up of a linear (with the local fluid velocity)
and a quadratic term. The former represents the vis-
cous drag contribution of roughness elements, while
the latter accounts for their form drag. By introducing
two shape functions A and B, the volume force can
thus be expressed as:

fi = −A(x3)ui −B(x3)ui|ui| (3)

The functional dependency of the functions A and B
on the wall-normal direction x3 only is specific for the
present case and will be clarified in the following of
this section. The analogy with the Darcy-Brinckmann-
Forchheimer equation in the context of flow through
porous media is evident in equation (3) (see, for in-
stance, Vafai and Kim (1995)). Furthermore, the sim-
ilarity with modeling of flow through porous media is
additionally exploited to determine the function A ap-
pearing in equation (3). As derived in Forooghi et al.
(2018a), A is expressed as:

A∗ =
ν∗

K∗
(4)

where ν∗ is the viscosity of the fluid, while K∗ is the
permeability of the porous medium (asterisks in equa-
tion (4) denote dimensional quantities). Different ap-
proaches can be followed in order to relate the per-
meability K to the geometrical features of the porous

medium or, in this case by analogy, of the rough wall
geometry. One possibility, as suggested by Forooghi
et al. (2018a), is to use the Kozney-Carman theory
and, hence, the similarity between flow through porous
media and flow through bundles of capillary conduits
(the Kozney-Carman theory is explained, for exam-
ple, in Kaviany (2012)). By following this approach,
the proper non-dimensional form of the function A is
found to be:

A(x3) =
Kk

Re

s(x3)
2

ε(x3)3
(5)

In equation (5), Kk is the Kozney constant aris-
ing from the adoption of the Kozney-Carman theory,
s(x3) is the total wetted surface area per unit total vol-
ume, and ε(x3) is the porosity. In particular, the poros-
ity is defined as the ratio of the fluid volume to the to-
tal volume. Both, the wetted area and the porosity are
here considered functions of the wall-normal direction
x3 because the surface roughness is modelled homo-
geneously in the x1 and x2 directions.

By recalling the physical meaning of the quadratic
term in equation 3, it is straightforward to identify the
shape functionB using the analogy with the form drag
induced by a bluff body. This results in:

B(x3) =
1

2
Cdsf (x3)

2 (6)

where Cd is interpreted as the drag coefficient, and
sf (x3) is the total frontal projected area (averaged in
the x1 and x2 directions) of the roughness per unit to-
tal volume.

From equations (5) and (6), it is observed that the
shape of the two functions A and B is completely de-
termined by the geometric characteristics of the rough-
ness. The constants Kk and Cd appearing in the def-
inition of the volume force fi can be used to tune the
model. In this respect, it is remarked that the model
constants could be also related to the features of the
rough surface in order to have a fully predetermined
model which does not necessitate any ad-hoc tuning.
However, a clear connection between these constants
and geometrical features of the surface roughness is
not yet available and, for this reason, the constants are
considered as free parameters in this work.

Immersed boundary method
Reference DNS are obtained by using the IBM of

Goldstein et al. (1993). Similarly to the PFA, this par-
ticular IBM introduces a forcing term to the momen-
tum equation. The forcing is applied only for grid
points lying within the solid phase of the computa-
tional domain, thus a complete description of the solid
body geometry can be achieved with the IBM, pro-
vided that the grid resolution is sufficiently fine. The
forcing term appearing in equation (2) is in this case:

fi = −α
∫ t

0

(ui − Ubody,i) dt
′ − β (ui − Ubody,i)

(7)



Table 1: Models constants adopted in this study

Method C∗1 C∗2
PFA 200 50
IBM 2 · 105 200
∗ The two constants C1 and C2 correspond to Kk and
Cd in the case of the PFA, whereas to α and β in the
case of the IBM.

where α and β are two constants that can be adjusted,
and Ubody,i is the ith component of the prescribed ve-
locity of the solid body. In the present study, only
stationary walls are considered, therefore Ubody,i = 0
for i = 1, 2, 3. The volume force introduced in equa-
tion (7) acts as the input of a proportional integral con-
troller which aims at at keeping the local fluid velocity
to the prescribed value Ubody (thus, in the considered
case, Ubody = 0

Models constants
As it is clear from the preceding discussion, both

the PFA and the adopted IBM require to set two con-
stant parameters. Regarding the IBM, this topic is
well covered in the original work of Goldstein et al.
(1993) where it is shown that the order of magnitude
of α and β needs to be properly adjusted for each con-
sidered flow configuration, but the actual value of the
two constants is irrelevant on the final result. On the
assumption that the response of the system to an in-
put force as that in equation (7) can be approximated
by the response of a linear system, the parameters α
and β assume a clear significance. In particular, the
integral constant α determines the natural frequency
of the system, while the proportional constant β is re-
lated to the damping ratio. Hence, large values of α
allow to track fast fluctuations of the local fluid ve-
locity, while large values of β help to damp out os-
cillations. Clearly, the major limitation encountered
when setting the two parameters is the numerical sta-
bility of the time marching technique adopted. Simi-
lar reasoning can be performed also for the parameters
Kk and Cd of the PFA, but no clear meaning can be
attached to the two constants in this case. Since no
prior knowledge about the PFA applied to impinging
jet configurations is available, model constants used in
this study are picked without any modification from
turbulent channel flow simulations in which the PFA
was successfully applied to account for surface rough-
ness effects. The set of constants adopted for all the
presented cases are reported in table 1.

Surface roughness
Rough surfaces consist of wall-height distributions

in the x1−x2 plane having prescribed statistical prop-
erties. The algorithm employed to design roughness
geometries is completely based on the procedure pre-
sented in Pèrez-Ràfols and Almqvist (2019). This is an
iterative approach which allows to generate roughness
topologies having prescribed power spectrum (PS) and

probability density function (PDF). By scaling prop-
erly the resulting surface height distribution, it is pos-
sible to characterize different rough surfaces. In this
respect, the main quantity adopted in the present work
to distinguish between different rough surfaces is the
k99 (i.e. the 99% confidence interval of the roughness
height PDF distribution). Three different rough sur-
faces are investigated in this study; these are character-
ized by k99 = 0.05D, k99 = 0.12D and k99 = 0.15D.
A Gaussian PDF is adopted for all the cases, while
the PS is prescribed to match the PS of a realistic
rough surface as in Forooghi et al. (2018b). The effec-
tive slope parameter (ES) (as defined in Napoli et al.
(2008)) is kept constantES = 0.41 for the three cases.
Samples of the obtained roughness geometries are dis-
played in figure 2. The x3/D = 0 plane is located
at the lowest valley of the roughness height distribu-
tion. This is consistent with surface roughness caused
by deposition of sediments in real applications.

Figure 2: Rough surfaces samples. (a) k99/D = 0.05; (b)
k99/D = 0.12; (c) k99/D = 0.15

The three rough surfaces are modelled within the
PFA via the two roughness shape functions A and B
defined in equations (5) and (6) respectively. The nor-
malized shape functions for the three investigated sur-
faces are reported in figure 3. From the figure, it is
evident that the function A, which tunes the effect of
the viscous drag term of the forcing (i.e. the linear
term), is relevant only over a thin layer very close to



x3/D = 0. On the other hand, the function B has a
wider support which spans the entire thickness of the
roughness height distribution. It is remarked that the
overall contribution of the form drag term of the PFA
forcing (i.e. the quadratic term) becomes weaker close
to the wall where the local fluid velocity tends to zero.
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Figure 3: Roughness shape functions. Function A:
, k99/D = 0.05; , k99/D =

0.12; k99/D = 0.15. Function B:
, k99/D = 0.05; . k99/D =

0.12; k99/D = 0.15

3 Results
Flow field statistics are computed by averaging in

time (on the fly during the simulations) and in the cir-
cumferential direction. Hence, the resulting averaged
flow field is two dimensional, with any statistical quan-
tity being a function of the radial distance r from the
jet axis and the wall-normal distance x3. A first com-
parison is done for the mean radial velocity profiles.
After the jet impingement, a radial wall-jet develops
along the rough plate where a boundary layer devel-
ops and thickens rapidly due to the entrainment of the
outer quiescent fluid. Mean radial velocity profiles at
different radial locations are depicted in figure 4 for the
three rough wall cases. The velocity profiles are plot-
ted using a logarithmic scale for the wall-normal co-
ordinate x3 to better visualize the near-wall region. In
the figure, a black dashed line represents the k99 height
of the roughness, while blue and red lines represent
IBM and PFA resolved results respectively. The veloc-
ity profiles shown in the figure correspond to the radial
locations r/D = 0.6, 0.8, 1.0, 1.2, 1.4, 1.5, 2.0, but
they are plotted shifted away from each other of 1.0
units for better visualization. It is observed that PFA
resolved profiles display a non-zero velocity at all the
locations below the k99 roughness height of the con-
sidered rough surface. This is in accordance with the
PFA as, contrary to the IBM adopted, the applied forc-
ing does not aim at enforcing a zero velocity within the
forcing layer. For x3/D > k99/D, a good agreement
between the shapes of the radial velocity profiles is ob-
served at all radial locations for all the three cases. In
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Figure 4: Mean radial velocity profiles at r/D =
0.6, 0.8, 1.0, 1.2, 1.4, 1.5, 2.0. Profiles are
shifted to the right from each other by 1.0 units
for better visualization. , IBM; ,
PFA. (a) k99/D = 0.05; (b) k99/D = 0.12; (c)
k99/D = 0.15.

particular, values and locations of mean radial velocity
peaks are well estimated for a wide range of radial lo-
cations by the PFA resolved solution. It is customarily
in the study of wall-jets to define an inner layer thick-
ness as the wall-normal distance at which the radial
velocity profile is maximum (Wu et al. (2016)). Sim-
ilarly, an outer layer thickness is defined as the outer-
most wall-normal location where the radial velocity is
half its maximum value at the same radial location.
Inner and outer layer distributions along the radial di-
rection are depicted in figure 5. For the k99/D = 0.05
case, the agreement on the inner layer thickness be-
tween the PFA and IBM is good for r/D < 3, while
the discrepancy becomes more evident for larger ra-
dial locations. From the figure it is also noted that the
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Figure 5: Inner and outer layer distributions along the
impingement plate. , IBM inner layer;

, IBM outer layer; , PFA inner
layer; , PFA outer layer. (a) k99/D =
0.05; (b) k99/D = 0.12; (c) k99/D = 0.15.

thickness of the outer layer is also well estimated by
the PFA for the case with k99/D = 0.05 for all ra-
dial locations r/D < 2.5. For the other two cases
having a larger k99, the estimation of the inner and
outer layer thicknesses with the PFA is also reasonably
good, but departures from the IBM resolved solution
start already from smaller radial distances (r/D > 2
for both the inner and outer layer approximately).

One of the most important flow features affected
by surface roughness is the total stress at the wall.
When surface roughness is considered, the total wall-
stress consists of the viscous stress and the pressure
drag induced by roughness elements. Since both, the
IBM and PFA methods adopted in this study employ
a volume force distribution to introduce the effects of
roughness, this force distribution can be used to es-

timate the total stress at the wall. The volume force
introduced by either method is averaged, other than
in time and circumferential direction, also in the wall
normal direction. The resulting averaged force results
in a distribution along the radial direction. The mean
radial force distributions are depicted in figure 6 for
all the three investigated rough surfaces. The scatter
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Figure 6: IBM and PFA averaged radial forcing distribution
along the plate. , IBM; , PFA. (a)
k99/D = 0.05; (b) k99/D = 0.12; (c) k99/D =
0.15.

of the IBM radial forcing should be expected since
the volume force distribution at different (x1, x2) lo-
cations the required forcing will greatly differ in both
intensity and wall-normal height distribution. On the
other hand, the PFA volume force is applied evenly at
each wall-normal height x3 and the averaging process
leads in the end to a smooth curve. The case with the
smallest roughness size (i.e. k99/D = 0.05) displays
the best agreement between the PFA and IBM radial
forcing distributions. It is also emphasized that this is



the case that displays the best agreement for the mean
velocity statistics. In the other two cases, the overall
shape of the radial forcing distributions remains simi-
lar for both the PFA and IBM resolved solutions, even
though the PFA estimated one decays faster with in-
creasing radial distance. This symptom suggests that
additional finer tuning is required for the two cases.
In fact, it is recalled that all the three PFA resolved
cases adopt the same model constants and the only dif-
ference lies in the different roughness shape function
used to spread the volume forces in the wall-normal
direction.

4 Conclusions

In this work, the PFA was used to introduce the ef-
fects of surface roughness on the mean velocity field
statistics of a turbulent impinging jet. The examined
flow configuration offers the chance to test the novel
PFA (presented in Forooghi et al. (2018a)) in the con-
text of spatially developing turbulent flows over rough
surfaces. After the jet impingement, a wall-jet devel-
ops along the radial direction. To the authors knowl-
edge, it is the first time that the PFA is applied to such
type of non-equilibrium flows. To test the efficacy of
the method, reference DNS using an IBM strategy to
resolve the surface roughness were carried out during
this study. The presented results show good agreement
between the PFA and IBM resolved solutions for the
mean velocity field and the radial distributions of the
total wall stress. Such good correspondence is quite
remarkable given that no particular tuning was applied
beforehand to the PFA model constants but they were
derived from a turbulent channel flow configuration.
This proves the robustness of the approach and en-
courages future developments of the PFA. More pre-
cisely, it should be possible to fully characterize the
model constants starting from the roughness topology.
This was already suggested in the original version of
the PFA presented in Busse and Sandham (2012). The
resulting method would be completely determined by
the roughness geometry alone, thus avoiding the bur-
den of tuning any model constant. In addition, the in-
troduction of a wall-normal component of the volume
force might be beneficial for flow configurations, such
as the impinging jet, where an intense wall-normal ve-
locity component is expected.
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Abstract
The SPINTHIR model, which is a Lagrangian

stochastic low-order model for ignition validated and
applied to several premixed and non-premixed cases,
is modified in this paper to improve the numerical pre-
diction of the flame light-round process in premixed
annular combustors. This work proposes to take into
account Flame Generated Turbulent Intensity (FGTI)
and to impose the tubulent flame speed to the flame
particles using expressions from the literature to ad-
dress the current limitations in SPINTHIR. For this,
using RANS CFD results as an input, the model was
applied to simulate the ignition transient in a pre-
mixed, swirled bluff body stabilized annular combus-
tor to characterize the light-round time, both in sta-
ble conditions and close to the stability limits. Several
cases were analyzed, where flame speed and fuel are
varied and light-round times are compared to experi-
mental results. The proposed modifications increased
the precision of the light-round time predictions, sug-
gesting that FGTI may be an essential phenomenon to
be modeled. The SPINTHIR model coupled with the
Bray turbulent flame speed expression resulted in an
average error of 15%, a maximum error of 26% and
minimum error of 1% for the explored range of param-
eters. This is an attractive feature considering the low
computational cost of these simulations, which take on
average 75min per simulation in a single core of a lo-
cal workstation.

1 Introduction
Being able to predict with good confidence the ignition
performance of an aeronautical combustor is a central
step in the design process of the engine. More specifi-
cally, new burners are being designed to operate in full
lean regime, introducing new challenges and stress-
ing the importance of correctly evaluating the inter-
actions between turbulence and flame, that introduces
stochasticity and may affect the flame front propaga-
tion, risking, for example, Lean Blow-off. Being able
to account and assess the impact of this intrinsic vari-
ability on the ignition is, then, a core step in predict-
ing the ignition performance of the engine. One of
the possible approaches to achieve this goal is to em-
ploy a low-order tool, where multiple runs can be per-
formed to account for the stochasticity of the param-

eters controlling the ignition problem with low com-
putational cost and high statistical representation. The
challenge becomes, then, to guarantee good accuracy
with such a low-order model. The SPINTHIR model,
a Lagrangian stochastic low-order model for ignition,
has been validated and applied to both premixed and
non premixed cases canonical cases [15, 18] producing
very accurate results. However, it a work by Ciardiello
[4] applying SPINTHIR to reproduce the light-round
process in an annular combustor close to stability lim-
its showed that SPINTHIR largely over-predicted the
light-round time. Furthermore, SPINTHIR did not
capture the effect of changing the laminar flame speed
on the flame front propagation speed and on the light-
round time.

The objective of this work thus is to propose two
improvements to the SPINTHIR model aiming to cap-
ture the laminar flame speed effect on the flame front
propagation and to result in a better estimation of light-
round time. The simulations will be carried out on a
lab-scale annular combustor with premixed bluff-body
stabilized flames (each individual burner having a ge-
ometry similar to the one used in [15]) and the results
will be compared with data coming from experiments.
Several cases are analyzed, where flame speed and fuel
are varied and light-round times are compared to ex-
perimental results. The paper is structured as follows:
fist the burner, studied cases and non-reacting CFD are
described. Then, the SPINTHIR model is introduced,
along with the proposed modifications. Finally, results
are presented and discussed.

2 Studied cases and non-reacting
CFD input

The calculations were performed on the Cambridge
annular combustor, a premixed, swirled, bluff body
stabilised annular combustor (see Refs. [6, 7, 5] for
details). In this study, the capabilities of SPINTHIR
in capturing the light-round time are evaluated in dif-
ferent scenarios. Two main parameters are varied, fol-
lowing the same procedure as the experiments [6, 5]:
the laminar flame speed and the fuel type, modifying
the unburnt-burnt gases density ratio. Table 1 sum-
marizes the analyzed cases. The fuels employed are
methane and ethylene and the swirl number is Sn =



Table 1: Flow conditions of the test cases

Fuel # burners Umix φ SL (cm/s) Spark location [x/D]

CH4 18 16 0.75-0.85-1 24-30-36 0.5

C2H4 18 16
0.58-0.62-0.67-
0.77-0.80-0.82-

0.84-0.86-0.88-0.90

24-30-36-
47-50-52-

54-56-58-59
0.5

1.22 [19].
The CFD flow fields needed for the SPINTHIR cal-

culations were obtained using the Rolls-Royce propri-
etary finite volume code PRECISE-UNS. RANS sim-
ulations were performed on the annular burner to cap-
ture the time-averaged flow field. The numerical mesh
used is hexa-dominant and unstructured, refined in-
side the swirler, to correctly resolve the flow field in
the small passages. A mass flow rate of air of ṁ =
2.59g/s is specified, resulting in the ubulk = 16m/s
at the chamber entrance. Since the case is fully pre-
mixed, the equivalence ratio is then set to the de-
sired value inside the whole chamber before running
the SPINTHIR simulations. A large cylindrical re-
gion is added at the exit of the chamber to mimic
the atmosphere. Pressure is 1 atm and temperature
is set to 293K and walls are considered adiabatic, as
SPINTHIR does not consider thermal exchanges with
the walls.

3 Methods

SPINTHIR model
The low-order model SPINTHIR [15] is used to per-
form ignition simulations. Using a time-averaged non-
reacting CFD flow field, it models the flame motion
by using Lagrangian ”flame particles”. These are con-
vected over the flow field, following a random walk
based on a Langevin model [17] described by the fol-
lowing equations:

dXp,i = Up,idt (1)

dUp,i = −
(
1

2
+
3

4
C0

)
ωp(Up,i−Ũi)dt+(C0εpdt)

1/2Np,i

(2)
where dXp,i is the particle displacement in the time
interval dt, Ũi is the local Favre averaged velocity,
C0 is a constant equal to 2, ωp = u′p/Lturb,p, u′p is
the velocity fluctuation, Lturb,p is the turbulent length
scale, εp is the local rate of dissipation of turbulent ki-
netic energy and Np,i is a random variable following
a Gaussian distribution with zero mean and unity vari-
ance, which introduces the stochasticity in the process.

As the flame particles are convected through the
domain, their propagation are evaluated each time they

move between mesh cells depending on a Karlovitz
number extinction criterion. This number is defined
based on the correlation proposed by [2] and calcu-
lated for each flame particle at each time instant:

Kap = 0.157

(
ν

(u′p)
3

Lturbo,p

)1/2
1

SL,p
2 (3)

where ν is the kinematic viscosity of the mixture, u′p is
the rms velocity, Lturbo,p is the turbulence length scale
and SL,p is the flame laminar speed. If in a given cell
a flame particle has a Kap number smaller than a crit-
ical Karlovitz reference value, a new flame particle is
created and the flame propagates. Otherwise, the flame
particle is extinguished. Multiple simulations are per-
formed in this way to evaluate the flame propagation
and ignition probability.

The turbulent flame speed mismatch and
proposed modifications
R. Ciardiello [4] showed that for the simulation of pre-
mixed combustion cases the SPINTHIR model under-
estimates the turbulent flame speed and, thus, the light-
round time. Furthermore, the light-round time calcu-
lated does not scales with the laminar flame speed as
found in the experiments, consequence of the lami-
nar flame speed not being a parameter of the model.
Indeed, the baseline modeling for SPINTHIR relies
on the N. Peters [16] assumption that the turbulent
flame speed is equivalent to the velocity fluctuations:
ST

SL
=

u′
rms

SL
. In addition, the original SPINTHIR mod-

eling is only based on the non-reacting turbulence, and
thus may miss some flow modifications created due
to the expansion during the light-round process [12].
This work proposes two modifications to address these
limitations.

First, Flame Generated Turbulent Intensity (FGTI)
will be considered. Kuo et al. [12] defined FGTI as
being caused by the velocity jump on the flame front:

u′2fg + v′2fg + w′2
fg =

(
ρu
ρb

− 1

)2

S2
L (4)

where u′2fg, v
′2
fg and w′2

fg are respectively the average
of each velocity component fluctuation, ρu and ρb are
the density of unburnt and burnt gases (respectively),



and SL is the laminar flame speed. This expression
is used to calculate the corresponding flame generated
turbulent kinetic energy that will be then added to the
non-reacting turbulent kinetic energy calculated by the
CFD.

Second, to attempt to correctly capture turbulent
flame speed (and hopefully the experimental light-
round time), known expressions for the turbulent flame
speed will be employed over the particles’ displace-
ment velocity. This will be done by modifying the
magnitude of the flame particle velocity vector (but
keeping its direction) issued from the Langevin equa-
tion. The velocity vector is normalized and then mul-
tiplied by a turbulent flame speed expression found in
the literature (ST ):

Up,i =
Up,i√

U2
p,1 + U2

p,2 + U2
p,3

× ST (5)

In practice, this means using the Langevin equation to
create a turbulent motion for the particles, as the di-
rection of motion issued by the Langevin equation is
not modified, while imposing that all particles move
with the turbulent flame speed. Although this may fail
to reproduce a theoretically-rigorous turbulent mixing
process, in the spirit of an engineering tool the approx-
imation may be acceptable.

Additionally, the expression retrieved by Ciardiello
[4] by correlating the laminar flame speed with the
flame front propagation speed after the various exper-
iments is also employed:

ST =
ρu
ρb

(3.82SL + 1.33) (6)

As this expression comes directly from the experimen-
tal results that are here evaluated, it should give sen-
sible results. It is used then as a mean of validation
of the modeling framework expressed by Eq. 5. Addi-
tionally, the use of this expression will help understand
if imposing an expression derived from the flame front
propagation on the individual motion of the flame par-
ticles would, in the end, result in the same flame front
propagation in the SPINTHIR model. Since this ex-
pression already takes into account the gases expan-
sion, it will not be used along with the FTGI model.
The same applies for the two Ishisuka et al. [10] mod-
els. All other turbulent flame speed expressions are
used along with the increased turbulent kinetic energy
by FGTI.

The Karlovitz criterion for flame extinction is left
unchanged.

4 Results

Evaluation of turbulent flame speed ex-
pressions
On the first set of calculations, all the expressions
in Tab. 2 were simulated, along with the base-
line SPINTHIR without considering FGTI (original
model) and with FGTI, for a reference case using
methane and a laminar flame speed of SL = 24 cm/s.
This first assessment was done to evaluate the expres-
sions and framework in a single case, before trying
to capture the influence of laminar flame speed on
the light-round time. The results are summarized in
Tab. 2. First, one can see that the Baseline SPINTHIR
model overestimates the light-round time by approx-
imately a factor of 3. While considering FGTI im-
proves the results, it only does slightly, showing that
the flow fluctuation itself does not suffice to impose the
correct turbulent speed to the flame particles. The next
result that must be analysed is the use of the macro-
scopic expression derived from Ciardiello’s experi-
ments [4]: it results in an excellent agreement. While
this might seem obvious at a first look, this shows that
the framework of using the Langevin model to gener-
ate turbulent motion, while a turbulent flame speed ex-
pression ensures the correct flame propagation speed,
is able to produce sensible results. However, it would
be interesting now to find a general equation that could
be able to reproduce the experimental data. Looking
at the outcomes of the simulations employing expres-
sions from the literature for the turbulent flame speed,
one can see that only four are close to the experimen-
tal one: Clavin et al. [8], Bray [3] and the two ex-
pressions from Ishisuka et al. [10]. While the reasons
why only these four expressions produce good predic-
tions in this case are out of the scope of this study,
these four expressions will then be used on the second
part of the study (along with the baseline SPINTHIR
and Ciardiello’s expression) to analyse the impact of
changing the laminar flame speed and density ratio on
their prediction capabilities.

Effect of laminar flame speed variation
The three laminar flame speed cases for methane are
summarized in Fig. 1a. First analysing the baseline
SPINTHIR, one can see that the result found by Cia-
rdiello [4] is here retrieve: the baseline model can-
not capture the effect of laminar flame speed over the
light-round time. However, considering FGTI insert
the laminar flame speed effect into the model, reducing
the light-round time as the laminar flame is increased,
as expect. Despite introducing the correct trend, the
baseline SPINTHIR with FGTI still overestimates the
light-round time in all cases, repeating last section re-
sult. Also, when Ciardiello’s turbulent flame speed ex-
pression is applied, the model gives excellent predic-
tions, confirming that this framework is also capable



Table 2: Turbulent flame speed equations from the literature and resulting light-round time from SPINTHIR sim-
ulation

Reference Equation Light-round time [ms]

Experiments - 18.0

Baseline - 55.27

Baseline with FGTI - 51.02

Ciardiello [4] ST =
ρu
ρb

(3.82SL + 1.33) 18.21

Damköhler [9]
ST
SL

≈ Re
1/2
L 31.26

Abdel-Gayed et al. [1]
ST
SL

≈ Re0.24L > 80

Libby et al. [13]
ST
SL

= 2.1

(
u′rms
SL

)
65.11

Clavin et al. [8]
ST
SL

= 1 +

(
u′rms
SL

)2

17.23

Liu at al. [14]
ST
SL

= 1 + 5.3
u′rms
S0.5
L

51.90

Bray [3]
ST
SL

= 7.25

(
u′rms
SL

)
16.79

Kerstein et al. [11]
ST
SL

= 1 +

(
u′rms
SL

)4/3

67.84

Ishisuka et al. (axial) [10] ST =

(
ρu
ρb
S2
L + u2θ,max

)2

15.74

Ishisuka et al. (radial) [10] ST = SL + uθ,max

(
1 +

ρu
ρb

)0.5

17.33
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Figure 1: Evolution of light-round time τLR in function of the laminar flame speed SL for (a) methane and (b)
ethylene. For the ethylene case, all models were simulated only for the SL = 24, 30, 36 cm/s cases, while the
Bray model and Ciardiello’s fit were simulated for the ten laminar flame speed velocities to further evaluate the
impact of increasing the laminar flame speed.



of capturing the laminar flame speed effect. On the lit-
erature expressions, however, various different results
are observed. Clavin et al. [8] expression presents a
laminar flame speed trend opposite to the one observed
during the experiments. Indeed, looking at Clavin et
al. [8] equation, the turbulent flame speed is inversely
proportional to the laminar flame speed. Both Ishisuka
et al. [10] expressions also do not result in a correct
scaling of the light-round time with the laminar flame
speed, as they are barely modified by it. In these ex-
pressions, the tangential velocity of the flow is the pi-
loting phenomenon in the turbulent flame speed, thus
shadowing the laminar flame speed impact. Finally,
the Bray modeling [3] produced an excellent agree-
ment with the experimental results for the three lam-
inar flames. It must be noted that the Bray model
does not take into account the laminar flame speed,
as the baseline SPINTHIR model. In both cases the
effect from the laminar flame speed is translated only
through FGTI, which is then accounted directly by the
u′rms in their expressions and imposing the laminar
flame speed effect on the light-round time. This is
enough then for the model using Bray’s expression to
reproduce well both light-round time and the scaling
with the increase in laminar flame speed.

The results for ethylene, shown in Fig. 1b, con-
firm the previously discussed for methane. As the
Bray [3] and Ciardiello [4] models produced the best
results, they were used to simulate the higher lam-
inar flame speed cases. These results showed that,
while Ciardiello’s expression continued to scale very
closely to the experiments (as it was derived from
them), the Bray model [3] started to present a consis-
tent overestimation of the light-round time. Neverthe-
less, these results show that Bray model reproduced
well the scaling, highlighting the importance of mod-
eling FGTI. Indeed, one interesting conclusion found
during the experiments was the small impact gaseous
expansion had on the light-round time, compared to
laminar flame velocity [5]. Thus, it is particularly in-
teresting to verify that the Bray model is able to repro-
duce this trend, as the gaseous expansion impacts the
calculated light-round time also only through FGTI.
Finally, the Bray model gave an overall very good pre-
diction of light-round time for the explored range of
parameters with an average error of 15%, a maximum
error of 26% and minimum error of 1%, which is an at-
tractive feature considering the low computational cost
of these simulations (average of 75min per simulation
in a single core of a local workstation).

5 Conclusions
The low order model SPINTHIR was applied to an
annular premixed combustor to predict light-round
time. It was found in previous studies [4] that the
baseline model overestimated the light-round time and
did not capture the effect of laminar flame speed on

the flame front propagation. Two improvements of
the model were proposed in this work and evaluated:
First, as the SPINTHIR model is based on the non-
reacting flow field, Flame Generated Turbulent Inten-
sity (FGTI) was calculated and added to the turbulent
intensity calculated from the non-reacting CFD. Sec-
ond, the Langevin model used to generate the turbulent
motion of the flame particles was modified to impose
the turbulent flame speed over the flame particles, us-
ing several expressions from the literature. Addition-
ally, an expression interpolated from the experimen-
tal results by Ciardiello [4] was also used to test the
framework against the experimental data.

The modified SPINTHIR model using Ciardiello
expression for the turbulent flame speed produced
an excellent agreement with the experimental results,
showing that the proposed framework is capable of re-
trieving the experimental results and trends. From the
simulations using turbulent flame speed expressions
coming from the literature, only Bray’s expression [3]
was able to produce, at the same time, a good agree-
ment with the experimental results for all the range
of parameters (an average error of 15%, maximum er-
ror of 26% and minimum error of 1%) and the cor-
rect effect of laminar flame speed over the light-round
time. Furthermore, the good agreement obtained from
Bray [3] emphasises the important of modeling FGTI,
as Bray’s expression relies only on the scaling of flow
u′rms with the laminar flame speed. The present re-
sults show that its possible to have a good estimation
in light-round time with a low order model and an a
priori expression for turbulent flame speed with very
low computational cost, as each simulation would take
on average 75min to run in a single core of a local
workstation.
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Abstract
A two-equation k − τ turbulence closure was

applied to Reynolds Average Navier-Stokes Simula-
tion (RANS) of wind flow over building-like obsta-
cles. The spectral-element based solver NEK5000 was
used, combined with appropriate boundary conditions,
to simulate the behavior of field scale atmospheric sur-
face layer flows. The numerical results were com-
pared against experimental observations and results
produced using OpenFOAM, and the well known k−ε
RANS model. The results of the present work agree
well with previous experimental and numerical results.
Additionally, the effect of building aspect ratio and
wind angle of attack on the wake structure was ex-
amined. The numerical results show that the recir-
culation zone length Lr behind building is sensitive
to both the building orientation and aspect ratio. Fi-
nally, the results of wall-resolving and wall-modeled
approaches using NEK5000 were compared showing
good agreement between them. The applied mixed no-
slip/traction boundary condition approach gives iden-
tical results with the wall-resolving case suggesting
that this approach is efficient for the modeling of high
Reynolds number ABL flows around obstacles with
sharp edges.

1 Introduction
Introduction.
Forecasts of wind flow at hub height of wind turbines
are critical for estimating power generation capacity
and in assisting siting decisions of individual wind
turbines and full scale wind farms. Distributed wind
turbines are being deployed as a sustainable energy
resource to cover the energy needs of buildings and
farms in urban and suburban areas. However the com-
plex layout of buildings and terrain in urban and sub-
urban locations, and the lower hub heights (40− 80m
above ground) of distributed wind turbines introduces
additional challenges for producing reliable wind fore-
casts. The individual and combined effects of the

obstacles significantly influence the wind velocities
at these heights above the ground. Simulations of
high Reynolds number Atmospheric Boundary Layers
(ABL) in this surface layer can be used for the pre-
diction of the velocity deficit at the leeward side of
building-like obstacles, allowing for the estimation of
power losses and fatigue loads in wind turbines.

High fidelity Direct Numerical Simulation (DNS),
Large Eddy Simulations (LES) approaches remain im-
practical for extensive parametric analyses of build-
ings and wind characteristics at high Reynolds num-
ber Atmospheric boundary layer flows. Thus, vali-
dated mid-fidelity (RANS) simulation can still play
an important role on the characterization of the wakes
behind building at high Reynolds number flows.

Wall mounted obstacles and cuboids have been
studied in the past both experimentally (among others
by Schofield and Logan 1990; Martinuzzi and Tropea
1993; Snyder and Lawson 1994; Hussein and Martin-
uzzi 1996)) and numerically (Lakehal and Rodi 1997;
Krajnovic and Davidson 1999; Yakhot et al. 2006a
an d2006b). Martinuzzi and Tropea (1993) identify
the angle of wind attack and the building aspect ra-
tio as some of the parameters that affect flow struc-
ture around wall mounted cuboids. Snyder and Law-
son (1994) performed velocity measurements and flow
visualization showing the effect of different aspect ra-
tios and angles of attack on the mean flow character-
istics. It is important to note that the aforementioned
studies provided limited experimental observation in
specific locations and for a limited number of cases.
Castro and Robins (1977) showed that the flow struc-
ture in the wake also depends on the incoming flow
conditions. However, the effect of different angles of
attack and building aspect ratio still remain unclear.
The present work is an effort to expand the existing
data sets by expanding the parameter space examined
for the effect of different angles of wind attack and
building aspect ratios on the recirculation zone behind
wall mounted cuboids.

NEK5000 (Fischer et al. 2008) is a high-order



spectral-element based solver capable to perform Di-
rect Numerical Simulation (DNS), Large Eddy Sim-
ulations (LES) and Reynolds Average Navier-Stokes
Simulations (RANS) over complex geometries. The
present study is an application of a recently imple-
mented RANS module (Tomboulides et al. 2018) and
two equation turbulence closures Shaver et al. (2020,
2022) for the simulation of turbulent flow around
wall mounted cuboids representing buildings using
NEK5000.

A cuboid with normalized dimensions 1 × 1 × 1
(length × width × height, [L×W ×H]) was used as
the reference case in the present study. Experimental
data from the literature was used to compare against
the time-averaged profiles predicted from the RANS
simlations. Additionally, the effect of wind angle of
attack θ on the wake formation was also examined
through a parametric analysis. The effect of differ-
ent aspect-ratio cuboids on the wake region size was
also examined. In the following paragraphs the math-
ematical formulation of the problem and the applied
initial and boundary conditions are presented. The nu-
merical results and the comparison between them and
previous experimental observations and numerical re-
sults using an alternative finite volume based solver
(OpenFOAM) are shown.
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Figure 1: Computational domain and boundary conditions.
a. plan view (x− y plane) and b. side view (x− z
plane).

2 Mathematical formulation
For all the simulations, the Reynolds number of

the flow Re was 40, 000 (Re = UHH
ν , based on the

height of the cuboids H and the velocity at the top
of the cuboids UH ). The computational domain for
all the simulations was 37H long, 7H wide and 6H
tall. The wall mounted cube was located at (x, y) =
(0.0, 0.0) and the computational domain was enclosed
by (xmin, xmax) = (−6.5H, 30.5H) in the stream-
wise direction, (ymin, ymax) = (−3.5H, 3.5H) in the
spanwise direction and (zmin, zmax) = (0.0, 6.0H) in
the vertical direction (see figure 1).

The governing equations were solved under the as-
sumptions of the flow being fully turbulent, unsteady
and incompressible. The momentum and continuity
equations can be written as

∂v
∂t

+ v · ∇v = −1

ρ
∇p+∇ · [(ν + νt) (2S)] (1)

∇ · v = 0 (2)

where v = (u, v, w) is the ensemble averaged
mean velocity vector, p is the pressure, ν and νt the
kinematic and eddy viscosity respectfully and S is the
strain rate (S = 1

2

(
∇v +∇T v

)
).

The RANS models used in the present study are
based on the k−τ turbulence closure, which was orig-
inally developed by Speziale et al. (1992), by Kalitzin
et al. (1996), and Medic et al. (2006) as an alternative
implementation of the standard k − ω model. Details
regarding the implementation of the RANS equations
and the k − τ model can be found in and Shaver et al.
(2020, 2022). The k and τ equations can be written as:

∂k

∂t
+ v · ∇k = ∇ ·

[(
ν +

νt
σk

)
· ∇k

]
+P − β∗

k

τ

(3)

∂τ

∂t
+ v · ∇τ = ∇ ·

[(
ν +

νt
σω

)
· ∇τ

]
−γ τ

k
P + β − 2

ν

τ
(∇τ · ∇τ)

(4)

where σk, σω , β∗, β and γ are the k − τ model con-
stants and P is the TKE production term.

In the next paragraph the applied boundary con-
ditions are presented. The governing equations were
solved using the high-order spectral-element based
solver NEK5000 (Fischer et al. 2008). To increase
the accuracy and robustness of the RANS model sev-
eral source terms were treated implicitly (see Shaver
et al. 2020).

Boundary conditions
To mimic the characteristics of the fully turbulent

atmospheric boundary layers, realistic boundary con-
ditions were applied for the simulations. At the in-
let (see figure 1) a fully developed rough wall bound-
ary layer velocity profile was imposed which was in
agreement with the experimental set-up by Snyder and
Lawson (1993). Equilibrium profiles for the turbulent
kinetic energy k and turbulent timescale τ were also
assigned at the inlet. The top surface (z = 6.0H) was
treated with a symmetry boundary condition for the
velocity and ”zero-flux” boundary condition for the
turbulent quantities k and τ . The side walls in the y di-
rection were set to be periodic. At the surface located
at x = 30.5 an outflow boundary condition was used.



The bed and cuboid surfaces were treated as walls. For
the wall boundary conditions two different approaches
were examined: 1) a wall resolving approach and 2)
a wall modeled approach. For the wall resolving case
a no-slip boundary condition was adopted for the ve-
locity while for the turbulent quantities both k and τ
are zero at the wall. For the wall-modeled case a new
mixed no-slip/traction approach was adopted which
uses a no-slip boundary condition at the faces of spec-
tral elements which are immediately adjacent to sharp
corners of the cuboids while traction boundary condi-
tions are used everywhere else (see for details Shaver
et al. 2022). For the turbulent quantities equilibrium
conditions were assumed based on the log-law and the
k and τ boundary conditions were defined similar to
Grotjans and Menter (1998) and Kuzman et al. (2007).

cuboid

Figure 2: Effect of element order on the mean velocity pro-
file a. streamwise velocity at y = 0.5H b. grid
for p = 3rd order polynomial (number of Gauss-
Lobatto-Legendre points 4) c. grid for p = 5th
order polynomial (number of GLL points 6) , and
d. grid for p = 7th order polynomial (number of
GLL points 8).

Computational grid and smoothing
The computational grid consists of 29, 376 spectral

elements.The initial structured grid was constructed
using hexahedral elements with 90o angles. Smooth-
ing techniques combining Laplacian smoothing and
optimization techniques were applied in order to im-
prove the pressure and Helmholtz iteration count (for
details see Mittal 2016; Mittal and Fischer 2019).

Figure 3: Numerical results for the case of [L×W ×H] =
[1 × 1 × 1]. NEK5000 wall resolving simula-
tions comparison (grey lines) against observations
by Snyder and Lawson (1994) (circles).

Different sets of simulation were performed in
which the polynomial order p of the element was set
to be 3rd, 5th and 7th order (which correspond to 4,
6 and 8 Gauss-Lobatto Legendre points, respectively)
to ensure grid independence of the results presented
herein. Figure 2a shows a characteristic plot of the nor-
malized velocity variation over a line passing through
the central line of the domain (y = 0) and at a height
z = 0.5H . The plot shows that the numerical results
converge to a mesh-independent solution for p ≥ 6.
The corresponding grids used for the three examined
cases are shown in figures2b-d for p = 3, 5, and 7,
respectively.

3 Results and discussion

Comparison against experimental observations
The simulation results were compared against ex-

perimental wind tunnel observations Snyder and Law-
son (1994). Figure 3 shows the results for the case of a
cuboid with dimensions [L×W×H] = [1×1×1] and
for zero degrees wind angle of attack using the wall-
resolving approach. The streamwise velocity data
were extracted at the same locations with the data by
Snyder and Lawson (1994) using a high order inter-
polation technique (Mittal 2019; Mittal et al. 2019).
In general, good agreement is observed between the
numerical results and the experimental observations.
The maximum differences between numerical and ex-
perimental profiles exist at the location of the recircu-
lation behind the cuboid (where velocities are nega-
tive). However, even in this location the agreement is
adequate given the challenges associated with the lim-
itation of RANS models as well as with the applied
point-wise measurement technique applied by Snyder
and Lawson (1994).

Comparison between wall resolved and wall mod-
eled case

Additional simulations were performed to compare
the results from the wall-resolving and the wall mod-
eled cases. As mentioned earlier, to resolve the is-
sue of inconsistency of having traction boundary con-
ditions (Jaegle et al. 2010) for the tangential ve-
locity component at both sides of sharp corners, we
used no-slip boundary conditions at faces of spec-
tral elements which are immediately adjacent to cor-
ners of the cuboids even for the wall modeled case.
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Figure 4: Numerical results for the case of [L×W ×H] =
[1×1×1]. NEK5000 wall resolving and wall mod-
eled simulations comparison against OpenFOAM
simulation results and Snyder and Lawson (1994)
measurements (x = −4.0H , −3.0H , −1.0H ,
and −0.75H).

This means that all velocity components are zero at
those corner faces and k and τ are both equal to zero
there. Additionally, simulation results using the stan-
dard k − ε model (Launder and Spalding 1983) and a
second order finite volume code OpenFOAM (Weller
et al. 1998) were used for comparison. These sim-
ulation were performed in an identical domain size
using approximately 7, 800, 000 computational cells
for a mesh independent solution (∼ 20% more points
compared to the number of the GLL points for p = 5
required for the SEM-based NEK5000 solver which
is consistent with recent LES simulations by Reza-
eiravesh et al. 2021). Wall functions were used for
the modeling of the walls in the OpenFOAM simula-
tions. A comparison between the wall-resolving and
wall-modeled results for the case [L × W × H] =
[1 × 1 × 1] and 90o angle of attack are shown in
figure 4 at locations x = −4.0H , −3.0H , −1.0H
and −0.75H . The experimental observations by Sny-
der and Lawson (1994) and the numerical results us-
ing OpenFOAM are also shown for comparison. The
normalized streamwise velocity u/UH results of the
wall resolving case are nearly identical to those of the
wall- modeled case. Additionally, the numerical re-
sults compare well with the experimental observations
and the predictions of the second-order model. Com-
putational results at several at locations with in the
wake of the wall mounted cube are shown in figure
5. Specifically, the normalized streamwise velocity is
shown at x = 0.6H , 1.0H , 2.0H , and 4.0H . Once
again, the experimental observations and numerical
results using the different wall treatment approaches

x=0.6H x=1.0H

Snyder and Lawson (1994)

x=2.0H x=4.0H

6 8

NEK5000               -  wall resolv.
NEK5000               -  wall func.
OpenFOAM           -  wall func.

x=4.0Hx=0.6H x=1.0H

x=2.0H

x

Figure 5: Numerical results for the case of [L×W ×H] =
[1×1×1]. NEK5000 wall resolving and wall mod-
eled simulations comparison against OpenFOAM
simulation results and Snyder and Lawson (1994)
measurements (x = 0.6H , 1.0H , 2.0H , and
4.0H).

are shown. In general, good agreement is observed
between the modeling and experimental results. The
maximum differences are observed at x = 2.0H but
even at this point, the simulation results between the
different wall treatment approaches agree well.

Recirculation zone behind building like obstacles

To elucidate the effect of different angles of attack
on the recirculation zone and the wake formation dif-
ferent cases were simulated using the wall-resolving
modeling approach. Specifically, three different build-
ing aspect ratios were considered: a. [L×W ×H] =
[1 × 1 × 1], b. [L ×W × H] = [1 × 1 × 2], and c.
[L×W×H] = [1×1×3]. Also, the following different
angles of attack were considered: a. 0.0o, b. 11.25o,
c. 22.5o, d. 33.75o, e. 45.0o. Figure 6 shows some
characteristic results of the wake formation for vari-
ous angles of attack. The perspective views and the
planar slices at z = 0.1H show how the flow struc-
ture is affected by the obstacle characteristics. Specif-
ically, both the width and the length of the wake zone
are affected by the different angles of attack. A com-
parison for the wake for different building heights is
shown in figure 7 using the normalized velocity mag-
nitude. The planar slices at z = 0.1H show that the
wake zone length seem to be also altered by the height
of the buildings.
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Figure 6: Wake results for [L × W × H] = [1 × 1 × 1]
for various angles of wind attack (Top: perspective
views, Bottom: slices at z = 0.1H). Normalized
Velocity magnitude |u|/UH .

Figure 7: Wake results for various height at a slice at z =
0.1H . Normalized Velocity magnitude |u|/UH .

In an effort to visualize the geometric setup we de-

fine the streamwise, spanwise and vertical dimensions
of the cuboid that is parallel to the flow and enclosing
the actual cuboid ([Lx × Ly × H]). This theoretical
cuboid is shown in figure 8a. Finally, the recirculation
zone length Lr at z = 0.05H for all the examined case
is shown in figure 8b. It is important to note here that
the recirculation length Lr was defined as the length
at which the streamwise velocity component changes
sign at the wake of the building. The simulation results
show that the recirculation zone becomes larger for
taller buildings and for larger streamwise Lx lengths
of the enclosing cuboid.

H

b.

Figure 8: a. definition of the enclosing cuboid (dimensions
[Lx × Ly ×H]) b. The effect of the height of the
building H and the enclosing cuboid length Lx on
the normalized recirculation length Lr .

4 Conclusions
In the present study the high order spectral ele-

ment based solver NEK5000 (Fischer et al. 2008)
was used to simulate atmospheric boundary layer flow
around building like obstacles. A RANS approach
was adopted based on the k − τ turbulence closure as
implemented by Tomboulides et al. (2018) and Shaven
et al. (2020, 2022). The SEM-based NEK5000
solver was applied for the simulation of wall mounted
cuboids representing buildings. Realistic boundary
conditions were used for the simulation of ABL con-
ditions. Analysis of the mean flow velocity at the
wake of the cuboid for various angles of attack was
performed. The key results of the numerical analysis
presented here are summarized below:

1. Good agreement was observed between the nu-
merical results of the applied high-order method



and previous experimental and numerical results
(fig. 3-5).

2. The wall-resolving simulations given nearly iden-
tical results with the wall-modeled approach
suggesting that the applied mixed no-slip/wall-
functions approach is an efficient way to model
high-order Reynolds number flows in geometries
with sharp corners.

3. The wake and recirculation zone behind cuboids
was examined. The recirculation length Lr be-
comes larger for taller buildings and for higher
streamwise lengths Lx of the enclosing cuboids.
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Abstract
Wall-bounded flows remain a challenging research

topic in the simulation of high-Reynolds number tur-
bulent flows. By only resolving the most import-
ant turbulent scales, Large Eddy Simulation (LES)
provides a method for simulating turbulent flows at a
reduced cost. Despite the rapid increase in computa-
tional power, the wall-resolved formulation (wrLES)
remains limited to moderate Reynolds numbers. To
mitigate this issue, wall-modelled LES (wmLES) can
be used to model the near-wall layer, hence reducing
considerably the computational cost and allowing the
simulation of high Reynolds number flows. The CFD
code used in this work is the spectral element code
Nek5000, developed by Argonne National Laboratory.
Best practice guidelines for wmLES of lower-order
codes are well-established but not directly transfer-
able in this framework, as the behaviour of the under-
resolved mesh closest to the wall is heavily depend-
ent on the discretization type. The present work will
provide such guidelines by comparing the results of a
channel flow wmLES with those of a Direct Numerical
Simulation (DNS) used as reference.

The present method for wmLES consists in an
approximate boundary condition that relates the wall
shear stress to the velocity measured close to the wall;
this process is repeated at each near wall element and
updated at each time step. The present wall shear
stress model uses Reichardt formula to approximate
the law of the wall for hydraulically smooth cases. Us-
ing such a model typically requires to average in time
(and/or in the homogeneous direction(s)) the stream-
wise velocity that comes in as input to the model. The
averaging method used is an exponential average (a
1st order filter in time) with a time constant related to
the flow properties, as it provides a reactive behaviour
without introducing delay.

The results obtained at Reτ = 1000 are shown to
be in good agreement with the reference DNS, both for
the mean velocity and fluctuation quantities. Remark-
ably, the velocity values as provided by the polyno-
mial within the first element are quite accurate down
to y+ ' 12. These first results highlight that accurate

results can be obtained with Nek5000 at a reduced cost
thanks to this newly implemented wmLES approach.

1 Introduction
Wall-resolved Large Eddy Simulation (wrLES) al-

low to simulate turbulent flows with accuracy and at a
lower cost than Direct Numerical Simulation (DNS).
Yet the requirements on the grid resolution is very re-
strictive in the region closest to the wall. Previous re-
search by Choi and Moin (2012) suggest that the num-
ber of grid points for wrLES scales as Re13/7, while it
scales as Re2/5 for wall-modelled LES (wmLES) (Re
being a Reynolds number based on the characteristic
length of the problem considered). The use of wall
modelling is therefore mandatory to enable the simu-
lation of high Reynolds number flows using LES.

Wall modelling for LES is well documented for
widely used discretization methods such as finite dif-
ferences, with available guidelines as reviewed by
Larsson et al. (2016), or as recently proposed for
discontinuous Galerkin methods Frère et al. (2017).
WmLES reduces the computational cost of LES by
modelling the inner fluid layer (yδ . 0.2 where δ is
the boundary layer thickness), and connecting it to the
LES used in the rest of the flow domain. Wall models
can be classified in two main types for resolving the
inner layer : the hybrid RANS-LES which computes
this region in RANS formulation, and the wall-stress
model which uses an equation as model (typically an
algebraic equation). Both types sample the velocity
information from the LES at a distance to the wall as
an input, and they output the wall shear stress τw, used
as a boundary condition for the LES. The focus of this
work is on the implementation of an algebraic wall-
stress model in a high order spectral element method,
for which the grid is significantly different from that
used in a finite difference approach. While the compu-
tational cost of such methods can be reasonably well
compared, the discretization schemes and point distri-
bution is different, hence requiring specific guidelines
for the spectral element method.



2 Numerical methodology
The Computational Fluid Dynamics (CFD) code

used in the present work is Nek5000 developed by
Argonne National Laboratory. It is an efficient and
highly scalable, open source, CFD solver, with advant-
ages such as high order accuracy, reduced cost per de-
gree of freedom, and fast convergence. The incom-
pressible Navier-Stokes equations are considered in
a 3-D domain described using isoparametric hex ele-
ments. The spatial discretization is based on the spec-
tral element method (SEM) Patera (1984), which is a
high-order weighted residual technique using Gauss-
Lobatto-Legendre polynomials on each element; es-
sentially a high order finite element method. In the
SEM, the solution and data are represented in terms
of N th-order tensor-product polynomials within each
hexahedral elements, as described by Argonne Na-
tional Laboratory (2021)a.

The proposed study will consider the 7th order
polynomial, as previous research by Fischer (2013)
show that the code provides the best performance for
most applications using this order. This high order
spectral method shows very little numerical disper-
sion and dissipation, an important criterion in compar-
ison to the current limitations of standard CFD codes.
Argonne National Laboratory (2021)b has shown that
this code is capable of vastly superior scaling in such
comparisons.

One element Nodes

Figure 1: Nodes in a 7th order element.

Further in this paper, a distinction will be made
between an element and a node: this is shown in Fig-
ure 1. The velocity on the boundary nodes of an ele-
ment is shared with the neighbouring element, mean-
ing that the velocity is continuous between two ele-
ments (unlike the Discontinuous Galerkin method);
the velocity gradient is however discontinuous at the
interface between the two elements. Due to the spec-
tral method for computing the solution, the discontinu-
ities in the gradient at the element boundaries create a
Gibbs phenomenon, manifested by spikes in the gradi-
ent or in the velocity fluctuations. This phenomenon
reduces as the mesh is refined; it can therefore be
used as a qualitative measurement of the mesh qual-
ity without the need for a reference solution. Spikes
in the Reynolds stresses at the element boundaries are
therefore expected in LES at coarser resolutions, and
they will reduce as the mesh is refined.

3 Wall-model formulation

δ

τwi

Wall-model

ui

u

Figure 2: Methodology for wall-modelled LES.

A wall-stress model samples the streamwise velo-
city ui at each node i close to the wall, and it uses the
model to deduce the corresponding wall shear stress
τwi , which is then used as a boundary condition for
the LES, as shown in Figure 2. More specifically, the
sampled velocity is here taken at the last node of the
first element, where the law of the wall is assumed
valid (yδ . 0.15). Moreover, code parallelization is
done element-wise; therefore the most efficient imple-
mentation is to impose the shear stress based of the
velocity within a single element to avoid global trans-
fer of data.

The model chosen to approximate the law of the
wall is that of Reichardt (1), as also used in Frère et al.
(2017):

u+|| =
1

κ
ln
(
1 + κy+

)
+

(
C − 1

κ
ln(κ)

)
(
1− e−

y+

11 − y+

11
e−

y+

3

)
, (1)

where u+|| =
u||
uτ

and y+ = y uτ
ν . We used the values

κ = 0.38 and C = 4.1 as suggested in Osterlund et al.
(2000). Note that, following Lee and Moser (2015),
the most recent values are κ = 0.385 and C = 4.25,
see also the analysis in Winckelmans and Matthieu
Duponcheel (2021).

The law of the wall is valid for the streamwise ve-
locity averaged in time. The sampled streamwise velo-
city therefore requires some averaged in time (and/or
space when considering a flow with homogeneous dir-
ection(s)). The following moving averages have been
explored :

• The Simple Moving Average (SMA) which is the
average of the last few sampled points. It requires
to define the averaging time and is not very react-
ive.

• The Weighted Moving Average (WMA) which
provides the possibility to apply more weight to
the last values so as to increase the reactivity of
the system.

• The Exponential Moving Average (EMA) which
is the averaging of all points and using an expo-



nential weight, thus also favouring the last value.
It is simple to implement (no need to store other
previous data) and is mathematically equivalent
to a first order low-pass filter. The time constant
is chosen in relation to a physical quantity. This
choice also results in a reactive system.

For a wmLES, the EMA (2) appears to be an appro-
priate method for averaging the streamwise velocity,
whereby:

uin = uin−1
+ α

(
uin − uin−1

)
, (2)

where i is the node index, n is the time step index,
α = dt/(Ct+dt) with dt being the simulated timestep
and Ct is the time constant of the filter; itself being
chosen relatively to the the timescale defined as: δ

uτ
.

Regarding spatial averaging, an element-wise av-
eraging was also tested, being the most efficient in
parallel processing. This did not show a significant
improvement. A full spatial averaging over the homo-
geneous directions would also require a smaller Ct. In
any case, no spatial averaging was used for the rest of
the present investigation, and the simplest implement-
ation using solely the EMA was retained.

4 Description of the wall model solver
Solving equation (1) for uτ is done numerically.

To do so, we need to find the root of the function

f(uτ ) =
1

κ
ln
(
1 + κy+

)
+

(
C − 1

κ
ln(κ)

)
(
1− e−

y+

11 − y+

11
e−

y+

3

)
− u+|| . (3)

Commonly used iterative procedures, as in
Liefvendahl, Mukha and Rezaeiravesh (2017),
use the Newton-Raphson method to solve the equa-
tion. However, this method exhibits slow convergence
as the function f(uτ ) has a vertical asymptote at
uτ = 0 and a horizontal one at uτ → ∞. Since
the function can tend very quickly to on of those
asymptotes, the Newton-Raphson method will need
numerous iterations before achieving convergence,
or it may even get stuck on one of these asymptotes
without providing a solution.To mitigate this problem,
a custom algorithm has been developed. The steps are
as follows:

1. Start with 2 initial values uτA and uτB

2. Find the value uτC of the y-intercept from the line
connecting uτA to uτB .

3. For the next iteration, values of uτA and uτB are
updated to be 99% closer to uτC .

4. The y value of uτC provides the error to the exact
solution and can be used as convergence criterion.
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Figure 3: Custom algorithm : first 3 steps

With one single initial value, uτA and uτB can be ob-
tained by dividing and multiplying this initial value
by 2. After step 1, a check is done to ensure that
f(uτA ) < 0 and f(uτB ) > 0. If one of these conditions
is not met, the corresponding value is adapted. An il-
lustration of the process is given in figure 3, where the
step 3 updates values to 50% closer to uτC for readab-
ility (rather that the 99% actually implemented).

The value of 99% was observed to provide the
best performance. A smaller value require more it-
erations to achieve a given convergence, while a big-
ger value increases significantly the additional check
after step 1. This algorithm is very efficient since the
y-axis spans over a more extensive range than the x-
axis, resulting in a better precision in the solution of
uτ . For this channel flow test case, each node of the
wall is calling this algorithm independently, conver-
ging to machine precision in 7 steps on average. The
cumulative time for this process on all nodes near the
walls amounts to only 0.4% of the total time required
for a time step.

5 Test case
A periodic channel flow is simulated in order to

evaluate the new wall model implemented in Nek5000,
with a domain size of 3πδ streamwise, 2πδ spanwise,
and 2δ in the wall-normal direction. A constant flow
rate is imposed in the streamwise direction. The Reyn-
olds number based on δ and uτ is Reτ = 1000. The
wmLES results are compared to those of the DNS
database from Lee and Moser (2015).

As explained in Section 2, the appearance of Gibbs
phenomena provides a natural framework for adapting
the meshsize. Consequently, the mesh in the stream-
wise and spanwise directions has been refined such
that the Gibbs phenomena becomes negligible com-
pared to the local variations within each element. This
results in 22 and 16 elements in the streamwise and
spanwise direction respectively. The mesh in the wall-
normal direction will be explored in more details in the
following sections.
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Figure 4: Convergence in times of the fluctuations.
The fitted exponential curve is also shown (red).

Initial conditions are composed of a mean stream-
wise velocity profile equal to the Reichardt equation,
perturbed in the 3 directions to initiate turbulence gen-
eration using sine waves. Results shown hereafter are
averaged in space (in the streamwise and spanwise dir-
ections) using a weighted average based on the weight
of each node, as well as averaged between the top and
the bottom half channel. Averaging is then also done
in time after the transition period has passed, until a
statistical convergence of at least 99.5% is achieved for
all quantities of interest. The criteria used to quantify
the statistical convergence is the average of the profiles
of u′u′, v′v′, w′w′. An exponential function is also fit-
ted. The values are shown in Figure 4 for one of the
following test case; the same methodology being ap-
plied to all other cases.

To quantify the error, the Normalized Root Mean
Square Error (NRMSE) as defined in Eq. (4) will be
used to compare the results obtained by wmLES to the
reference DNS:

NRMSE =

√
1
N

∑N
n=1 (wmLES −DNS)

2

max (DNS)−min (DNS)
(4)

6 Sensitivity to the first element height
The wall-normal distance of the sampled velocity

at the end of the first element is a critical parameter. To
evaluate its effect, three simulations were performed
varying the size of this first element, while maintain-
ing 6 elements within δ. Starting from a uniform distri-
bution yuniform/δ, the following stretching law (also
used by Duponcheel et al. (2014)) is applied in the
wall-normal direction:

y

δ
= 1 +

tanh
(
γ
(yuniform

δ − 1
))

tanh(γ)
(5)

Figure 5 illustrates the resulting wall-normal dis-
tribution obtained for γ = 1.5, 1.0, and 0.4, corres-
ponding to y

δ = 0.063, 0.10 and 0.15 for the height of

the first element respectively; or y+ = 63, 104, and
153 when expressed in wall units. Note that they are
all located within the law of the wall region.
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Figure 5: Sensitivity of the first element height to the
mesh stretching.
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Figure 7: Mean fluctuation profiles when varying the
height of the first element.

Results from this setup are compared to the refer-
ence DNS in Figure 6 for the mean and Figure 7 for the
fluctuations. In general, the wmLES results are found
to be in good agreement with the DNS. The velocity at
the three nodes closest to the wall differ significantly
from the reference due to the under-resolved mesh in
this region; as expected for wmLES.



Qualitatively, the Reynolds stresses (u′u′, v′v′,
w′w′) show negligible Gibbs phenomenon (spikes at
element boundaries) which means that the mesh is re-
fined enough to accurately capture the mean and tur-
bulent flow fields.

The first element height does not appear to have
a significant impact on the solution, which is as ex-
pected as it is contained within the law of the wall re-
gion for all cases. Indeed, the NRMSE from table 1
(excluding the first 3 nodes of the first element which
are under-resolved) show overall small errors both in
the mean velocity (. 1%), and in the Reynolds stress
(< 8%) profiles. A trend is visible with errors increas-
ing slightly with the first element height, mostly on the
mean velocity and u′u′ profiles; suggesting that using
a first element height comparable to the end of the law
of the wall region (y+ ' 150) is not the best choice.
The errors are nevertheless quite acceptable in all three
cases.

Given the relative insensitivity of the results with
respect to this first element height (so long as it re-
mains within the law of the wall region), the wall
model used here constitutes a quite flexible approach.

Table 1: NRMSE when varying the height of the first
element.

γ u u′u′ v′v′ w′w′

1.5 0.52% 2.82% 6.86% 7.94%
1.0 0.65% 3.27% 7.67% 7.42%
0.4 1.09% 4.30% 7.09% 7.73%

7 Sensitivity to the outer layer mesh
The computational cost of the mesh refinement in

the inner layer y
δ . 0.15 was studied in the previous

section. The focus is now on determining how sens-
itive the results are relatively to the mesh resolution
used in the outer layer y

δ & 0.15. Here, the first ele-
ment height is kept at yδ = 0.15; which also provided
good results.
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= 153

5 elements 4 elements

y+

= 153
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Figure 8: Mesh for the sensitivity analysis to the num-
ber of DOFs used.

Three meshes are explored, as illustrated in fig-
ure 8, where the half channel contains either 6, 5, or 4
elements in the wall-normal direction. A more consist-
ent way to evaluate the computational cost of the case

is to use the degrees on freedom (DOF, number of in-
dependent nodes on which the solution is computed).
Using the 7th order polynomial, the three cases result
in 42, 35 and 28 DOFs in the wall-normal direction for
the half channel.

Results are shown in figure 9. They demonstrate
that the mean profile is well captured, even with the
coarser mesh in the outer layer.
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Figure 9: Mean velocity profile when varying the num-
ber of DOFs.
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Figure 10: Mean fluctuation profiles when varying the
number of DOFs.

Regarding the fluctuations, the larger elements size
in the bulk of the domain result inevitably in the intro-
duction of a Gibbs phenomenon at the element bound-
aries, especially visible for the 4 elements case. Nev-
ertheless, the Reynolds stresses shown in Figure 10
are still in good agreement with the reference profile
in all three cases (when dismissing the spikes). For a
more quantitative comparison, the errors can be found

Table 2: NRMSE when varying the number of DOFs.

Wall-normal u u′u′ v′v′ w′w′

6 elements 1.09% 4.30% 7.09% 7.73%
5 elements 0.82% 5.22% 4.57% 3.53%
4 elements 0.89% 5.03% 6.32% 5.23%



in Table 2. The NRMSE are sometimes lower for
coarser resolutions, but this is due to the fact that, in
all cases, the Reynolds stresses are under-estimated by
the wmLES, while the averaged value is artificially im-
proved thanks to the amplified spikes. The case with
4 elements in the half channel height must therefore
be considered as not sufficiently resolved to provide
an accurate solution to the problem. The case with 5
elements can be considered as quite acceptable.

8 Conclusion
An algebraic wall-stress model for LES has been

successfully implemented in Nek5000, along with
an associated iterative algorithm improving ther ef-
ficiency over commonly used implementations. The
wall model approach has been validated on a periodic
channel flow at Reτ = 1000, and the results are found
to be in good agreement with the reference DNS.

Concerning the sensitivity of the first element
height used for the wall model in the inner layer (i.e.,
the region y

δ . 0.15 where the law of the wall is valid),
is was observed that the results on the mean velocity
and fluctuation profiles are fairly insensitive, as long
as this height is above y+ ' 60 and is within the law
of the wall region. Cases with lower height were not
investigated.

Regarding the mesh requirement from the bulk of
the domain simulated buy the LES, it was observed
that reducing the degrees of freedom in the half chan-
nel from 42 (6 elements) to 28 (4 elements) does
not affect much the error on the mean velocity pro-
file; the error on the mean fluctuation profiles is how-
ever affected. In that respect, the case with 35 de-
grees of freedom (5 elements) constitutes a good com-
promise. Clearly, the solution is affected by the outer
layer resolution in the same way as wrLES would be;
and without introducing further limitations on the wall
model.

Although good performance has been observed at
Reτ = 1000, future work will include extending the
validity range of the implemented wall model to higher
Reynolds number flows.
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Abstract
The influence of the orientation of ratchet-type

rough surfaces on their fluid dynamic roughness ef-
fect is investigated using direct numerical simulations
of turbulent channel flow at Reτ = 395. The ratchet
length-to-height ratio is varied from `/k = 2 to 16
for a fixed ratchet height of k/δ = 0.1 where δ is
the mean channel half-height. The results show that
both roughness function and mean flow and turbu-
lence statistics strongly depend on the ratchet orienta-
tion. Existing empirical formulae, which estimate the
roughness function ∆U+ or the equivalent sand-grain
roughness ks based on surface-slope related parame-
ters such as the effective slope or the Sigal-Danberg
parameter, fail to accurately predict the differences be-
tween ratchet surfaces with high windward slopes and
ratchet surfaces with high leeward slopes.

1 Introduction
It is well-established that not only the roughness

height but also the topography of a surface, i.e., the
distribution and shape of roughness features, have a
strong influence on its fluid dynamic roughness effect
(Chung et al., 2021). However, many aspects of the
topography-dependence of rough-wall turbulence are
still not understood, and progress is made more dif-
ficult by the fact that different ways to parameterise
the topographies of rough surfaces are used in differ-
ent contexts. For example, the roughness function has
been shown to increase with the effective slope ES
(Napoli et al., 2008), which is defined as the plane-
average of the absolute value of the local streamwise
slope of the surface height map h(x, y):

ES =
1

A

∫ ∫ ∂h(x, y)

∂x

 dxdy (1)

where x is the streamwise and y the spanwise coor-
dinate. The effective slope is directly related to the
frontal solidity of a surface by λf = ES/2 (see e.g.
Thakkar et al., 2017).

The Sigal-Danberg parameter Λs (Sigal & Dan-
berg, 1990, van Rij et al., 2002) also effectively char-
acterises the streamwise slope of a rough surface, but
in contrast to ES and λf it distinguishes between the
windward (positive slope) and the leeward (negative

slope) faces of a rough surface. It is computed as

Λs = λ−1
f

(
Af
Aw

)−1.6

(2)

where Af is the frontal projected area of the rough-
ness elements and Aw is their total windward wetted
surface area.

For bluff bodies the orientation of the body with
respect to the mean flow direction has a strong influ-
ence on their roughness effect, e.g., a triangular prism
will experience much higher drag if its side is facing
the flow when compared to a triangular prism with an
edge facing the flow (see e.g. Seyed-Aghazadeh et al.,
2017). Therefore, it could be expected that the drag
of asymmetric roughness elements, e.g., a roughness
element with differing windward and leeward slope,
is also orientation dependent. In this context, it is in-
teresting to note that recent experiments on turbulent
convection (Jiang et al., 2018) demonstrated that the
orientation of ratchet-type roughness, a form of 2D
transverse roughness where the magnitude of the lee-
ward slope strongly differs from the windward slope,
has strong influence on large-scale convective struc-
tures.

This poses the following questions: How important
is it to include the sign of the local surface slope rel-
ative to the mean flow direction in the corresponding
parameter definition? Is the Sigal-Danberg parameter
or the effective slope / frontal solidity better suited for
capturing the influence of surface slope on the rough-
ness effect?

2 Methodology
Direct numerical simulations (DNS) of incom-

pressible turbulent channel flow are conducted over
systematically varied ratchet-type roughness to inves-
tigate the relative influence of windward faces (pos-
itive slope) and leeward faces (negative slope) of a
rough surface on mean flow and turbulence statistics.
Five different surfaces composed of spanwise bars of
triangular cross-section were investigated. The height
of the triangular cross-section k was set to 0.1δ in all
cases, and the length of the triangular cross-section, `,
was varied from 2k to 16k. In each case, one side of
the triangular cross-section had a higher slope k/(`/8)



Table 1: Effective slope ES, Sigal-Danberg parameter Λs, roughness function ∆U+, bulk-flow velocity U , and the zero-plane
displacement zoff for the virtual origin of the logarithmic profile relative to the roughness mean plane. The equivalent
sand-grain roughness ks was estimated using relationship (3). The sketch shows the ratchet pattern for 1/4 of the
streamwise domain size Lx (cases with ` = 2nk) and for 1/6Lx in the ` = 12k cases.

` orientation sketch ES Λs ∆U+ U/uτ zoff/δ ks/k line style

2k windward 1 2.10 8.17 9.38 −0.02 2.7

2k leeward 1 6.14 5.90 11.46 −0.03 1.1

4k windward 0.5 4.78 8.80 8.89 0.0 3.5

4k leeward 0.5 31.6 6.41 11.04 −0.02 1.3

8k windward 0.25 13.9 8.98 9.18 0.06 3.7

8k leeward 0.25 183 6.69 10.91 0.0 1.5

12k windward 0.167 30.7 7.56 10.62 0.08 2.1

12k leeward 0.167 519 6.11 11.44 0.0 1.2

16k windward 0.125 58.0 5.99 12.12 0.10 1.1

16k leeward 0.125 1096 5.65 12.02 0.0 1.0

Figure 1: (a) Schematic illustration of the basic geomet-
ric parameters of the ratchet roughness; (b) wind-
ward orientation and (c) leeward orientation of the
ratchet pattern.

than the other k/(7`/8) to create a ratchet-type rough
surface. Each surface was studied in two different ori-
entations: (a) windward orientation of the high-slope
side and (b) leeward orientation of the high-slope side
of the triangular cross-section (see Figure 1).

All simulations were conducted at friction
Reynolds number Reτ = 395 with a constant mean
streamwise pressure gradient using the code iIMB
(Busse et al., 2015), where the roughness was resolved
using an iterative version of the embedded boundary
method by Yang & Balaras (2006). The simulation

parameters are summarised in Table 2, where δ is the
mean channel half-height. The domain size allows
four repetitions of the ratchet pattern in the streamwise
direction for the longest ratchet pattern with ` = 16k.
For the ratchet surfaces with ` = 12k the streamwise
domain size was increased to Lx = 7.2/δ, to be able
to fit an integer number of repetitions of the ratchet
pattern into the domain.

The same ratchet pattern was applied to both the
upper and the lower wall of the channel; the pattern
on the upper wall was shifted by `/2 to minimize any
local blockage effects. Periodic boundary conditions
were imposed in the streamwise and spanwise direc-
tion. The reference plane z = 0 corresponds to the
mean roughness height, i.e., 〈h(x)〉 = 0, where h(x)
is the two-dimensional roughness profile. The fine grid
spacing in the x-direction ensured that each ratchet
was resolved by at least 32 grid points per repeating
pattern. Coarser grid spacing was used in the span-
wise direction since the surface topography is two-
dimensional. The wall-normal grid spacing was set
to ∆z+

min across the height of the roughness and was
stretched above reaching its maximum ∆z+

max at the
channel centre. After the flow had attained a statisti-
cally stationary state, statistics were averaged over a
minimum of fifty flow through times Lx/U for cases
with ` = 2nh. For the ratchet cases with ` = 12h
simulations are still ongoing and averages were taken
over a minimum of 35 flow through times. In addition,
spatial phase averages were taken over the repetitions
in the ratchet pattern for the calculation of Reynolds
and dispersive stresses. Simulation parameters for the
smooth-wall simulation at Reτ = 395 that is used as
a reference case in the following are also included in
Table 2.

3 Results and discussion



Table 2: Simulation parameters for the direct numerical simulations. Lx: domain size in streamwise direction; Ly: domain size
in spanwise direction; Nx × Ny × Nz: grid size; ∆x+: grid spacing in streamwise direction; ∆y+: grid spacing in
spanwise direction; ∆z+

min: minimum wall-normal grid spacing; ∆z+
max: maximum wall-normal grid spacing.

Lx/δ Ly/δ Lz/δ Nx ×Ny ×Nz ∆x+ ∆y+ ∆z+
min ∆z+

max

ratchets (` = 2nk) 6.4 3.2 2.1 1024× 256× 432 2.47 4.94 0.67 4.22
ratchets (` = 12k) 7.2 3.2 2.1 1152× 256× 432 2.47 4.94 0.67 4.22
smooth 8.0 4.0 2.0 640× 320× 360 4.94 4.94 0.50 3.98

Figure 2: Roughness function as a function of the effective
slope for ratchet surfaces in leeward orientation
(blue squares) and in windward orientation (or-
ange diamonds). The grey crosses show data from
Napoli et al. (2008) for comparison.

Equivalent sand-grain roughness and ∆U+

Results for the Hama roughness function ∆U+ and
the bulk flow velocityU are included in Table 1. Based
on their ∆U+ values, all cases fall into the fully rough
or into the upper transitionally rough regime. In Figure
2, ∆U+ is shown as a function of effective slope ES.
For moderate ES, the roughness function increases
with ES, which is consistent with the observations
of Napoli et al. (2008) and others. For the ratchets
with `/k = 16, ∆U+ is not very sensitive to the ori-
entation: the windward oriented surface yields only a
slightly higher roughness effect than the leeward ori-
ented case with difference in ∆U+ below 10%. The
roughness function reaches a maximum at `/k = 8
which corresponds to an effective slope of 0.25. For
the cases with ES ≥ 0.25 the effect of the orientation
with respect to the mean flow is much stronger - the
roughness function of the windward oriented ratchets
is 30% to 40% higher compared to the leeward cases.

As ES is increased above 0.35, a saturation of the
roughness function would be expected (see e.g. Napoli
et al., 2008). However, for the ratchet surfaces a grad-
ual decrease of ∆U+ can be observed. This can be
explained by considering the dependency of the equiv-
alent sand-grain roughness on the frontal solidity. To

Figure 3: Estimate for the equivalent sand-grain roughness
ks as a function of the frontal solidity λf ; the blue
squares show the results for the ratchets in leeward
orientation and the orange diamonds the results for
the windward orientation. The dashed black line
indicates ∼ λ+1

f and the dash-dotted black line ∼
λ
−1/4
f .

this end, the equivalent sand-grain roughness has been
estimated following the approach discussed in Chung
et al. (2021)

ks
k

=
exp (κ (∆U+ −A+Bs(∞)))

k+
(3)

where A − Bs(∞) ≈ −3.5 and κ ≈ 0.4. As
shown in Figure 3, this recovers a familiar pattern dis-
cussed in Jiménez (2004). For small frontal solidity,
the equivalent sand-grain roughness increases, and for
high frontal solidity ks decreases. The location of the
maximum at λf = 0.125 falls into the range of max-
imum locations reported in the reviews by Jimènez
(2004) and Chung et al. (2021). However, whilst for
low λf the equivalent sand-grain roughness of the lee-
ward cases increases approximately with λ+1

f in agree-
ment with the data summarized in Jiménez (2004),
a steeper increase is observed for the windward ori-
ented cases. Furthermore, the decrease of ks at high
λf is much more gradual with ks/k ∼ λ

−1/4
f than the

ks/k ∼ λ−2
f estimated by Jiménez (2004).

A key aim of this study is to evaluate how well
existing empirical correlations can predict the rough-



ness effects of orientation-dependent roughness such
as ratchet surfaces. Due to their symmetry with respect
to a 180◦ rotation, the skewness Ssk of all ratchet sur-
faces considered here is zero. Therefore, we focus
in the following on correlations that mainly account
for effects of surface slope, i.e., correlations that con-
tain ES or Λs as a key topographical parameter. De-
Marchis et al. (2020) developed an empirical correla-
tion for the dependency of ∆U+ on surface topogra-
phy

∆U+ =
1

κ
ln(ES · Sq+) +B (4)

where Sq is the rms roughness height and B = 3.5 is
an empirical constant. For the present ratchet surfaces
the rms roughness height is given by Sq = k/(2

√
3),

i.e. Sq ≈ 0.0289δ. Sigal & Danberg (1990) pro-
posed the following relationship for the equivalent
sand-grain roughness for two-dimensional roughness:

ks
k

=


0.003215Λ4.925

s 1.4 ≤ Λs ≤ 4.89

8.0 4.89 < Λs < 13.25

151.71Λ−1.1379
s 13.25 ≤ Λs ≤ 100

(5)

For the purposes of this study the upper bound of
the third branch of the Sigal-Danberg relationship has
been extended above Λs = 100 which is consistent
with Figure 2 in Sigal & Danberg (1990).

It is evident from Table 3 that neither of the em-
pirical relationships gives a satisfactory prediction for
the roughness effect of ratchet surfaces. The relation-
ship by Sigal & Danberg significantly overpredicts five
of the values and significantly underpredicts four of
them; only one value is close to the actual value. The
modified relationship for three-dimensional irregular
roughness by van Rij et al. (2002) was also tested (not
shown), but this led to a significant underprediction
of the equivalent sand-grain roughness in almost all
cases, so it does not improve outcomes compared to
the relationship (5) for two-dimensional roughness.

Relationship (4) performs well at predicting some
of the moderate effective slope cases, but it cannot cap-
ture the decrease in ∆U+ that is observed for high

Table 3: Predicted value for roughness function ∆U+ us-
ing relationship (4); predicted value for equivalent
sand-grain roughness using relationship (5).

` orientation ∆U+
pred (ks/k)pred

2k windward 9.58 0.124
2k leeward 9.58 8.0
4k windward 7.85 7.13
4k leeward 7.85 2.98
8k windward 6.12 7.59
8k leeward 6.12 0.40
12k windward 5.11 3.08
12k leeward 5.11 0.12
16k windward 4.39 1.49
16k leeward 4.39 0.05

frontal solidity since equation (4) predicts a monotonic
increase with ES for fixed Sq. Furthermore, relation-
ship (4) cannot distinguish between windward and lee-
ward oriented cases since ES is by definition insensi-
tive to the sign of the local surface slope.

Mean velocity and turbulence statistics
In the mean-streamwise velocity profile, shown in

Figure 5a, a zero-plane displacement zoff had to be ap-
plied for most cases with high windward slope to re-
cover the expected log-law slope, whereas zoff is ap-
proximately zero for almost all of the leeward-oriented
cases (see Table 1).

For the windward oriented cases zoff increased
from a negative value to a positive value with increas-
ing ratchet length `. For the longer ratchets `/k ≥ 8 in
windward orientation, the virtual origin of the rough-
ness effectively is above the crest height of the rough-
ness. In contrast, the virtual origin of the correspond-
ing ratchets in leeward orientation corresponds to the
roughness mean plane. This illustrates the strong de-
pendence of the mean flow on the orientation of the
ratchet surfaces even in the case `/k = 16 where only
weak orientation impact on ∆U+ is observed.

No zero-plane displacement was applied to the
Reynolds stresses, since an almost perfect collapse on
the smooth-wall reference case can be observed for
the Reynolds shear stress for z/δ ' 0.2 (Figure 5b).
The streamwise Reynolds stresses (Figure 5c) show
a clear reduction of the peak value compared to the
smooth wall reference case, which is consistent with
previous studies (see e.g. Busse & Jelly, 2019). Be-
low the highest roughness crest there is a clear depen-
dency of 〈u′u′〉 on the ratchet length ` and orienta-
tion. Streamwise velocity fluctuations are significantly
higher for ratchets in windward orientation. Further-
more, the streamwise Reynolds stress increases with
increasing ratchet length `. The wall-normal Reynolds
stress (Figure 5d) also shows higher levels for longer
ratchets, but in most cases the leeward oriented sur-
faces give rise to higher wall-normal Reynolds stress
fluctuations than the windward oriented ratchets.

Time-averaged flow fields
The time averaged flow fields (see Figure 4) show

that for the longer ratchets `/k ≥ 8 less flow separa-
tion occurs for the windward oriented ratchets, since
the mean flow field can conform to the gentle leeward
slope of the ratchets. This in turn promotes interaction
between the mean flow and the steep windward sec-
tion of the roughness which can thus impart a higher
wall-normal momentum to the local mean flow. The
wall-normal dispersive stresses also show consistently
higher levels above the roughness crests for the wind-
ward oriented cases with `/k ≥ 8 compared to their
leeward oriented counterparts (see Figure 5f).

More complex behaviour emerges for the shorter
ratchets with `/k = 2 and 4. Here the ratchet cavity is
mostly occupied by a large vortex in both leeward and



Figure 4: Streamlines in the time-averaged flow fields are shown for ratchets with ` = 2k and ` = 16k in windward (top row)
and leeward (bottom row) orientation. The background colour corresponds to the time-averaged wall-normal velocity.

windward orientations. In these cases, the differences
in the recirculating flow in the cavity may cause the
orientation dependency of the roughness effect.

4 Conclusions
The orientation of ratchet-type rough surfaces has

a significant influence on their effect on turbulent
channel flow. For the roughness function, this effect is
more prominent for the shorter ratchet lengths ` ≤ 8k.
The mean velocity profile, Reynolds stresses, and the
time-averaged flow fields show clear orientation de-
pendency for all ratchet lengths considered.

Two empirical relationships that relate the rough-
ness effect to surface-slope based topographical pa-
rameters were tested. However, neither the relation-
ship by Sigal & Danberg (1990) for predicting the
equivalent sand-grain roughness nor the empirical re-
lationship by DeMarchis et al. (2020) for predict-
ing the roughness function give a satisfactory predic-
tion for the roughness effect of ratchet-type surfaces.
Therefore, to account for the effect of orientation-
dependency new empirical relationships need to be de-
veloped or existing relationships modified.
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Figure 5: Mean flow and turbulence statistics for the different ratchet cases. Line styles are given in Table 1. The thick black
line indicates the smooth wall reference case. The thin dotted vertical line indicates the height of the roughness crests.
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Abstract
The momentum and energy exchanged trough the

wind-wave interface in ocean significantly affects the
atmosphere circulation and climate. Despite decades
of research efforts, the wind-wave interaction prob-
lem is still extremely elusive. The reason is the multi-
scale coupling phenomenon between the spatial and
temporal scales of the air-turbulent boundary layer
with those of the water surface. In the present work
we report preliminary results from a Direct Numeri-
cal Simulation of a turbulent wind over a water sur-
face where these coupling mechanisms are fully taken
into account and resolved. Two-point statistics are also
shown to shed light on the structures of the air turbu-
lent boundary layer and of the wave field.

1 Introduction
The study of turbulent wind blowing over sea sur-

face is a challenging research topic of fundamental im-
portance. The generation of waves over the water sur-
face significantly affect the overlying turbulent flow
leading to substantial differences on the classical fea-
tures associated to a wall bounded flow. The predic-
tion of wave field evolution under specific wind con-
ditions and the modelling of momentum and energy
exchanges between atmosphere and ocean, require a
fundamental understanding of the wind-waves interac-
tion mechanisms. However, our current understanding
of this problem is quite limited because of the com-
plexity of the physics.

In the early years, several theoretical and reduced
models were proposed to explain the wave generation
and growth process (Phillips 1957 and Miles 1957)
and the momentum transfer between airflow and sur-
face waves (Belcher and Hunt 1993). More recently,
many studies based on field measurements have anal-
ysed the wind-waves interaction process (Miller and
Friehe 2003; Grare, Lenain and Melville 2013). Al-
though field measurments have provided some rel-
evant information, as the mean velocity profile and
pressure distribution over the sea surface, they were
not able to capture the detailed flow structures in the
vicinity of the wave surface. This is due to some lim-
iting factors in the acquisition process, including plat-
form movement, sensor technology, broadband nature

of wave fields, and cost. Meanwhile, several labo-
ratory experiments (Buckley and Veron 2016, 2019)
have been carried out in order to get more detailed in-
formation on the turbulence field close to the air-water
interface. Although some of these studies have pro-
vided important insights on the evolution of progres-
sive waves, they did not address the complex interac-
tions occurring between atmosphere and ocean, where
the wave field is characterized by a broad-band spec-
trum.

With the growing computer capacity, numerical
simulations have become an additional tool for inves-
tigating wind-wave interaction mechanism. Several
Direct Numerical simulation have been performed in
order to study turbulent wind blowing over idealized
water waves (monochromatic traveling waves). They
have shown how waves significantly affect the mean
flow, the momentum and energy transfer, the form drag
and the coherent structures developing over the water
surface (Sullivan,McWilliams and Moeng 2000; Sulli-
van and McWilliams 2010; Yang and Shen 2009; Yang
and Shen 2017; Zhang, Huang and Xu 2019). If the in-
teraction between idealized waves and turbulent wind
have been deeply analysed, there are fewer studies that
take into account the fully coupled multi-scale nature
of the wave field (Liu et al. 2010; Wang et al. 2020).
This is due to the additional complexity introduced by
the two way coupling system describing the irregular
wave field developed under specific wind conditions.
The current study proposes a numerical setting in or-
der to study turbulent flow above surface wind waves
and the resulting coupling between the turbulent wind
and the wave field. Section 2 contains a detailed de-
scription of the numerical setting used in order to per-
form the Direct numerical simulation while a prelim-
inary study of the wave field and of the air turbulent
structures is reported in Section 3.

2 Numerical simulations

The evolution of the flow is governed by the con-
tinuity and momentum equations. This set of equa-
tions is solved here in a one-fluid formulation where
the same set of equations is applied for two immiscible



fluids with different density ρ and viscosity ν = µ/ρ ,

∂ui
∂xi

= 0

∂ui
∂t

+
∂uiuj
∂xj

= −1

ρ

∂p

∂xi
+
µ

ρ

∂2ui
∂xj∂xj

+ fi

where ui is the velocity field, p the pressure field and
fi is the surface tension force. In the following the
index i = 1, 2, 3 corresponds to the streamwise, ver-
tical and spanwise directions and velocities, (x, y, z)
and (u, v, w) respectively. In order to identify the in-
terface between the two fluids, a transport equation for
the volume fraction function α is coupled with the mo-
mentum equations (Hirt and Nichols 1981),

∂α

∂t
+
∂αuj
∂xj

= 0 . (1)

The volume fraction α is used to compute the physical
properties of the two fluids,

ρ = ρwα+ (1− α)ρa (2)
µ = µwα+ (1− α)µa , (3)

where the pedices w and a are used to denote quanti-
ties computed for water and air, respectively. In order
to avoid interface diffusion, a compressive term inside
the governing equation of the phase fraction is added:

∂α

∂t
+
∂αuj
∂xj

+
∂

∂xj
(urjα(1− α)) = 0 (4)

where uj = αuwj + (1− α)uaj is the weighted aver-
aged velocity and urj = uwj−uaj is the compression
velocity (Weller 2008). The volume fraction α is also
used to compute the normal to the interface unit vec-
tor ni = ∂α/∂xi that allows for determining the lo-
cal curvature of the interface, κ = −∂/∂xi(ni/|ni|).
This observable is use to model the surface tension as
(Brackbill, Kothe and Zemach 1992)

fi = σκni (5)

where σ is the surface tension coefficient that in the
current simulation is set to be σ = 0.07N/m. In the
present work, standard values of viscosity and density
are considered for the two fluids, νa = 1.48 · 10−5,
νw = 1 · 10−6, ρa = 1 and ρw = 1 · 103. The
flow case considered is an open channel composed by
a water layer on the bottom of an air layer, see Fig-
ure 1. Periodic boundary conditions are applied in
the streamwise and spanwise directions for both the
velocity and volume fraction fields. No slip and free
slip boundary conditions are imposed in the water bed
and top boundary, respectively. Finally, a zero gradi-
ent condition is imposed in the vertical direction for
the volume fraction. The flow is driven by a con-
stant pressure gradient. This choice of forcing coupled
with the use of periodic boundary conditions allows us

Figure 1: Numerical domain. To note that the vertical length
has been enlarged for readability reasons.

to obtain in a very simple and computationally effi-
cient way a fully developed turbulent boundary layer
on top of a water surface at a friction Reynolds number
Reτ = uτha/νa = 301 where ha is the height of the
air column and uτ is the friction velocity evaluated at
the wind-wave interface. The forcing in the momen-
tum equation results to be effective only in the air por-
tion of the domain being the pressure gradient divided
by the density of the fluid. As shown in figure Figure
2(a), the result is a wind turbulent boundary layer over
a water column almost quiescent on average.

The evolution equations of the flow have been nu-
merically solved by means of a finite volume dis-
cretization method using a structured Cartesian grid of
hexahedral cells. The numerical technique is based on
central spatial interpolation operators of the second or-
der whereas time integration is performed with a first-
order implicit Euler scheme. The pressure-velocity
coupling is performed with the pressure-implicit split-
operator algorithm (Issa 1986). The extent of the
numerical domain is (Lx, Ly = ha + hw, Lz) =
(25.6ha, 1.6ha, 25.6ha), where ha and hw are the
heigths of the air and water portions of the domain,
respectively. The domain is discretized by means of a
number of volumes (Nx, Ny, Nz) = (820, 277, 1232)
that are homogeneously distributed in the horizontal
directions whereas stretching laws have been applied
in the vertical direction in order to have larger res-
olution values in the highly inhomogeneous regions,
i.e. in the near-wall region at the water bed and in
the wind-wave interface region. The resulting res-
olution in friction units is (∆x+,∆y+min,∆z

+) =
(9.4, 0.1, 6.3), where ∆y+min is achieved at the wind-
wave interface. In analogy with what happen in wall-
turbulent flows, the mean position of the wind-wave
interface over which friction units are computed, is
evaluated by considering the vertical position where
the mean velocity gradient reaches its maximum, see
Figure 2(b). The resulting location is y = 0.604ha
that corresponds to a position where the average value
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Figure 2: (a) Profile of mean velocity U(y). (b) Profile of
mean velocity gradient dU/dy(y). The circle de-
notes the selected position of the wind-wave inter-
face.

of volume fraction is α = 0, i.e. well within the in-
terface between the two fluids notice that this position
is slightly above the initial interface position located
at y = 0.6ha and characterized by a sharp transition
from α = 1 to α = 0. Finally, the time step is kept
variable throughout the simulation to obtain a condi-
tion CFL < 1 in each point of the domain. The com-
putational demand for well-converged statistics is mit-
igated by the statistical stationarity of the flow field
and by the statistical homogeneity in the streamwise
and spanwise directions. Hence, the average operator,
hereafter denoted as 〈·〉, combines a spatial average in
the horizontal directions and a temporal average over
samples collected after reaching a fully developed sta-
tistical state. In order to reduce the time needed by the
flow to reach a fully developed state, the air portion
of the domain has been initialized by using the veloc-
ity fields from a precursory simulation of a turbulent
channel while the water one is initialized with a null
value for velocity.

3 Water-waves and flow structures

The instantaneous topology of the water surface
and of the turbulent structures is shown in figure Fig-
ure 3(a) and (b), respectively. The wave pattern taken
by the water surface, Figure 3(a), is uniquely forced
by the stresses induced by the wind boundary layer.
Given the turbulent character of the wind boundary
layer, the shear and pressure stresses forcing the wa-
ter surface exhibit fluctuations whose intensities and
lengths depend on the topology of the water surface
itself thus forming a very complex dynamical mecha-
nism of coupling. The wave height is measured as

h′(x, z, t) = hws(x, z, t)−Hws (6)

where Hws = 〈hws〉 and hws is the vertical position
where the volume fraction is α = 0.5. The measured
ondulation is in the range h′+ ≈ ±[−0.001, 0.001]
(notice that the vertical lengths of the iso-surface
shown in Figure 3(a) have been expanded by a factor
of 10). The second, third and fourth order statistical
moments of the wave height are

h+rms =
√
〈h′2〉+ = 0.406 (7)

S =
〈h′3〉
〈h′2〉3/2

= 0.0245 (8)

K =
〈h′4〉
〈h′2〉2

= 2.89 (9)

thus highlighting that the wave pattern forms a very
thin surface roughness for the turbulent wind whose
behaviour closely resemble a Gaussian process. To
characterize the streamwise and spanwise relevant
lengths of the wave pattern, we consider the two-point
spatial autocorrelation coefficient,

Rhh(ri) =
〈h′(xi + ri/2, t)h

′(xi − ri/2, t)〉
〈h′2〉

. (10)

As shown in Figure 4, the spatial correlation func-
tion exhibits an oscillatory behaviour typical of quasi-
periodic phenomena. The second positive peak in the
correlation can be used to measure the characteristic
wave length and width. For the present flow case we
measure (r+x , r

+
z ) = (291, 194). These length scales

can be related with the length scales associated with
the turbulent motion in the wind boundary layer.

Indeed, the water wave pattern described so far is
induced by the turbulent wind but at the same time it
represents a rapidly moving very thin rough boundary
(h+rms = 0.406) influencing the turbulent wind itself.
In Figure 3(b), the iso-surface of λ2 = −4 colored
with the streamwise velocity is shown. Here, λ2 is
the second largest eigenvalue of the tensor SikSkj +
ΩikΩkj where Sij = (∂ui/∂xj + ∂uj/∂xi)/2 and
Ωij = (∂ui/∂xj − ∂uj/∂xi)/2 are the symmetric
and antisymmetric parts of the velocity gradient ten-
sor. The pattern of wind turbulence shown in Fig-
ure 3(b) strongly resembles the one commonly ob-
served in wall-bounded turbulence. Indeed, a num-



(a)

(b)

Figure 3: Direct Numerical Simulation of turbulent wind-wave interactions. (a) Instantaneous water wave pattern. The vertical
wave length has been expanded by a factor 10 for readability reasons.(b) Instantaneous vortex pattern in the turbulent
wind boundary layer shown by means of an iso-surface of λ2 = −4 colored with the streamwise velocity.

ber of quasi-streamwise vortices is found to popu-
late the near-interface region of the flow. Such tur-
bulent structures by interacting with the mean velocity
gradient are known to give rise to streamwise veloc-
ity streaks and to turbulence production. Hence, the
topology of the wind turbulent structures reproduce
that observed in classical wall-turbulence. The main
difference is indeed quantitative being the wind turbu-
lent structures quite larger than those observed in wall-
bounded flows. To measure this difference, we make
use of the two-point correlation coefficient,

Ruiui(rj) =
〈u′i(xj + rj/2, y, t)u

′
i(xj − rj/2, y, t)〉

〈u′iu′i〉
,

(11)
where no summation is implied for index i. As shown
in Figure 5(a), the streamwise correlation function
shows that all the three velocity components are cor-

related over relatively long distances. In particular, we
measure a correlation length r+x ≈ 1100 for the ver-
tical and spanwise velocity components while r+x ≈
2400 for the streamwise one. The correlation func-
tion in the spanwise direction is shown in Figure 5(b).
The negative peak of correlation for the streamwise
and vertical velocity components can be understood
as the spanwise size of the streamwise velocity streaks
and of the streamwise vortices, respectively. In partic-
ular, we measure a spanwise spacing between stream-
wise velocity streaks of r+z ≈ 81 (location of the neg-
ative peak of Ruu) and a spanwise size of streamwise
vortices of r+z ≈ 56 (location of the negative peak of
Rvv). These values are significantly larger than those
commonly measured in wall turbulence, e.g. r+z ≈ 50
and r+z ≈ 30 in Kim, Moin and Moser (1987).
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Figure 4: Streamwise (a) and spanwise (b) two-point corre-
lation coefficient of the wave height.

4 Conclusions
A DNS simulation has been performed in order to

study the wind-wave interaction. The VOF (volume
of fraction) method has been used in order to capture
the free surface, while the wind is generated by im-
posing an external pressure gradient. The numerical
settings adopted are those of a two phase open chan-
nel flow driven by a constant pressure gradient. This
setup is found to efficiently reproduce the generation
of water waves under the action of a turbulent wind at
a friction Reynolds number of Reτ = 301. Prelim-
inary results regarding the wave state properties and
the wind turbulent structures have been shown. The
wave pattern induced by the turbulent wind is charac-
terized by h+rms = 0.406 and by a wave length and
width respectively equals to r+x ≈ 291 and r+z ≈ 194.
The wind turbulent structure have been subsequently
analysed: it has been found that the topology of the
turbulent structures reproduces that observed in a clas-
sical wall-bounded flow, but they show a larger size
which has been quantified by computing the two-point
velocity correlation in the streamwise and spanwise di-
rections. In particular, we measure a spanwise spacing
between streamwise velocity streaks of r+z ≈ 81 and a

0 500 1000 1500 2000 2500 3000

r
x

+

-0.2

0

0.2

0.4

0.6

0.8

1

(a)

0 100 200 300 400 500 600 700 800

r
z

+

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

(b)

Figure 5: Streamwise (a) and spanwise (b) two-point cor-
relation coefficient of the streamwise Ruu (solid
line), vertical Rvv (dashed line) and spanwise
Rww (dash-dot line) velocity evaluated at y+ =
30.

spanwise size of streamwise vortices of r+z ≈ 56.
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Abstract 

The present paper presents the results of experi-

mental studies of free jets issuing from three non-

circular nozzle outlet shapes and from a circular one 

treated as a reference case. During measurements, 

two Reynolds number were used equal Re = 5000 

and 10000.  

 

1 Introduction 

The jets formed by the non-circular nozzles have 

been investigated for several decades as a relatively 

inexpensive way of the passive flow control. It was 

proven many times (for instance by Quinn (1990), 

Grinstein et al. (1995), Manivannan et al. (2013) 

that using the nozzle outlet with corners improves 

the mixing in large and molecular scales. Enhanced 

mixing and entrainment are important in many 

chemical processes, such as combustion and reac-

tive flows occurring in chemical reactors. Despite 

numerous studies on the non-circular jets the mech-

anism of the mixing enhancements in such flows is 

not fully understood and different experimental 

stands used in previous experiments make univocal 

comparisons and interpretation of the results hardly 

possible. The current experiment aimed at better 

understanding of the mixing mechanisms                

in the non-circular jets and their dependence on the 

Reynolds number.     

2 Experimental setup 

The main part of the experimental stand was a 

vertical wind tunnel finished with a high-contraction 

cylindrical nozzle ensuring an extremely low level of 

turbulence intensity at the outlet section. The exten-

sion tips of the given shapes (triangular, squared, 

hexagonal and round) were placed at the mouth of 

the nozzle. Each of the tip had a length of 15 round 

nozzle outlet diameters. The tips consisted of the fol-

lowing three segments:  at the beginning, the round 

part, then the transition from the circle to the desired 

shape and at the outlet, the segment with the given 

shape only. In this way, the desired shape of the out-

let was obtained while maintaining the measurement 

conditions with very low level of turbulence intensi-

ty, which at the nozzle exit in the geometric centre of 

the flow was about 0.01%  and 0.006% for Re = 5000 

and 10000, respectively. The external nozzle tips 

were designed in such a way that each of the outlet 

shapes was inscribed in a circle with the diameter of 

15 mm. For all nozzle shapes, the equivalent diame-

ters were calculated. Equivalent diameter  ed   is 

the diameter of the circle with an area identical to the 

area of the figure. The equivalent diameter for each 

tip were equal: 13.64ed mm for hexagonal tip; 

11.97ed mm for square tip; 9.65ed mm for 

triangular tip. On the basis of the equivalent diame-

ters, the Reynolds and Strouhal numbers were calcu-

lated. The measurements were taken with a single 

hot-wire probe, with 5 m wire diameter. Dual-

channel acquisition was carried out, the first channel 

was connected directly to the CTA bridge and con-

tained both DC and AC signals, while the second 

channel contained the AC signal only. A signal from 

the first channel was used to calculate the average ve-

locity, whereas the signal from the second channel 

was amplified and used to calculate the turbulence 

intensity. 

3     Discussion of the results 

Mean and fluctuating velocity profiles along the 

jet centreline for two Reynolds numbers Re = 5000 

and 10000 are gathered in Figure 1 and Figure 3 for 

all the nozzle shapes studied. For the Reynolds 

number Re = 5000 and the circular nozzle the po-

tential core extends up to / 9ex d  . The fluctua-

tions start to grow at the jet centreline from the dis-

tance / 5ex d  and then a rapid increase of the 

fluctuations is observed at the distance 

/ 9 10ex d   . The fluctuating velocity profiles 

indicate that in the jet transition two qualitatively 

different regimes could be distinguished, the first at 

a range / 5 9ex d    with a monotonic, roughly 



 

 

exponential growth of perturbations, and the second 

one, at a range / 9 12ex d    starting with a rapid 

jump of the perturbations leading to a maximum of 

fluctuations. The transition in the case of the square 

and hexagonal nozzles, characterized by the mean 

and fluctuating velocity profiles, being very close to 

each other, is qualitatively similar to that of the cir-

cular one. The potential core is longer, due to slow-

er growth of perturbations in the region 

/ 6 9ex d   , but further downstream the axial 

velocity decay, associated with the rapid growth of 

the perturbations at the distance / 10 12ex d   , 

is very close to this for the circular nozzles. The 

maximum of the fluctuations in the case of square 

and hexagonal nozzles is attained further from the 

nozzle exit, compared to the circular nozzle, but its 

level is the same. At a first glance, one could sug-

gest that in the case of the square and hexagonal 

nozzles very similar phenomena appear as for the 

circular nozzle, starting just slightly further down-

stream. By contrast, qualitatively different charac-

teristics are observed for the triangular nozzle. In 

this case, the potential core is much shorter, a rapid 

growth of the perturbation starts at the distance 

/ 4 5ex d    leading to a maximum of perturba-

tions at the distance / 9 10ex d   .  

 

 
Figure 1: Mean and fluctuating velocity profiles       

along the jet centreline for Reynolds number            

Re = 5000 

The maximum level 14%Tu   is very close to the 

ones observed for the previous cases, but in contrast 

to the previous case, for the triangular nozzle, it 

seems that in the transition only one regime domi-

nates, corresponding to the second transition phase 

observed for other nozzle shapes.  

A spectral analysis of the velocity fluctuations was 

also performed. Amplitude spectra of the axial ve-

locity component for all analysed cases are shown 

in Figure 2. The distances / 5.5;6.3;8.0ex d    

and / 8.8ex d    for which the spectra are pre-

sented correspond to the axial locations where the 

dominant mode was amplified the most. Surprising-

ly, for all nozzle shapes the dominant mode charac-

terizes the same value of the Strouhal number based 

on the equivalent diameter, 0.52edSt   . 

 

Figure 2: Amplitude spectra of the axial velocity  

at the locations where the dominant frequency  

is the most amplified for Re = 5000.  

 

For the Reynolds number Re = 10000 the poten-

tial core is shorter for all the nozzle shapes com-

pared to the test cases with Re = 5000. In the first 

transition stage, at the distance / 3 5ex d   , the 

perturbations growth is very similar for the circular 

and hexagonal nozzle, while in the case of the 

square nozzle the perturbation growth starts slightly 

upstream, attaining a local maximum at the distance 

/ 4.5ex d  . Further downstream, the perturbation 

profiles for the square and hexagonal nozzles coin-

cide, while for the circular nozzle a rapid jump of 

the fluctuations is observed leading to the maximum 

14%Tu   at the distance / 9ex d  . This high 

level of fluctuations is reflected in a faster mean ve-

locity decay observed for the circular nozzle. The 

maximum level of fluctuations for other nozzle 

shapes is lower 10%Tu  . The transition process 

also for the Re = 10 000 is very different in the case 

of the triangular nozzle. The fluctuations grow 

monotonically from the distance 2ex d   attain-

ing the maximum level at / 9ex d  . 

 



 

 

 

 
Figure 3: Mean and fluctuating velocity profiles       

along the jet centreline for Reynolds number  

Re = 10000. 

Amplitude spectra for the jet with the Re =10000 

are shown in Figure 4. This time for the square, tri-

angular and round nozzle the dominant modes char-

acterize different frequencies, they are in the range 

0.57 0.65edSt    . In the case of the hexagonal 

nozzle, the peak in this range is found only in the 

close vicinity of the nozzle exit. In downstream re-

gion, the dominated frequency corresponds to 

0.79edSt   . 

 

3 Conclusions 

The measurements for non-circular jets along the 

jet axis were performed for two different Reynolds 

number showing an influence of both the nozzle 

shape and Reynolds number on the jet development. 

The measurements were performed for a very low 

turbulence intensity at the nozzle exit allowing for an 

undisturbed development of the large-scale structures 

in the near jet field, which were responsible for the 

mixing intensity. In the next step, the hot-wire meas-

urements will be complemented with the smoke visu-

alisations that will allow for better understanding of 

the large-scale structures dynamics and their impact 

on the mixing and entrainment in non-circular jets. 
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Abstract
We compare and discuss measurements and simu-

lations of the flow inside a scour hole around a cylin-
der mounted vertically in a flume with a sandy bed.
The measurements have been performed by stereo-
scopic particle image velocimetry. For the simulation
we have done a highly-resolved large–eddy simula-
tion. This contribution aims to clarify how reliable the
simulated results are and which resolutions are needed
for a qualitative and quantitative prediction of flow
quantities. We demonstrate that for the investigated
Reynolds numbers (22, 618 and 45, 958) nearly con-
verged solutions are obtained; however at large com-
putational efforts. There is a highly satisfying agree-
ment between simulated and measured flow quantities
and the large–eddy simulation has an advantage when
flow details, for example near the wall, are sought.

1 Introduction
Local disturbances of the flow around hydraulic

structures such as bridge piers can result in enhanced
wall shear stress levels and the development of local
scour holes. Such scour holes can be a severe threat
to the safety of the hydraulic structure. The estima-
tion of the depth of a scour hole is a difficult task and
empirical formulae for the design of pier foundations
go in hand with large uncertainties (Link, 2006). Nu-
merical models coupling a flow simulation with a sed-
iment transport model promise a better accuracy for
predicting the evolution of scour holes (Roulund et al.,
2005). However, there is a long error chain starting
with a prediction of the flow field and ending with a
sediment transport model. In every part of the mod-
eling chain a number of uncertainties arises. It is the
purpose of this research to present highly resolved and
accurate data of the turbulent flow field inside a scour
hole to eliminate one of the numerous uncertainties in
the modeling chain.

Figure 1: Geometry of the scour hole and definition of the
global coordinate system.

The main agent in the development of the scour
hole is the so-called horseshoe vortex (Melville and
Raudkivi, 1977) which gives rise to large local wall
shear stresses on the mobile bed. A large number
of investigations has been devoted to the dynamics of
the horseshoe vortex. Unfortunately, very few exper-
imental data have been published resolving the turbu-
lence structure and dynamics of this horseshoe vortex
in space. Unger and Hager (2007) applied monoscopic
particle image velocimetry (PIV) to measure the flow
inside a half model of a scour hole. They used a half
model to gain optical access to the flow whereas in
a full model, the scour hole is hidden to an observer
from the side. This optical access-problem has been
solved by Jenssen and Manhart (2020) who used a
stereoscopic PIV. The stereoscopic setup has the ad-
ditional advantage that it provides three-dimensional
velocity data in a two-dimensional plane. In this pa-
per, we use these measurements to validate a highly-
resolved large–eddy simulation (LES) of the same
flow configuration.

2 Flow configuration
The flow under investigation is a fully developed

turbulent flow in a water channel with a free sur-



face and a sandy bed (water depth h = 0.15 m). In
this channel, we vertically placed a cylinder (diameter
D = 0.1 m) which serves as a model for a bridge pier
in a river with a mobile bed. In a preliminary study,
we let a scour hole develop and measured its geometry
after certain development times (Pfleger et al., 2011;
Pfleger, 2011). For the measurements used herein,
the scour geometry after one hour of development was
taken and cast into aluminum to provide a stable and
well controlled surface which could also be taken as a
boundary for the LES. The geometry of the scour hole
is depicted in figure 1. The main flow is in x-direction.
The y-direction is horizontal and the z-direction is
vertical and constitutes the axis of the cylinder. The
experiment was conducted at two Reynolds numbers,
ReD = usymD/ν = 20, 000 and 39, 000, and the LES
were conducted at ReD = 22, 618 and 45, 958. The
reference velocity usym is the depth-averaged velocity
in the symmetry plane of the channel far upstream of
the cylinder. A detailed description of the experiment
can be found in Jenssen and Manhart (2020).

3 The numerical method
We performed the LES using our in-house code

MGLET. The incompressible base solver uses a sec-
ond order Finite Volume method on a Cartesian grid
with a staggered arrangement of the variables. The
time advancement is done by an explicit third order
Runge-Kutta scheme in which a pressure velocity cou-
pling according to Chorin’s projection method is em-
bedded. The resulting Poisson equation for the pres-
sure updates is solved by the semi-implicit Stone’s al-
gorithm (SIP). The non-Cartesian boundaries are rep-
resented by a discrete forcing immersed boundary
method for which we employed a variant of the cut-
cell method originally proposed by Dröge and Ver-
stappen (2005); Dröge (2006). In this method the wall
shear stress – which is one of the quantities in focus
– is obtained as an intrinsic flux quantity used in the
momentum balance. We consider this as an advantage
over the ghost-cell method (Peller et al., 2006; Peller,
2010) we have used previously, in which the wall
shear stress can only be obtained from the velocity
field in a post-processing step. The unresolved stresses
(SGS stresses) are parameterized by the WALE model
(Nicoud and Ducros, 1999) and the wall shear stress
was computed by the wall function of Werner and
Wengle (1993) which switches between the linear law
of the wall and a 1/7-th power law depending on the
wall distance.

We used a precursor simulation to generate a fully
turbulent inflow condition. The precursor grid was
22.4D = 14.9h long and used periodic boundary con-
ditions in streamwise direction. The main simulation
used time-dependent velocity profiles from the precur-
sor simulation at the inflow plane located at x/D =
−11.2. At the outflow plane, a zero-gradient condi-
tion was used for the velocities. The water surface was

Figure 2: Grid configuration around the cylinder and inside
the scour hole.

ReD 22, 618 45, 958

level N of grids grid spacing grid spacing
#1 5304 0.028D 0.016D
#2 5765 0.014D 0.008D
#3 7186 0.007D 0.004D
#4 13108 0.0035D 0.002D
#5 28366 0.00175D 0.001D
total 59729

Table 1: Grid configuration for both Reynolds numbers was
the same. At ReD = 22, 618, each individual grid
contained 203 cells, at ReD = 45, 958 each grid
contained 343 cells.

modelled by a free-slip condition, which gives a non-
deformable free surface. This corresponds to the limit
of zero Froude number. At rigid walls (bottom wall,
scour geometry, cylinder and side walls) a no-slip con-
dition was set.

The flow domain was represented by a block-
structured grid with local grid-wise refinement zones
with 5 refinement levels. The base grid (level 1) cov-
ered the whole computational domain. The refinement
grids were used towards the bottom wall, the cylinder
and inside the scour geometry (see figure 2). A total of
478 million and 2.35 billion cubic grid cells was used
for ReD = 22, 618 and ReD = 45, 958, respectively.
In table 1 the main parameters of the computational
grids are given.

The simulations were run until a statistically steady
state was achieved before sampling was started. The
samples cover a time of 450D/usym at ReD = 22, 618
and 118D/usym at ReD = 45, 958, respectively.

4 Results
In this section, we evaluate the reliability of the

LES results by investigating the development of repre-
sentative quantities with grid refinement and compar-
ing the finest grid results with ones measured by PIV.

The flow inside the scour hole is dominated by
the horseshoe vortex which can be considered as the
main vortex. We compare the computed and measured



Figure 3: Time-averaged streamlines of the flow field in
front of a scoured cylinder taken from (a) LES,
and (b) S-PIV flooded with the magnitude of the
3D velocity field at ReD = 45, 958 and 39, 000,
respectively, and normalized by usym.

Table 2: Main parameters of the horseshoe vortex at ReD =
22, 618 (LES) and 20, 000 (PIV). x/D is the loca-
tion of the pressure minimum.

x/D ωy,maxD/usym TKEmax/u
2
sym

LES #1 −1.37 9.45 0.106
LES #2 −0.98 16.4 0.097
LES #3 −0.98 17.25 0.119
LES #4 −0.90 20.26 0.101
LES #5 −0.88 20.25 0.100

PIV −0.89 20 0.100

streamlines for ReD = 45, 958 in figure 3. In both,
the main topological feature is the so-called horseshoe
vortex, denoted as V1. The LES, however, resolves
two more vortices which were not captured by the PIV:
(i) the corner vortex V3 near the intersection of the
cylinder with the bed, and (ii) the recirculation zone
V2 upstream of the horseshoe vortex at x/D = −1.05.
We attribute this difference to the higher resolution of
the LES, which has a ∆xi = 0.001D whereas the PIV
had interrogation window sizes of 0.006D, which is
six times larger. Together with inherent problems of
wall reflections, the PIV was not able to resolve the
nearest wall layer.

Apart from the near wall layer which could not be
resolved by the PIV, we can state that the topologies
predicted by LES and PIV comply. In particular, there
is no saddle point upstream of the horseshoe vortex
center separating it from a second clockwise rotating
vortex as was observed by (Kirkil et al., 2008, 2009)
in a deeper scour hole at equilibrium depth.

Table 3: Main parameters of the horseshoe vortex at ReD =
45, 958 (LES) and 39, 000 (PIV). x/D is the loca-
tion of the pressure minimum.

x/D ωy,maxD/usym TKEmax/u
2
sym

LES #1 −0.91 14.4 0.076
LES #2 −0.97 13.8 0.111
LES #3 −0.96 18.4 0.118
LES #4 −0.91 18.8 0.106
LES #5 −0.89 17.5 0.101

PIV −0.92 17 0.094

In tables 2 and 3, the predicted horseshoe vortex
positions (determined by the locations of the pressure
minimum) and vorticity in the symmetry plane are
compared for the individual refinement levels and the
experiment. Grid #1 was too coarse to properly re-
solve the horseshoe vortex giving a too small vortic-
ity at ReD = 22, 618 and too small levels of turbu-
lent kinetic energy (TKE) at ReD = 45, 958. From
grid #2 on, there is roughly a monotonic trend in the
horseshoe vortex positions with differences between
finest and second finest grid below 2.5% for both
Reynolds numbers. The measured positions are close
to the simulated values at the finest grid with differ-
ences of around 1% at ReD = 22, 618 and 3.5% at
ReD = 45, 958. This establishes a high coincidence
but one has to bear in mind that the position of the
horseshoe vortex can be stabilized by the scour hole
geometry.

The agreement of the maximum spanwise vortic-
ity ωy,max in the horseshoe vortex center is similar.
(The overbar (.) denotes the time average.) The differ-
ences between grids #4 and #5 are negligible for the
lower Reynolds number and about 7.5% for the higher
Reynolds number which we would call satisfying. The
differences between PIV and LES are around 1% and
3%, respectively. When looking at the peaks of the
TKE, we see a converged value at ReD = 22, 618
which is right on the measured value. At the higher
Reynolds number, the TKE converges towards the ex-
perimental value with differences of 5% between the
two finest grids and 7.5% between LES and PIV.

Generally, we can conclude that the coarsest grid
#1 is far from a convergent solution. While there is
not a clear monotonic convergence of these two flow
parameters, the second finest grid #4 is close to the
finest one from which we can conclude that those grids
are close to a converged solution. We would also like
to emphasize here, that the statistics we could gather
with our limited computing time are probably not fully
converged.

We provide a 3-dimensional view of the horse-
shoe vortex in figure 4 by the streamlines in the time-
averaged velocity field. The top view demonstrates
that in the time-averaged velocity field, the fluid en-



Figure 4: Top- and side views of the horseshoe vortex repre-
sented by streamlines wrinkling around the core at
ReD = 22, 618.

trained by the horseshoe vortex near the symmetry
plane seems to remain in the vortex core for a long
distance around the cylinder. The side view demon-
strates that the horseshoe vortex core is at a depth of
z/D = −0.135 in the symmetry plane, initially dives
deeper (to z/D = −0.15) but then leaves the scour
hole when it passes sideways of the cylinder.

Furthermore, we investigate the wall-tangential ve-
locity component ur along lines normal to the wall xn
through the horseshoe vortex center of the finest grid
#5. In figure 5 those velocity profiles are compared to
the corresponding profiles from the experiment. While
the coarsest grid (#1) was not able to resolve the back-
flow under the horseshoe vortex at ReD = 22, 618,
there is an indication that the backflow can be well
predicted by the better resolutions. The agreement of
grids #4 and #5 is fully satisfying in the upper part of
the profile whereas there is still room for improvement
near the wall, especially at ReD = 22, 618. Note that
grid level #5 added further refinement only along the
wall while level #4 was applied within the whole scour
hole, compare figure 2.

The time-averaged vertical velocity at the upper
end of the scour hole z = 0 can be considered as the
convective velocity transporting horizontal and verti-
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Figure 5: Time-averaged velocity profiles through the main
vortex center (a) ReD = 22, 618, and (b) ReD =
45, 958.
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Figure 6: Time-averaged w-velocity above the scour hole
(z = 0) (a) ReD = 22, 618, and (b) ReD =
45, 958.



Figure 7: Time-averaged vorticity 〈ωy〉 = ∂〈w〉
∂x
− ∂〈u〉

∂z
in

front of a scoured cylinder taken from (a) LES, and
(b) S-PIV at ReD = 45, 958 and 39, 000, respec-
tively, and normalized by usym/D.

cal momentum into the scour hole. We examine its
profiles in the symmetry plane for various grid refine-
ments and the measured values (figure 6). The vari-
ous curves indicate that (i) the coarsest grid is far from
the others, (ii) the two finest grids are very close and
(iii) the experiment is not far from the finest grid. We
can also observe a qualitative deviation of grids #2
and #3 from the experiment and the two finest grids.
While the latter have a more monotonic increase of
the magnitude of w towards the maximum downflow
close to the cylinder, the intermediate grids show a lo-
cal minimum of the magnitude near x/D = −1.1.
This could probably be the footprint of a second horse-
shoe vortex appearing intermittently in time as was ob-
served by Kirkil et al. (2008) and Kirkil et al. (2009).

The distributions of ωy in the symmetry plane
show a high level of agreement between LES and PIV
(figure 7). Large values of negative vorticity (clock-
wise rotating) can be found in the shear layer detach-
ing the upstream scour rim and around the horseshoe
vortex center. Large positive vorticity is found up-
stream of the horseshoe vortex at the wall. This can be
attributed to the vortex V2 visible in the streamlines of
the LES (figure 3).

Figure 8 compares the TKE predicted by our LES
with the measured TKE. In both data sets, a TKE max-
imum can be found at the vortex center with values of
0.08 to 0.09u2sym. The simulated TKE distribution is
very similar to the measured one. However, the near-
wall peak at x/D = −1.0 is more pronounced in the
simulated result, which can be attributed to the better
near-wall resolution of the simulation #5. It is impor-
tant to note that in the deepest region near the cylinder,
the TKE is almost zero.

Figure 8: Turbulent kinetic energy in front of a scoured
cylinder taken from (a) LES and (b) S-PIV at
ReD = 45, 958 and 39, 000, respectively, and
normalized by usym/D.

5 Conclusions
We performed highly resolved LES and stereo-

scopic PIV to investigate the flow inside a scour hole
with a depth which is half of the equilibrium depth.
This contribution aims to clarify how close to the
experimental values we can get with the LES and
which numerical resolution is required to obtain re-
sults that are accurate enough to draw conclusions on
flow physics. We examined a series of simulations
with increasingly fine grids and at two Reynolds num-
bers. The grid was refined near the wall, the cylinder
and inside the scour hole. The grid spacings in the
most refined regions varied from 0.028D (36 cells per
diameter) for the coarsest grid at ReD = 22, 618 to
0.001D (1000 cells per diameter) for the finest grid at
ReD = 45, 958. The very coarsest grid used at the
lower Reynolds number was clearly not sufficient to
reproduce the position and shape of the horseshoe vor-
tex in an adequate way. However, already the coarsest
grid at the higher Reynolds number, using 62 cells per
diameter was sufficiently fine to reproduce the position
of the horseshoe vortex and the backflow underneath
in a reasonable way. For a more detailed representa-
tion of the flow physics and a quantitative prediction,
our results indicate that the second finest grid – using
285 cells per diameter at the lower and 500 cells at
the higher Reynolds number – was necessary. An ad-
equate spatial resolution for quantitative flow predic-
tions of such a case would result in a relatively large
computational effort of around 108 cells for ReD =
22, 618 and 5 × 108 cells for ReD = 45, 958, repec-
tively. These number refer to the second finest reso-
lution we have used which seems to be sufficient to



obtain a topologically correct flow. If the wall shear
stress inside the scour hole needs to be predicted ac-
curately, we expect that the finest resolutions near the
wall are definitely required. This expectation is based
on our experiences with the flow around a cylinder
mounted on a flat plate (Schanderl and Manhart, 2016;
Schanderl et al., 2017; Jenssen et al., 2021). Of course
the statements on necessary grid resolutions are highly
dependent on the numerical order of accuracy of the
code and the grid structure, topology and refinement
strategy. In the simulations presented herein, we used
a refinement by locally embedded grid boxes within a
Cartesian solver. Therefore, refinement was not lim-
ited to the immediate wall layer.
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1 Abstract 

A hybrid turbulence model that blends the elliptic-
relaxation eddy-viscosity ζ-f RANS model and dy-
namic LES is applied to predict airflow and pollutant 
dispersion in a downtown segment of real-scale city 
with high-rise buildings, river and traffic arteries. The 
benchmarking against experiments and common LES 
in two generic cases mimicking urban environment, 
demonstrates that the hybrid approach outperforms the 
common liner-eddy viscosity URANS models with 
only a marginal increase in computing resources. 

 
2 Introduction 

Computer simulations of air flow and pollution 
dispersion in real urban configurations has emerged 
as the prime method for researching and assessing 
the impact of wind and pollution on outdoor climate 
and effects on human comfort and health. Urban 
planners and designers recognize the CFD as an un-
avoidable decision-supporting tool in evaluating ur-
ban ventilation and pollutant dispersion for a variety 
of active and passive scenarios for finding the opti-
mal solutions. However, the complex physics of air 
movement in urban configurations often pose spe-
cific requirements on the mathematical models of 
physical processes, especially of air flows and turbu-
lence, transport and transformation of pollutants to 
reach trustful results. The first issue is the choice be-
tween the common (U)RANS, LES or their blend – 
Hybrid RANS-LES, which can provide the optimum 
balance between capturing important physics and 
computational economy. The real-scale Re and Ra, 
complex terrain and urban orography as well as nat-
ural wind- and diurnal temperature variability make 
the LES approach computationally too demanding 
and impractical. On the other hand, the popular two–
equation (U)RANS models (k-ε and k-ω) are known 
to fail in impinging and separating flows over and 
between complex, often densely spaced urban ob-
jects. Alternative options are either advanced RANS 
models at the second-moment closure levels, or a hy-
brid RANS-LES approach. The latter implies the use 
of a RANS model in the boundary layers over the 

ground and urban objects, and LES in the outer flow. 
However, although the LES solutions fed across the 
RANS-LES interface into the RANS region may 
compensate for some shortcoming of the near-sur-
face RANS model, the proper accounting for the 
near-wall physics and especially the inviscid block-
ing of the complex ground- and urban configuration 
calls for a careful choice of the RANS scheme. 

We report on the application of a dynamically-in-
terfaced hybrid RANS-LES approach that employs 
the elliptic k-ε-ζ-f linear eddy viscosity model (Han-
jalić et al., 2004) in two benchmark cases of idealized 
urban structures: a single building with a pollution 
source behind it, and a matrix of equally spaced cu-
bical objects with a tall building in the middle, all 
subjected to a steady wind. Air flow over a single ob-
stacle (building) is a popular CFD case that has been 
studied over the years (e.g. Meinders and Hanjalić 
2002; Blocken et al. 2011; Tominaga 2015; Liu and 
Niu 2016). Despite the relatively simple geometry, 
the physics of such flows is complex, featured by 
computationally challenging phenomena such as 
flow separation, periodical vortex shedding, flow re-
circulation, stagnation zones and ground boundary 
layer recovery downstream from the obstacle. 

Air flow over an idealized city layout represented 
by an arranged matrix of obstacles on the ground has 
been the subject of both the experimental and numer-
ical studies. A significant number of publications re-
port on this topic, some focusing on pollutant disper-
sion, space ventilation, the influence of the density 
and spatial arrangement of object on flow dynamics, 
Meinders and Hanjalić (1999); Coceal et al. (2006, 
2007); Hanna et al. (2002); Kanda et al. (2004); Xie 
et al. (2008); Santiago et al. (2006), among others.  

After the satisfactory test of the hybrid approach 
in the two benchmark cases, the simulation was fo-
cused on air flow and dispersion of traffic-generated 
pollutants over a real-scale segment of the City of 
Sarajevo downtown with a realistic replica of all im-
portant buildings and their shapes. The rationale, 
methods and models employed, as well as the criteria 
for ensuring sufficient credibility into the computa-
tional results are discussed. The capabilities of the 



 

 

hybrid RANS-LES and URANS are assessed by 
comparison of the computed and measured velocity 
and concentration fields. 

 
3 Computational Details  

The computations were carried out by using the 
open-source code T-Flows (Ničeno and Hanjalić, 
2005) developed at TU Delft. T-Flows is an unstruc-
tured finite volume CFD code, written in Fortran 90 
and parallelized using the MPI protocol. The code 
has long been used for computations of various 
benchmark and industrial flows and heat transfer 
with LES, (U)RANS, and hybrid models. The present 
version is equipped with a mesh generator for rational 
handling of real urban buildings/street configurations. 

4 Results 
 
4.1 Flow and pollutant dispersion around a single 

building 
A configuration mimicking an isolated tall build-

ing, investigated by Yoshie et al. (2011), was se-
lected for the CFD analysis of air flow around a sin-
gle building. The main characteristics of the case are 
shown in Figure 1. The building of dimension 
0.5H×0.5H×H, where H is the height of the building, 
is placed in a turbulent air stream, with Re = 15000 
based on the building height. At the base behind the 
building, a tracer gas flows out through a circular 
opening in the ground with a diameter of 0.03125H. 

Figure 1: Sketch of the configuration used in the lab-
oratory measurements. (Source: Yoshie et al. 2011). 

In the wind tunnel experiment by Yoshie et al. 
(2011), the inflowing turbulent boundary layer was 
generated by 26 very thin aluminium ribs of a height 
of 0.05625H placed normal to the flow, Fig. 2. As the 
flow is turbulized by the ribs, the correct field of the 
turbulent kinetic energy can be obtained only if the 
obstacles are included into the domain. As the hybrid 
RANS-LES model requires three-dimensional, un-
steady turbulent inflow, just like classical LES, we 
considered two options: (a) precursor simulation 
over the inflow domain with periodic boundary con-
ditions in the stream- and spanwise directions with 
15 obstacles, and (b) the inflow generated by the air 
flow over 26 ribs placed in the same domain with the 
building as shown in Figure 2. The precursor compu-
tational domain has around 15% less cells but results 
in a more realistic prediction of the turbulent field 

prior to the building. The non-dimensional wall dis-
tance was below 5 for most of the domain for the 
URANS, and below 1 for the hybrid simulation. We 
considered the case as being isothermal since the 
buoyancy effect is found insignificant (Ri = 0.25). 
 

 

 

Figure 2: Integral simulation domain with imposed 
boundary conditions. Characteristic distances: 
X1=3.125H, X2=1.25H, X3=2.625H, Y1=3.5H. 

Figure 3 compares the measured and computed 
streamwise velocity field in the vertical mid-plane 
across the building. The computed results were ob-
tained by the ER-HRL hybrid model with a precursor 
inflow simulation, and the URANS (ζ-f) with two dif-
ferent inflow boundary conditions: (i) steady flow 
fields imposed on the integral domain inflow bound-
ary, and (ii) unsteady, 3D fields, generated by the 
precursor by using the ER-HRL hybrid model and 
imposed 2H upstream of the building. 

The ER-HRL model predicts the velocity field 
close to the measurements, with the well-predicted 
shape and size of the wake behind the building, as 
well as flow separation at the top and bottom of the 
building. However, the two URANS solutions show 
different success in predicting the flow and pollutant 
fields in the wake region. The main difference be-
tween these two URANS solutions is in the resolved 
flow upstream to the building, where the precursor 
case ensures that the turbulence field is mainly re-
solved prior to the building while the integrated do-
main produces typical RANS result where the most 
of turbulence energy is modelled. As can be seen in 
Figure 3, this has a profound impact on the prediction 
of the wake and its dynamics. The URANS solution 
with a steady inflow severely overestimates the wake 
size as well as the separation bubble on the building 
top, while the solution with the precursor is compa-
rable to the ER-HRL result. The flow dynamics in the 
wake, mainly determined by the vortex-shedding, en-
hances the convective transport of momentum and 
turbulent kinetic energy in the wake. The responsible 
vortices are just partly resolved in the URANS solu-
tion obtained by the integrated domain as the flow is 
stabilized by the high level of the modelled energy 
(and thus the eddy viscosity) generated in the shear 
layer. This is the main reason for the underperfor-
mance of the URANS when massive, unsteady sepa-
ration is dominating the flow dynamics.  
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Figure 3: Contours of mean streamwise velocity U/UH 
in the proximity of building at center plane. 

(a) 
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Figure 4: Vertical profiles of streamwise velocity 
behind the building in center plane at (a) X/H=0.125 
and (b) X/H=1. 

Figure 4 shows the vertical profiles of streamwise 
velocity behind the building in the center plane at two 
different locations, close to the building (0.125H) and 
further downstream (1H). The larger overprediction of 
the separation zone by the URANS with steady inflow 
is clearly visible in the velocity profile. The URANS 
with the precursor solution is much closer to the ex-
periments and not much different from the hybrid ER-
HRL. The concentration fields, shown in Figure 5, are 
determined by the predicted velocity field. The ER-
HRL and URANS with precursor solutions are close 
to the experiments while the steady inflow URANS 
results show larger deviations from the measurements. 
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Figure 5: Contours of mean pollutant concentration 
C/CO in the proximity of building at center plane. 

 
4.2 Flow over a homogeneous matrix of obstacles 

Air flow over an idealized urban settlement rep-
resented by a matrix of arranged objects on the 
ground was experimentally investigated in a labora-
tory wind tunnel by the Coanda Research and Devel-
opment Corporation (Hilderman and Chong, 2004). 
The configuration, shown in Figure 6, consists of a 
matrix of orderly and equally spaced H-shaped cubic 
obstacles with a single tower of 3H height located in 



 

 

the centre of the domain. To decrease the computa-
tional cost, the domain has been reduced to 7 col-
umns in spanwise direction, while the number of 
rows stayed the same. The distance between the ob-
stacles on the ground is H. The source of the pollu-
tant is located in the middle of the canyon behind the 
tower at the ground level. The pollutant is injected 
through a small vertical jet with an internal diameter 
of 2.8 mm and a flow rate of 12 ml/min. The free 
flow velocity is U∞=0.38 m/s, resulting in a Reynolds 
number of about 36000 based on the tower height 
(3H). The laboratory measurements included profiles 
of the velocity components, turbulent kinetic energy, 
and pollutant concentrations at several locations in 
the domain.  

 

 

 
Figure 6: Computational domain with imposed 
boundary conditions. The tower is colored in red, and 
the pollution source is represented by the red 
rectangle. Characteristic distances: X1=40H, 
X2=33H, X3=54H, Y1=10H. 

As the Reynolds number in this case is more than 
twice larger than in the single building case, we took 
advantage of the compound wall treatment imple-
mented along the hybrid ER-HRL model. There were 
80 computational cells in the vertical direction. Hy-
perbolical stretching in both directions with 65 cells 
was used up to the height of 3.2H, while the rest is 
covered with 15 cells stretched hyperbolically. The 
Nondimensional wall distance y+ is above 30 in most 
of the domain, while in front of the tower y+ <1. At 
the obstacles’ walls, y+ is between 1 and 10. The 
computational mesh consists of 5 million cells. The 
pollution source was treated as an additional flow in-
let with area corresponding to the experimental jet 
cross-section, and uniform vertical velocity of 
3.2×10-2 m/s to match the experimental flow rate. 
Figure 7(a), (b) show the mean streamwise velocity 
field obtained by the URANS and ER-HRL. The 
main differences are visible in the shape and size of 
recirculation zones behind the small buildings and 
the tower. As in the case with a single building, the 
URANS solution overestimates the separation zones 
behind the obstacles. This is clearly visible in the 
mean streamwise velocity profiles along the vertical 
line behind the tower shown in Figure 7(c). The 
length of the separation zone is very well predicted 
by the ER-HRL. As discussed in the case of a single 
building, the prolonged separation zone is a result of 
the deficiency of the turbulent kinetic energy in the 
wake region. Figure 7(d) shows the profiles of the 
turbulent kinetic energy along the vertical line in the 
wake region, 0.5H from the tower. The URANS so-
lution severely underestimates the turbulent kinetic 
energy, while the ER-HRL model predicts well both 
the shape and peaks in the profile. 

   
(a) ER-HRL (b) URANS (c) 

 

(d)  (e)  (f)  

Figure 7 (a), (b) Streamwise mean velocity field at x-z plane, y = 16.5H, (c) Streamwise velocity and (d) Turbulent 
kinetic energy along the vertical line behind the tower, (e), (f) Concentration of pollutant in spanwise direction (e) 
above and (f) behind the source. The blue line - HYBRID, the red line – URANS, circles - measurements by 
Hilderman and Chong (2004). 



 

 

The lower predicted turbulence in the URANS solution 
leads to accumulation of the pollutant in the wake, 
close to its source, which results in the overprediction 
of the concentration of pollutant, see Figure 7(e). Fur-
ther downstream, the flow is well-mixed due to the 
presence of the obstacles effectively reducing the im-
pact of the wake predictions on the velocity and con-
centration fields. Figure 7(f) shows comparisons of 
concentration at 4H from the pollutant source. Both 
ER-HRL and URANS predict well the general distri-
bution and values of the concentration. This indicates 
that the wake shape and size, determined by an un-
steady separation governed by a vortex-shedding pro-
cess, imposes a challenge to the URANS models.  
 
4.3 Flow in a real urban configuration with disper-

sion of pollutant from sources on the ground  
Finally, we present the results obtained by the hy-

brid ER-HRL model for air flow with a dispersion of 
pollutants in a real urban environment. The selected 
domain is part of the City of Sarajevo with a complex 
orography with the presence of river, hilly terrain with 
different surfaces (populated areas, forests, parks, 
meadows, areas of low vegetation, etc.). A special 
challenge is to make a computational mesh of the re-
quired quality, given that the computational domain 
contains a large number of objects on the ground of 
different heights, shapes and orientation, see Figure 
8(a). To tackle the mesh generation issue for urban 
configurations, we developed an efficient and flexible 
mesh generation method. The method uses data from 
the Geographic Information System (GIS) which pro-
vides data about the orography of the terrain and of 
shapes and dimensions of objects on the ground that 
are included in the computational domain. The method 
is largely automated and very efficient in generating a 
high-quality computing mesh. Figure 8(b) shows a part 
of the computational domain with objects on the 
ground that are directly modelled. The computational 
domain covers a part of Sarajevo downtown of size 
2.9km × 1.3km × 0.4km. The computational mesh con-
sists of approximately 4.8 million cells. The average 
cell size in the urban area is about 4 m. The lowest and 
highest elevations in the domain are 527 m and 663 m, 
respectively. The distance from the ground to the cen-
tre of the adjacent cell is about 1.5 m.  

An easterly wind of 1.8 m/s is assumed. The effects 
of different ground cover on the air flow were taken 
into account by the model of equivalent roughness. 
Since no measurements or other reliable data are avail-
able for comparison, the results are analysed only qual-
itatively. Figure 8(c) shows 3D view of the pollutant 
concentration over the city. The highest concentration, 
as expected, appears in the street canyons, but also in 
the wakes of massive objects on the ground. The field 
of streamwise velocity at a distance of 1.5 m from the 
ground with the corresponding pollutant concentration 
field (expressed in PM10) is shown in Figure 8(d),(e). 
The influence of ground objects on the flow field is re-
flected in slowing of air flow (wind) and occurrence of 

the recirculation zones. Lower air velocity has a nega-
tive effect on air quality because pollutants, whose 
sources are located on the ground, remained trapped 
and stay longer in the same space. There is an accumu-
lation of pollutants in certain locations leading to the 
occurrence of pollution ‘hot spots’, the region of high 
concentration of pollutants.  

 
(a) 

 
(b) 

(c) 
 
 
 
 
 
 
 
 
 
(d) 
 
 
 
 
 
 
 
(e) 
 
 
 
 
 
 
 
 
 
Figure 8: (a) Computational domain marked by 
red line with buildings included (river marked by 
a blue strip), (b) View on computational mesh 
showing the segment with buildings, (c) 3D view 
of pollutant dispersion over the city, (d), (e) Com-
parative view of the streamwise velocity field and 
the corresponding pollutant concentration field. 

 



 

 

Figure 8(e) clearly shows that such zones appear in the 
regions where the pollutant sources (roads) are located 
and where also the air is recirculated due to the flow 
separation (negative velocity Ux). 

This example shows the strong influence of the 
shape, height, and position of buildings on the local 
pollutant distribution. The understanding of the dy-
namics and morphology of flow structures is crucial 
for understanding the way the pollutants are trans-
ported, dispersed and distributed in urban configura-
tions. This type of analysis can only be done based on 
CFD results that give a three-dimensional temporal and 
spatial evolution of the flow field and pollutant con-
centration. 

5 Conclusions 
The hybrid ER-HRL appears to be superior to the ζ-

f URANS model used as standalone for computing the 
air flow and pollution dispersion in urban environments 
dominated by tall objects. The main differences appear 
in the predicted flow features and the corresponding 
concentration of the pollutant in the wake region. The 
convective transport of the momentum and turbulent ki-
netic energy, that determine the wake length, cannot be 
accurately predicted by the URANS alone as not all vor-
tices responsible for the convective transport are 
properly resolved. This leads to severe underestimation 
of the turbulent kinetic energy and mixing inside the 
separation bubble. As a result, the concentration level is 
overestimated close to the pollutant source and underes-
timated further from it. In the case of the obstacle’s ar-
rays, the mixing generated by the obstacles downstream 
of the tower makes the flow to lose fast its memory 
about the wake structure and the URANS and ER-HRL 
results are similar. For the real urban configuration, the 
advantages of the hybrid approach blended with com-
pound WIN (wall integration) and WF (wall functions) 
are obvious since the massive unsteady separation is ex-
pected to govern the dispersion of the pollutants pro-
duced on the ground.  
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1 Introduction

Hybrid RANS-LES modeling (HRLM) is a computational technique considered to be more accurate than RANS and
computationally more affordable than LES for the aeronautical industry. The key feature of HRLM is the RANS-
type behavior in the vicinity of a solid boundary and an LES-type behavior joint with the RANS-modeled wall layer.
The most commonly used HRLM methods are based on Detached Eddy Simulation (DES) by Spalart et. al [1] and
extended by boundary-layer shielding, e.g. Delayed DES (DDES), which is considered to be the most mature for
industrial use. A wide variety of additional methods exist such as Improved DDES (IDDES) [2], HYB0 [3, 4], SAS
and PANS (e.g. [5]). In Embedded HRLM approaches, a predefined RANS/LES or pure LES region is embedded
inside a larger RANS region, usually with an interface between the RANS and the RANS/LES region orthogonal to
the stream wise direction. In order to have a rapid transition between the modeled RANS mode and the resolved
part in the LES mode, Synthetic Turbulence Generators (STG) are often employed at the interface. Common STG
methods are i.e. Fourier reconstruction techniques [6, 7], where Fourier series is used as a mean to introduce spatial
correlation. A time filter can be applied to introduce temporal correlation. Another family of approaches is the
Synthetic Eddy methods (SEM) [8, 9] and the (DF-SEM)[10], where the turbulent field is superimposed by virtual
vortical structures. These vortical structures or eddies are randomly generated and convected through a fictional
domain giving both spatial and temporal correlation to the fluctuations, which are allowed to induce perturbations to
cells in their neighbourhood. Different methods to inject the artificial velocity fields into the flow domain have been
proposed. If the computational domain start directly with the RANS/LES region, a Dirichlet boundary condition
on the velocities can be utilized to impose the fluctuations. In [11] they imposed the fluctuations as an embedded
approach, where virtual fluxes were added to an interface plane between a RANS and a RANS/LES region. In [12, 13]
they investigated a volume source term to impose the fluctuations. This source term can either be active in a desired
plane or over a volume. In this work the aforementioned injection methods are implemented into a compressible flow
solver, M-Edge [14, 15]. The performance of these methods are assessed by their ability to introduce desired turbulent
statistics and recovery of skin friction coefficient in scale resolving simulations.

2 Synthetic Turbulence Injection

The synthetic turbulence method considered in this paper is the Synthetic-Eddy Method [9]. The velocity fluctutations
are generated by a fixed number N of artificial eddys and have the representation

u′i =
1√
N

N∑
k=1

aijε
k
j fσ(x− xk), (1)

1



where xk are the locations of the eddies, εkj are their respective intensities (with < εj >= 0 and < ε2j >= 1) and aij is
the Cholesky-decomposed Reynolds-stress tensor. The velocity fluctuations provided by the SEM (1) are injected in
a simulation by considering two different methods. A forcing region defined as a plane perpendicular to the general
flow direction is defined, where cells that intersect this plane are identified. The velocity fluctuations are then added
to the flow solver using two different methods outlined below. The first method is a volume source term [16] derived
from an expansion of the implicit dual-time discretization for the fluctuating velocity components u′i at different time
levels consistent with the 2nd-order backward difference scheme. The contribution to the momentum residuals reads:

Qi =
∂(ρu′i)

∂t
∆V ≈ 3(ρu′i)

n+1 − 4(ρu′i)
n + (ρu′i)

n−1

2∆t
∆V, (2)

where ∆V is the cell volume and ∆t is the physical time step of the dual time-stepping scheme. The fluctuating
velocity u′n+1

i is taken from (1) but the previous values are computed as actual fluctuations u′ni = uni − ui and
u′n−1i = un−1i − ui, respectively. This treatment prevents decoupling of the actual flow solution from the target
synthetic field, and adds the requirement of well-time converged time averages ui [16]. It is assumed that velocity
fluctuations produces negligible density and temperature fluctuations, the residuals of the continuity and energy
equations remains then unmodified. The second method considers a fictional flux term [11] added to the momentum
residuals

Fi = ρSn
(
unu

′
i + u′nui + u′nu

′
i

)
, (3)

where un = uini, u
′
n = u′ini, u

′
i is taken from (1) and ni denotes the unit vector normal to the interface Sn. The

expression (3) is derived for an incompressible solver. By considering a convective flux including the contributions
from the continuity and total energy equations, one get the following flux term:

~F syn
c = Sn


ρV ′

ρ(ũV ′ + u′(Ṽ + V ′))

ρ(ṽV ′ + v′(Ṽ + V ′))

ρ(w̃V ′ + w′(Ṽ + V ′))

ρHV ′ + ρ(12(2ũiu
′
i + u′iu

′
i))(Ṽ + V ′)

 (4)

where V ′ = nxu
′ + nyv

′ + nzw
′.

3 Verification in scale-resolving simulations and conclusions

The the different injection methods defined Section 2 are evaluated for the developing turbulent plane channel
flow. The CFD solver used deploys a 2nd-order low-dissipative low-dispersive convective scheme [17]. The solution
convergence is justified by either a convergence criterium of maximum residual or a maximum number sub-iterations
that has derived the solution sufficiently converged. Details about the numerical settings are found in [18].

Hybrid RANS/LES simulations of the turbulent flow in a plane channel are performed at Reτ = 395. A baseline
LES simulation in fully developed conditions using the WALE model [19] averaged over 20 convective through flows is
used as reference. An embedded hybrid RANS/LES, where the HYB0-model in RANS mode is used upstream of the
LES domain. The fluctuations are generated at the interface between the RANS and LES domain, and further down
stream the LES WALE model is used. A fully developed RANS solution is used as initial conditions. The normal
stresses are reconstructed either using an isotropic eddy viscosity assumption or an anisotropic approximation [20].
The results for the injection methods given by (2) and (4) are shown in Figs. 1 and 2, where x̃/δ = 0 corresponds to
the beginning of the LES domain.
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Figure 1. Skin friction coefficient for Hybrid RANS/LES simulation of channel flow at Ret = 395.
Inflow conditions are generated using Reynolds stresses from concurrent upstream RANS simula-
tion.Fluctuations are generated with methods distinguished by using (2) (dotted lines), (4) (solid
lines). Colors represent isotropic normal stresses (red), anisotropic normal streses (blue).

As shown in Fig. 1, the RANS model slightly over predicts the skinfriction coefficients in the beginning of the
LES domain. However, the velocity profile recovers rapidly, where the shortest recovery length is estimated to 5δ by
using the volume source term (2) together with the isotropic normal stress reconstruction assumption. The flux term
(4) yields a slightly longer recovery length estimated to 10δ for both reconstruction methods. The volume source
term shows good agreement for the resolved stresses compared to the reference LES at x̃/δ = 6 as shown in Fig.
2, where the all shown stresses are visually on top of the reference data. For the flux term, similar agreement with
reference LES is achieved around 12δ.

4 Summary and conclusions

The synthetic turbulence injection methods outlined in Section 2 and applied to the Synthethic-Eddy Method been
investigated in a compressible flow solver. Two methods have been evaluated, a volume source term and a virtual
flux term, where the two methods were implemented through imposing the fluctuations in an embedded hybrid
RANS/LES approach. In general, the recovery length for the skinfriction coefficient for the volume source term is
reached after 5δ − 7δ, where the resolved stresses are also in good agreement. Similar agreement for the flux source
term is reached after 10δ − 12δ. In the full paper, the aforementioned and ongoing scale-resolving simulations test
cases will be comprehensively reported and compared to reference DNS data, including the turbulent channel flow
for Reτ = 5200 and the developing decaying grid turbulence case.
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(a) Streamwise normal stress.
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(b) Shear stress.
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(c) Wall normal stress.
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(d) Spanwise normal stress.

Figure 2. Reynolds stresses at various locations for Hybrid RANS/LES simulation of channel flow at
Ret = 395. Inflow conditions are generated using Reynolds stresses from concurrent upstream RANS
simulation. Fluctuations are generated with methods distinguished by using (2) (dotted lines), (4)
(solid lines). Colors represent isotropic normal stresses (red), anisotropic normal streses (blue).
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Abstract
The aim of this work is to perform an extensive

assessment of the potential of a high-order discontinu-
ous Galerkin (dG) method in delivering accurate ILES
of incompressible flows with a reduced number of de-
grees of freedom (DoFs). To this end, the simulations
here presented are carried out with a solver sharing
the numerical framework with a standard compressible
dG solver. Furthermore, for the time integration has
been used a high-order fully coupled linearly implicit
Rosenbrock-type Runge-Kutta scheme. The problems
considered in this work are: (i) the turbulent chan-
nel flow computed for Reτ = 590 and 950; (ii) the
Rayleigh-Bénard convection computed for Rayleigh
numbers Ra = 107; (iii) the flow around a rectangular
plate (BARC) atRet = 3 000; (iv) the T3L test case of
the ERCOFTAC suite at Red = 3 450 and free-stream
turbulence intensity Tu = 0.2%. The computed so-
lutions are compared with DNS and experimental data
available in literature, thus demonstrating the reliabil-
ity and validity of the proposed approach and its po-
tential in reducing the CPU time.

1 Introduction
In recent years high-order discontinuous Galerkin

(dG) methods have received several attentions in the
context of the scale-resolving simulation of turbulent
flows, see for example Gassner and Beck (2013). One
of the main reasons for this strong interest is due to
their favourable dissipation and dispersion character-
istics which make this class of methods, on one hand,
very well suited to the Implicit Large Eddy simula-
tions (ILES), on the other, able to achieve a required
accuracy using a reduced number of DoFs. The pos-
sibility to accurately predict the characteristics of tur-
bulent flows with ILES is, in our opinion, a very at-
tractive topic. This methodology becomes even more
relevant if the flow field is characterized by a turbulent
transition, since standard LES models may have diffi-
culties in dealing with this kind of problems. Exam-
ples of such simulations will be given in the numer-
ical results section. However, not surprisingly since
the dG methods where originally introduced for solv-
ing hyperbolic governing equations, in literature the
attention has been mainly focused on the use of the dG
methods for compressible flows. In fact, dG schemes,
similarly to standard finite element methods, use poly-

nomial spaces of degree k to approximate the solution
but without enforcing the continuity across elements,
and suitable numerical fluxes are used to resolve the
discontinuity. These fluxes, like those used in the finite
volume context, are usually based on an approxima-
tion of the Riemann problem. Note that the overall nu-
merical dissipation is strongly influenced by the choice
of the numerical flux and that it is possible to develop
schemes which are almost kinetic energy dissipation-
free, see for example Gassner et al (2016).

In this work we report the numerical evidence of
the performance of an incompressible dG solver which
is, from the theoretical point of view, derived from a
standard compressible counterpart, and for which the
above arguments are still valid. The main idea of the
method, presented in Bassi et al (2006), is to locally
recover the hyperbolicity of the equations at the inter-
face between neighbouring elements defining a Rie-
mann problem by means of an artificial compressibil-
ity perturbation of the incompressible Euler equations.
As the perturbation is only included at the level of
the flux evaluation, no time derivative for the pressure
variable is added to the discrete continuity equation,
resulting in a time-consistent algorithm. The lack of
this term makes almost impossible the use of an ex-
plicit time integration scheme, which, moreover, suf-
fers from the strict stability limits of a high-order dG
method. Following the framework of the compress-
ible solver, we avoid any segregation of the system of
discretized equations, and we solved the problem in a
fully coupled fashion. To avoid the problems related
to the non-linear solution process we exploit the use
of the linearly implicit Runge-Kutta schemes of the
Rosenbrock type which require the solution of only a
linear problem at each stage of the method. In par-
ticular, the simulations here presented are advanced
in time by using the three-stage, order three ROS3P
method developed by Lang J. and Verwer J. (2001)
and the four-stage, order three ROSI2PW developed
by Rang J. and Angermann L. (2007). However, as
well as for a standard implementation of an implicit
fully coupled time integration scheme, the algorithm
requires to assembly and store the large Jacobian ma-
trix, even if with Rosenbrock only once for time step.
This task becomes prohibitive when using a high-order
dG method, as the operation count for the matrix eval-
uation scales as k9, while the memory footprint as k6.



To speed-up the solution process and reduce the mem-
ory consumption, we exploit a matrix-free approach,
presented in Crivellini A. and Bassi F. (2011), for the
solution of the large linear solver arising by the dis-
cretization process, which is solved with a GMRES
iterative solver. To further accelerate the linear sys-
tem convergence, a p-multigrid preconditioner is em-
ployed, which, at least for the finest polynomial ap-
proximation, relies on block-diagonal smoothers to re-
duce assembly costs and memory allocation. More-
over, thanks to the matrix-free approach, this precon-
ditioner is lagged for several time steps. For a com-
prehensive discussion on the numerical strategies ex-
ploited to speed-up the solution process and to save
memory, the interested reader can refer to Franciolini
et al (2020), where details about the implementation of
these strategies and an extensive assessment of their
benefits are reported. Finally, note that, unlike other
finite element methods developed for solving incom-
pressible flows, here the same polynomial degree ap-
proximation is used for both velocity and pressure with
a formal convergence rate of k+ 1 and k, respectively.

In the authors knowledge, the present dG imple-
mentation for the governing equations of incompress-
ible flows is quite peculiar, therefore here are reported
the main results of some tests that have been per-
formed in order to asses the performance of the solver
for the solution of turbulent flows.

2 The dG space discretization
The computational domain Ω is approximated by

Ωh, consisting of a set of non-overlapping elementsK.
Denoting by Φh,k the finite element space of discon-
tinuous vector-valued piecewise polynomial functions
of degree at most k in any elementK, the dG formula-
tion of the Navier-Stokes equations is as follows: find
uh = (p, ui)

T ∈ Φh,k so that∑
K∈Ωh

∫
K

φh ·P
∂uh
∂t

dx + R (uh,φh) = 0

∀φh ∈ Φh,k,

(1)

where P = I − J1,1 is the difference between the
identity and a single-entry matrix, J1,1.

R (uh,φh) =
∑
K∈Ωh

(CK (uh,φh) + VK (uh,φh)) ,

(2)
is the vector of residuals resulting from the integrals
of the dG space discretized differential operators. It
consists of two contributions: one corresponding to the
discretization of the convective fluxes, given by

CK (uh,φh) =−
∫
K

∇φh : Fcdx

+

∫
∂K

φ+
h ·H

(
u+
h ,u

−
h ,n

−) dσ,
(3)

and another one, VK (uh,φh), corresponding to the
discretization of the viscous terms. In Eq. (3), Fc is the
convective physical flux, H

(
u+
h ,u

−
h ,n

−) is the con-
vective numerical flux computed at the element inter-
faces, (·)+and (·)− denote the values of any quantity
evaluated from inside and outside faces of an element
K, and n− is the unit vector normal pointing exterior
to K. In the present work, the convective numerical
flux is the exact Riemann solver developed in Bassi et
al (2006). The discretization of the viscous terms in
Eq. (2) is based on the standard and well known BR2
formulation developed in Bassi et al (1997), at which
the interested reader can refer for details.

3 Numerical results
The considered problems include canonical flows

as well more complex problems characterised by
boundary layer separation, recirculating region and
turbulent transition. In what follows, for the sake of
conciseness, is reported a brief description of each test
case and only some representative results.

The turbulent channel flow
The fully-developed turbulent channel flow is a

classical test case often used to asses the performance
of a solver. Here it has been computed at Reynolds
numbers Reτ = 590 and 950 with k = 6 and k = 5
dG approximations, respectively. Some computational
details of these simulations are reported in Tab. 1.
Note that the domain is the same that the one that
has been used for the DNS reference data for Reτ =
590, reported in Moser R.D. et al (1999), whereas for
Reτ = 950 in Hoyas S. and Jiménez J. (2008) a larger
domain has been employed. Fig. 1 shows some com-
puted profiles for the two Reynolds numbers compared
with the corresponding reference DNS data. The aver-
age velocities and the fluctuations have been obtained
using an ensemble averages, 〈·〉, of x3-averaged quan-
tities, where x3 is the direction normal to the walls. A
very good agreement with the reference DNS data has
been obtained using a number of DoFs about 27 and
19 times smaller and a time step size, listed in the ta-
ble, about 27 times larger than those used in Krank B.
et al (2017), in the context of a dG discretization and a
semi-explicit time integration scheme.

The Rayleigh-Bénard convection
The Rayleigh-Bénard Convection (RBC) is a well

known natural convection problem. In this work it has
been solved for a Prandtl number equal to Pr = 0.7
and a Rayleigh numbers equal toRa = 107. The com-
putational domain used is a box with an aspect ratio
L/H = 8, where L is the wall length and H is the
distance between the two walls. Table 2 shows some
computational details of several solutions obtained us-
ing different dG approximations k. In the table it is
shown that the number of DoFs employed is at least
54 times lower than that used for the reference DNS
data in Togni et al (2015), DoFsR. Consistency rela-



tions have been calculated on the domain and listed in
the table. Those relations are based on the definition
of the pseudo-dissipation of kinetic energy, defined as:

ε =

√
Pr

Ra

(
∂ui
∂xj

∂ui
∂xj

)
, (4)

and the dissipation of the temperature squared, defined
as

χ =
1√
RaPr

(
∂θ

∂xi

∂θ

∂xi

)
, (5)

denoting with θ the temperature. Introducing the vol-
umetric average operator 〈·〉V , that refers to the time-
average over the whole fluid domain, and the wall av-
erage operator 〈·〉w, that denotes the time-average over
the wall surfaces, the following identity must be satis-
fied:

〈Nu〉V = 1 +
√
RaPr 〈ε〉V︸ ︷︷ ︸

Nu1

=
√
RaPr 〈χ〉V︸ ︷︷ ︸

Nu2

=

= 1 +
√
RaPr 〈u3θ〉V︸ ︷︷ ︸

Nu3

=

〈
∂θ

∂x3

〉
w︸ ︷︷ ︸

Nu4

. (6)

By looking at the computed Nusselt numbers reported
in the table, it can be seen that, increasing the dG ap-
proximation, these values become closer to the DNS
reference value NuR. Note that, as expected, Nu3,
which does not involve the derivatives of the the un-
knowns, converges faster to the reference value. The
left plot of Fig. 2 shows the computed iso-surface of
temperature θ = 0.2, whereas the right plot shows the
turbulent statistics computed using the time-space av-
erage operator 〈·〉, already defined for the previous test
case. In particular, the right plot shows that as the or-
der k of the dG approximation increases, the turbulent
statistics are described with a higher accuracy, with the
k = 6 solution that fits very well the DNS data despite
having a number of DoFs about 54 times lower and a
time step size about 18 times larger.

The BARC test case
This test case has been the subject of several ex-

perimental and numerical studies and it is now recog-
nised as a benchmark study, called BARC (Benchmark
on the Aerodynamics of a Rectangular 5 : 1 Cylin-
der). The state of the art for this benchmark is reported
in Bruno et al. (2014), where has been highlighted a
not negligible variability of both the experimental and
the numerical results obtained by different researchers.
The flow around the plate, with chord-to-thickness ra-
tio c/t = 5, is characterised by a flow separation at
the sharp leading edge and by a flow reattachment in
the rectangle side, thus giving rise to a primary recir-
culating bubble. Moreover, due to the adverse pres-
sure gradients that cause the separation of the reverse
boundary layer induced by the primary bubble, the
flow presents a secondary bubble, which has a smaller
size and is counter rotating with respect to the main

flow recirculation. This test case has been computed
at Reynolds number Ret = 3 000 by using an un-
structured grid and different dG approximations k, as
reported in Tab. 3 together with some computational
details. The reference DNS data have been kindly pro-
vided by A. Cimarelli and R. Corsini (personal com-
munication) and performed with the well known open
source code Nek5000 (Fischer et al 2008). The top
plot on the left of Fig. 3 shows the iso-surface of
λ2 = −1 coloured by the velocity magnitude. For this
test case the friction coefficient distribution has been
analysed by identifying, for the dG simulations and the
reference DNS data, the beginning of the small recir-
culating region (LSR), its length (LRR) and the reat-
tachment point (LR). Please refers to the top right plot
of Fig. 3, for a schematic view of the above-mentioned
lengths. For these quantities and each simulation, the
absolute value of the relative percentage error, ε, with
respect to the corresponding reference value is shown
in the bottom plots of Fig. 3. By examining the trend
of the errors reported in the plots, it is evident the ben-
efit provided by the use of higher order dG approxi-
mations, with the k = 6 results that show very small
errors, even if this simulation has been performed with
a number of DoFs that is about 80 times smaller and
a time step size that is about 45 times larger than the
corresponding values used for the DNS reference sim-
ulation.

The T3L test case
The T3L is one of the ERCOFTAC test case suites,

here computed at Red = 3 450 and Tu = 0.2%
with several dG approximations (k = 4, 5, 6). The
solution is characterised by a laminar separation bub-
ble at the semi-circular leading edge and the develop-
ment of an attached turbulent boundary layer on the
flat-plate. The computational grid used for this test
case is an unstructured grid strongly coarsened mov-
ing away from the plate, while at the wall a structured-
like boundary layer is employed. The mesh is refined
near the reattachment region, and the first cell height
is 10−2d, where d is the diameter of the leading edge.
The domain extension on the x1 − x2 plane, equal to
28d × 17d, is taken from Langari and Yang (2013).
The three-dimensional domain, 38 320 elements cor-
responding to 3 218 880 DoFs for the finest k = 6
case, is obtained extruding the x1 − x2 grid along
the span-wise direction x3 for a length of 2d (10 ele-
ments), as in Yang and Voke (2001). In the two above-
mentioned references, the numerical method is a stan-
dard second-order scheme and a dynamic LES model
is used. Generally speaking, a direct comparison is
not trivial due to the differences of the computational
domains, the number of DoFs of all these works are
comparable, while, although performed at a slightly
higher Reynolds number (Red = 4 000), in Lambal-
lais et al (2010) is reported a marginally-resolved DNS
characterised by roughly 64 times the DoFs of the
present k = 6 dG approximation. Moreover, due to



the use of a symmetry boundary condition at x2 = 0,
the DNS domain is 3.9 times smaller. As regards the
time step size, our value is 16 and 8 times larger than
those reported for the LES, while, unfortunately, no
data is available for the DNS. The Tu was syntheti-
cally injected in the flowfield through a properly de-
fined random forcing, which were adjusted, via a trial
and error approach, to meet the experimental value
close to the leading edge of the plate. The computed
bubble length at k = 6 , l/d = 2.75, is in a better
agreement with the experimental data, l/d = 2.69 if
compared to other LES literature values (2.6 or 3.0),
and it is almost converged with respect to the poly-
nomial approximation: at k = 5 and k = 4 we ob-
tain 2.70 and 2.73, respectively. The top plot of Fig. 4
shows the λ2 = −1 iso-contours of the instantaneous
flow fields, it highlights the development of the quasi
two-dimensional Kelvin-Helmholtz instabilities in the
shear-layer region above the separation bubble as well
as development of hairpin vortices after the reattach-
ment. The bottom plots of the same figure compare
several velocity profiles with the experimental ones.
We consider the mean stream-wise velocity 〈u1〉 , and
the velocity fluctuation (or velocity RMS), 〈u′1〉, as a
function of the normal direction for different stations.
Velocity is normalized by the local maximum velocity
〈u1〉max, computed independently for each of the sta-
tions. Both the plots show a very good agreement with
experimental data.

4 Conclusions
In this work has been demonstrated, for several

incompressible turbulent flow problems, the potential
of a dG method in delivering accurate ILES results
with a reduced number of degrees of freedom. More-
over, we proved that the employed implicit Runge-
Kutta Rosenbrock time integration scheme allows the
use of large time step sizes without spoiling the accu-
racy. Future works will be devoted to assess the per-
formance of different numerical convective fluxes, to
further reduce the kinetic energy dissipation, and to
the implementation and development of LES models
(variational multi-scales, wall modelled, etc.. ) well
suited to the current numerical framework. The final
aim is again the reduction of DoFs requested by an
accurate scale-resolving simulation.
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Reτ Domain Grid k ∆x+
1 ∆x+

2 ∆x+
3 ∆t+ DoFs DoFsR/DoFs

590
2π × π × 2

32× 32× 16 6 115.85 57.92 10.56 0.59 1.38 · 106 27.46
950 58× 58× 29 5 102.91 51.46 9.50 0.95 5.46 · 106 19.22

Table 1: Channel flow test case at Reτ = 590 and 950. Computational details of the computed solution. The ∆x+i values
are non-dimensional grid resolutions at wall expressed in wall units; DoFsR is the number of DoFs of the reference
DNS data reported in Moser R.D. et al (1999) for Reτ = 590 and in Hoyas S. and Jiménez J. (2008) for Reτ = 950.

Figure 1: Channel flow test case atReτ = 590 (top) andReτ = 950 (bottom). Computed profiles in comparison with reference
DNS data from Moser R.D. et al (1999) and Hoyas S. and Jiménez J. (2008). δ is the channel half-width.

Domain Grid k ∆t ∆t/∆tR DoFs DoFsR/DoFs Nu1 Nu2 Nu3 Nu4 NuR

8× 8× 1 32× 32× 16

3

0.05 17.86

327, 680 228.70 8.39 12.18 13.77 14.05

15.55
4 573, 440 130.69 10.53 13.47 14.85 14.49
5 917, 504 81.68 12.09 14.22 15.34 15.14
6 1, 376, 256 54.45 13.17 14.66 15.46 15.50

Table 2: RBC test case at Ra = 107. Computational details and computed Nusselt (Nu) numbers for different dG approxima-
tions k. ∆tR is the non-dimensional reference average time step size (private communication); DoFsR is the number
of DoFs of the reference DNS; Nu1, Nu2, Nu3 and Nu4 are defined in Eq.(6); NuR is the reference Nusselt number.
Reference DNS data reported in Togni et al (2015).

Figure 2: RBC test case at Ra = 107. The left plot shows for k = 6 the iso-surfaces of temperature θ = 0.2 coloured by the
vertical velocity magnitude. The right plot shows the turbulent statistic. Reference DNS data symbols from Togni
et al (2015): kinetic energy fluctuations 〈k′〉 (squares), vertical velocity fluctuations

〈
u′2
3

〉
(circles) and temperature

fluctuations
〈
θ′2

〉
(gradients). dG-ILES solutions: k = 3 (dashed lines), k = 4 (dash dotted lines), k = 5 (long

dashed lines) and k = 6 (solid lines).



Domain Ne k ∆x+
1 ∆x+

2 ∆x+
3 ∆t ∆t/∆tR DoFs DoFsR/DoFs

200× 151× 5 26 568
4 13.7 11.4 160.9

0.025 45.45
929 880 191

5 13.4 10.7 155.7 1 487 808 120
6 13.1 10.5 151.1 2 231 712 80

Table 3: BARC test case at Ret = 3 000. Computational details of the computed solutions. Ne is the total number of elements
of the mesh, The ∆x+i are the grid resolutions at wall expressed in wall units; ∆t is the non-dimensional time step
size employed for the simulation and ∆tR and DoFsR are the time step size and the number of DoFs, respectively,
employed for the reference DNS, kindly provided by A. Cimarelli and R. Corsini (personal communication).

Figure 3: BARC test case at Ret = 3 000. The top plot on the left shows for k = 6 the iso-surface of λ2 = −1 coloured by
the x1-component velocity. The bottom plots show the absolute value of the relative percentage errors with respect to
the reference DNS solution for LSR (left), LRR (centre) and LR (right). A synthetic scheme of the above variables
has been reported on the top plot on the right.

Figure 4: T3L test case at Red = 3 450. The top plot shows for k = 6 the iso-contours with λ2 = −1 coloured by the
x1-component velocity. The bottom plots show some computed profiles in comparison with reference experimental
data from Coupland and Brierley (1996). Spanwise- and time-averaged x1-component velocity 〈u1〉 / 〈u1〉max (left),
RMS x-component velocity fluctuations 〈u′

1〉 / 〈u1〉max (right).
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Abstract
The research dedicated to the investigation of dif-

ferent gray-area mitigation approaches towards accu-
rate aerodynamics and aeroacoustics is presented. The
recent modifications of hybrid RANS-LES DDES ap-
proach based on combinations of new adapting sub-
grid length scales (∆̃ω , ∆SLA and ∆lsq) and LES
models (σ and S3QR) are considered. The object
of investigation is an immersed subsonic turbulent
jet. The simulations are carried out on a set of re-
fining meshes using two different scale-resolving nu-
merical algorithms realized in the compressible codes
NOISEtte and OpenFOAM. The evaluation of dif-
ferent approaches is focused on the analysis of far
field noise. The results show that all the consid-
ered techniques provide appropriate accuracy to pre-
dict the noise generated by the turbulent jet. The study
clearly demonstrated the importance of both numer-
ical scheme and subgrid turbulence model. The pe-
culiarities of considered approaches are revealed and
discussed.

1 Introduction
Computational AeroAcoustics (CAA) requires ac-

curate numerical solutions in the hydrodynamic region
as these feed the acoustic solver. If hydrodynamics and
turbulence are not well-resolved, acoustics will neither
be. In this context, two main issues in the numerical
method can be studied: how does the numerical dis-
cretization of the differential operators affect the qual-
ity of the results and, if turbulence is modelled, how
does this modelization affect the results.

As acoustics is highly sensitive to the quality of
the hydrodynamic fields used to compute noise, high-
order schemes are in great demand. In this sense, Bo-
gey (2018) or Shur et al. (2005,2016) both used high-
order schemes when simulating jets using structured
meshes. However, these kinds of methods have two
main problems: first, their implementation on general
mesh, i.e. unstructured meshes, is not straightforward.
And second, the kinetic energy is not well-preserved

if symmetric schemes are not used. Consequently, in-
stead of using high-order schemes, one other option
is to use 2nd order low-dissipative ones on meshes
satisfying special quality requirements. Tyacke et al.
(2017) or Fuchs et al. (2018) both used 2nd order
schemes when simulating a jet. Another option is to
use 2nd order higher-accuracy schemes with extended
numerical stencils. Bres et al. (2017) and Duben and
Kozubskaya (2019) exploit algorithms based on such
kind of schemes for jet aerodynamics and noise simu-
lation.

The other issue of the algorithm that affects the
acoustics is how the turbulence is modelled. Hybrid
RANS-LES methods have the most interesting balance
between accuracy and computational cost as they can
simulate high Reynolds numbers without requiring ex-
cessively large meshes. Inside these hybrid methods,
one of the most widely used and extensively validated
approach is the non-zonal DES family, which is still
studied and evolving nowadays. Their recent inves-
tigations are focused on solving the so-called gray-
area problem that appears when solving shear layers.
This problem is mainly the delay of RANS-to-LES
transition from steady RANS to the mesh-resolved
turbulence. The usual methodology to mitigate the
gray-area phenomena is the joint usage of an special
length scale, such as ∆ω (Chauvet et al., 2007), ∆̃ω

(Mocket et al., 2015), ∆SLA (Shur et al., 2015) or ∆lsq

Trias et al. (2017), with advanced LES models, such
as σ or WALE models (Nicoud et al., 2011) or S3QR
model (Trias et al., 2015) instead of Smagorinsky.

Our research is dedicated to the investigation of
different gray-area mitigation (GAM) approaches to-
wards accurate aerodynamics and aeroacoustics. The
recent paper continues the study Pont-Vı́lchez et al.
(2021) where their evaluation for shear layers is based
on incompressible flow problems and focused on aero-
dynamics. We present the results of simulation of
the immersed subsonic turbulent jet on a set of re-
fining meshes. Analysis of the characteristics of
the jet plume region is partly demonstrated in Pont-
Vı́lchez et al. (2021). Here we are mostly aimed at



evaluation of the jet aeroacoustics. The far field jet
noise is very sensitive to the properties of any GAM
approach because it is fully defined by the correctness
of simulation of the shear layer evolution. Inappropri-
ate amount of subgrid turbulent viscosity (either lack
or redundancy) in any part of the shear layer can result
in not only the delay of RANS-to-LES transition but
either generation of spurious (related with numerics)
noise or its damping at particular Strouhal numbers.

2 Case formulation
The immersed jet exiting from a conical noz-

zle at Mjet = 0.9 and ReD = 1.1 · 106 based
on the jet diameter D and jet exit velocity Ujet is
considered. The jet aeroacoustics was investigated
experimentally by Viswanathan (2004). The com-
putational domain, mesh and boundary conditions
can be obtained from the study was carried out by
Shur et al. (2010). This case was used in different
investigations: Shur et al. (2015,2016), Duben and
Kozubskaya (2019) and partly in Pont-Vı́lchez et al.
(2021). The simulation of the jet follows a two-
stage approach when nozzle and jet-plume computa-
tion is performed using RANS at the first stage, while
only the jet-plume region is considered at the second
stage, with profiles from the first stage imposed at
the nozzle exit boundary surface. These profiles of
gas-dynamic and turbulence model variables were pro-
vided by M. Shur and M. Strelets from Peter the Great
St. Petersburg Polytechnic University. The structured
(hexahedral) meshes Grid 1, Grid 2 and Grid 3 from
the paper Shur et al. (2010) are used for computations.
They have 64, 80 and 160 cells in the azimuthal direc-
tion and contain 1.52M, 4.13M and 8.87M nodes in
total, correspondingly.

Figure 1: Instantaneous flow field in the jet plume region
(from the f lsq simulation using NOISEtte).

3 Description of numerical algorithms
The vertex-centred unstructured numerical algo-

rithm realized in the research code NOISEtte is based
on quasi-1D vertex-centered EBR (Edge-Based Re-
construction) schemes (Abalakin et al., 2020). It ex-
ploits the adapting blend of 4th order centered and 5th
order upwind schemes (Duben&Kozubskaya, 2021)
using a special hybridizing function (Guseva et al.,

2017). The parameter which controls the amount of
diffusivity of the discrete convection scheme, σupw,
is limited in both the upper and the lower limit via
a known previous distribution (Duben&Kozubskaya,
2021). The 4th order Runge–Kutta explicit numerical
scheme is used for time integration.

OpenFOAM is based on a collocated unstructured
finite-volume approach. The used convective scheme
consists in the hybrid convection scheme of Travin
et al. (2000), which provides a blend of a 2nd or-
der central scheme and a 1st order upwind scheme.
The temporal integration is done via implicit second-
order scheme already implemented in OpenFOAM.
The used solver to compute the simulations in this
work has been sonicFoam.

The integration surfaces (marked by magenta solid
lines in Figure 1) for performing acoustic post-
processing consist in a set of conformal surfaces to the
underlying mesh, i.e. three different kinds of integra-
tion surfaces are considered, one for each mesh. Each
of these integration surfaces is subdivided onto differ-
ent sets; this enables the possibility to use all or only
different parts of the integration surface.

To predict far-field acoustics, the Lighthill acoustic
analogy in the form of a modified version of the inte-
gral Ffowcs Williams and Hawkings (FWH) method is
used.

The NOISEtte postprocessor is based on formu-
lation 1A proposed by Farassat in terms of retarded
times.

Acoustic post-processing of the OpenFOAM re-
sults is done via an in-house FWH solver. This solver
is based on Ffowcs-Williams Hawkins equation after
performing Fourier Analysis, obtaining the equivalent
FWH equation but in Fourier space. This, effectively,
removes the requirement of retarded time computa-
tions, which is substituted by its equivalent in Fourier
space: a phase shift between observer and source.

4 Results and discussion
The results of simulations using both NOISEtte

and OpenFOAM are presented in Figures 2-5. The
curves obtained from different simulations are labelled
as follows. The first character means the mesh used:
meshes Grid 1, Grid 2 and Grid 3 are marked by
”c”, ”m” and ”f”, respectively. The results using ∆̃ω

(Mocket et al., 2015), ∆SLA (Shur et al., 2015) or
∆lsq (Trias et al., 2017) are labelled by ”omeg”, ”sla”
and ”lsq”, respectively. The usage of alternative (not
Smagorinsky, as in the original DES formulation) sub-
grid LES models σ or S3QR is marked by ”sig” or
”s3qr”. The overall sound pressure levels’ (OASPL)
distributions (noise directivity) are presented in Fig-
ure 2. Figures 3, 4 and 5 demonstrate 1/3rd octave
integrated spectrums at the observer angles θ = 60◦,
θ = 130◦ and θ = 150◦, respectively (θ = 180◦ cor-
responds to the jet downstream direction).

Analysing the results, the following observations



and conclusions could be revealed. First of all, it is
common for all the considered approaches, mesh re-
finement leads to better correspondence both with the
reference data and with each other, except simulations
using ∆lsq (see noticeably overestimated noise levels
obtained on the ”m” mesh, m lsq).
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Figure 2: Noise directivity obtained using different ap-
proaches.

Evaluating the OASPL distributions (Figure 2) it is
seen that the usage of ∆lsq (especially with the S3QR
model) results in overestimation of the noise levels
at lower observer angles and underestimation at the
higher ones at the same time. The first could be due
to the spurious noise generation in the initial shear
layer region (responsible for higher Strouhal numbers,
St ≥ 1): it is clearly seen on the top of Figure 3 that
displays the results on the most coarse mesh, Grid 1.
Note that only fine mesh (Grid 3) allows to predict the
OASPL within the error lower than 1 dB compared
to the experiment. The prominent underestimation of
noise levels at θ > 130◦ comes from ”noise deficit” at
lower Strouhal numbers in the range 0.2 < St < 0.5

(see Figure 5). These trends are well correlated with
the distributions of averaged ratio between turbulent
and molecular viscosity presented in Figure 6. So
lower values of νt/ν lead to a slight overestimation
of noise levels, especially at the observer angles up-
stream of the nozzle exit.
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Figure 3: 1/3rd-octave integrated spectrums at the observer
angle θ = 60◦.

It could be seen from the 1/3rd octave spectrums’
distributions that usage of ∆̃ω + σ LES model leads
to earlier decay of the spectrum compared to the re-
maining approaches. The explanation for it lies in the
higher levels of νt/ν provided by the σ LES model
too.

An unexpected noticeable overestimation of the
results obtained using the DDES with ∆lsq subgrid
length scale on Grid 2 (see m lsq curves on the graphs)
could be related to the delay of RANS-to-LES transi-
tion in the initial shear layer. While it is moved farther
downstream of the nozzle exit, it could result in the
generation of spurious noise. Nevertheless, this effect
requires more research, which will be done in the fu-



ture.
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Figure 4: 1/3rd-octave integrated spectrums at the observer
angle θ = 130◦.

The OpenFOAM results are characterized by dis-
tinguished trends compared with the NOISEtte ones.
As it is seen from the Figure 2 (2nd from the top),
while the predicted noise levels are well compared
with the experiment for θ < 120◦ (deviation does
not exceed 2 dB), they are highly underestimated for
the remaining observer angles, farther downstream the
nozzle exit. In contrast to the NOISEtte, all the con-
sidered approaches provide very similar far field re-
sults, both for overall values and spectral distribu-
tions. This obvious difference is related to the fact
that NOISEtte exploits a higher-accuracy numerical
scheme with extended stencils in contrast to Open-
FOAM, where a simple 2nd order scheme is applied.
So the OpenFOAM results depend on it more than the
subgrid LES model. Due to larger numerical dissipa-
tion, the noise levels are not so overestimated in the
region 1 < St < 4 for θ < 60◦. At the same time,
they are strongly underestimated (more than 10 dB for

St > 0.2 at θ < 150◦) for higher observer angles: the
accuracy provided by the scheme used in OpenFOAM
is not enough to resolve large vortexes mostly respon-
sible for the noise propagating far downstream the
nozzle exit. It could be concluded that usage of higher
accuracy numerical scheme (as used in the NOISEtte
simulations) allows to reveal the peculiarities of differ-
ent GAM approaches on coarser meshes.
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Figure 5: 1/3rd-octave integrated spectrums at the observer
angle θ = 150◦.

5 Conclusions
The simulation results of the immersed subsonic

turbulent jet on a set of refining meshes are presented.
Two different numerical algorithms realised in the
codes NOISEtte and OpenFOAM are considered. The
results show that all the GAM approaches provide ap-
propriate accuracy to predict the noise generated by
the turbulent jet. The study clearly demonstrated the
importance of both numerical scheme and subgrid tur-
bulence model. So usage of higher accuracy numer-
ical scheme allows to estimate the sensitivity of dif-
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Figure 6: Average of the turbulent to molecular viscosity
ratio over the lip line starting from the jet nozzle
exit (results on the Grid 3).

ferent GAM approaches more precisely. Nevertheless,
a more thorough analysis of the results is to be done
for better evaluation of the advantages, disadvantages
and limitations of the considered GAM approaches. In
addition, for a more detailed assessment of the capa-
bilities of the techniques under consideration and to
obtain a conclusion about the convergence of the re-
sults, it is necessary to conduct computations on an-
other finer mesh, that is planned for the nearest future.
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Abstract

In this work, we aim to shed light to the following

research question: can we find a nonlinear tensorial

subgrid-scale (SGS) heat flux model with good physi-

cal and numerical properties, such that we can obtain

satisfactory predictions for buoyancy-driven turbulent

flows? This is motivated by our findings showing that

the classical (linear) eddy-diffusivity assumption fails

to provide a reasonable approximation for the actual

SGS heat flux: namely, a priori analysis for air-filled

Rayleigh-Bénard convection (RBC) clearly shows a

strong misalignment. In the quest for more accurate

models, we firstly study and confirm the suitability of

the eddy-viscosity assumption for RBC carrying out a

posteriori tests for different models at very low Prandtl

numbers (liquid sodium, Pr=0.005) where no heat flux

SGS activity is expected. Then, a new tensorial SGS

heat flux model is proposed and studied a priori using

DNS data of an air-filled (Pr=0.7) RBC at Rayleigh

numbers up to 1011. Apart from having good align-

ment trends with the actual SGS heat flux, it is nu-

merically stable per se and has the proper cubic near-

wall behavior. Our near future research plans include

testing a posteriori this new tensorial SGS heat flux

model. Prior to that, we also aim to properly discretize

these models in space and time.

1 Introduction

In the last decades, many engineering/scientific ap-

plications have benefited from the advances in the field

of Computational Fluid Dynamics (CFD). Unfortu-

nately, most of practical turbulent flows cannot be di-

rectly computed from the Navier-Stokes (NS) equa-

tions because not enough resolution is available to re-

solve all the relevant scales of motion. Therefore,

practical numerical simulations have to resort to turbu-

lence modeling. We may therefore turn to large-eddy

simulation (LES) to predict the large-scale behavior

of turbulent flows. In LES, the large scales of mo-

tions are explicitly computed, whereas effects of small

scale motions are modeled. Since the advent of CFD,

many subgrid-scale models have been proposed and

successfully applied to a wide range of flows. Eddy-

viscosity models for LES is probably the most popular

example thereof. Then, for problems with the pres-

ence of active/passive scalars (e.g. heat transfer prob-

lems, transport of species in combustion, dispersion of

contaminants,...) the (linear) eddy-diffusivity assump-

tion is usually chosen. However, this type of approx-

imation systematically fails to provide a reasonable

approximation of the actual SGS flux because they

are strongly misaligned (see Higgins et al. (2004);

Chumakov (2008)). This was clearly shown in our pre-

vious works Dabbagh et al. (2017, 2020) where SGS

features were studied a priori for a RBC at Ra-number

up to 1011 (see Figure 1). This leads to the conclu-

sion that nonlinear (or tensorial) models are neces-

sary to provide good approximations of the actual SGS

heat flux. In this regard, the nonlinear Leonard model

by Leonard (1997), which is the leading term of the

Taylor series of the SGS heat flux, provides a very

accurate a priori approximation. However, the local

dissipation introduced by the model can take negative

values; therefore, the Leonard model cannot be used

as a standalone SGS heat flux model, since it pro-

duces a finite-time blow-up. A similar problem is en-

countered with the nonlinear tensorial model proposed

by Peng & Davidson (2002). An attempt to overcome

these instability issues is the so-called mixed model

(see Higgins et al. (2004)), where the Leonard model

is combined with an eddy-diffusivity model.

2 On a proper tensorial SGS heat flux
model

In this context, we planned to shed light to the

following research question: can we find a nonlin-

ear subgrid-scale heat flux model with good physi-

cal and numerical properties, such that we can ob-

tain satisfactory predictions for buoyancy-driven tur-

bulent flows? To that end, we consider nonlinear SGS

heat flux models that can adequately represent the dy-

namics of the smallest (unresolved) scales, overcom-



Figure 1: Joint probability distribution functions (JPDF) of

the angles (α, β) plotted on a half unit sphere to

show the orientation in the space of the mixed

model. From top to bottom, alignment trends of

the actual SGS heat flux, q, the Daly & Harlow

(1970) model, q
DH , and the Peng & Davidson

(2002) model, q
PD. For simplicity, the JPDF

and the PDF magnitudes are normalized by its

maximal. For details the reader is referred

to Dabbagh et al. (2017).

ing the above-mentioned inherent limitations of the

eddy-diffusivity models Dabbagh et al. (2017, 2020).

The specific SGS models that we consider consist of

a linear eddy-viscosity term for momentum supple-

mented by a nonlinear model for the SGS heat flux.

Firstly, we have studied and confirmed the suitability

of the eddy-viscosity assumption for buoyancy-driven

turbulent flows. To do so, a set of simulations at

Pr = 0.005 (liquid sodium) have been carried out

at Ra = 7.14 × 106 and Ra = 7.14 × 107. Fig-

ure 2 displays a snapshot of the temperature and ve-

locity magnitude for the DNS simulation at the high-

est Ra. This clearly illustrates the separation be-

tween the smallest scales of temperature and velocity,

i.e. the ratio between the Kolmogorov length scale and

the Obukhov-Corrsin length scale is given by Pr3/4

(see Sagaut (2005)). Therefore, for a Pr = 0.005 (liq-

uid sodium) we have a separation of more than one

decade. Hence, it is possible to combine an LES sim-

ulation for the velocity field with the numerical res-

olution of all the relevant scales of the thermal field.

Regarding this, results shown in Figure 3 seem to con-

firm the adequacy of eddy-viscosity models for this

kind of flows. Namely, Figure 3 shows the Nusselt

number for a set of meshes and eddy-viscosity mod-

els: the WALE model by Nicoud & Ducros (1999), the

Vreman (2004) model, the QR model by Verstappen

(2011) and the S3QR model proposed by Trias et al.

(2015). Results obtained without SGS model are also

shown to illustrate the effect of the eddy-viscosity

models to improve the solution. At first sight it can

be observed that, in general, all LES solutions are in

rather good agreement with the DNS data even for the

coarsest grids (48× 26× 26 forRa = 7.14× 106 and

96 × 52 × 52 for Ra = 7.14 × 107 whereas only the

finest ones (128×72×72 and 192×104×104atRa =
7.14×106 and 512×288×288atRa = 7.14×107) can

provide accurate results when the model is switched

off. A closer inspection shows that slightly better

results are obtained for those eddy-viscosity models

(WALE and S3QR) that have the proper near-wall be-

havior, i.e. νe = O(y3). To emphasize the benefits

of LES modeling, the approximate computational cost

of the simulations is displayed in the top horizontal

axis of Figure 2 (top and middle): it was measured on

the MareNostrum 4 supercomputer and corresponds

to a total integration period of 500 time-units. Fi-

nally, to see the effect of eddy-viscosity models in

more detail, results for the average turbulent kinetic

energy are shown in Figure 2 (bottom) for two meshes

and two eddy-viscosity models (WALE and S3QR).

All these results seem to confirm the suitability of the

eddy-viscosity assumption for buoyancy-driven flows.

For more details the reader is referred to Trias et al.

(2020).

Then, in the quest for more accurate models, we

recently proposed a new family of tensorial SGS

heat flux models (see Trias et al. (2020), for details).

Among all possible candidates, we have chosen the so-

called S2PR model given by

qS2PR = −Cs2prP
−3/2
GGT R

1/3
GGT

δ2

12
GG

T∇T , (1)

with Cs2pr ≈ 12.02, where PGGT and RGGT are

the first and third invariants of the GGT tensor, re-

spectively. This tensor is proportional to the gradient

model by Clark et al. (1979) given by the leading term

of the Taylor series expansion of the subgrid stress ten-

sor τ(u) = (δ2/12)GGT +O(δ4). This model shows

a very good representation of the SGS heat flux both

in direction and magnitude (see Figure 4). Moreover,

apart from fulfilling a set of desirable properties (lo-

cality, Galilean invariance, numerical stability, proper

near-wall behavior, and automatically switch-off for

laminar and 2D flows), the proposed model is well-

conditioned, and has a low computational cost and no



Figure 2: An instantaneous picture of the temperature field

(top) and velocity magnitude (bottom), |u|, of

the DNS simulation of RBC at Ra = 7.14 ×

10
7 and Pr = 0.005 (liquid sodium) carried

out using a mesh of 966 × 966 × 2048 ≈

1911M grid points. See the movie in the database

(http://www.cttc.upc.edu/downloads/RBC lowPr).

intrinsic limitations for statistically in-homogeneous

flows. Hence, it seems to be well suited for engineer-

ing applications. Our near future research plans in-

clude the extension of this analysis to higher Ra and

testing a posteriori the new non-linear SGS heat flux

models for air-filled RBC at Ra up to 1011. Prior

to that, we aim to properly discretize tensorial eddy-

diffusivity models. A first approximation to this prob-

lem is presented below.

3 On the proper discretization of a ten-
sorial eddy-diffusivity model

Spatial discretization

Let us firstly consider the spatial discretization of

a tensorial eddy-diffusivity model, i.e.

∇ · q ≈ ∇ ·
(

A∇T
)

. (2)

Notice that all the tensorial models referred in this

work, including the one presented in Eq.(1), fall in this

template. We aim to preserve fundamental physical

and mathematical properties when discretizing Eq.(2)

where A is a 3 × 3 real-valued tensor (2 × 2 for 2D

flows). Namely, the first property denoted as Property

P1 is the conservation of the integral of T ,

∫

Ω

∇ · (A∇T )dV =

∫

∂Ω

(A∇T ) · ndS = 0, (3)
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Figure 3: Comparison of LES (and no-model) versus DNS

results of liquid sodium (Pr = 0.005) RBC.

Average Nusselt for different meshes at Ra =

7.14 × 10
6 (top) and Ra = 7.14 × 10

7 (mid-

dle). Computational costs at the MareNostrum 4

supercomputer are shown in the top of the plots.

Bottom: LES results at Ra = 7.14 × 10
6 of tur-

bulent kinetic energy at the cavity mid-width for a

96×52×52 mesh compared with the DNS results

obtained on a mesh of 488×488×1280 ≈ 305M .

assuming that contribution from boundary, ∂Ω, van-

ishes. The second property [Property P2] is the sym-

metry preservation: Eq.(2) represents a diffusive oper-

ator (no interscale interaction). Hence, ∇ · A∇ is a

symmetric operator if the tensor A is symmetric,

< ψ,∇ · (A∇θ) > = − < ∇ψ,A∇θ >

A=A
T

= − < A∇ψ,∇θ >

= < ∇ · (A∇ψ), θ >, (4)

where < a, b >=
∫

Ω
abdV is the usual inner-product

of functions. Notice that the gradient is the adjoint

of minus the divergence operator (and vice versa) pro-

vided that contributions from boundary, ∂Ω, cancel,

i.e.
∫

Ω
∇ · (ab)dV =< a,∇b > + < ∇ · a, b >=

http://www.cttc.upc.edu/downloads/RBC_lowPr
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∫

∂Ω ab · ndS = 0. The third property [Property P3]

is the definiteness preservation; that is, given a posi-

tive (or negative) definite tensor, A, then the operator

∇ · A∇ is negative (or positive) semi-definite,

< ∇ · (A∇θ), θ > = − < A∇θ,∇θ > (5)

A=LL
T

= − < L∇θ, L∇θ >= −||L∇θ||2 ≤ 0,

where the Cholesky decomposition of the tensor A,

A = LLT , assumes that A is a symmetric positive def-

inite tensor. For negative definite tensors, A = −LLT ,

leading to the conclusion that ∇ · A∇ is then positive

semi-definite. Two more properties of numerical na-

ture can be added to the list. Namely, [Property P4]

states that it is preferable to build up discretizations

that are entirely based on already existing discrete op-

erators in a standard CFD code. This obviously facil-

itates the implementation, the portability and the ver-

ification of the method. Finally, it is also desirable to

naturally recover the numerical result obtained for an

isotropic diffusive term, i.e. A = κI. This last property

will be referred as [Property P5].

First property P1 relies on the Gauss theorem.

Thus, Eq.(2) is discretized in divergence form,

Mqs ∈ R
n, (6)

where M ∈ R
n×m represents the divergence operator

in integral form, n and m are respectively the number

of control volumes and faces on the computational do-

main, and qs ∈ R
m is a discrete vector that contains

the (turbulent) heat fluxes defined at the faces of the

volumes. The subindices c and s refer to whether the

variables are cell-centered or staggered at the faces.

Otherwise stated, we follow the same notation used

in Trias et al. (2014). Then, everything relies on the

computation of qs; therefore, hereafter we assume that

qs = qs(Ac,T c) ∈ R
m, (7)

where Ac is the cell-centered discrete counterpart of

tensor A and T c is the cell-centered discrete tempera-

ture field. Furthermore, we can assume that the fol-

lowing discrete operators are already available: the

discrete gradient operator, G ∈ R
m×n, diagonal ma-

trices containing the staggered, Ωs ∈ R
m×m, and

cell-centered, Ωc ∈ R
n×n, control volumes and a cell-

to-face interpolator, Πc→s ∈ R
m×n. To simplify the

analysis we consider a 2D Cartesian mesh (extension

to 3D is straightforward).

Heat fluxes, qs, can be approximated as follows

qD1

s = Ã
D1

s GT where Ã
D1

s = Π̃c→sÃcΠ̃s→c, (8)

where Π̃c→s and Ãc are block matrices given by

Π̃c→s =

(

Πc→x 0

0 Πc→y

)

Ãc =

(

Axx
c Axy

c

A
xy
c A

yy
c

)

.

(9)

where Axx
c ∈ R

n×n, Axy
c ∈ R

n×n and Ayy
c ∈ R

n×n

are diagonal matrices containing the cell-centered

components of the symmetric tensor A. Then, to pre-

serve the symmetry (P2) and the definiteness (P3)

properties, the above-mentioned duality between the

gradient and the divergence operators

G = −Ω
−1

s M
T , (10)

must be preserved together with the following relation-

ship between interpolators

Π̃s→c ≡ Ω
−1Π̃T

c→sΩs, (11)

where Ω = I2 ⊗ Ωc (for 2D) and Ω = I3 ⊗ Ωc (for

3D) where I2 ∈ R
2×2 and I3 ∈ R

3×3 are identity ma-

trices. Hereafter, this discretization method is referred

as Method D1. By construction, this method satisfies

all the properties (P1-P4) except P5, i.e. due to the ad-

ditional interpolations, Π̃c→s and Π̃s→c, it does not

recover the numerical solution obtained for isotropic

diffusivity, i.e. A = κI. This forces to redefine Eq.(8)

and the subsequent definitions. Namely,

qD2

s = Ã
D2

s GT where (12)

Ã
D2

s = Π̃c→sÃ
off
c Π̃s→c + diag(Π̃c→s diag(Ãc)),

where Ãoff
c represents the off-diagonal elements of Ãc

given in Eq.(9). Hence, the only difference between

methods D2 and D1 is the treatment of the diagonal

terms. In this way, we avoid unnecessary interpola-

tions for the coefficients of the diagonal matrices Axx
c

and Ayy
c . Moreover, we preserve the same discretiza-

tion for the isotropic case; therefore, all properties

(P1-P5) are preserved. This second method is referred

as Method D2.

Temporal discretization

Explicit (or semi-explicit) time-integration

schemes impose severe restrictions on the time-step,

∆t, due to the fact that the eigenvalues of the amplifi-

cation matrix must lie inside the stability region of the
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Figure 5: Comparison between different approaches to com-

pute bounds for the eigenvalues of the convective

and diffusive operators given in Eqs.(17) and (18).

Results correspond to a set of 100 randomly gen-

erated incompressible velocity fields and diffu-

sivity constants for a uniformly spaced Cartesian

mesh. Eigenbounds are normalized for the re-

sults obtained using the classical CFL condition

given in Eqs.(15) and (16). Other approaches

correspond to the EigenCD approach proposed

in Trias & O. Lehmkuhl (2011) and the AlgEig ap-

proach proposed here in Eqs.(19) and (20).

scheme. In the particular case of the NS equations, or

in general for any convection-diffusion equation, these

eigenvalues are directly related with the eigenvalues

of the convective, C (us), and diffusive, D, discrete

operators. The simplest example to show this, is a

convection-diffusion equation without source terms

discretized (in time) using a first-order explicit Euler

scheme:

Ωc
φn+1

c − φn
c

∆t
+ C (us)φ

n
c = Dφn

c , (13)

which can be easily re-arranged as follows

φn+1

c = (I+∆tR (us))φ
n
c , (14)

where R (us) ≡ Ω−1
c (−C (us) + D). Hence, the

stability of the time-integration scheme is guaranteed

if the spectral radius of the amplification matrix is

smaller than one, i.e. ρ(I + ∆tR (us)) ≤ 1. This

imposes restrictions on the eigenvalues of the matrix

∆tR (us) which obviously depend on the eigenvalues

of the convective and diffusive operators and the value

of ∆t. Hence, the proper bounding of the eigenvalues

of C (us) and D is a cornerstone for the performance

of CFD codes. In this regard, most of them rely on the

well-known CFL condition which provides bounds for

the eigenvalues of the convective and diffusive terms,

λCCFL =
1

CC
max
k

{

3
∑

i=1

|Ui|

∆xi

}

, (15)

λDCFL =
1

CD
max

k

{

ν

∆x2k

}

. (16)

However, this type of conditions may become inaccu-

rate especially for highly skewed meshes where CFL-

based criteria tend to overpredict the eigenvalues of the

dynamical system (see Figure 5). This effect becomes

even more relevant for unstructured formulations. This

was analyzed in detail in Trias & O. Lehmkuhl (2011)

where a self-adaptive strategy was proposed. Firstly,

the eigenvalues of the dynamical system were bounded

by means of an inexpensive method named EigenCD

which basically relies on the application of the Gersh-

gorin circle theorem to provide more accurate bounds

of the matrices C (us) and D. Nevertheless, the ap-

plication of this method on an algebraic framework is

not straightforward unless a new specific kernel is im-

plemented. This would go against the philosophy fol-

lowed in Álvarez et al. (2021): minimizing the num-

ber of basic computational kernels is crucial to facil-

itate portability across the variety and complexity of

incoming computational architectures in the current

HPC exascale race. In this context, we propose a new

method that only relies on basic algebraic kernels such

as the sparse matrix-vector product (SpMV). Shortly,

the convective and diffusive matrices can be expressed

in term of even more basic operators,

C (us) = MUsΠc→s =
1

2
TscAsUs|Tcs|, (17)

D = MΛG = −TscAsΛs∆
−1

s Tcs, (18)

where As, Us, Λs and ∆s are diagonal matrices con-

taining the corresponding face areas, velocities, diffu-

sivities and distances between adjacent nodes. More-

over, Tsc and Tcs = TT
sc are the face-to-cell and the

cell-to-face incidence matrices, respectively. Recall-

ing that a square matrix and its transpose have the

same spectrum, we can easily show that given two

rectangular matrices, A ∈ R
n×m and B ∈ R

m×n, both

square matrices AB ∈ R
n×n and ATBT ∈ R

m×m

have the same non-zero eigenvalues. At this point,

we can use this property to explore matrices whose

eigenvalues are the same as C (us) and D defined in

Eqs.(17) and (18). Among all the option tested the op-

timal ones are:

λCAlgEig =
1

2
max

(

f̃s

1/2
◦ |TcsΩ

−1

c |TT
cs||f̃s

1/2
)

,

(19)

λDAlgEig = max
(

|TcsΩ
−1

c T
T
cs| diag(Λ̃s)

)

, (20)

where f̃s = diag(AsUs), Λ̃s = AsΛs∆
−1
s and ◦ repre-

sents the Hadamard product. Figure 5 displays a com-

parison between the new approach named AlgEig, the

EigenCD method proposed in Trias & O. Lehmkuhl

(2011) and the classical CFL approach. Although

computationally unaffordable for practical problems,

the exact computation of the eigenbounds is also

shown for comparison. It is remarkable that apart from

its inherent portability, this new approach also pro-

vides better results than existing approaches.



4 Concluding remarks

Nowadays, most of the CFD codes rely on the

eddy-diffusivity assumption, qeddy ∝ ∇T , to model

the SGS heat flux for LES simulations. Researchers’

experience carrying out LES simulations of buoyancy-

driven turbulence using this approach is, in general,

quite frustrating. Namely, in many cases there is no

relevant improvement compared with the results ob-

tained without any SGS model. In other cases, the

apparent improvement is simply due to the fact that

the SGS model stabilizes the numerical simulation

that otherwise (without model) would just blow up.

The latter issue can be solved using numerical dis-

cretizations that are stable per se Trias et al. (2014).

In any case, very small improvements are actually ob-

served Dabbagh et al. (2017) leading to the necessity

to use very fine grids (sometimes similar to DNS) to

obtain reliable solutions. Furthermore, a priori analy-

sis using DNS data of RBC at high Ra-numbers clearly

shows that the classical (linear) eddy-diffusivity as-

sumption is completely misaligned with the actual

SGS heat flux Dabbagh et al. (2017, 2020). In this

regard, our near future research plans include testing

a posteriori the new tensorial SGS heat flux model

given in Eq.(1) for air-filled RBC problems atRa up to

1011. Prior to that, we also aim to properly discretize

these models both in space and time. As mentioned

above, the underlying spatial discretization can play a

crucial role in the performance of SGS models. Re-

garding the temporal discretization a new accurate and

portable approach for bounding the eigenvalues of the

convective and diffusive operators has been proposed.

Results will be presented during the conference.
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1 Abstract
Atmospheric boundary layer over urban areas is of-

ten described as a heterogeneous (in terms of its height
distribution or the spatial arrangement) canopy layer.
We focus on a specific heterogeneity of two height flat
plate roughness elements forming two layers of differ-
ent density, drag and alignment. Flat elements enable
an optical access and the particle image velocimetry
(PIV) measurements in an environmental wind tunnel
model of a heterogeneous canopy. In this study we
demonstrate the quadrant analysis of the coherent mo-
tions of sweeps and ejections, known to dominate the
turbulent transport. We test two common models of
the joint statistics of the velocity components (CEM
and ICEM) designed to reproduce the imbalance in
the stress contribution of sweeps and ejections to mo-
mentum transfer (∆S). Both models reproduce the
measured values above the canopy top, while deviate
from such deeper inside the canopy. Another interest-
ing feature that was observed in this study is a local
increase in ∆S in the lower element height indicating
the existence of a second inflection point, creating a
double inflected profile of ∆S.

2 Introduction
Turbulent canopy flows contribute an essential part

to the heat and mass transport budgets in cities and
forests. In the past few decades a great deal of field and
laboratory measurements combined with numerical
and theoretical investigations have molded the unique
and fundamental features of canopy turbulence Brunet
(2020).

Some features of canopy flow, such as an inflec-
tion point in the mean velocity profile at the top of
the canopy, the turbulence transport term in the turbu-
lent kinetic energy (TKE) balance, support the repre-
sentation of canopy flow using the so-called “mixing-
layer analogy” (Raupach et al., 1996). The canopy
turbulence, especially near the canopy top, is popu-
lated with coherent motions entitled as “sweeps” and
“ejections”, at length scales of the order of the canopy
height. These coherent motions were found to be re-
sponsible for the larger fraction of the momentum and

scalar fluxes (Raupach et al., 1986b; Brunet et al.,
1994).

The contribution of coherent motions to the mo-
mentum transfer is typically quantified using condi-
tional sampling and a so-called “quadrant analysis” of
the joint statistics of of turbulent streamwise (u) and
vertical (w) velocity components (Lu and Willmarth,
1973; Antonia, 1981).

Some of the key challenges in turbulent canopy
flow modeling is due to difficulty of simple turbulent
models, such as eddy-viscosity models, to simulate
flows with significant non-local momentum exchange ,
as is the case within the canopy top (Wilson and Shaw,
1977; Finnigan, 2000). For the higher order closure
models, the joint statistics u,w need to be modeled.
The joint probability density function (JPDF) of u,w
can be modeled by one of the two expansion meth-
ods proposed, namely the two-dimensional Gram-
Charlier cumulant expansion method (CEM) (Naka-
gawa and Nezu, 1977; Raupach, 1981), and its sim-
plified version, the incomplete cumulant expansion
method (ICEM) (Katul et al., 1997a,b). Both methods
were employed successfully to reproduce measured
difference in stress fraction contributions of quadrant 2
and quadrant 4 (Poggi et al., 2004; Katul et al., 2006).

Although most plant and urban canopies on Earth
are heterogeneous (spatially varying in density, height
and shape), yet a physical representation of hetero-
geneity and its effect on canopy turbulence remain
unclear (Brunet, 2020). In particular, the effects of
heterogeneity on the coherent structures (sweeps and
ejections) are not well understood (Katul et al., 2006),
and it is not known how the CEM and ICEM models
perform in non-uniform canopies. In this study we ad-
dress these questions using an experimental study of a
heterogeneous canopy, modeled in a wind tunnel.

3 Experimental Setup
The flow experiments within and above the het-

erogeneous canopy model were conducted in the low-
velocity boundary-layer wind tunnel (EWTL) at IIBR.
This is an open-circuit suck-down rectangular cross-
section tunnel. The air flow in the wind tunnel is
straightened and contracted (4 : 1 ratio) prior to reach-



ing the working section. The working section is 15 m
long with a uniform cross section of 2 × 2 m2. The
canopy layer was constructed on the floor of the work-
ing section, spanning an area of ∼ 12 × 2 m2 (Fig-
ure 1a). The coordinate system is defined such that x,
y and z denote the streamwise, span-wise and floor-
normal direction, respectively, with x = 0 defined
at the entrance to the measurement cell no. 1 (Fig.
1b). The reference velocity is determined via a Pitot-
Prandtl tube placed at the working section entry, above
the developing boundary layer.

Two reference wind speeds, 4.6 and 9.0 m s−1 have
been explored (bulk Reynolds number of δue/ν =
Re1 = 2.3 × 105 and Re2 = 4.9 × 105, respec-
tively). The ceiling and lateral walls near the test-
ing regions of the canopy model are transparent al-
lowing optical access to the flow. The heterogeneous
canopy model is composed of vertical metal plates
of two heights, 50 mm (H/2) and 100 mm (H) in
equal amounts, resulting in an average canopy height
of 75 mm ( 34H). The roughness elements were ar-
ranged in a staggered configuration with their large
face placed perpendicular to the main flow direction.
Each lateral row of elements consists of either tall or
short elements only. The rows were separated a dis-
tance 3

4H in the streamwise direction, while forming
and alternating tall-short-tall pattern. The elements in
each row were separated a distance H/2 apart in the
cross-wind direction as illustrated in 1.

Velocity fields in the x − z planes were measured
by a planar Particle Image Velocimetry (PIV) system,
Lavision Gmbh comprising of Imager sCMOS cam-
era, and an Nd:Yag laser (200 mJ/pulse, EverGreen).
A vertical light sheet with thickness of 1 mm was gen-
erated at 11 different (x,y) locations and 4 different
heights with 50 mm overlap between each two succes-
sive heights, aligned in the streamwise direction. All
the measurements were repeated for the two Reynolds
number flows. For each PIV plane 1000 double frame
images were obtained at 15 Hz. PIV analysis was pre-
formed using 2 passes of 64×64 window size and 50%
overlap and a final pass with 32× 32 window size and
75% overlap obtaining resolution of a velocity vector
per 1.2 mm. Outliers were removed using median fil-
ter, removing neighbouring vector that were more that
three standard deviations away from the local median.

4 Conditional sampling and analysis
Conditional sampling and quadrant analysis of the

main Reynolds stress component −〈u′w′〉 (Lu and
Willmarth, 1973; Wallace, 2016) is applied, following
studies of uniform canopies of Raupach et al. (1986b);
Poggi et al. (2004); Zhu et al. (2007).

The maps of −〈u′w′〉 are divided into four quad-
rants (Qk) according to the signs of u′ and w′: ejec-
tions, or Q2 represent u < 0, w > 0; sweeps Q4,
u > 0, w < 0), inward Q1 and outward Q3 interac-
tions. Note that we use a zero threshold to define a

quadrant and in the common notation it is sometimes
marked with a subscript zero (Raupach, 1981).

We define Dk, the fraction number of quadrant k
instances out of all measured planes at each point:

Dk(~x) =
1

N

N∑
i=0

Ik(~x, ti) (1)

with,

Ik(~x, ti) =

{
1, u′w′(~x, ti) in quadrant k
0, else.

(2)

The contribution of a certain quadrant to the total
ensemble average of −〈u′w′〉 is defined as:

u′w′k(~x) =
1

N

N∑
i=0

u′w′(~x, ti)Ik(~x, ti) (3)

The relative contribution of Qi to the total stress
−〈u′w′〉 can be quantified by the fractional stress
term:

Sk =
u′w′k
〈u′w′〉 , (4)

Note that
∑4
k=1Dk = 1 and

∑4
k=1 Sk = 1.

A common measure to quantify the relative im-
portance of ejections and sweeps to 〈u′w′〉 is the im-
balance in the contribution of sweeps and ejections to
momentum transfer using the difference in stress frac-
tion contributions which can be defined as in Raupach
(1981):

∆S = S4 − S2 (5)

To link ∆S and quadrant analysis with the TKE
budgets and RANS models, we use the work of Nak-
agawa and Nezu (1977) and Raupach (1981) that suc-
cessfully employed the third-order cumulant expan-
sion method (CEM):

∆S =
1 +Ruw

Ruw
√

2π

(
2C1

(1 +Ruw)2
+

C2

1 +Ruw

)
(6)

where,

C1 = (1 +Ruw)

(
M03 −M30

6
+
M12 −M21

2

)
(7)

C2 = −2Ruw(M03 −M30)

6
− (M12 −M21)

2
(8)

And, Ruw = 〈u′w′〉
σuσw

, Mij = 〈u′iw′j〉
σi
uσ

j
w

, σs =
√
s′2.

Katul et al. (1997a) conducted a sensitivity analy-
sis on the relative importance of the mixed moments
and the velocity skewness on ∆S. They demonstrated
that the mixed moments M12 −M21 contribute much
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Figure 1: (a) Side view of the experimental section of the wind tunnel and layout of the canopy roughness elements,
and (b) top-view of the roughness elements and PIV-planes obtained in the measurement region;

more thanM03−M30. Hence, based on this finding, a
further simplification was suggested referred to as the
incomplete CEM (ICEM) given by:

∆S =
1

2Ruw
√

2π
(M21 −M12) (9)

5 Results
Example for two instantaneous sweep and ejection

events of plane 8 (y/H=0.7) at Re1 are presented in
Fig. 2. The PIV realizations are chosen such that at
least 70% of the image is dominated by either ejec-
tions (a) or by sweep event (b). The black arrows in-
dicate fluctuating flow-field (u′, w′), superimposed on
the normalized color map representing turbulent shear
stress u′w′ normalised by u∗ =

√
〈u′w′〉H , within the

heterogeneous canopy and up to the height of≈ 1.8H .
Note the different scale of the color bars, adjusted to
the events for clarity. The wind direction is from left
to right.

Fig. 2(a) shows an instantaneous ejection event
(black arrows pointing upward in the opposite direc-
tion of the main flow), which demonstrates transport
of momentum out of the canopy by a slower (than
the mean velocity) upward-moving coherent motion.
Higher shear regions (yellow colour) during ejection
events was observed mainly above the canopy height
e.g z/H > 1 consistently throughout all the measured
planes. Figure 2(b) shows a sweep event (black arrows
pointing downwards), spreading over the whole mea-
surement domain, demonstrating the instantaneous
penetration of momentum into the canopy by a fast,
downward moving gust. During sweep events high
shear events (yellow colour) were observed inside the
canopy (z/H < 1) with higher magnitude, but less
common and smaller in size as compared to ejection
events. Conversely, in both realisations, the scale of
the observed coherent motions seem to exceed the size
of the measurement volume. Such large scale and vio-
lent events are persistent and were observed in numer-
ous PIV images.

Horizontal averaged duration fraction profiles for
each quadrant are shown in Fig. 3 (a). Ejection and
sweep events are the most abundant in agreement with
the previous studies of Raupach (1981); Zhu et al.
(2007). The duration of sweeps D4 ≈ 0.36 above
the canopy and decreases sharply below, while the
ejection duration has a peak right below the canopy
top (z/H = 1) and decreases at higher elevations.
At z/H ≈ 1.5, the ejection and sweep events have
the same duration values. These trends are consistent
with the results of homogeneous canopies of Raupach
(1981); Zhu et al. (2007). One should keep in mind,
though, that the frequent occurrence of ejections near
and below the canopy top does not necessarily imply
that they dominate other variables, since the charac-
teristic magnitudes in each quadrant are considerably
different.

The stress fraction profiles are shown in Fig. 3 (b).
Below and around the canopy top, the sweep events
are the most dominant contributors to the shear stress.
Thus, in spite of the high duration fraction of ejections
at z/H < 1 the sweeps dominate the contribution to
shear stress. At z/H > 1.5, the ejections become the
largest contributors. This latter trend is consistent with
previous observations in homogeneous canopies (Har-
man et al., 2016; Raupach, 1981; Zhu et al., 2007).

Despite this difference in interpretation, one key
characteristic of the development sequence is that the
resulting coherent motions retain the initial spatial
structure of the eigenfunctions of the inflected free
shear layer, which are set up by the drag in the upper
layers of the canopy.

Vertical profile of ∆S are shown in Fig. 3 (c).
Above the canopy (z > H) the profile appear simi-
lar in shape to the profiles obtained in homogeneous
canopies. This similarity further supports the idea that
the drag in the upper layer of the canopy dominates
the inflected velocity profile height and the instability
associated with it (Brunet, 2020). Another interest-
ing feature, which has not been observed in previous
canopy studies, occurs near the short element height
H/2, where a sudden increase in ∆S follows a local
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decrease in H/2 < z < H . This sudden increase
might be associated with the weak instability induced
by the short element height, rather than the canopy as
a whole (inflected double average velocity at H) cre-
ating a double inflected profile.

In Fig. 4 we compare CEM and ICEM models to
the directly measured ∆S. Both models don’t devi-
ate substantially from the measurements in agreement
with Katul et al. (2006); Zhu et al. (2007), with excep-
tion of deviation deeper inside the canopy (z/H < 1),
with larger positive values (∆S > 0.25). In this re-
gion the ICEM deviates strongly from the measured
data visible by different slopes of the linear fit: CEM
≈ 1.03 while ICEM≈ 0.8. The deviation is due to the
non-negligible values of M03 −M30 (not shown here
for the sake of brevity). Conversely the range |∆S| <
0.2 (gray area in 3(c)), corresponds to the layer slightly
below and above the canopy top, at which both models
are in great agreement with the measured data.

6 Summary and discussion
We use PIV data obtained in a wind-tunnel model

of a heterogeneous canopy boundary layer to exam-
ine the characteristics of the turbulence within and
above the heterogeneous canopy. The turbulence char-
acteristics of the model are similar but not identical
to uniform canopies (Raupach, 1981; Zhu et al., 2007;
Harman et al., 2016). Conditional sampling based on
the quadrant analysis, based on the signs of velocity
fluctuations, reveals some interesting features of the
flow structure, especially during the sweep and ejec-

tion events (which are shown to dominate in this case
the momentum fluxes). During the sweeps, the down-
ward flow generates small, concentrated, high inten-
sity (−u′w′/u2∗ > 10) shear layers, right below the
canopy top. The flow above is distinctly less intense in
terms of turbulence shear stress. During ejections, the
shear layers at lower intensity cover large areas above
the canopy top.

Consistent with previous studies, ejections occur
most frequently, having the highest duration inside and
above the canopy top, while sweeps are more frequent
above the canopy, at z/H > 1.5. The sweeps, never-
theless, contribute more significantly to the turbulent
shear stress at heights up to z/H > 1.5. This is con-
sistent with the high shear layers near the canopy top
observed during sweep events.

Interestingly, for this heterogeneous canopy com-
prising of elements of two heights and also of the lay-
ers of staggered versus aligned elements – at heights
above the canopy the sweeps and ejections exhibit
similar behavior to uniform canopies (Raupach, 1981;
Raupach et al., 1986a; Zhu et al., 2007). This can be
explained by the fact that the upper layer (which in our
case is an aligned array of plates), contributes moth
significantly to the total drag and responsible for the
height and strength of the mean velocity profile. in-
flection point. Further study with different types of
heterogeneous canopy layers are needed to validate
this hypothesis.

In terms of ∆S, above the canopy top we observe
very similar profiles to the previous cases of uniform,
homogeneous canopies. The interesting feature that
is specific to this type of canopy is the sudden in-
crease in ∆S at the height of short elements, which
might be associated with the local instability that is in-
duced by the short element which created a double in-
flected canopy velocity profile. We also demonstrated
that the incomplete third-order cumulant expansion
(ICEM) approach reproduces the sign and magnitude
of ∆S above the canopy surprisingly well, but devi-
ates substantially inside the canopy (z/H < 1) while
the full CEM model seem to predict the measured val-
ues well below and above the canopy top. A follow
up step to this is to check the gradient diffusion for-
mulation obtaining the ∆S with the second moments
which could allow second order models to calculate
∆S and through it reproduce the statistical properties
of the ejection–sweep cycle. This was shown to work
well in uniform canopies (Katul et al., 2006) but not in
canopies with heterogeneity of some sort.
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Abstract

In this paper we present results from a full re-
solved large eddy simulations (LES) of a modified
Nielsen [10] test case, and a newly designed model
classroom, with different arrangements of student
units and ventilation pathways. The results of our
LES indicate that we are able to capture the flow
physics in the high Reynolds number jet region (i.e.
the region along the direction where the flow enters
the room via the ventilation ducts), resolve the re-
gions of the flow near the solid wall surfaces, and
simulate the effects of temperature gradients on the
flow. We also demonstrate that despite the fact that
the number of grid points required for a fully re-
solved LES is higher than the meshing requirements
for Reynolds Averaged Navier-Stokes (RANS) sim-
ulations, our computational framework, which con-
sists of a higher-order (highly scalable) spectral ele-
ment code, makes it possible to use LES as an ef-
fective design tool.

1 Introduction

Since the discovery of the SARS-CoV-2 virus, and
the ensuing COVID-19 pandemic, we have come to
understand that the rule-of-thumb guidelines for so-
cial distancing (about six-feet) between people, is
at best a crude estimate [1] for an outdoor envi-
ronment, and in the absence of any prevailing wind.
In an enclosed environment, however, as evidenced
by the outbreak of COVID-19 in an indoor restau-
rant in Guangzhou, China (in January 2020), it has
been suggested [8] that the spread of the disease
was due to build-up of droplets and aerosols (that
had carried the SARS-CoV-2 virus), despite the fact
that the restaurant was ventilated and the people in
the restaurant were reasonably social-distanced from
each other, when seated around the table. This case
motivates the need for understanding the complex
flow physics, and the effects of temperature and flow
turbulence on the migration and preferential accu-
mulation of aerosol particles of size [0.5, 15.0]µm,
that are exhaled by people during normal breathing
and speaking. Over the last year, therefore, there has
been renewed interest in simulating flows-particle in-

teractions in enclosed spaces, in order to assess the
length of time for which aerosol particles continue
to remain in a ventilated room, and to estimate the
deposition of aerosol particles in the neighborhood
of people in a room.

Ventilated rooms are marked by flows that are un-
steady (with regions of separated and recirculating
flows), and contain intermittent dead-zones where
the flow has very low velocity and turbulent kinetic
energy (TKE). Flows in classrooms, in particular, are
also marked by the fact that students create islands
(discrete regions) in the room with fairly large local
temperature gradients (due to their body temper-
ature being higher than the ambient temperature),
and local aerosol concentration gradients (due to the
aerosols that are emitted when they breathe/speak),
that adds more complexity of the flow. Due to the
computational cost of doing resolved simulations of
the flow-field, which is inherently unsteady, the vast
majority of flow simulations in enclosed spaces has
been with RANS models (with known limitations
for predicting separated and recirculating flows), and
LES on coarse meshes [13] with very diffusive sub-
grid scale (SGS) models. In particular, the use of
RANS for simulating such flows leads to poor (and
even incorrect) predictions of the effects of temper-
ature and flow turbulence on the dispersion and de-
position of aerosol particles. Further, the paucity
of high resolution experimental data, with very lim-
ited statistical information about the velocity and
temperature fluctuations in an enclosed space makes
it difficult to assess (and improve) RANS models,
to predict quantities of interest in what-if scenarios
rapidly and reliably (with quantification of the un-
certainties). There is a need, therefore, for a com-
putational capability for using LES, to design newer
experiments of flows in enclosed spaces (with im-
proved measurements of turbulence statistics), and
to also serve as a design tool (to inform HVAC man-
ufacturers and building engineers).

The goal of our research, therefore, was two fold:
i.) to advance our understanding of turbulent flows
in enclosed rooms, and to inform the development of
new experiments, via well-resolved large eddy simu-
lations of isothermal and non-isothermal flows at re-



alistic ventilation flow rates, and ii.) to demonstrate
LES as a viable tool for designing indoor ventila-
tion systems, by exploring the parameter space via
ensemble simulations on heterogeneous computing
(i.e. CPU+GPU) platforms. In our study, we have
considered isothermal and non-isothermal flows in a
modified Nielsen test case, and a model classroom,
with different ventilation patterns (by changing the
location of HVAC vents), and changes to the layout
of student units in the classroom.

2 Methodology
To model the turbulent flow in a ventilated room,

we solve the incompressible Navier-Stokes equation,
modified by the addition of a buoyancy force term
(via the Boussinesq approximation), and the temper-
ature equation, together with the continuity equa-
tion to ensure that the velocity field is divergence
free. The governing equations are given by:

∂u

∂t
+u ·∇u = − 1

ρ0
∇P +ν∇2u−β(T −T0)g (1)

∂T

∂t
+ u · ∇T =

λ

ρ0cp
∇2T (2)

∇ · u = 0 (3)

where u is the velocity, T is the temperature, P is
the pressure, ρ0 and T0 are the density and temper-
ature of the undisturbed fluid (air), respectively, β is
the coefficient of thermal expansion, cp is the heat
capacity of the fluid, and λ is the thermal conduc-
tivity of the fluid. For isothermal flow simulations
we only evolve equation (1) with the continuity con-
straint (3).

The governing equations are evolved using the
higher-order (highly scalable) spectral element code,
Nek5000, and the newer GPU enabled nekRS spec-
tral element code. The Nek5000/nekRS codes [11,
2] are based on a high-order spectral element method
(SEM) in which the solution is represented with pth-
order tensor-product polynomial bases in each of E
elements, for a total of n ≈ Ep3 grid points in the
domain. Typical values of p are 5–9, with p = 7
being the most common choice. These methods are
exponentially convergent in p, which means that nu-
merical dispersion is minimal for all resolved modes
(i.e., all modes, in the case of DNS). We use the
Pn − Pn formulation, which means that P and u
are collocated on the Gauss-Lobatto-Legendre (GLL)
points, and are represented by basis functions of the
same polynomial order. The nonlinear term is fully
dealiased which ensures that the eigenvalues of the
transport operator are imaginary and that method is
therefore stable for any timestepper whose stability
region encompasses the imaginary axis near the ori-
gin, as in the present case [9]. Navier-Stokes time
advancement uses 3rd-order BDF/extrapolation in

Figure 1: Volume mesh for the isothermal and non-
isothermal simulations of the Nielsen experiment [10] and
the modified Nielsen case.

time, with explicit treatment of the nonlinear term
and independent system solves for the viscous and
pressure updates. The viscous systems are diagonally
dominant and require only a few iterations of Jacobi-
preconditioned conjugate gradients for each step.
The pressure solve uses p-multigrid with overlapping
Schwarz smoothing [4, 5]. For the coarsest level, we
use the AMG solver that is in Nek5000’s gslib pack-
age, which is specifically tuned this class of prob-
lems with minimal communication overhead [5, 3].
In sharp contrast to the the p-type finite element
method, which has O(Ep6) complexity, the storage
for the SEM scales as n, independent of p, while the
leading-order work term scales as np = Ep4. More-
over, the SEM features a communication-minimal
stencil depth of unity, independent of p. All the
O(p4) terms can be cast as dense matrix-matrix
products involving tensor contractions with O(p×p)
operators applied to O(p3) data for each element, in
parallel. On Summit V100s, the principal work ker-
nels are realizing 1–2 Tflops (fp64) by leveraging the
libParanumal library of Warburton and co-workers
[6, 12].

3 Results

Nielsen Experiment

In order to demonstrate the highly accurate
jet and wall resolved LES flows fields obtained
from spectral element based LES, we simulated the
Nielsen experiment [10], with the flow conditions as
in [7], and also extended this test case (modified
Nielsen case) for non-isothermal flows. For the iso-
thermal and non-isothermal cases, the domain was
meshed as shown in Fig. 1. Two sets of meshes were
used, with the finer mesh consisting of approximately
double the number of GLL points, in order to ensure
that the mean flow solutions (for the isothermal flow
case) were mesh converged. The mesh consisted of
85491 hexahedral elements, with seventh-order and
ninth-order polynomial as the basis functions for the
flow variables. For the isothermal case, the simu-
lations were averaged over 400 flow through times.

https://nek5000.mcs.anl.gov/
https://github.com/Nek5000/nekRS
https://github.com/paranumal/libparanumal


(a)

(b)

Figure 2: Isothermal Simulation results for the Nielsen
experiment [10]. (a): λ2 isosurface colored by velocity,
(b) velocity contours indicate the dead-zone in the front
of the room.

Figures 2a and 2b show the λ2 iso-surfaces, colored
by velocity, and a contour plot of the velocity on the
mid plane, and on a plane just above the floor of the
room. Since the flow comes in from an inlet on the
top left wall of the room, and exits from an outlet
on the bottom right wall of the room, we note the
formation of a large dead-zone near the inlet wall
where the flow is almost stagnant. In order to
consider the transient effects of cooling and heating
we considered two cases that were each initialized
with the velocity field obtained from the isothermal
case. In the first of these two additional cases, the
temperature of the incoming air was colder than the
ambient by 5o Celsius, and in the second case, the
incoming air was hotter than the ambient air by 5o

Celsius. For these non-isothermal cases, tempera-
ture boundary conditions were applied by: a) con-
sidering the walls of the room to be insulated (i.e.
adiabatic, with dT/dn = 0), b) specifying the in-
coming jet temperature at the inlet (Dirichlet BC),
and c) setting the temperature gradient dT/dx = 0
at the outlet boundary (similar to the velocity BC).
We evolved the simulation for one flow through time,
to mimic the flow and temperature transients in the
classroom, after which the HVAC unit is assumed to
cut out after the room temperature reaches a preset

(a)

(b)

Figure 3: Non-isothermal results with the inlet temper-
ature 5o Celsius cooler than the ambient. (a): λ2 iso-
surface colored by θ, and (b) note the reduction in the
extent of the dead-zone in the front of the room.

value.

An important point to note from figures 3, and
4 is that the extent of the dead-zone, near the inlet
wall, is decreased when the incoming jet is cooler
than the ambient (fig. 3). This is due to the fact
that the cooler incoming air jet is less buoyant, and
creates a strong downward flow near the inlet wall
region, thereby pushing the dead zone closer to the
inlet wall. Further reduction in the temperature of
the incoming air causes the dead-zone to disappear.

However, when the incoming air is hotter than
the ambient, it is more buoyant and tends to stay
in the upper regions of the room, thereby creating a
stratification layer that reduces the turbulence inten-
sity in the room. As a result, the dead-zone extends
further away from the inlet wall when the incoming
jet is hotter (fig. 4).

Model Classroom

To simulate flows in a model classroom, we de-
signed a layout consisting of student units arranged
in 5×5 matrix layout, and a staggered layout, where
every alternate student unit was removed. The di-
mensions of the model classroom has a height of 3
meters, and length and width of 14 and 12 meters,
respectively. The student units, which represents the
space occupied by a seated student, together with



(a)

(b)

Figure 4: Non-isothermal results with the inlet tempera-
ture 5o Celsius hotter than the ambient.(a): λ2 isosurface
colored by θ, and (b) note the increase in the extent of
the dead-zone in the front of the room.

the desk and chair is considered to be a 1×1×1m3

unit, and with a realistic flow rate that ranges from
[0.3, 0.6] m3/sec, a jet velocity that ranges from
[1, 2] m/sec, and temperature variations of ±20o
Celsius. The air flow rate in the model classroom cor-
responds to the ASHRAE recommended air changes
per hour (ACH) of ACH = 3. The Reynolds num-
ber of the flow in the model classroom is in the range
of [105, 2× 105], based on the height of the student
unit. As a result, these simulations are at a higher
Reynolds number than that of the Nielsen experi-
ment, and are considerably more expensive.

While the effects of temperature stratification in
the model classroom layouts are similar (qualitatively
speaking) to the results of the modified Nielsen case,
there are additional dead-zones that are created in
the space between the student units, where pathogen
laden aerosols can build up and remain trapped. In-
terestingly, for the case of isothermal flow in a model
classroom with a matrix layout (fig. 8), we note that
the arrangement of the HVAC inlet and the door of
the classroom on the same wall appears to prevent
the formation of dead-zones.

4 Conclusions
We have carried out LES that fully resolve the in-

(a)

(b)

Figure 5: Staggered layout of student units. (a): spec-
tral element mesh of the model classroom, and (b): λ2

structures and velocity contours suggest a dependence of
the extent of the dead-zone on the Reynolds number.

coming jet of air, for isothermal and non-isothermal
flows in the Nielsen experiment and modified Nielsen
case, respectively. The isothermal simulation results
for the Nielsen experiment compare well with [7],
and serve as a reference to understand the ef-
fects of buoyancy on the turbulence in a ventilated
room. The non-isothermal simulations on the modi-
fied Nielsen case highlight the effect of temperature
stratification on the ambient turbulence levels, and,
in particular, on extent of the dead zones.

The simulations of the model classroom were car-
ried out for two different Reynolds numbers (based
on the inlet velocity and the height of the student
unit) together with combinations of the layout of
the student units and ventilation pathways. Care
was taken to ensure that the mesh resolution used
for our simulations resolved the flow in the incoming
jet as well as the flow over the walls of the room,
and the other solid wall surfaces therein. While the
effect of temperature on the flow turbulence is qual-
itatively similar to that of the modified Nielsen case
(and has, therefore, not been reported in this paper),
this case allowed us to explore strategies for directing
the flow in a manner that nullifies the formation of
dead-zones. Further, the individual cases in the test
matrix for the model classroom, constituted an en-
semble of simulations on Summit, a heterogeneous
computing platform at Oak Ridge National Labora-



(a)

(b)

Figure 6: Streamwise velocity plots on two different
horizontal planes. (a): contours on a plane at the height
of the student unit (z = 1.0), and (b): contours on the
mid-plane (z = 1.5).

tory. The use of the highly scalable Nek5000/nekRS
spectral element code for our simulations point to
the viability of using fully resolved LES as a design
tool for developing HVAC units for enclosed spaces,
such as offices and classrooms.

In this paper, our aim has been on understand-
ing the physics of isothermal and buoyant turbulent
flows in enclosed ventilated spaces, and on the loca-
tion and extent of dead zones. These intermittent
regions of low fluid velocity and TKE, are important
because the small aerosols (≈ 1.0− 5.0µm) that are
either released within, or migrate to, these zones,
could linger in the room for much longer periods of
time. If these aerosol particles, that accumulate pref-
erentially in these dead zones, were to contain a high
virion density, the enclosed space as a whole could
become infected. Hence, it is necessary to under-
stand the conditions under which dead-zones form,
and to devise strategies for improving the ventilation,
in order to mitigate the risk of airborne infection.
While increasing the ACH is an effective means of
flushing out airborne pathogens, such as the SARS-
Cov-2 virus, the means for doing this in classrooms
could be prohibitively expensive; especially in winter,
when it is impossible (in colder countries) to exploit
natural cross ventilation (by opening the windows)
to increase the ACH. As a result, we need to be
clever about designing new classrooms, and modi-

(a)

(b)

Figure 7: Streamwise velocity plots on two different
vertical planes. (a): contours on a plane close to the
walls (y = 0.0), and (b): contours on the mid-plane
(y = 0.0).

fying existing classrooms, to increase the ACH in a
cost effective manner. In the model classroom sim-
ulations that have been presented, we have explored
one such solution, which was to move the exit of the
classroom from the wall opposite the inlet wall, to
the wall that houses the HVAC inlet. With the com-
putational capability that we have developed, other
cost effective design modifications to prevent the for-
mation of dead zones are being explored, and sim-
ulations of coupled flow-particle interactions to un-
derstand the effects of thermal stratification on the
dynamics of aerosols are currently underway.
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Abstract
The present paper investigates the unsteadiness of

a laminar separation bubble (LSB). Such flow mech-
anisms appear in various low to moderate Reynolds
numbers applications and are detrimental for perfor-
mances. A new test section is designed to generate
a pressure-induced LSB of large size, allowing ac-
cess for mean and time-resolved measurements. Con-
sistent measurements of wall-pressure, velocity and
reversed-flow fraction allow identifying the separa-
tion, the transition and the turbulent reattachment lo-
cations of the short LSB. The well resolved spectra of
pressure and velocity allow identifying the frequency
driving the unsteadiness of the LSB. Both the low-
frequency flapping mode and the medium-frequency
Kelvin-Helmholtz instability are detected in the wall-
pressure and velocity spectra. An additional acoustic
mode related to the test-rig installation is also identi-
fied and may be part of a feedback loop in the present
installation.

1 Introduction
Flows at low to moderate Reynolds numbers may

appear in industrial applications. This is typically the
case of flows around turbomachine or wind-turbine
blades and glider or unmanned aerial vehicle wings,
among others. The boundary layer developing along
the aerodynamic surfaces in those applications is, in
general, laminar and may separate under a sufficiently
strong adverse pressure-gradient. Hence, a reversal
flow zone would take place. On the separation onset
and within the separated zone, disturbances are am-
plified leading to laminar-to-turbulent transition which
in turn increases the momentum exchange and may
cause the boundary layer to reattach. The complete
process of laminar separation, transition and turbulent
reattachment is known in the literature as laminar sep-
aration bubble (LSB) (Gaster, 1967). When they oc-
cur, LSBs may be detrimental for aerodynamic per-
formances of wind-turbine and ventilation rotors for
example. Furthermore, the associated transition pro-
cess is highly sensitive to environmental perturbations
and the shear layer is inherently unstable (Dovgal et
al., 1994; Hain et al., 2009; Michelis et al., 2017; The-
ofilis et al., 2000).

LSBs are often classified in literature as short or
long based on specific characteristics. Marxen and

Henningson (2011) listed five essential features that
can be observed in short LSBs. The most important
three are i) limited/local effect of the LSB on the pres-
sure distribution at the wall ii) a ratio between laminar
and transitional to turbulent portions of approximately
1.6-3 and iii) relatively stagnant flow only underneath
the laminar portion of the shear layer. The latter is
called the “pressure-plateau region” by several authors
(Tani, 1964; Yarusevych et al., 2009).

The laminar part of a LSB can often be considered
two-dimensional and parallel. With the theory of small
perturbations together with linear stability theory, the
most amplified unstable mode was successfully deter-
mined (Dovgal et al., 1994; Marxen & Henningson,
2011; Michelis et al., 2017). It is generally accepted
that the disturbances developing in LSBs are mostly
amplified via a Kelvin–Helmholtz convective instabil-
ity similarly to free shear layers that lead to the forma-
tion of convective structures. Once they reach the reat-
tachment region, the spanwise rollers distort and un-
dergo a break up, so that three-dimensional flow takes
place.

The shear layer of LSBs may also experience in-
termittent low-frequency oscillations that influence the
global the flow structure. This so-called flapping
mechanism was observed in a number of studies con-
ducted on both flat plates or aerofoils (Hain et al.,
2009; Marxen & Henningson, 2011; Michelis et al.,
2017; Spalart & Strelets, 2000).

The present work aims at characterizing the flow
in the test section and the unsteadiness associated with
an LSB at separation, transition and reattachment. The
configuration considered here is a flat-plate LSB sim-
ilar to that of Marxen and Henningson (2011) and
Michelis et al. (2017).

2 Experimental setup
Wind tunnel

Experiments are performed in the Thermo-Fluid
for Transport boundary-layer wind tunnel from École
de Technologie Supérieure. This test facility is specif-
ically designed to study pressure-induced separation
bubbles (Mohammed-Taifour, Schwaab, et al., 2015).
It is a low-speed, blow-down wind tunnel with a
L = 3 m long and 0.6 m wide test section. A nomi-
nal two-dimensional boundary layer develops on the
upper surface and separates because of an adverse
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Figure 1: (a) Average wall-pressure coefficient cp measured on the test-section centerline (z = 0 m) and at two symmetric
spanwise positions (z = ±0.15 m). (b) Profile sketch of the test section.

pressure gradient (APG) and subsequently reattaches
thanks to a favourable pressure gradient (FPG). The
measurements are performed at a reference velocity
Uref = 4 m/s, measured at the test-section entrance
plane. The boundary layer on the upper surface at
the wind-tunnel contraction exit is sucked away us-
ing a slot followed by a sharp slanted leading-edge at
x = 0 m. This ensures that a new boundary layer de-
velops along the upper surface and stays laminar in the
zero-pressure-gradient zone (ZPG) before the pressure
gradient control device. The latter consists of a flexi-
ble test-section floor between x = 1.5 m and x = 2 m
which is shown in Figure 1. The use of a bleed slot
at x ' 1.6 m ensures that the boundary layer stays at-
tached to the contoured part of the test-section floor.
This slot connects directly to the atmosphere, while
the interior of the test section is maintained pressur-
ized by a mesh positioned at the exit.

Instrumentation
The average wall pressure is measured using two

Scanivalve DSA3217 pressure scanners and the wall-
pressure fluctuations with several Meggitt 8507C-1
piezo-resistive pressure transducers. The estimated
uncertainties are ±0.7% and ±5% for the measured
mean and fluctuating pressure, respectively (Weiss et
al., 2015). A sampling rate of 2 kHz is used for pres-
sure transducers (300 s duration). The forward-flow
fraction γ, defined as the percentage of time that the
near-wall flow goes in the positive x-direction, is mea-
sured with a MEMS calorimetric shear-stress sensor
(Weiss et al., 2017). The uncertainty in γ is estimated
at ±2% for a 180 s long signal (LeFloc’h et al., 2018).
MEMS sensor and pressure signals are low-passed fil-
tered with a built-in-card anti-aliasing filter included
in the NI-PXIe-4492 data acquisition card. Stream-
wise velocity fluctuations are measured using a single-
normal Auspex hot-wire probe connected to a four-
channel Tao-Systems Model 4-600 Constant Voltage
Anemometer (CVA). The tungsten hot wires are 5 µm
in diameter and about 1.2 mm in length. The overall
accuracy of the longitudinal velocity measurements is
about ±1% (Mohammed-Taifour, Weiss, et al., 2015;
Weiss et al., 2015). A sampling rate of 16 kHz is used
for hot-wire anemometer (HWA) signals (20 s dura-
tion). Fluctuating wall-pressure and velocity power-
spectral densities (PSD) are computed using Welch’s

modified periodogram algorithm with 50% overlap
and a Hamming window.

3 Results

Pressure distribution in the test section

Figure 1 shows the pressure distribution on the top
surface along the centerline (z = 0 m) and sidelines
(z = ±0.15 m). The pressure coefficient is defined as:

cp =
p − pref
1
2ρU2

ref

. (1)

Upstream of x = 1.35 m, cp is essentially zero. It in-
creases slightly to reach a plateau between x = 1.45 m
and x = 1.65 m, and then increases sharply to reach
a maximum at x = 1.75 m. cp then decreases more
gradually in the FPG zone, and remains approximately
constant up to the duct exit. The cp values are very
close at the three span locations. The flow around the
centerline can be assumed two-dimensional which was
also confirmed by oil-film visualizations.

Incoming boundary layer

The characteristics of the incoming laminar bound-
ary layer are evaluated upstream of the separation.
Figure 2 shows the average streamwise velocity pro-

Blasius

Figure 2: Average longitudinal velocity profiles of the in-
coming boundary layer and Blasius similarity pro-
file (inset).

files from x = 0.95 m up to x = 1.35 m. Using clas-
sical boundary layer scaling, the profiles agree with
Blasius numerical solution as shown by the small inset
in Figure 2 for the last profile.



Figure 3: Streamwise variation of boundary-layer δ, δ∗ and
θ thicknesses. Lines: Blasius theory, black dots:
present study.

The developments of boundary layer thicknesses
are compared to the classical Blasius solution in Fig-
ure 3. They agree very well with the laminar theory
over a flat plate (Schlichting, 2017).

At the last location upstream of the pressure-
plateau region (see Figure 1), the boundary layer thick-
ness is δ0 = 12.5 mm, the displacement thickness δ∗0 =

4.3 mm and the momentum thickness θ0 = 1.6 mm.
Hence, the incoming boundary layer can be character-
ized with Reynolds numbers Reδ∗ = 1095 and Reθ =

400. The turbulence level in the test section evaluated
from HWA measurement at x = 1.05 m is about 0.2%.

Mean velocity profiles
Profiles of the mean longitudinal velocity obtained

by HWA on the centerline and the sidelines at z =

± 0.10 m at different x-positions are compared in Fig-
ure 4. The velocities are normalized by Uref. The
grey shaded area sketches the reversed flow area of
the LSB where the HWA values should be consid-
ered erroneous. The profiles at different spanwise po-
sitions are very close to each other, confirming the
two-dimensional hypothesis. Profiles upstream of x =

1.65 m are clearly laminar, while further downstream
the profiles have typical features of a reattached tur-
bulent boundary layer (Mohammed-Taifour, 2017). In
particular, after the reattachment point the profiles are
clearly not laminar as can be seen in Figure 5. Down-
stream x = 2.05 m, once the flow has reached the con-
stant duct section, profiles are very close to each other
and carry some turbulent features.

laminar

reattachment

turbulent

Figure 5: Average longitudinal velocity profiles.

Average velocity profiles in the recovery region
downstream of reattachment are presented in Figure
6 (a) in logarithmic wall scales (U+ = U/uτ ver-
sus y+ = yuτ/ν), where uτ is the friction velocity.

Because of the difficult access to the vicinity of the
wall, the wall shear stress might be erroneous when
computed from the HWA first points. Instead c f is
calculated using the empirical relation of Ludwieg-
Tillman (Schlichting, 2017). The velocity profile of
a ZPG-TBL at Reθ = 1000 simulated by Schlatter and
Örlü (2010) is added for reference (labelled DNS). In
the present work, Reθ = 1080 at x = 2.25 m.

Figure 6: (a) Average longitudinal velocity profiles in the
recovery zone in logarithmic wall-law scaling. (b)
normalized streamwise stresses.

A quick recovery of the inner/logarithmic (but not
the outer/wake) region toward a ZPG turbulent bound-
ary layer is observed for those positions. This recov-
ery is faster than the one seen downstream of a Tur-
bulent Separation Bubble (TSB) (Mohammed-Taifour,
2017). This is confirmed with the turbulent intensity
shown in wall-scaled units in Figure 6 (b). The reat-
tached shear layer is recovering toward ZPG turbulent
boundary layer (TBL) effectively. Indeed, the profiles
of u′2

+
are very close to those for a ZPG-TBL in the

inner region (20 ≤ y+ ≤ 200).

Reversed flow quantification
The near-wall forward-flow fraction γ on the test-

section centerline (z = 0 m) as well as along four side-
lines, specifically at z = ± 0.10 m and z = ± 0.20 m
are shown in Figure 7.

On the centerline, γ decreases from 100% to 0%
between x = 1.45 m and x = 1.50 m. It remains zero
at x = 1.55 m and then start increasing slowly. It de-
creases again at x = 1.70 m, but does not vanish there,
and then increases to 100% at x = 1.85 m. As ex-
plained above in Figure 4, the region of x ≤ 1.65 m
shows a laminar velocity profiles, while the region
x > 1.75 m is clearly turbulent. Laminar-to-turbulent
transition with the associated increase in momentum
exchange could explain the spike of γ at x = 1.70 m.
Note that this location is unfortunately not available
off centerline in the measurement plate used for this
specific sensor. The distributions at z = ±0.10 m are
essentially similar to that measured on the centerline
with differences less than 5%. Those measured at
z = ±0.20 m present higher γ values of up to 30%



reversed flow

Figure 4: Averaged longitudinal velocity profiles in the pressure-gradient zone. The shaded area sketches the LSB.

in the core of the recirculation. Still the flow can be
considered as quasi-two-dimensional in the region of
z = ±0.10 m (see also Figures 1 and 4).

threshold

separation

TR

CR

laminar turbulent

Figure 7: Forward-flow fraction γ along z = 0 m, z =

± 0.10 m and z = ± 0.20 m.

The degree of detachment at a given streamwise
position can be quantified using a specific threshold of
the near-wall forward-flow fraction (Simpson, 1989).
In the turbulent reattachment region, we will con-
sider that transitory reattachment (TR) is defined at
x-position where γ = 50% (the flow goes in the pos-
itive and negative directions with equal probability).
This position correspond usually to the definition of a
turbulent reattachment (c f = 0). A complete reattach-
ment (CR) is observed at the position where γ = 99%.
We will also consider a laminar separation at γ = 50%.
Hence we can estimate the detachment at x ' 1.47 m
and the TR at x ' 1.72 m which gives a LSB length
of Lb ' 0.25 m. Based on the results shown here,
the laminar and transitional portions of the LSB ex-
tend from x = 1.45 m to x = 1.65 m and the tur-
bulent portion from x = 1.65 m to the reattachment
(x ' 1.72 m). This gives a ratio of about 2.8 which
is in agreement with interval provided by Marxen and
Henningson (2011) for short LSBs.

Finally, two noteworthy features are observed from
Figure 7. The separation zone extent ' 0.05 m is neg-
ligible compared to the reattachment zone ' 0.15 m
that is defined between TR and CR locations. In addi-
tion, there is a region underneath the LSB with γ = 0%
in the pressure-plateau region (cf. Figure 1). Clearly
the detachment is very sudden and total. Both obser-
vations are different from the finding of (Weiss et al.,
2015) in a TSB.

Flow unsteadiness
Streamwise distributions of fluctuating wall-

pressure coefficient along z = 0 m and z = ± 0.10 m
are given in Figure 8. cprms is defined as:

cprms =
prms

1
2ρU2

ref

(2)

Pressure-plateau
region

Figure 8: Fluctuating wall-pressure coefficient cp′ along the
LSB centerline (z = 0 m), and z = ± 0.10 m.

For x ≤ 1.55 m, cprms = 0.01 and is approxi-
mately constant. It suddenly increases at x = 1.65 m to
reach its maximum around x = 1.70 m, then progres-
sively decreases and remains approximately constant
for x ≥ 2 m at cprms = 0.1. The maxima of cp and cprms

appear after the pressure-plateau region, and around
the TR localized with the threshold on γ at x ' 1.72 m.
Interestingly the value of cprms in the incoming lami-
nar boundary layer is not modified in the early laminar
separation where γ = 0.

Figure 9: The PSDs of wall-pressure fluctuations.

The PSDs of the wall-pressure fluctuations at dif-
ferent streamwise positions along the test-section cen-
terline are provided in Figure 9. The PSD at x =

1.55 m in the laminar separation (see Figure 7) is iden-
tical to that measured at x = 1.05 m in the incom-



ing flow. This is consistent with the low cprms val-
ues in these area. In x = 1.65 m, at the end of the
pressure-plateau region (see Figure 1) the PSD levels
increase for frequencies lower than 100 Hz and two
humps emerge centered around 2 Hz and 22 Hz. Near
the maximum of cprms at x = 1.75 m, the pressure fluc-
tuations are strongly amplified over all frequencies be-
low 500 Hz. The hump at 2 Hz is no more visible
while the one at 22 Hz is still significantly dominant in
the spectra. Further downstream, the PSD content pro-
gressively decreases at low frequencies below 40 Hz.
The fluctuations below 5 Hz return to the upstream lev-
els but the main hump at 22 Hz persists even at 3 Lb

downstream of reattachment (not shown here).
A two-point cross-correlation analysis of pressure

fluctuations is performed. For this analysis, the refer-
ence pressure transducer is fixed at x1 = 1.86 m and a
movable transducer covers the range from x2 = 1.72 m
to x2 = 2 m with a ∆x of 0.02 m. The wall-pressure

Figure 10: (a) Coherence and phase angle of the wall-
pressure fluctuations with x1 = 1.86 m and
x2 = 1.88 m. (b) Cross-correlation coefficient
at different x2-positions (x1 = 1.86 m).

signals are filtered to remove spurious peaks at fre-
quencies f > 500 Hz which can be seen in Figure 9.
The results at some selected x2 values are in Figure 10.
For instance, the magnitude-squared coherence func-
tion Cp′1 p′2 and phase angle θp′1 p′2 with x1 = 1.86 m
and x2 = 1.88 m are shown in Figure 10 (a). The
coherence indicates that the signals are highly corre-
lated between 1 Hz and 55 Hz. Cp′1 p′2 is above 0.9 in a
large range of frequencies and the maximum is around
22 Hz. θp′1 p′2/2π shows a linear dependency with the
frequency over the range of frequency of high correla-
tion. It can be concluded that the activity around 22 Hz
is convective in nature. The phase angle slope can be
used to identify the convective velocity between the
two probe locations:

∆θp′1 p′2

∆ f
= 2π

x2 − x1

Uc
(3)

For the probe pair shown in Figure 10 (a), the mea-
sured slope yields a value of Uc/Uref ' 0.6.

Figure 10 (b) shows the cross-correlation coeffi-
cient Rp′1 p′2 for several x2 positions. A convective speed

can be obtained from the time delay τ at which the cor-
relation is maximum for a given ∆x. An average value
of about 0.6Uref is obtained for the set of probes. This
value is consistent with the cross-correlation phase an-
gle analysis. Indeed, the convective mechanism at play
around 22 Hz is dominant driving the dynamics of the
reattachment.

The PSDs of streamwise velocity fluctuations mea-
sured at wall-normal distance y = δ at different stream-
wise positions along the test-section centerline are pre-
sented in Figure 11. The PSD of velocity fluctuations
in the potential flow at x = 1.05 m is added in the fig-
ure for reference. Globally, these velocity fluctuations
PSDs show similar frequency content as Figure 9.

Figure 11: The PSDs of streamwise velocity fluctuations
measured at y = δ.

The two humps seen previously are also emerg-
ing in the velocity spectra at x = 1.65 m at centered
on 2.5 Hz and 22 Hz. The lower frequency hump is
more difficult to identify except at the upstream lo-
cations x = 1.55 m and x = 1.65 m. It can be in-
terpreted as a response of the laminar separation por-
tion of the LSB (see Figure 7). Note that the main
hump around 22 Hz appears clearly bi-modal, with a
broad maximum around 21 Hz and a thin dominant
peak at 28 Hz. Considering the speed of sound of
c0 = 340 m/s and the total length of the test section
L = 3 m, a quarter-mode resonance frequency would
correspond to 28 Hz. This frequency is labelled in Fig-
ure 11 by its acoustic Strouhal number defined as:

Stac =
f L
c0

(4)

Hence the sharp tone in the turbulent part of the LSB
(see Fig. 7) is probably associated to travelling acous-
tic waves in the test section. This interpretation is con-
sistent with the abrupt discontinuity that can be seen
for the exact same frequency in Figure 9 at x = 1.05 m
and x = 1.55 m where the flow is still laminar.

Converting the main frequencies into Strouhal
number based on the displacement thickness δ∗0 of the
incoming boundary layer as:

Stδ∗0 =
f δ∗0
Uref

(5)

we find the values reported in Figure 11: Stδ∗0 = 0.003
and Stδ∗0 = 0.022 for the low and medium hump re-



spectively. Using the same arrow colors, the different
humps and peak are also identified in Figure 9 as well.
These dimensionless frequencies agree very well with
those reported by Michelis et al. (2017) using similar
scaling who found that the flapping is comprised in a
range of frequencies below Stδ∗0 = 0.005 and the vortex
shedding signature is observed between Stδ∗0 = 0.022
and Stδ∗0 = 0.047. Hence, the hump at 2.5 Hz in the
PSD of both velocity and wall-pressure fluctuations at
x = 1.65 m, that is at the edge of the laminar portion
of the LSB, might be related to the shear layer flap-
ping often observed in LSBs. Further work is needed
to bring more evidence about the identified frequen-
cies and their role in the LSB unsteadiness.

4 Conclusion
A test facility previously used to study turbulent

separation bubbles has been modified to generate a
pressure-induced laminar separation bubble of a Reθ =

400 incoming laminar boundary layer over a flat plate.
The flow features of the LSB are investigated us-
ing point-based measurements. Mean and fluctuating
wall-pressure and streamwise velocity are measured in
the test section on the centerline and several sidelines.
The reversed-flow fraction in the LSB is measured
using a MEMS calorimetric shear-stress sensor for
different span locations. The quasi-two-dimensional
characteristic of the flow is confirmed over a span of
0.2 m. The consistent measurements allow identify-
ing the separation, the transition and the reattachment
locations of the LSB that can be characterized as a
short bubble. The unsteadiness of the LSB is assessed
by identifying the dominant frequencies in the spectra.
Two main frequencies are related to the flapping of the
shear-layer and its main Kelvin-Helmholtz instability
mode. The former is caused by the transition process,
while the latter drives the turbulent reattachment. An
additional frequency associated to quarter-mode res-
onance of the test rig may also play a role in the un-
steadiness of the bubble. These findings will be further
investigated by performing a simulation of the present
investigated LSB.

Acknowledgments
The authors acknowledge the support of the

Natural Sciences and Engineering Research Coun-
cil of Canada (NSERC) and École de Technologie
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Direct numerical simulation of turbulent flow is principally a matter of spatial and temporal resolution. If
both resolutions are appropriate then any numerical method for the Navier-Stokes equations should yield
acceptable predictions for averages, rms values, spectra and flow structures. The actual costs of such
simulations may show large differences between methods. Low-order methods are typically inexpensive
per grid cell, but many grid cells may be needed to achieve sufficient accuracy. Conversely, high-order
methods present larger costs per grid cell but may achieve a good flow representation at fewer grid cells.

(a)
(b)

Figure 1: Nu versus Ra in cylindrical container of unit aspect ratio showing how under-resolution affects the
prediction of the heat transfer at high Ra: (a). Two Nu predictions ( ‘*’ and circle) are compared for a second
(blue), a fourth (green) and a 10-th order spectral elements method (red). In (b) the temperature field near the
bottom plate is shown at Ra = 108,109,1010 at fixed resolution: under-resolution of the solution is shown through
grid-cell imprints (high order method - top row) and ripples (low order method - bottom row).

In this contribution we compare different numerical methods for turbulent Rayleigh-Bénard convection,
closely following [1]. Dedicated low-order methods show best performance in terms of accuracy versus
cost by a factor 2-5 compared to general purpose high-order methods. Although Nu may be predicted
accurately, other aspects of the instantaneous solution may still display numerical artifacts, Fig. 1(b).
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Abstract
In this work, we extend the Integral Length Scale

Approximation (ILSA) model, proven for momentum
transport Rouhi et al. (2016), to the transport of
scalars. A core feature of ILSA is the use of
resolved physics rather than dependence on numerical
quantities, such as the local mesh size. This, in turn,
makes the modelling error independent of the mesh
and further mesh refinement decreases the numerical
error only.

The performance of the ILSA model is examined
and compared to other models in the literature. The
scalar ILSA model gives turbulent statistics that are
at least as accurate as compared models, and in
most cases more so. The model requires a moderate
increase in storage requirement and a 26% increase
in calculation cost, much lower compared with other
commonly used techniques, such as the dynamic eddy-
diffusivity model Moin et al. (1991).

1 Introduction
Application of LES to scalar transport has

been carried out, traditionally, using an analogous
eddy-diffusivity concept. Existing eddy-diffusivity
LES closures can be generally divided into two
groups: (1) estimation of the eddy-diffusivity
from the eddy-viscosity by means of a sub-
filter Prandtl/Schmidt number (PrSFS and ScSFS
respectively); (2) parameterization of the scalar
eddy-diffusivity directly, usually by adapting LES
models used for momentum transport. Note that,
in the following, the ratio of molecular diffusivity
to viscosity will be referred to as the “Prandtl” or
“Schmidt number” interchangeably.

The different approaches produced overall good
agreement with DNS and experiments. Eddy-viscosity
and eddy-diffusivity models accurately estimated the
dissipative effects of the small scales but are less
accurate in reproducing the sub-filter stresses and
fluxes, usually resulting in overestimation of the
streamwise Reynolds stresses 〈u′u′〉 (where angle
brackets denote time averaging), shear stresses 〈u′v′〉
and the corresponding scalar fluxes 〈θ′u′〉 and 〈θ′v′〉
Keating et al. (2004).

When performing LES, most SFS parametrizations

relate the model length scale (the filter width) to
the grid size. This approach intertwines the SFS
modelling errors with grid resolution and numerical
accuracy. This is most evident when performing
grid-refinement studies, simultaneously changing
the model parameters (length scale), the highest
resolvable wave-number and the numerical error
resulting from discretization of the operators. This
issue makes the performance of SFS parameterizations
difficult to analyze, as the various sources of error
are inseparable Bose et al. (2010); Geurts & Fröhlich
(2002).

Recently, the Integral Length-Scale
Approximation (ILSA) model was introduced
Piomelli et al. (2015); Rouhi et al. (2016). One of
its key features is the separation between the physics,
the numerics and the grid resolution. The model
coefficients and length scale do not rely on numerical
parameters such as the grid size; the filter width is
defined as a fraction of the integral length scale,
and the coefficient is determined by calculating the
contribution of the unresolved stresses to the total
transport, which is assigned by the user.

In this work, we extend the ILSA model to
scalar transport. Several possible formulations are
considered, and compared to other models in the
literature. We also propose an improved criterion to
assess the coefficient unambiguously.

2 Problem formulation

Governing equations
Applying a filtering procedure to the equations

of conservation of mass and momentum yields the
governing equations for LES. In an incompressible
flow they take the form

∂uk
∂xk

= 0 (1)

∂ui
∂t

+
∂ (uiuk)

∂xk
= Πδi1 −

∂p

∂xi
+ ν∇2ui −

∂τik
∂xk

(2)

where i = 1, 2, and 3 (or x, y, and z) are the
Cartesian coordinates in the streamwise, wall-normal
and spanwise directions, respectively. ui (or u, v
and w) are the filtered velocity components, Π is



the pressure gradient driving the flow (for a fully
developed channel), p = P/ρ is the filtered pressure
divided by density and ν is the kinematic viscosity.
The unresolved (SFS) stresses τij = uiuj − uiuj are
modelled using the eddy-viscosity approach:

τij = τaij + τ ISO = −2νSFSSij +
δij
3
τkk; (3)

the anisotropic part of the SFS stresses, τaij , is
proportional (via the eddy-viscosity ν

SFS
) to the

filtered rate-of-strain tensor Sij ; the isotropic portion
τ ISO = δijτkk/3 is combined with the filtered
pressure term to produce a pseudo-pressure (which,
for simplicity, will be referred to as the “pressure
term”).

In a similar manner, applying the filtering
procedure to the transport equation for a passive scalar
yields:

∂T

∂t
+
∂
(
Tuk

)
∂xk

= α∇2T − ∂qk
∂xk

(4)

where T is the filtered passive scalar and α is
the kinematic diffusivity. The ratio of viscosity to
diffusivity is the Prandtl (or Schmidt) number. The
sub-filter scalar flux qk = ukT − ukT is the scalar
equivalent of sub-filter stress τij , and is also modelled
with an eddy-diffusivity approach:

qk = −α
SFS

∂T

∂xk
(5)

The closure of the eddy-viscosity and eddy-diffusivity
will be discussed later in Equation .

Numerical setup
We consider the transport of a passive scalar

in a fully-developed turbulent channel at Reynolds
number Reb = Ubδ/ν = 21, 000, where Ub is the
bulk velocity and δ the channel half-height. This
corresponds to Reτ = uτδ/ν = 1, 020 (where uτ =
(τw/ρ)1/2 is the friction velocity and τw the wall
stress). The computational domain is 6δ × 2δ × 3δ
in the streamwise (x), normal (y), and spanwise (z)
directions. The grids used throughout this work are
tabulated in 1 and match those used in Rouhi et al.
(2016). Results are compared with DNS simulations
on a much finer grid. A discussion of the DNS data
and their validation can be found in Hantsis & Piomelli
(2020).

The flow is driven by a constant pressure gradient
Π in the streamwise direction, no-slip conditions are
applied to both walls, and periodicity is enforced in the
streamwise and spanwise directions. The scalar flux at
the walls is constant; this is a good approximation of
many practical applications, and consequently is used
widely in the literature. We follow the approach of
Kasagi et al. (1992): Based on the consideration that
for a fully-developed channel, a constant scalar wall-
flux results in a linear increase of the mean scalar at

the wall 〈Tw〉, we define the transformed scalar θ ≡
〈Tw〉 − T and substitute it into Eq. (4), which results
in

∂θ

∂t
+
∂
(
θuk
)

∂xk
= Q+ α∇2θ − ∂qk

∂xk
(6)

the resulting source term Q is:

Q = u
d 〈Tw〉
dx

=
qw
ρcpδ

u

Ub
(7)

where qw is the imposed wall flux, cp is the specific
scalar capacitance (i.e., specific heat, specific moisture
etc.). This form is readily applicable in numerical
application and allows for the use of periodic boundary
conditions. We have examined molecular Prandtl
Pr = ν/α in the range of 0.2 to 5.0; however, since
all the results present fully consistent behaviour, we
chose to focus on the widely used Pr = 0.71 as a
representative of the range.

The governing equations for momentum and
scalar are solved using a second-order spatially and
temporally accurate code, widely validated for a
variety of cases, including channel flow Keating et al.
(2004). Time advancement is achieved using a
fractional-step method and a second-order accurate,
semi-implicit time advancement method; Crank-
Nicolson scheme is used for the wall-normal diffusive
terms, while low-storage third-order Runge–Kutta
scheme is applied to the remaining terms. Spatially,
central difference are used on a staggered mesh and the
Poisson equation is solved directly using an efficient
Fourier Transform solver. The code is parallelized
using the Message-Passing Interface (MPI).

3 Subfilter-scale parameterization

SFS stress model
We first summarize the Integral Length-Scale

Approximation (ILSA) model Piomelli et al. (2015);
Rouhi et al. (2016), used to close the filtered
momentum transport. The eddy-viscosity is given by:

ν
SFS

= `2
∣∣S∣∣ = (CkLest)

2 ∣∣S∣∣ (8)

where the model length scale ` is the product of the
estimated integral length-scale Lest and the model
coefficient Ck. In most models, ` is defined using the
local grid size, while in the ILSA model it is based
on physical quantities only. Lest is estimated from
the resolved turbulent kinetic energy K and the total
dissipation εtotal:

Lest =
K3/2

εtotal
=

〈
1
2u
′
ku
′
k

〉3/2〈
(ν + νsfs) 2S

′
ijSji

〉 (9)

where S
′
ij is the fluctuating strain-rate tensor

calculated using the resolved velocity fluctuations, and
〈 〉 is an averaging procedure which will be discussed



Table 1: List of grids and corresponding symbols used.
Case Symbol Grid ∆x+ ∆z+ ∆y+min

Coarse (C) 96× 96× 96 64 32 1.0
Medium (M) 128× 128× 128 48 24 0.7

Fine (F) 192× 192× 192 32 16 0.48
Very Fine (VF) 256× 256× 256 24 12 0.36

DNS × 1024× 320× 512 6 6 0.05

later. Since the Turbulent Kinetic Energy (TKE) is
mostly due to the large scales, the resolved TKE is
a good estimation of the total TKE Piomelli et al.
(2015). On the other hand, the dissipation has a
large contribution from the unresolved scales, their
contribution is included in the denominator.

Following Rouhi et al. (2016), the value of Ck
is set to satisfy a prescribed level of sub-filter stress
activity, defined as:

sτ =

[ 〈
τaijτ

a
ij

〉
〈(Ramn + τamn) (Ramn + τamn)〉

]1/2
(10)

where Raij is the anisotropic part of the resolved
Reynolds stresses and Raij + τaij is the total stress. The
relation between sτ and the percentage of Reynolds
stresses contributed by the model is discussed in Rouhi
et al. (2016). Substituting Eq. (9) and Eq. (8) into
Eq. (10) yields a fourth-order algebraic equation for
Ck, whose solution results in a constant level of SFS
activity.

The averaging process 〈 〉 determines the “locality”
of the model; it can be spatial, temporal, over a
Lagrangian path and/or any combination of these.
If the average is performed over homogeneous
xz−planes, the model depends only on y coordinate
and time. Alternatively, one can perform time
averaging over a window of length T (larger than
the turbulence time-scale) in which case Ck =
f(xi, t). We have considered both plane averaging
and temporal averaging. Rouhi et al. (2016) shown
that for the channel case, temporal averaging with
a time window T ≥ 2δ/uτ is equivalent to the
plane averaging, which we have confirmed as well.
Therefore, only results obtained using plane average
are shown.

Extension to scalars
The extension of ILSA to scalar transport is

straightforward:

αSFS = `2θ
∣∣S∣∣ = (CθLest,θ)

2 ∣∣S∣∣ (11)

whereLest,θ andCθ are the scalar integral length scale
and model coefficient, analogous to those in Eq. (8).

The scalar integral length scale is estimated as:

Lest,θ = UθTθ =

(
εtotal

εθ
Kθ
)1/2Kθ

εθ
=

(
ε
1/3
total

εθ
Kθ

)3/2

(12)

where

Kθ =
1

2

〈
θ
′
θ
′〉

; εθ =

〈
(α+ αsfs)

∂θ
′

∂xk

∂θ

∂xk

〉
(13)

are (half) the resolved scalar fluctuation variance and
estimated total scalar dissipation rate; Uθ and Tθ
are the estimated scalar velocity and time scales,
respectively. Using Eq. (9) and Eq. (12), leads to:

Lest,θ
Lest

=

(
εtotal

εθ

Kθ
Kres

)3/2

=

(
Tθ
T

)3/2

= RT
−3/2

(14)
where RT is the ratio of time-scales. As discussed
by Ristorcelli (2006) and Warhaft (2000),RT depends
strongly on Pr, however the relation is not simple and
can depend on the boundary conditions – implying that
simply using the momentum length scale for scalar is
not applicable, except perhaps when Pr is near unity.

Finally, the model coefficient Cθ needs to be
determined. Since the level of SFS activity for
scalar can be different than that of momentum (in
particular when Pr is far from unity), using equivalent
arguments to Eq. (10), we define the ratio of the SFS
scalar flux to the total one:

sθ =

[
〈qjqj〉〈(

Rθk + qk
) (
Rθk + qk

)〉]1/2 (15)

where Rθk = θ
′
u′k are the resolved scalar flux

components. As is the case for momentum,
substituting Eq. (11) and Eq. (12) into Eq. (15) yields
an equation for Cθ:(

1− 1

s2θ

)
χ1C

4
θ − χ2C

2
θ + χ3 = 0 (16)

where:

χ1 =

〈
L4
est,θ

∣∣S∣∣2 ∂θ
∂xk

∂θ

∂xk

〉
(17a)

χ2 =

〈
2L2

est,θ

∣∣S∣∣Rθk ∂θ∂xk
〉

(17b)

χ3 =
〈
RθkR

θ
k

〉
(17c)

with only one real, non-negative solution.



4 Model Analysis
When DNS is conducted, a grid-converged

solution is achieved when additional refinement of the
grid has negligible effect on the resulting quantities.
In traditional LES models, the length scale (i.e., the
filter width) depends directly on the grid size; thus any
change in grid resolution, by definition, modifies not
only the calculation results but also the definition of
filtered velocity. Various techniques (usually requiring
the explicit filtering of the advective term) are used
to achieve grid-converged LES solutions, however
these may be expensive and decrease the effective
resolution of the calculation Bose et al. (2010); Geurts
& Fröhlich (2002); Gullbrand (2003).

Previous studies Geurts et al. (2019); Lehmkuhl
et al. (2019); Piomelli et al. (2015); Rouhi et al.
(2016) have shown that since ILSA’s length-scale
depends on the (estimated) integral length scale, rather
than the grid size, grid convergence can indeed be
reached. The grid convergence depends to the choice
of sτ for momentum (and equivalently sθ for scalar):
larger values of sτ correspond to a larger filter
width; convergence is achieved on coarser grids while
smaller values require finer meshes but are expected
to produce lower modelling error as a wider range of
scales is resolved.

Figure 1(a-c) illustrates this for scalar, showing
the normalized eddy-diffusivity α

SFS
in the wall-

normal coordinate, for different values of sθ and grid
resolutions on four consecutively refined grids. As
sθ increases, so do the filter width and the model
coefficient Cθ. Once sθ is assigned, a filter-width
is implicitly defined; when the grid is finer than this
filter-width, further refinements do not change the
model output, αSFS . For the sθ values examined here,
a minimal grid of 192 × 192 × 192 is required for
the α

SFS
to become grid-independent for sθ ≤ 0.022.

Only marginal Independence was achieved for sθ =
0.01. When α

SFS
is not affected by the mesh, the

modelling error becomes grid-insensitive, even if not
necessarily zero, and further grid refinement decreases
the numerical error. The integral length scale also
becomes grid-independent (not shown here) and its
final value, at convergence, is also independent of sθ.
The fact that the eddy viscosity increases by a factor
of four, while the estimated integral length scale does
not change indicates the robustness of the approach.
The value sθ = 0.022 will, therefore, be chosen, since
with this value α

SFS
becomes mesh-insensitive on the

the production grid.

5 Results
Here we discuss the results obtained with the ILSA

eddy diffusivity model and compare it with other
models in the literature. Although the parameter
sθ can change in space or time, we start from the
simplest approach and set a uniform value across the

domain. In terms of momentum, the SFS stresses
were modelled using sτ = 0.022, consistent with
the results of Rouhi et al. (2016). DNS simulations
performed and validated by Hantsis & Piomelli (2020)
were used as reference data. Referring to the previous
Section, we consider a grid with 2563 points to be our
objective (“production grid”). As mentioned before,
results are shown for Pr = 0.71 as a representative
of the 0.2 − 5.0 range. Note that in this Section
angle brackets indicate averaging in time and in the
xz−plane. Statistics were collected for at least 50
Large-Eddy Turn-Over Times δ/uτ .

Turbulence statistics
The mean scalar profiles in wall units (i.e.,

normalized by the friction velocity uτ , the viscosity,
and θτ = qw/(ρcpuτ )) are shown in Figure 2. The
intercept of the logarithmic layer is affected both by
numerical and modelling errors. For sθ = 0.010,
where model convergence was not achieved, the model
activity is too low; this results in excessive energy
near the cutoff, in an overestimation of θτ , and in a
downward shift of the logarithmic layer. Note that the
scalar profiles are less sensitive to the grid refinement
than the eddy diffusivity was; this may be due to the
fact that the dissipation provided by the SFS model is
so low that small differences in its distribution are not
important. For the chosen value of sθ = 0.022 the
modelled eddy diffusivity does not change between
the two finest grids. The difference between them
can, therefore, be attributed to the reduction of the
numerical error. For sθ above the optimal value, the
model provides excessive dissipation which results in
an over-prediction of the mean scalar in wall units, in
the buffer- and log-layer. This may be due to excessive
SFS dissipation which results in an under-prediction of
θτ .

Figure 3 shows the scalar fluctuation
〈
θ′θ′
〉
. As

one would expect, the best agreement with DNS
occurs when sθ = 0.022. For sθ = 0.040
the maximum fluctuation intensity is under-estimated,
while for sθ = 0.010 it is over-predicted, and a larger
scatter in the data is observed. The most significant
error occurs in the bulk of the flow, in the range 0.15 ≤
y/δ ≤ 0.6. This error seems to be related to grid
resolution and the ability to properly resolve the large
scales rather than any model-specific issue, as will be
shown in section in the context of the comparison with
other models.

Figure 4 presents the spectra for the scalar
fluctuations at constant sθ (a) and for the same grid
with successive increase of sθ (b). Spectra from
DNS data Hantsis & Piomelli (2020) is presented for
comparison (for visual clarity, not all data points are
shown). All the results compare well at the lower
wavenumbers; roughly up to κδ ≈ 30 the two finest
grids are essentially indistinguishable and the spectra
begin to deviate from the DNS data at almost the
same wavenumber. If sθ is increased, conversely,



Figure 1: Eddy diffusivity for (a) sθ = 0.010; (b) sθ = 0.022; (c) sθ = 0.040. Colours and symbols indicate the
meshes: 96× 96× 96; 128× 128× 128; 192× 192× 192; 256× 256× 256. All cases use sτ = 0.022.

Figure 2: Mean scalar distribution for (a) sθ = 0.01; (b) sθ = 0.022; (c) sθ = 0.04. Colours and symbols indicate
the meshes: 96× 96× 96; 128× 128× 128; 192× 192× 192; 256× 256× 256; × DNS. All cases use
sτ = 0.022 and are normalized to wall units by θτ and ν.

the filter-width also increases and the effect of
filtering, which is to decrease the variance at high
wavenumbers, becomes important at progressively
lower wavenumbers. The wavenumber where the
filtered spectra begin to deviate from the DNS one can
be used to estimate the filter width. It varies between
20 and 40, which corresponds to wavelengths (and,
hence, filter widths) between 0.3δ and 0.15δ.

Comparison with other models
In this subsection we evaluate the performance of

the ILSA model against other commonly used models.
The cases tested are summarized in Table 2, are:

1. Coarse DNS (CDNS). No model is used for either
momentum or scalar transport.

2. Vreman model Vreman (2004) with a constant
sub-filter turbulent Prandtl number (VRPR).

3. Lagrangian dynamic eddy-viscosity model
Meneveau et al. (1996) with a constant sub-filter
turbulent Prandtl number (LDEV-C).

4. Lagrangian dynamic eddy-viscosity model
Meneveau et al. (1996) with dynamic adjustment
of the eddy-diffusivity Moin et al. (1991)
(LDEV-D).

The constant sub-filter turbulent Prandtl number was
set to Prsfs = 0.5 based on the observations of Meinke
et al. (2002); Zhou et al. (2002). Note that Prsfs
(sometimes denoted as Prt) is not the commonly used
turbulent Prandtl number PrT (see Moin et al. (1991)
for more details). All the cases were simulated using
the same code and the grid of 256 × 256 × 256. The
error for a quantity f is defined as

ε2 = 100×

[∫ δ

0

(f − fDNS)
2
dy

]1/2
[∫ δ

0

(fDNS)
2
dy

]1/2 . (18)



Figure 3: Scalar variance for (a) sθ = 0.010; (b) sθ = 0.022; (c) sθ = 0.040. Insets are zooming on the near-wall
peak region. Colours and symbols indicate the meshes: 96 × 96 × 96; 128 × 128 × 128; 192 × 192 × 192;

256× 256× 256; × DNS. All cases use sτ = 0.022. Quantities are normalized by uτ and θτ .

Figure 4: Streamwise scalar-fluctuation spectra at y+ = 300 for (a) constant sθ = 0.022 and different grids; (b)
varying sθ and 2563 grid points. × DNS.

All models performed reasonably well, producing
mean scalar profiles (Figure 5a) within 5% of the DNS.
All models under-predict the fluctuation variance〈
θ′θ′
〉+

away from the wall (Figure 5b) resulting in
relatively large error in that region. Note however that
the peak variance is very well predicted in all cases.
The discrepancy in the core of the flow is probably
due to grid resolution, and not to modelling issues,
as indicated by the fact that all models collapse on
the CDNS results. The flux, which is determined by
global conservation, is in very good agreement for
all models. The coarse DNS has the largest error in
nearly all cases, proving that the model has, indeed, a
beneficial effect.

Table 2 also reports the CPU time required by
each model, scaled by the cost of the CDNS. The
ILSA model has a modest overhead, increasing the
computational cost by 26%. This is higher than
the overhead of the Vreman model (which has no
adjustable coefficients to compute), but significantly

less than the dynamic model in either version.

6 Conclusions
The Integral Length-Scale Approximation (ILSA)

model has been extended to scalar transport. The
model was successfully tested in a fully-developed
turbulent channel; it compared favourably with other
models in all the statistics examined.

The main drawbacks of this model are (1) the
need to save six additional arrays, which requires
a moderate increase in storage requirement, and (2)
an increased in calculation cost (by 26%) compared
to a simulation with no model. Although the CPU
time increase is not negligible, it is much lower
compared with other commonly used techniques, such
as the dynamic eddy-diffusivity model. Only the
Vreman model Vreman (2004) had a lower cost, at
the price of a significantly less accurate prediction of
the scalar statistics. Combining its good performance
with its relative simplicity and usability (including its



Table 2: List of grids and corresponding symbols used.

Symbol Model LES model Relative error ε2 CPU time
Momentum Scalar

〈
θ′v′
〉+ 〈

θ′θ′
〉+ 〈

θ
〉+

ratio
CDNS None None 1.91 14.4 7.11 1.0
VRPR Vreman (2004) Prsfs = 0.5 1.14 16.9 3.91 1.04

LDEV-C Meneveau et al. (1996) Prsfs = 0.5 1.03 17.2 5.07 1.32
LDEV-D Meneveau et al. (1996) Keating et al. (2004) 1.24 18.9 5.39 1.59

ILSA sτ = 0.022 sθ = 0.022 1.31 13.2 2.45 1.26

Figure 5: Model comparison for (a) Mean scalar, (b) Scalar variance and (c) turbulent flux. Insets highlight the
differences in regions of key importance. Colours and symbols indicate the models used: CDNS; VRPR;
LDEV-C; LDEV-D; ILSA; × DNS (details in Table 2). All cases use shown for Pr = 0.71 where the “+”
superscript denotes normalization by wall units as indicated before.

implementation in existing codes), makes this model
an attractive alternative to more costly and complex
ones.
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GEURTS, BERNARD J & FRÖHLICH, JOCHEN 2002 A framework
for predicting accuracy limitations in large-eddy simulation.
Physics of fluids 14 (6), L41–L44.

GEURTS, BERNARD J, ROUHI, AMIRREZA & PIOMELLI, UGO
2019 Recent progress on reliability assessment of large-eddy
simulation. Journal of Fluids and Structures 91, 102615.

GULLBRAND, JESSICA 2003 Grid-independent large-eddy
simulation in turbulent channel flow using three-dimensional
explicit filtering. Tech. Rep.. LUND UNIV (SWEDEN).

HANTSIS, ZVI & PIOMELLI, UGO 2020 Roughness effects on
scalar transport. Physical Review Fluids 5 (11), 114607.

KASAGI, N., TOMITA, Y. & KURODA, A. 1992 Direct numerical
simulation of passive scalar field in a turbulent channel flow.
J. Heat Tran. 114 (3), 598–606.

KEATING, A, PIOMELLI, U, BREMHORST, K & NESIC, S
2004 Large-eddy simulation of heat transfer downstream of a
backward-facing step. Journal of Turbulence 5 (20), 1–3.

LEHMKUHL, ORIOL, PIOMELLI, UGO & HOUZEAUX,
GUILLAUME 2019 On the extension of the integral length-
scale approximation model to complex geometries. International
Journal of Heat and Fluid Flow 78, 108422.
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diameter translates in an increase of the square root
of the viscous-scaled wall-normal permeability,

√
K

+

which seems to be the relevant parameter for acous-
tic liner behaviour. We find that the drag increase of
the liner, quantified using ∆U+, increases with

√
K

+
,

tending towards a linear relation in the fully rough
regime. The wall-normal velocity fluctuations are al-
most perfectly proportional to

√
K

+
, supporting a cor-

relation with the drag increase.
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Abstract 
In this study we use finite rate chemistry Large Ed-
dy Simulation (LES) to study the flow, injection, 
mixing, self-ignition and turbulent combustion in a 
cavity dual-mode ramjet combustor. The target case 
is the direct connect facility dual-mode ramjet com-
bustor experimentally studied by Micka & Driscoll. 
Three hydrogen-air reaction mechanisms are used 
to evaluate the influence of the reaction mechanism 
and based on comparisons with laminar flame data 
and dual-mode ramjet combustor experiments the 
Z22 mechanism was found superior to the D7 and 
J20 mechanisms, which is then used throughout this 
study. For the experiments, two stabilization modes 
were observed: Cavity-stabilized combustion at low 
T0 and jet-wake-stabilized combustion at higher T0, 
whereas for inbetween values of T0, combustion os-
cillates between these modes. The LES predictions 
using Z22 are in good agreement with the experi-
mental data: Cavity-stabilized combustion is found 
for low T0, and for this case combustion anchors at 
the leading-edge of the cavity shear-layer. For high 
T0 jet-wake-stabilized combustion occurs in the 
near-wake of the fuel-plume. Between these modes, 
combustion oscillates between the bracketing 
modes as observed experimentally. The H2-air mix-
ture burn as an auto-ignition assisted premixed 
flame in the cavity-stabilized case, and as a diffu-
sion-flame in the jet-wake stabilized case, whereas 
for the inbetween cases, the stabilization mecha-
nism changes accordingly. 
 

1. Introduction and Background 
Dual-mode ramjet engines are currently believed to 
be the best candidate for air-breathing hyper-sonic 
flight, [1]. At flight Mach numbers 2<Maflight<4, the 
engine operates in the thermally-choked ramjet 
mode. An isolator shock-train decelerates the flow 
to subsonic before fuel is injected. A thermal throat 
in the combustor allows the exhausts to be re-accel-
erated to supersonic speeds. As the vehicle acceler-
ates towards Maflight≈5 to 6, the isolator shock-train 
weakens until the isolator-exit is supersonic, and 
scramjet-mode operation prevails. Combined with 
turbojet or air-turbo-rocket engines for low-speed 
operations (take-off and landing), dual-mode ramjet 
engines have potential to provide the long sought-
for propulsion system for high-speed aircraft capa-
ble of antipodal flights within hours, [2]. Such en-

gines may comprise an air-intake, an isolator and a 
diverging-area combustor. The aerothermodynam-
ics involved is complex and exhibit different condi-
tions for ram- and scramjet operation, [3]. For parts 
of the operation-envelop, combustion stabilization 
may become crucial, and flameholders may be re-
quired. One candidate is a wall-cavity, proven ef-
fective in stabilizing combustion without overly af-
fecting pressure, [4]. The cavity offers recirculation 
for fuel and air to mix and burn, providing heat-
release in supports of the main combustion. 
 Between 2007 and 2012 Driscoll et al., [5-8], 
performed a comprehensive experimental investiga-
tion of dual-mode ramjet combustion using a direct-
connect facility. Experiments were performed at an 
isolator entrance Mach number of Mai,e=2.2 at stag-
nation temperatures between T0=1040 K to 1490 K, 
corresponding to Maflight≈ 4.3 to 5.4. Both hydrogen 
(H2) and H2-ethylene (C2H4) blends were injected 
upstream of a cavity flameholder. High-speed lu-
minosity imaging and wall-pressures measurements 
along the isolator and combustor were performed. 
Two combustion stabilization modes were detected, 
figure 1. At low T0, combustion anchored at the 
cavity leading edge from heat-release in the cavity 
shear-layer. At high T0, combustion anchored just 
downstream of the fuel-jet in the jet-wake. At in-
termediate T0, combustion stabilization oscillated 
between these modes, with the jet-wake stabilized 
mode occurring more frequently with increasing T0. 
Wall-pressure measurements showed that cavity-
stabilized combustion was the steadiest, followed 
by jet-wake stabilized combustion. Similar observa-
tions were made by Wang et al., [9]. As variations 
of T0 and other parameters are expected in real sys-
tems, understanding and prediction of these modes 
and the mode-switching is important. Hitherto, no 
simulation-based analysis of this behavior has been 
presented, restricting our flow-physics understand-
ing, and querying the simulation capabilities. 
 In this study we report on Large Eddy Simula-
tion (LES) of dual-mode ramjet combustion in the 
Driscoll et al., [5-8], experiments using several re-
action mechanisms. The purposes are to demon-
strate that LES can capture the experimental obser-
vations accurately and to use these LES predictions 
to elucidate the stabilization mechanisms and the 
mode-switching and flow/flame dynamics. 



 
Figure 1. Summary of the experimental results in [5-8]. (a) Combustion stabilization mode vs. T0. 
Flame-luminosity images for (b) cavity and (c) jet-wake stabilized combustion at T0=1240 K. 
Time-series of (d) reaction-zone leading-edge and (e) flame-luminosity for T0=1240. 

2. The University of Michigan Dual-
Mode Ramjet Experiments 

The experiments were performed in the University 
of Michigan supersonic combustion facility, [5], 
figure 2. A two-dimensional Mai,e 2.2 nozzle fed a 
constant-area isolator, at the end of which fuel (H2 
or 50/50 H2/C2H4) is injected through a Æ2.49 mm 
injector on the centerline, 44.5 mm upstream of the 
leading edge of a rectangular cavity traversing the 
full combustor width. A 4°-diverging combustor 

section starts at the cavity trailing edge and dis-
charges into a large-diameter exhaust. An electric 
heater combined with a H2-fueled vitiator were used 
to obtain air stagnation-temperatures, T0, between 
1040 K and 1500 K at stagnation-pressures, p0, of 
460 or 590 kPa. Make-up O2 was added to maintain 
a 0.21 O2 mole-fraction in the vitiator products. Ta-
ble 1 summarizes the conditions considered, [5-8], 
used as a base for the computational study and the 
associated analysis. 

 
Figure 2. Schematic of the University of Michigan supersonic combustion facility, [5-7], incorpo-
rating the computational domain in red. 

 From the experimental studies, [5-8], p0 and T0 
are provided, from which the inflow pressure and 
temperature, pin and Tin, can be computed. Assum-
ing that the ideal gas law is valid in the nozzle-
throat, pin and Tin can be combined to provide the 
inflow density, rin. The inflow Ma-number and the 
speed of sound, c, can then be used to obtain the in-
flow velocity, vin. Regarding fuel-injection, the stat-

ic fuel injection pressure, p0,fuel, fuel temperature, 
Tfuel, and fuel velocity, vfuel, are specified together 
with the global equivalence ratio, f, [5-8]. Based on 
the relationship between p0,fuel and the fuel injection 
pressure, pfuel, with Mafuel=1.0 and g=1.40, pfuel can 
be estima-ted. Finally, using the ideal gas law the 
fuel density, rfuel, can be obtained.  

Table 1. Operating conditions for the four cases considered in this study. 
Case Combustor inflow conditions Fuel injection conditions 

 Fuel T0  
[K] 

p0  
[kPa] 

Tin  
[K] 

pin 

[kPa] 

rin 

[kg/m3] 
vin 

[m/s] 

Tfuel  
[K] 

Vfuel  
[m/s] 

f p0,fuel  
[kPa] 

pfuel  
[kPa] 

rfuel  
[kg/m3] 

A H2 1080 590 916 316 1.19 599 288 1207 0.26 601 509 0.43 
B H2 1130 590 958 316 1.14 613 288 1207 0.26 587 498 0.42 
C H2 1240 590 1052 316 1.19 598 288 1207 0.26 602 511 0.43 
D H2 1300 590 1103 316 1.14 612 288 1207 0.26 588 499 0.42 
E H2 1370 590 1162 316 1.08 629 288 1207 0.26 573 486 0.41 

 
3. LES Models and Numerical Methods 

The LES model is based on implicitly-filtered 
transport equations for mass, momentum, energy 
and species mass-fractions, [10], together with con-

stitutive equations for a linear viscous mixture with 
Fickian diffusion and Fourier heat-conduction. The 
viscosity is based on Sutherland’s law, whereas the 
thermal conductivity and species diffusivities are 
computed from the viscosity using constant Prandtl 



and Schmidt numbers, [11]. The unfiltered reaction 
rates in the filtered species mass-fraction equations 
results from the law of mass-action, involving sum-
mation over all reactions, with reaction rates ob-
tained from Arrhenius rate laws, [12]. 
 The subgrid stress-tensor and flux-vectors in the 
filtered transport equations are closed by the Local-
ized Dynamic k-equation Model (LDKM), [13]. 
The filtered reaction rates are modeled using the 
Partially Stirred Reactor (PaSR) model, [14], which 
is a multi-scale model based on the findings, [15], 
that combustion takes place in fine-structure re-
gions surrounded by low reaction rates. The filtered 
reaction rates are obtained as a weighted average of 
the fine-structure and surrounding reaction rates us-
ing the reacting volume fraction, g*. 
  The LES-PaSR model equations are solved us-
ing a fully-explicit finite-volume code based on the 
OpenFOAM C++ library, [16]. The code is fully 
compressible, density based and second order accu-
rate, with the convective fluxes evaluated using the 
Kurgonov, [17], central upwind scheme. The chem-
ical source terms in the species transport equations 
are evaluated using an operator-splitting approach 
and a Rosenbrock solver, [18]. 
 The computational set-up is outlined in figure 1, 
and starts at the Mai,e 2.2 nozzle and ends at the 4°-

divergent combustor exit. Hexahedral-dominant 
grids with 7.3, 24.4, and 57.8 million cells, using 
refinement at the walls and around the cavity. The 
Index of Quality, [19], indicates that between 88% 
and 95% of the kinetic energy was resolved, render-
ing all grids appropriate. Dirichlet boundary condi-
tions are used for all variables at the inlets, Neu-
mann conditions at the outlets, and a no-slip sub-
grid wall-model, [20], is employed at the walls.  
 
4. Hydrogen-Air Combustion Chemistry 
Following [21-22] the choice of chemical reaction 
mechanism is important for accurate LES. For high-
speed H2-air combustion the low-temperature HO2 
and H2O2 chemistry is significant for accurate auto-
ignition predictions, [22]. Figure 3 compare exper-
iments and predictions for the laminar flame speed, 
su, ignition delay time, τign and extinction strain rate, 
sext, for the global mechanism of Marinov (M1), 
[23], the skeletal mechanisms of Eklund & Stouffer 
(ES7), [24], Baurle & Girimaji (BG7), [25], and 
Davidenko et al. (D7), [26], the detailed mecha-
nisms of Jachimovski (J20), [27], Alekseev et al. 
(K30), [28], and Wang et al. (USCII), [29], and the 
pathway-centric mechanism of Zettervall & Fureby, 
(Z22), [22]. 

 
Figure 3. Comparison of (a) laminar flame speed, su, (b) ignition delay time, tign, and extinction 
strain rate, sext, at 1 atm for H2-air mixtures. Legend: (—) M1, [23], (—) ES7, [24], (—) BG7, 
[25], (—) D7, [26], (—) J20, [27], (—) K30, [28], (—) USCII, [29], (—) Z22, [22], and experi-
mental data (black symbols) from [30-32], [33-34] and [35], respectively. 

 For τign, figure 3a, all mechanisms perform simi-
larly >1000 K, but with deviations in the crossover 
regime, 850 K<T<1000 K, and below. The reaction 
pathways of the global, M1, and skeletal, D7, BG7 
and ES7, mechanisms, all neglecting the low-tem-
perature H2O2 and HO2 chemistry, are unable to re-
produce the bending of τign in the crossover region. 
For the comprehensive J20, K30 and USCII mech-
anisms this bending appears too strong, resulting in 
too long ignition delay times for T<900 K. The 
pathway-centric Z22 mechanism is however able to 
reproduce the experimental τign data across the full 
range of temperatures. Concerning su, in figure 3b, 
M1 overpredict su whereas ES7, BG7 and D7 all 
underpredicts su. J20, K30, USCII and Z22 all show 
good agreement with the experimental data. For the 
laminar flame temperature, Tfl, (not shown) all 
mechanisms show good agreement with each other, 
and with the experimental data. For sext, figure 3c, 

M1 overpredicts sext, whereas ES7, BG7 and D7 
underpredict sext. J20, K30, USCII and Z22 all 
show agreement with each other and with the ex-
perimental data, suggesting that these mechanisms 
can represent the turbulence effects associated with 
fluid-strain. The main difference between the com-
prehensive (J20, K30, USCII) and pathway-centric 
(Z22) mechanisms is the more complex breakdown 
of H2 resulting in a comparatively larger pool of 
radicals, enabling a shorter and more accurate τign. 
 

5. Results and Discussion 
To understand the influence of the reaction mecha-
nisms, Cases A, C and E was first computed using 
the D7, J20 and Z22 mechanisms. Figure 4 present 
images of Case A: D7 predicts jet-wake-stabilized 
combustion for all cases, J20 predicts no combus-
tion for Case A, faint cavity-stabilized combustion 
for Case C, and jet-wake-stabilized combustion for 



Case E, whereas Z22 predict cavity-stabilized com-
bustion for Case A, combustion oscillating between 
cavity-stabilized and jet-wake-stabilized modes for 
Case C and jet-wake-stabilized combustion for 
Case E as further shown in figure 5, [22]. By com-
paring with the data in [5-7] it is evident that Z22 
shows superior qualitative agreement, capturing the 

two bracketing modes of combustion and the in-
between oscillating mode. These results can be ap-
preciated based on the mechanism features of figure 
3, revealing that D7 ignites too early, J20 too late, 
whereas Z22 shows acceptable agreement with the 
experimental data, resulting in satisfactory predic-
tions the combustion modes. 

 
Figure 4. Side-views of (top to bottom) axial velocity, vx, pressure, p, density gradient, Ñr, tem-
perature, T, and heat-release, Q, for Case A using the (a) D7, (b) J20 and (c) Z22 mechanisms. 

 Figure 5 presents extended sets of images from 
LES of Cases B, C and E using Z22. From these 
images and figure 4c, the patterns of the predicted 
combustion stabilization modes and their correla-
tions with the experiments, [5-7], start to appear. As 
further observed from the temporal evolution of the 
cross-sectional-averaged temperature in figure 6, 
the combustion stabilization modes change with T0: 
As T0 increase from 1080 K (Case A) to 1130 K 
(Case B), and further to 1240 K (Case C), the cavi-
ty-stabilized combustion mode, figure 4c, with tur-
bulent combustion occurring in the shear-layer 
shed-off the leading edge of the cavity, starts to de-
velop large-scale unsteadiness, with turbulent com-

bustion occurring also away from the cavity shear-
layer, figure 5b. For Case B, and more regularly for 
Case C, figure 6, these events sometimes lead to 
rapid upstream combustion propagation, resulting 
in jet-wake-stabilized combustion that quickly re-
vert to cavity-stabilized combustion. The frequency 
of these events and the time spent in the jet-wake 
combustion mode increases with T0, figure 1. Cases 
D and E, having T0=1300 and 1370 K, respectively, 
remain in the jet-wake-stabilized combustion mode. 
The fraction spent in the different modes are esti-
mated from the LES heat-release and shows satis-
factory agreement with the experiments, figure 1. 

 
Figure 5. Side-views (top to bottom) of axial velocity, vx, pressure, p. density gradient, Ñr, tem-
perature, T, heat-release, Q, reciprocal of the time-scale of local chemical explosive mode, lexp, 
Damköhler number, Daexp, and the explosion indices, I, of HO2 (magenta), OH (orange), and T 
(red) for (a) Case B, (b) Case C and (c) Case E using the Z22 mechanism. 

 From figures 4 and 5 we find that the axial ve-
locity, vx, is dominated by multiple connected un-
steady recirculation zones in the cavity and increase 
in magnitude downstream of the cavity as a conse-
quence of the volumetric expansion due to exo-
thermicity. The pressure, p, and density gradient, 
Ñr, show a complex shock-system along the isola-
tor, oscillating back and forth for Cases B and C, a 
shear-layer across the cavity, and another shock-
system in the combustor. The shock-systems inter-
act as the Ma-number in the isolator and over the 

cavity is below one (anticipated for ramjet combus-
tion) altering the dynamics. The temperature, T, and 
heat-release, Q, are correlated, and reveal the pres-
ence of turbulence (at all resolved scales) and large-
scale unsteadiness, primarily for Cases B and C, as 
will be further discussed. In addition, Supplemen-
tary Material B contains computational animations 
of Cases B, C and E. 
 Included in the images of figure 5 are also re-
sults from chemical explosives mode analysis, [36], 
of Cases B, C and D. Specifically are the reciprocal 



of the time-scale of the chemical explosive mode, 
lexp=1/texp the Damköhler number, Daexp=lexptt, in 
which tt is the turbulent time-scale, and the explo-
sion indices, Ik, of HO2, OH and T presented. For 
all cases, lexp>>1 in the jet-plume (warmer colors) 
indicating the propensity for the H2-air mixture to 
react. Daexp indicates how fast the explosive mode 
is compared to turbulent mixing, and when Daexp>1, 
as is the case in wrinkled regions shed-off the lead-
ing edge of the cavity for Cases A (not shown), B 
and C, the chemical explosion is faster than turbu-
lent mixing, and hence the mixture is dominated by 
auto-ignition followed by premixed combustion. 
Cases D and E are however dominated by diffusion 
combustion. Based on the explosion indices, HO2 
seems to be the dominant auto-igniting species up-
stream, and by following IHO2 over time the jump 
from cavity-stabilized to jet-wake stabilized com-
bustion is observed to occur after sufficient amount 
of HO2 has accumulated between the injection point 
and the cavity leading edge. Based on the LES, 

these events occur with a frequency of ~60 Hz for 
Case B, ~100 Hz for Case C and ~220 Hz for Case 
D, but never for Case A. The experimental investi-
gations, [5-7], suggest auto-ignition as the main 
mechanism for combustion stabilization and report 
similar oscillation frequencies. 
 Figure 6 shows the time-evolution of the cross-
sectional-averaged temperature, T, for the first 16 
ms of computational time (of a total of 40 ms) for 
Cases A, B, C and E, supporting figures 4 and 5 by 
showing the temporal evolution of T. After the ini-
tial transients have faded away high T values are 
observed over the cavity and along the combustor 
but occasionally also in the downstream part of the 
isolator. More specifically, for Case A combustion 
never propagate upstream of the cavity, although 
combustion is turbulent and unsteady. For Cases B 
and C intermittent upstream combustion propagati-
on occur as previously explained, whereas for Case 
E turbulent combustion always occur just down-
stream of the fuel-injector. 

 
Figure 6. Time-evolution of the cross-sectional-averaged temperature for (a) Case A, (b) Case B, 
(c) Case C and (d) Case E, together with time-averaged profiles of the heat-release. 

 To further explain the flow-physics, figure 7 
shows perspective views of the LES of Cases B, C 
and E. Complex flow structures develop in the iso-
lator from the oscillating shock-train and boundary 
layer. Vortices shed off the cavity leading edge in-
teract with the flow from the isolator to form a 3D 
flow pattern that is further affected by the shock-
system. The cross-flow H2 injection creates bow- 
and lambda shocks, a horseshoe vortex system, a 
counter-rotating vortex-pair, and an array of stag-
gered S-shaped side-arm vortices developing into 
W-shaped vortices downstream. This results in con-
vective and molecular mixing and depending on T0 
self-ignition occurs differently: For low T0 (Case A) 

self-ignition occur in the cavity shear-layer due to 
downstream entrained combustion products that 
heat-up the upstream part of the shear-layer result-
ing in cavity-stabilized combustion. However, the 
air is sufficiently hot to initiate the low-temperature 
chemistry, resulting in a cloud of HO2 between the 
injector and the high T regions over the down-
stream part of the cavity. For high T0 (Case E) the 
air-stream is sufficiently hot to ignite the H2-air 
mixture in the jet shear-layers, resulting in jet-wake 
stabilized combustion. For intermediate T0 (Cases 
B, C and D) both mechanisms are activated, result-
ing in combustion oscillating, figure 6, between the 
cavity- and jet-wake stabilized modes. 

 
Figure 7. Perspective views of the flow around the cavity in terms of temperature, T, (warm col-
ors), H2 mass-fraction, YH2, (green) the second invariant of the velocity gradient tensor, l2, (gray) 
and the bow shock (pink) for (a) Case B, (b) Case C and (c) Case E using the Z22 mechanism. 



 Figure 8 compare experimental and computa-
tional time-averaged and rms wall-pressures, ápwñ 
and pwrms, and time-averaged combustion-luminosi-
ty and heat-release, áQñ. Good agreement between 
LES predictions and experimental data is found for 
ápwñ and pwrms, with the different dynamical behav-
iors being reflected in ápwñ and pwrms. Pressure acts 
as a marker of the combustion dynamics in a ther-
mally-choked flow since any change in Q will re-
sult in a change in the shock-train and pressure rise. 
The highest values of pwrms occur in the isolator due 
to the nature of the shock-train. It appears as if the 

combustion is driving the unsteadiness in the pres-
sure field, suggesting that pressure and heat-release 
are coupled. Based on pwrms the cavity-stabilized 
Case A is steadiest since the reaction-zone is locat-
ed in the low-speed region in the upstream part of 
the cavity shear-layer. The jet-wake stabilized Case 
E is the second most steady as the reaction-zone is 
located in the low-speed region just downstream of 
the jet-wake in a region of proper local equivalence 
ratio. The intermediates Cases B, C and D are least 
steady as combustion oscillates between the two 
bracketing modes. 

 
Figure 8. (a) Time-averaged and fluctuating pressure along lower combustor-wall from experi-
ments, [6], and LES, and (b) cross-sectional and time-averaged heat-release from LES (solid lines) 
and mean combustion-luminosity from experiments (dashed lines), [6]. 

6. Summary and Concluding Remarks 
Here we report on LES of flow, mixing, self-igni-
tion and combustion in the University of Michigan 
laboratory dual-mode ramjet combustor at stagna-
tion temperatures between T0=1080 K and 1500 K. 
Three skeletal and comprehensive reaction mecha-
nisms are used to evaluate the influence of the reac-
tion mechanism. Based on comparisons with lami-
nar flame data and ramjet combustor experiments 
the Z22 mechanism is found superior to the D7 and 
J20 mechanisms, which is then used throughout this 
study. For the experiments, two stabilization modes 
were observed: Cavity-stabilized combustion at low 
T0 and jet-wake-stabilized combustion at high T0. 
For in-between values of T0, combustion oscillated 
between the two bracketing modes. The LES pre-
dictions using the Z22 reaction mechanism are in 
good qualitative and quantitative agreement with 
the experiments: Cavity-stabilized combustion is 
observed for low T0, and for this case combustion 
anchors at the leading-edge of the cavity shear-
layer. For high T0 jet-wake-stabilized combustion 
occurs in the near-wake of the fuel-plume. Between 
these two modes, combustion oscillates between the 
bracketing modes as noted experimentally. Based 
on chemical explosives mode analysis the H2-air 
mixture burn as an auto-ignition assisted pre-mixed 
flame in the cavity-stabilized case, as a diffusion-
flame in the jet-wake stabilized case, whereas for 
the inbetween cases, the stabilization mechanism 
changes accordingly. 
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1. Introduction 
The leading-edge vortex (LEV) plays an important role in the generation of lift and thrust of a 
flapping wing. Two-dimensional (2-D) numerical simulations have been used extensively to 
explore the vortex patterns and to uncover the force mechanisms (Wang 2000, Hsieh, Chang 
& Chu 2009). However, at high Reynolds numbers and near the wing tip, the flow inevitably 
becomes three-dimensional (Sun, Deng & Shao 2018, Chiereghin et al 2020). In this work, 
we study this three-dimensionality of the LEV of a plunging wing. 
  Our work has two parts. In the first part, the wing has an infinite span. In this case, the three-
dimensionality comes from flow instabilities. Bi-global instability analysis is used to identify 
the unstable mode and quasi-3D simulations are conducted to explore its evolution. In the 
second part, the wing is finite with a square tip. Flow becomes three-dimensional because of 3-
D geometry. We conducted direct numerical simulations (DNS) and implicit large-eddy 
simulations of the flow. Numerical results of the LEV around the tip agree well with 
experimental results (Son, Wang & Gursul 2020). 
2. Numerical method 
To avoid the use of a moving grid, we solve the absolute velocity in the body frame of reference, 

𝜕!𝒖 + (𝒖 − 𝒖") ⋅ ∇𝒖 = −∇𝑝 + 𝑅𝑒#$∇%𝒖,                   (1) 
∇ ⋅ 𝒖 = 0.                                (2) 

Here,  
𝒖" = 0.5	𝐴 sin(2𝑘𝑡) 𝒆& 

is the plunging velocity. On the wing surface there is 𝒖 = 𝒖" and at far field 𝒖 goes to the 
uniform incoming flow. 
  Using the velocity correction scheme (Karniadakis, Israeli & Orszag 1991), equations (1) 
and (2) at each time step can be transformed into n (space dimension) velocity Helmholtz 
equations and one pressure Poisson equation which is a special case of the Helmholtz equation. 
These Helmholtz equations are solved efficiently using the spectral/hp element method, which 
is implemented in an open-source code Nektar++ (Cantwell et al 2015).  
  In the spectral/hp element method, the computational domain is divided into macro elements. 
Within each element, the solution is expanded in terms of a tensor-product of polynomial bases. 
The polynomial bases are modified Jacobi polynomials, so that boundary modes and internal 
modes, which are zero on the boundaries of the element, can be decomposed. Using a static 
condensation technique, only the boundary modes need to be solved globally, which reduces 
the rank of the stiffness matrix significantly.  



  In 2-D flows, the global stiffness matrix can be solved directly using a fast parallel 
Cholesky decomposition algorithm (Tufo & Fischer 2001). For quasi-3D simulations, the 
Fourier expansion is used in the periodic direction. In the Fourier wave space, the Helmholtz 
equation is decoupled in each wave number, and therefore it becomes a series of 2-D 
problems. Only in real 3-D simulations, polynomial expansions are used in all three 
directions, which results in a large global matrix. Due to computer memory limitations, the 3-
D Helmholtz equation is solved using a left-preconditioned conjugate-gradient iterative 
method. It is found that the low-energy-block preconditioner can accelerate the iterative 
solver significantly while achieving a parallel efficiency higher than 84% to up to 3000 cores. 
A successive right-hand side method (Fischer 1998), which finds an optimal initial guess 
from previous solutions, is also adopted to achieve a speedup of more than 4 folds.  
  To increase the numerical stability, a spectral vanishing viscosity technique is used, which 
also serves as the sub-grid scale model of implicit large-eddy simulations. 
3. Result 
The plunging NACA 0012 airfoil at Angle of Attack (AoA) 15o is studied. The dimensionless 
plunging amplitude is A/c = 0.5 and the reduced frequency is 2. The peak-to-peak amplitude 
based Strouhal number is 0.32, which is close to those of aquatic locomotion (Gazzola, 
Argentina & Mahadevan 2014).  
  Bi-global instability analysis shows the existence of a subharmonic unstable mode in the 2-
D base flow, see Figure 1. The critical Reynolds number is around 225.  

(a) (b) 

Figure 1. Bi-global instability results. (a) Floquet multiplier. (b) Neutral stability curve. 
  Using the most unstable mode at lz = 2.6 as the initial disturbance, the evolution of the flow 
is shown in Figure 2. This unstable mode behaves as a bending mode on the LEV.  

    
Figure 2. Quasi-3D results at Re=1000. (a) t/T=6, (b) t/T=7, (c) t/T=16, (d) t/T=17.  
  3-D simulation of a finite wing is also conducted. The wing has an aspect ratio of 10 and 
only the half wing is simulated. By comparing Figures 3 (a) and (b), the subharmonic mode 
predicted by Bi-global instability analysis still exists. Its region is confined near the wing root. 
Around the wing tip, the three-dimensionality of the LEV is dominated by the tip effect. The 
LEV forms a helix and retracts itself from tip to root. This result agrees with the phase-averaged 



experimental result very well, even though the experimental measurements are at Reynolds 
number 10,000.  
4. Conclusion 
The three-dimensionality of the leading-edge vortex (LEV) is studied numerically and 
experimentally. Both flow instability and tip effect can make the LEV three-dimensional. 

   
Figure 3. 3-D results. (a) CFD, Re=1000, t/T=2. (b) CFD, Re=1000, t/T=3. (c) EXP, Re=10,000. 
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Abstract
In order to reduce the noise produced by aircraft

engines, the nacelle is coated with acoustic liners. An
undesirable effect of these surfaces is that they in-
crease the aerodynamic drag. In the present work, we
aim to characterize this type of surface roughness by
performing Direct Numerical Simulations of fully re-
solved acoustic liner geometries. We find evidence
of a fully rough regime, whose onset is determined
by the value of the square root of the viscous-scaled
wall-normal permeability. Moreover, the intensity of
the wall-normal velocity fluctuations at the wall also
scales with the viscous-scaled wall-normal permeabil-
ity, suggesting a relation between wall-normal velocity
fluctuations and added drag.

1 Introduction
Aircraft engines are the primary source of noise

during take-off and landing. In order to meet the noise
regulations, the nacelle of modern engines is coated
with acoustic liners, which represent the state-of-the-
art technology for engine noise abatement. Acoustic
liners are panels with a sandwich structure, consist-
ing of a honeycomb core, bounded by a perforated
facesheet and a backplate, and they cover the nacelle
inner surface, both in front of the fan and in the by-
pass flow. The working principle of acoustic liners is
based on the idea of the Helmholtz resonator, namely a
cavity which dissipates the energy of incoming acous-
tic waves.

Experimental studies of acoustic liners dates back
to the work of Sivian (1935) and Ingård and Labate
(1950), who performed a parametric analysis to deter-
mine the acoustic performance of liners without the
presence of a mean flow. Despite this simplifying
assumption, the work of Ingård and Labate (1950),
was key for characterising the acoustic performance
of these surfaces. The primary aim of these studies has
been to optimise acoustic noise absorption. When ap-
plied on aerodynamic surfaces, however, a side effect
of these liners is that they increase the total drag (How-
erton and Jones (2015)), which has been accepted as a
necessary compromise, so far.

The liner facsheet can not be considered hydrauli-
cally smooth as the diameter of the orifices d is not
small with respect to the boundary layer thickness

(d/δ ≈ 0.1) and large compared to the viscous length
scale (d+ ≈ 200). Numerical simulations of the flow
over realistic liners are challenging, as simultaneously
satisfying these constraints leads to very high compu-
tational cost. Therefore, previous numerical studies
have resorted to workarounds to avoid resolving the
entire geometry. For instance, Scalo et al (2015) per-
formed Direct Numerical Simulation (DNS) of turbu-
lent channel flow with an impedance boundary con-
dition modelling the liner. They performed simula-
tions at a bulk Reynolds number, Reb = 6900, and
bulk Mach number, Mb = 0.02–0.5, and observed a
drag increase of up to 350%. They attributed the drag
increase to the development of a spanwise-coherent
structures, similar to Kelvin–Helmholtz vortices close
to the wall (Jimenez et al (2001)).

Other authors carried out simulations of turbu-
lent boundary layers over isolated cavities (Zhang and
Bodony (2016), Avallone et al (2019)). Zhang and
Bodony (2016) carried out DNS of turbulent bound-
ary layer at a Reynolds number based on momentum
thickness, Reθ = 2300 and Mach number, M =
0.5, using a simplified version of the geometry of
the experiments by Howerton and Jones (2015). The
DNS without incoming acoustic waves shows a drag
increase of 4.2% with respect to the smooth-wall,
whereas in the presence of incoming sound waves,
data shows a drag increase of approximately 25% at
140dB. However, experiments for the same cavity
geometry, by Howerton and Jones (2015), showed a
drag increase of about 7.4% without incoming sound
and their acoustic liner performance was insensitive to
incoming acoustic wave at 140dB at Mach number,
M = 0.5. The experiments predict a drag increase
that is approximately twice that predicted by the DNS
of Zhang and Bodony (2016), which could be due to
differences in the Reynolds number between DNS and
experiments (Reθ ≈ 2300 vs. 23000) and also to the
low porosity considered in the DNS, only 0.99% as
compared to 8% of the experiments. In contrast to the
DNS, the experiments predict essentially no change in
drag due to incoming acoustic waves.

Howerton and Jones (2015) also noted that for con-
stant porosity, reducing the diameter of the orifices
from 1mm to 0.5mm reduced the liner drag. Follow-
ing this finding, Howerton and Jones (2016) studied
several novel acoustic liner geometries, in the Graz-



Reb Reτ d+ σ
√
K

+
∆U+ Cf × 103 ∆x+ ∆y+min ∆z+ Nx Ny Nz

S1 9268 506.1 0 0 0 - 4.578 5.1 0.80 5.1 300 350 150
S2 21180 1048 0 0 0 - 3.791 5.2 0.80 5.2 600 600 300
S3 45240 2060 0 0 0 - 3.201 5.2 0.80 5.2 1200 800 600
L1 9139 503.5 40.3 0.0357 1.04 0.14 4.445 1.1 0.80 1.1 1500 500 750
L2 8794 496.4 39.7 0.142 2.06 0.56 4.855 1.0 0.80 1.0 1500 500 750
L3 8264 505.3 40.4 0.322 3.22 1.90 5.539 1.0 0.81 1.0 1500 500 750
L4 17810 1026 82.1 0.322 6.53 2.78 5.082 2.1 0.82 2.1 1500 800 750
L5 35470 2044 164.0 0.322 13.0 4.44 5.267 5.45 0.82 5.45 1500 1400 750

Table 1: DNS dataset comprising smooth, (Sn) and liner (Ln) cases. σ is the porosity (open area ratio) and K is the wall-
normal permeability. ∆U+ is the Hama roughness function measured at y+ = 100. Cf = 2/u+2

δ is the skin-
friction coefficient, where u+

δ is the viscous-scaled velocity at the channel centerline. Simulations are performed
in computational box with dimensions Lx × Ly × Lz = 3δ × 2δ × 1.5δ. ∆x+ and ∆z+ are the viscous-scaled
mesh spacing in the streamwise and spanwise direction. and ∆y+min is the minimum mesh spacing in the wall normal
direction. d+ is the orifice diameter.

ing Flow Impedance Tube (GFIT), and proposed mod-
ifications to the conventional acoustic liner geometry
that could lower drag, while having a negligible impact
on the acoustic performance. They observed an excess
resistance factor of 10%, compared to a smooth-wall,
for the conventional liner, that was reduced to approx-
imately 5% for the modified liner geometries.

Previous studies have observed the main features
of turbulence over acoustic liners and provided de-
tailed flow visualisation. However, numerical stud-
ies relied on critical modelling assumptions, such as
the use of modelled boundary conditions and isolated
cavities, and experiments are affected by large uncer-
tainties on the drag measurement. The result is that
previous studies are not able to quantify the additional
aerodynamic drag induced by these surfaces and it is
unknown whether they behave as canonical roughness.
In this work we aim at accurately quantifying the drag
variation induced by acoustic liners in the absence of
incoming acoustic waves and we tackle the problem by
performing DNS of turbulent channel flow over fully
resolved acoustic liner geometries.

2 Mathematical formulation
We solve the three dimensional compressible

Navier–Stokes equations for a perfect, using our
in-house flow solver STREAmS (Bernandini et al
(2021)). We perform DNS of plane turbulent channel
flow. The flow is driven in the streamwise direction
by a uniform body force, which is adjusted every time
step to ensure a constant mass flow rate. We apply
periodic boundary conditions in the streamwise and
spanwise directions and we impose no-slip isothermal
boundary conditions on the liner. The temperature at
the wall is such that Tw/Taw = 0.984, where Tw is the
wall temperature and Taw is the adiabatic wall tem-
perature. The liner is resolved using a ghost-point-
forcing immersed boundary method (De Vanna et al
(2020)). The immersed boundary method allows us to
resolve realistic acoustic liner geometries that approx-
imately match both the outer and inner-scaled orifice

size of real liners, while also ensuring that the porosity
is within the range encountered in practical scenarios.

The simulations are carried out in a rectangular box
of size Lx × Ly × Lz = 3δ × 2δ × 1.5δ, where δ is
the channel half-width. We use a uniform mesh spac-
ing in the streamwise and spanwise directions. In the
wall-normal direction, the mesh is clustered towards
the wall and coarsened towards the backplate and the
channel center. The simulations are performed at bulk
Mach number, Mb = ub/cw = 0.3, where ub is the
bulk flow velocity and cw is the speed of sound at the
wall.

We choose the liner geometry to match as close
as possible the orifice size of acoustic liners in oper-
ating conditions. The acoustic liner comprises a total
of 32 cavities: an array of 8 × 4 in the streamwise
and spanwise direction, respectively. Each cavity has
a square cross-section with a side length λ = 0.335δ,
depth, k = 0.5δ, and the orifices have a diameter
d = 0.08δ, where δ is the channel half width. We in-
crease the liner porosity (i.e. open area ratio), between
σ = 0.03–0.32 by varying the number of orifices
per cavity between 1 and 9. Additionally, we carry
out simulations at three friction Reynolds numbers be-
tweenReτ = δ/δv = 500−2000, where δv = νw/uτ ,
uτ =

√
τw/ρw, and νw, ρw and τw are the wall kine-

matic viscosity, wall density and the drag per plane
area, respectively. This corresponds to a viscous-
scaled diameter ranging between d+ = 40− 160. The
orifice configurations within a cavity, along with an
instantaneous flow visualisation of the flow field for
σ = 0.32 and Reτ = 1000, is shown in Figure 1,
showing the streamwise velocity and the vortical struc-
tures visualised using the Q-Criterion. The top view
of a single cavity, depicting the distribution of the ori-
fices, is also reported in Figure 1. We compare the
results of the liner simulations with smooth-wall sim-
ulations at approximately matching friction Reynolds
number. Details of all the cases, along with the mesh
spacing, are shown in Table 1. Quantities that are non-
dimensionalised by δv and uτ are denoted by the ‘+’
superscript.



Figure 1: Instantaneous flow field from DNS of turbulent channel flow at Reτ = 1000 and bulk Mach number Mb = 0.3. The
streamwise velocity is shown in a streamwise wall-normal plane, and in a cross-stream plane, whereas the pressure is
shown inside the orifices. Vortical structures are visualised using the Q-Criterion. The orifice configurations for the
three porosities, σ, studied are shown on the right.
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Figure 2: Mean streamwise velocity as a function of the
wall-normal distance. Symbols indicate different
porosities: σ = 0.0357 (circles), σ = 0.143
(squares) and σ = 0.322 (triangles) for smooth
wall flow case S1 – S2 and liner flow case L1 –
L4.

3 Results
Figure 2 shows the mean velocity profiles of the

cases studied, where ·̃ is the Favre averaging op-
erator. Liner cases show a downward shift of the
viscous-scaled mean velocity profile with respect to

the smooth-wall, ∆U+, in the logarithmic region,
which is a clear symptom of drag increase. The flow
case with low porosity, σ = 0.0357 and d+ = 40 (cir-
cles), shows a smooth-wall-like behaviour with very
minor changes in the velocity profile. However, differ-
ences from the smooth-wall velocity profile becomes
evident as either σ or d+ is increased. A funda-
mental question is whether acoustic liners behave as
canonical roughness, that is, whether the drag increase
can be characterized by the Hama roughness function,
∆U+ = κ−1log(`+) + B(`+), where κ = 0.4 is the
Karman constant and ` is a suitable roughness length
scale. In canonical k-type roughness, ` is simply the
roughness height, however, for acoustic liners differ-
ent choices are possible. Here we consider both the
orifice diameter and the square root of the viscous-
scaled wall-normal permeability

√
K

+
. Figure 3(a)

shows ∆U+ evaluated at y+ ≈ 100 as a function of
d+. The figure shows that d+ is not a suitable length
scale because ∆U+ increases for a constant d+ as the
porosity, σ increases. Instead, we find that, the square
root of the wall-normal permeability, is a more promis-
ing length scale for characterising the additional drag,
as shown in Figure 3(b). Increasing

√
K

+
, ∆U+ tends

towards κ−1log(
√
K

+
)−2, suggesting that increasing

the permeability might lead to a fully rough regime.
A similar trend of ∆U+ is also observed with d+,
since d and

√
K are both geometrical parameters that



are scaled proportionally by the viscous length scale,
δv . The tendency to approach a fully rough regime is
in contrast with previous studies on permeable walls.
For instance, Manes et al (2011) in their work on per-
meable beds with gravel grains found that the friction
factor continued to increase with the Reynolds num-
ber. Breugem et al (2006) used a volume averaging ap-
proach to model packed beds and also concluded that
the behaviour of permeable surfaces might be different
as compared to rough walls and that the fully rough
regime may not exist for permeable walls. We believe
that the different behaviour between our DNS and pre-
vious studies on permeable walls is due to the different
permeable geometries. Both Manes et al (2011) and
Breugem et al (2006) considered geometries with non-
zero streamwise and spanwise permeability, which is
not the case for acoustic liners.
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Figure 3: ∆U+ as a function of the viscous-scaled ori-
fice diameter, d+ (a) and the viscous-scaled
wall-normal permeability
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ted line indicates dashed line indicates ∆U+ =
κ−1log(

√
K

+
)−8.3 and the dashed line indicates

∆U+ = κ−1log(
√
K

+
)− 2.

We further analyze the effect of the acoustic liner
on the Reynolds stress components τij = ρũ′′i u

′′
j ,

where the double prime symbol indicates fluctua-

tions with respect to the Favre average. Figure 4
shows the Reynolds stresses for the smooth and liner
cases. Differences between the rough and smooth-
wall Reynolds stresses are primarily observed near the
wall, and increase as the permeability increases. Non-
zero Reynolds stresses, irrespective of the component,
can be seen at the wall, enhancing momentum trans-
fer. The total drag increases because of the higher
Reynolds stresses and the adverse pressure gradient
experienced by the flow at the downstream lip of each
orifice. The peak of the Reynolds stresses is also mod-
ified. An increase in the maximum of τ33 is observed
in the liner’s presence, whereas the maximum of τ11
decreases compared to the smooth-wall. This effect
is further enhanced if the permeability is increased. In
the outer layer, small differences in the velocity fluctu-
ations between the rough and smooth-wall can be ob-
served for flow case L4 with

√
K

+
= 6.53, but not for

flow case L3 with
√
K

+
= 3.22, suggesting that the

region of influence of the liner may extend to the outer
layer for high permeability.

The trend of the velocity fluctuations is in line with
previous research on rough (Endrikat et al (2021)) and
permeable walls (Kuwata and Suga (2016)) on turbu-
lent flow. In permeable walls, the wall-normal velocity
fluctuations at the wall increase because of a relaxation
of the wall blockage effect (Kuwata and Suga (2019)).
This transpiration effect decreases the streamwise per-
turbation peak due to a modification of the near wall
turbulence cycle. High and low speed streaks, typical
of near wall turbulence, are perturbed by the signifi-
cant wall-normal velocity fluctuations at the wall and
thus, might break down over permeable walls (Kuwata
and Suga (2019)). The liner induces a similar effect
on the turbulent flow. As can be observed in Figure
7, streaks become shorter over the liner. The streaky
structures can still be discerned, even in the liner’s
presence, suggesting a modulation rather than a com-
plete replacement of the near wall cycle.

Previous work on permeable surfaces (Kuwata and
Suga (2019)) and the DNS of Scalo et al (2015) using
an impedance boundary condition have observed span-
wise coherent structures similar to Kelvin–Helmholtz
rollers. Scalo et al (2015) noted that the classical near
wall turbulence cycle was, in fact, completely replaced
by these structures, whereas we do no find evidence of
spanwise coherent vortices in Figure 7, or in the wall-
normal velocity fluctuations (not shown).

The wall-normal velocity fluctuations are also sig-
nificantly enhanced below the wall. Figure 5 shows
the intrinsic average of the wall-normal velocity fluc-
tuations for flow case L4 with

√
K

+
= 6.53, where

· is the Reynolds averaging operator. Inside the ori-
fice neck, high wall-normal velocity fluctuations are
observed, which are accompanied by pressure fluc-
tuations, p′2, as shown in Figure 6, where the sin-
gle prime symbol indicates fluctuations with respect
to the Reynolds average. Unlike the wall-normal ve-
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Figure 4: Reynolds stresses as a function of the viscous-scaled wall-normal distance for flow case L3 with
√
K

+
= 3.22 (a)

and flow case L4 with
√
K

+
= 6.53 (b). The dashed line indicates the smooth-wall case and the triangles indicate

the liner case.
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Figure 5: Intrinsic average of wall-normal velocity fluctua-
tions as a function of the wall-normal distance for
flow case L4 with

√
K

+
= 6.53. The dashed

line indicates the smooth-wall case and the red line
with crosses indicates the liner case.

locity fluctuations, however, pressure fluctuations are
slightly enhanced in the entire domain, most likely be-
cause the liner generates acoustic waves that are scat-
tered across the channel.

These pressure and wall-normal velocity fluctu-
ations are responsible for momentum exchange be-
tween the outer flow and flow inside the liner, enhanc-
ing mixing and increasing drag. This is in line with
prior work where high values of the wall-normal ve-
locity fluctuations have been often related to drag in-
crease, both over roughness (Orlandi et al (2006)) and
permeable surfaces (Wilkinson (1983)). The work by
Wilkinson (1983) on permeable surfaces, focuses on
acoustic liner geometries and proposes this blowing
and suction effect as one of the possible mechanisms
of the drag increase.

For this reason, we report the mean wall-normal
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Figure 6: Intrinsic average of the pressure fluctuations as a
function of the wall-normal distance for flow case
L4 with

√
K

+
= 6.53. The dashed line indicates

the smooth-wall case and the red line with crosses
indicates the liner case.

velocity fluctuations at the wall as a function of
√
K

+
.

An almost perfectly linear trend is observed for the
wall-normal velocity fluctuations, see Figure 8, and for
the pressure fluctuations at the wall (not shown), lend-
ing further support to the permeability as the defining
length scale for acoustic liner behaviour.

4 Conclusions
We perform unprecedented DNS of turbulent chan-

nel flow over fully resloved acoustic liner geometries,
in order to study the turbulence modulation by these
surfaces and to understand their effect on the mean
flow. We perform a parametric study changing the
liner porosity in the range σ = 0.0357 − 0.322 and
the viscous-scaled orifice diameter d+ = 40 − 160
An increase in either the porosity or the viscous-scaled
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Abstract
In this work, we extend the Integral Length Scale

Approximation (ILSA) model, proven for momentum
transport Rouhi et al. (2016), to the transport of
scalars. A core feature of ILSA is the use of
resolved physics rather than dependence on numerical
quantities, such as the local mesh size. This, in turn,
makes the modelling error independent of the mesh
and further mesh refinement decreases the numerical
error only.

The performance of the ILSA model is examined
and compared to other models in the literature. The
scalar ILSA model gives turbulent statistics that are
at least as accurate as compared models, and in
most cases more so. The model requires a moderate
increase in storage requirement and a 26% increase
in calculation cost, much lower compared with other
commonly used techniques, such as the dynamic eddy-
diffusivity model Moin et al. (1991).

1 Introduction
Application of LES to scalar transport has

been carried out, traditionally, using an analogous
eddy-diffusivity concept. Existing eddy-diffusivity
LES closures can be generally divided into two
groups: (1) estimation of the eddy-diffusivity
from the eddy-viscosity by means of a sub-
filter Prandtl/Schmidt number (PrSFS and ScSFS
respectively); (2) parameterization of the scalar
eddy-diffusivity directly, usually by adapting LES
models used for momentum transport. Note that,
in the following, the ratio of molecular diffusivity
to viscosity will be referred to as the “Prandtl” or
“Schmidt number” interchangeably.

The different approaches produced overall good
agreement with DNS and experiments. Eddy-viscosity
and eddy-diffusivity models accurately estimated the
dissipative effects of the small scales but are less
accurate in reproducing the sub-filter stresses and
fluxes, usually resulting in overestimation of the
streamwise Reynolds stresses 〈u′u′〉 (where angle
brackets denote time averaging), shear stresses 〈u′v′〉
and the corresponding scalar fluxes 〈θ′u′〉 and 〈θ′v′〉
Keating et al. (2004).

When performing LES, most SFS parametrizations

relate the model length scale (the filter width) to
the grid size. This approach intertwines the SFS
modelling errors with grid resolution and numerical
accuracy. This is most evident when performing
grid-refinement studies, simultaneously changing
the model parameters (length scale), the highest
resolvable wave-number and the numerical error
resulting from discretization of the operators. This
issue makes the performance of SFS parameterizations
difficult to analyze, as the various sources of error
are inseparable Bose et al. (2010); Geurts & Fröhlich
(2002).

Recently, the Integral Length-Scale
Approximation (ILSA) model was introduced
Piomelli et al. (2015); Rouhi et al. (2016). One of
its key features is the separation between the physics,
the numerics and the grid resolution. The model
coefficients and length scale do not rely on numerical
parameters such as the grid size; the filter width is
defined as a fraction of the integral length scale,
and the coefficient is determined by calculating the
contribution of the unresolved stresses to the total
transport, which is assigned by the user.

In this work, we extend the ILSA model to
scalar transport. Several possible formulations are
considered, and compared to other models in the
literature. We also propose an improved criterion to
assess the coefficient unambiguously.

2 Problem formulation

Governing equations
Applying a filtering procedure to the equations

of conservation of mass and momentum yields the
governing equations for LES. In an incompressible
flow they take the form

∂uk
∂xk

= 0 (1)

∂ui
∂t

+
∂ (uiuk)

∂xk
= Πδi1 −

∂p

∂xi
+ ν∇2ui −

∂τik
∂xk

(2)

where i = 1, 2, and 3 (or x, y, and z) are the
Cartesian coordinates in the streamwise, wall-normal
and spanwise directions, respectively. ui (or u, v
and w) are the filtered velocity components, Π is



the pressure gradient driving the flow (for a fully
developed channel), p = P/ρ is the filtered pressure
divided by density and ν is the kinematic viscosity.
The unresolved (SFS) stresses τij = uiuj − uiuj are
modelled using the eddy-viscosity approach:

τij = τaij + τ ISO = −2νSFSSij +
δij
3
τkk; (3)

the anisotropic part of the SFS stresses, τaij , is
proportional (via the eddy-viscosity ν

SFS
) to the

filtered rate-of-strain tensor Sij ; the isotropic portion
τ ISO = δijτkk/3 is combined with the filtered
pressure term to produce a pseudo-pressure (which,
for simplicity, will be referred to as the “pressure
term”).

In a similar manner, applying the filtering
procedure to the transport equation for a passive scalar
yields:

∂T

∂t
+
∂
(
Tuk

)
∂xk

= α∇2T − ∂qk
∂xk

(4)

where T is the filtered passive scalar and α is
the kinematic diffusivity. The ratio of viscosity to
diffusivity is the Prandtl (or Schmidt) number. The
sub-filter scalar flux qk = ukT − ukT is the scalar
equivalent of sub-filter stress τij , and is also modelled
with an eddy-diffusivity approach:

qk = −α
SFS

∂T

∂xk
(5)

The closure of the eddy-viscosity and eddy-diffusivity
will be discussed later in Equation .

Numerical setup
We consider the transport of a passive scalar

in a fully-developed turbulent channel at Reynolds
number Reb = Ubδ/ν = 21, 000, where Ub is the
bulk velocity and δ the channel half-height. This
corresponds to Reτ = uτδ/ν = 1, 020 (where uτ =
(τw/ρ)1/2 is the friction velocity and τw the wall
stress). The computational domain is 6δ × 2δ × 3δ
in the streamwise (x), normal (y), and spanwise (z)
directions. The grids used throughout this work are
tabulated in 1 and match those used in Rouhi et al.
(2016). Results are compared with DNS simulations
on a much finer grid. A discussion of the DNS data
and their validation can be found in Hantsis & Piomelli
(2020).

The flow is driven by a constant pressure gradient
Π in the streamwise direction, no-slip conditions are
applied to both walls, and periodicity is enforced in the
streamwise and spanwise directions. The scalar flux at
the walls is constant; this is a good approximation of
many practical applications, and consequently is used
widely in the literature. We follow the approach of
Kasagi et al. (1992): Based on the consideration that
for a fully-developed channel, a constant scalar wall-
flux results in a linear increase of the mean scalar at

the wall 〈Tw〉, we define the transformed scalar θ ≡
〈Tw〉 − T and substitute it into Eq. (4), which results
in

∂θ

∂t
+
∂
(
θuk
)

∂xk
= Q+ α∇2θ − ∂qk

∂xk
(6)

the resulting source term Q is:

Q = u
d 〈Tw〉
dx

=
qw
ρcpδ

u

Ub
(7)

where qw is the imposed wall flux, cp is the specific
scalar capacitance (i.e., specific heat, specific moisture
etc.). This form is readily applicable in numerical
application and allows for the use of periodic boundary
conditions. We have examined molecular Prandtl
Pr = ν/α in the range of 0.2 to 5.0; however, since
all the results present fully consistent behaviour, we
chose to focus on the widely used Pr = 0.71 as a
representative of the range.

The governing equations for momentum and
scalar are solved using a second-order spatially and
temporally accurate code, widely validated for a
variety of cases, including channel flow Keating et al.
(2004). Time advancement is achieved using a
fractional-step method and a second-order accurate,
semi-implicit time advancement method; Crank-
Nicolson scheme is used for the wall-normal diffusive
terms, while low-storage third-order Runge–Kutta
scheme is applied to the remaining terms. Spatially,
central difference are used on a staggered mesh and the
Poisson equation is solved directly using an efficient
Fourier Transform solver. The code is parallelized
using the Message-Passing Interface (MPI).

3 Subfilter-scale parameterization

SFS stress model
We first summarize the Integral Length-Scale

Approximation (ILSA) model Piomelli et al. (2015);
Rouhi et al. (2016), used to close the filtered
momentum transport. The eddy-viscosity is given by:

ν
SFS

= `2
∣∣S∣∣ = (CkLest)

2 ∣∣S∣∣ (8)

where the model length scale ` is the product of the
estimated integral length-scale Lest and the model
coefficient Ck. In most models, ` is defined using the
local grid size, while in the ILSA model it is based
on physical quantities only. Lest is estimated from
the resolved turbulent kinetic energy K and the total
dissipation εtotal:

Lest =
K3/2

εtotal
=

〈
1
2u
′
ku
′
k

〉3/2〈
(ν + νsfs) 2S

′
ijSji

〉 (9)

where S
′
ij is the fluctuating strain-rate tensor

calculated using the resolved velocity fluctuations, and
〈 〉 is an averaging procedure which will be discussed



Table 1: List of grids and corresponding symbols used.
Case Symbol Grid ∆x+ ∆z+ ∆y+min

Coarse (C) 96× 96× 96 64 32 1.0
Medium (M) 128× 128× 128 48 24 0.7

Fine (F) 192× 192× 192 32 16 0.48
Very Fine (VF) 256× 256× 256 24 12 0.36

DNS × 1024× 320× 512 6 6 0.05

later. Since the Turbulent Kinetic Energy (TKE) is
mostly due to the large scales, the resolved TKE is
a good estimation of the total TKE Piomelli et al.
(2015). On the other hand, the dissipation has a
large contribution from the unresolved scales, their
contribution is included in the denominator.

Following Rouhi et al. (2016), the value of Ck
is set to satisfy a prescribed level of sub-filter stress
activity, defined as:

sτ =

[ 〈
τaijτ

a
ij

〉
〈(Ramn + τamn) (Ramn + τamn)〉

]1/2
(10)

where Raij is the anisotropic part of the resolved
Reynolds stresses and Raij + τaij is the total stress. The
relation between sτ and the percentage of Reynolds
stresses contributed by the model is discussed in Rouhi
et al. (2016). Substituting Eq. (9) and Eq. (8) into
Eq. (10) yields a fourth-order algebraic equation for
Ck, whose solution results in a constant level of SFS
activity.

The averaging process 〈 〉 determines the “locality”
of the model; it can be spatial, temporal, over a
Lagrangian path and/or any combination of these.
If the average is performed over homogeneous
xz−planes, the model depends only on y coordinate
and time. Alternatively, one can perform time
averaging over a window of length T (larger than
the turbulence time-scale) in which case Ck =
f(xi, t). We have considered both plane averaging
and temporal averaging. Rouhi et al. (2016) shown
that for the channel case, temporal averaging with
a time window T ≥ 2δ/uτ is equivalent to the
plane averaging, which we have confirmed as well.
Therefore, only results obtained using plane average
are shown.

Extension to scalars
The extension of ILSA to scalar transport is

straightforward:

αSFS = `2θ
∣∣S∣∣ = (CθLest,θ)

2 ∣∣S∣∣ (11)

whereLest,θ andCθ are the scalar integral length scale
and model coefficient, analogous to those in Eq. (8).

The scalar integral length scale is estimated as:

Lest,θ = UθTθ =

(
εtotal

εθ
Kθ
)1/2Kθ

εθ
=

(
ε
1/3
total

εθ
Kθ

)3/2

(12)

where

Kθ =
1

2

〈
θ
′
θ
′〉

; εθ =

〈
(α+ αsfs)

∂θ
′

∂xk

∂θ

∂xk

〉
(13)

are (half) the resolved scalar fluctuation variance and
estimated total scalar dissipation rate; Uθ and Tθ
are the estimated scalar velocity and time scales,
respectively. Using Eq. (9) and Eq. (12), leads to:

Lest,θ
Lest

=

(
εtotal

εθ

Kθ
Kres

)3/2

=

(
Tθ
T

)3/2

= RT
−3/2

(14)
where RT is the ratio of time-scales. As discussed
by Ristorcelli (2006) and Warhaft (2000),RT depends
strongly on Pr, however the relation is not simple and
can depend on the boundary conditions – implying that
simply using the momentum length scale for scalar is
not applicable, except perhaps when Pr is near unity.

Finally, the model coefficient Cθ needs to be
determined. Since the level of SFS activity for
scalar can be different than that of momentum (in
particular when Pr is far from unity), using equivalent
arguments to Eq. (10), we define the ratio of the SFS
scalar flux to the total one:

sθ =

[
〈qjqj〉〈(

Rθk + qk
) (
Rθk + qk

)〉]1/2 (15)

where Rθk = θ
′
u′k are the resolved scalar flux

components. As is the case for momentum,
substituting Eq. (11) and Eq. (12) into Eq. (15) yields
an equation for Cθ:(

1− 1

s2θ

)
χ1C

4
θ − χ2C

2
θ + χ3 = 0 (16)

where:

χ1 =

〈
L4
est,θ

∣∣S∣∣2 ∂θ
∂xk

∂θ

∂xk

〉
(17a)

χ2 =

〈
2L2

est,θ

∣∣S∣∣Rθk ∂θ∂xk
〉

(17b)

χ3 =
〈
RθkR

θ
k

〉
(17c)

with only one real, non-negative solution.



4 Model Analysis
When DNS is conducted, a grid-converged

solution is achieved when additional refinement of the
grid has negligible effect on the resulting quantities.
In traditional LES models, the length scale (i.e., the
filter width) depends directly on the grid size; thus any
change in grid resolution, by definition, modifies not
only the calculation results but also the definition of
filtered velocity. Various techniques (usually requiring
the explicit filtering of the advective term) are used
to achieve grid-converged LES solutions, however
these may be expensive and decrease the effective
resolution of the calculation Bose et al. (2010); Geurts
& Fröhlich (2002); Gullbrand (2003).

Previous studies Geurts et al. (2019); Lehmkuhl
et al. (2019); Piomelli et al. (2015); Rouhi et al.
(2016) have shown that since ILSA’s length-scale
depends on the (estimated) integral length scale, rather
than the grid size, grid convergence can indeed be
reached. The grid convergence depends to the choice
of sτ for momentum (and equivalently sθ for scalar):
larger values of sτ correspond to a larger filter
width; convergence is achieved on coarser grids while
smaller values require finer meshes but are expected
to produce lower modelling error as a wider range of
scales is resolved.

Figure 1(a-c) illustrates this for scalar, showing
the normalized eddy-diffusivity α

SFS
in the wall-

normal coordinate, for different values of sθ and grid
resolutions on four consecutively refined grids. As
sθ increases, so do the filter width and the model
coefficient Cθ. Once sθ is assigned, a filter-width
is implicitly defined; when the grid is finer than this
filter-width, further refinements do not change the
model output, αSFS . For the sθ values examined here,
a minimal grid of 192 × 192 × 192 is required for
the α

SFS
to become grid-independent for sθ ≤ 0.022.

Only marginal Independence was achieved for sθ =
0.01. When α

SFS
is not affected by the mesh, the

modelling error becomes grid-insensitive, even if not
necessarily zero, and further grid refinement decreases
the numerical error. The integral length scale also
becomes grid-independent (not shown here) and its
final value, at convergence, is also independent of sθ.
The fact that the eddy viscosity increases by a factor
of four, while the estimated integral length scale does
not change indicates the robustness of the approach.
The value sθ = 0.022 will, therefore, be chosen, since
with this value α

SFS
becomes mesh-insensitive on the

the production grid.

5 Results
Here we discuss the results obtained with the ILSA

eddy diffusivity model and compare it with other
models in the literature. Although the parameter
sθ can change in space or time, we start from the
simplest approach and set a uniform value across the

domain. In terms of momentum, the SFS stresses
were modelled using sτ = 0.022, consistent with
the results of Rouhi et al. (2016). DNS simulations
performed and validated by Hantsis & Piomelli (2020)
were used as reference data. Referring to the previous
Section, we consider a grid with 2563 points to be our
objective (“production grid”). As mentioned before,
results are shown for Pr = 0.71 as a representative
of the 0.2 − 5.0 range. Note that in this Section
angle brackets indicate averaging in time and in the
xz−plane. Statistics were collected for at least 50
Large-Eddy Turn-Over Times δ/uτ .

Turbulence statistics
The mean scalar profiles in wall units (i.e.,

normalized by the friction velocity uτ , the viscosity,
and θτ = qw/(ρcpuτ )) are shown in Figure 2. The
intercept of the logarithmic layer is affected both by
numerical and modelling errors. For sθ = 0.010,
where model convergence was not achieved, the model
activity is too low; this results in excessive energy
near the cutoff, in an overestimation of θτ , and in a
downward shift of the logarithmic layer. Note that the
scalar profiles are less sensitive to the grid refinement
than the eddy diffusivity was; this may be due to the
fact that the dissipation provided by the SFS model is
so low that small differences in its distribution are not
important. For the chosen value of sθ = 0.022 the
modelled eddy diffusivity does not change between
the two finest grids. The difference between them
can, therefore, be attributed to the reduction of the
numerical error. For sθ above the optimal value, the
model provides excessive dissipation which results in
an over-prediction of the mean scalar in wall units, in
the buffer- and log-layer. This may be due to excessive
SFS dissipation which results in an under-prediction of
θτ .

Figure 3 shows the scalar fluctuation
〈
θ′θ′
〉
. As

one would expect, the best agreement with DNS
occurs when sθ = 0.022. For sθ = 0.040
the maximum fluctuation intensity is under-estimated,
while for sθ = 0.010 it is over-predicted, and a larger
scatter in the data is observed. The most significant
error occurs in the bulk of the flow, in the range 0.15 ≤
y/δ ≤ 0.6. This error seems to be related to grid
resolution and the ability to properly resolve the large
scales rather than any model-specific issue, as will be
shown in section in the context of the comparison with
other models.

Figure 4 presents the spectra for the scalar
fluctuations at constant sθ (a) and for the same grid
with successive increase of sθ (b). Spectra from
DNS data Hantsis & Piomelli (2020) is presented for
comparison (for visual clarity, not all data points are
shown). All the results compare well at the lower
wavenumbers; roughly up to κδ ≈ 30 the two finest
grids are essentially indistinguishable and the spectra
begin to deviate from the DNS data at almost the
same wavenumber. If sθ is increased, conversely,



Figure 1: Eddy diffusivity for (a) sθ = 0.010; (b) sθ = 0.022; (c) sθ = 0.040. Colours and symbols indicate the
meshes: 96× 96× 96; 128× 128× 128; 192× 192× 192; 256× 256× 256. All cases use sτ = 0.022.

Figure 2: Mean scalar distribution for (a) sθ = 0.01; (b) sθ = 0.022; (c) sθ = 0.04. Colours and symbols indicate
the meshes: 96× 96× 96; 128× 128× 128; 192× 192× 192; 256× 256× 256; × DNS. All cases use
sτ = 0.022 and are normalized to wall units by θτ and ν.

the filter-width also increases and the effect of
filtering, which is to decrease the variance at high
wavenumbers, becomes important at progressively
lower wavenumbers. The wavenumber where the
filtered spectra begin to deviate from the DNS one can
be used to estimate the filter width. It varies between
20 and 40, which corresponds to wavelengths (and,
hence, filter widths) between 0.3δ and 0.15δ.

Comparison with other models
In this subsection we evaluate the performance of

the ILSA model against other commonly used models.
The cases tested are summarized in Table 2, are:

1. Coarse DNS (CDNS). No model is used for either
momentum or scalar transport.

2. Vreman model Vreman (2004) with a constant
sub-filter turbulent Prandtl number (VRPR).

3. Lagrangian dynamic eddy-viscosity model
Meneveau et al. (1996) with a constant sub-filter
turbulent Prandtl number (LDEV-C).

4. Lagrangian dynamic eddy-viscosity model
Meneveau et al. (1996) with dynamic adjustment
of the eddy-diffusivity Moin et al. (1991)
(LDEV-D).

The constant sub-filter turbulent Prandtl number was
set to Prsfs = 0.5 based on the observations of Meinke
et al. (2002); Zhou et al. (2002). Note that Prsfs
(sometimes denoted as Prt) is not the commonly used
turbulent Prandtl number PrT (see Moin et al. (1991)
for more details). All the cases were simulated using
the same code and the grid of 256 × 256 × 256. The
error for a quantity f is defined as

ε2 = 100×

[∫ δ

0

(f − fDNS)
2
dy

]1/2
[∫ δ

0

(fDNS)
2
dy

]1/2 . (18)



Figure 3: Scalar variance for (a) sθ = 0.010; (b) sθ = 0.022; (c) sθ = 0.040. Insets are zooming on the near-wall
peak region. Colours and symbols indicate the meshes: 96 × 96 × 96; 128 × 128 × 128; 192 × 192 × 192;

256× 256× 256; × DNS. All cases use sτ = 0.022. Quantities are normalized by uτ and θτ .

Figure 4: Streamwise scalar-fluctuation spectra at y+ = 300 for (a) constant sθ = 0.022 and different grids; (b)
varying sθ and 2563 grid points. × DNS.

All models performed reasonably well, producing
mean scalar profiles (Figure 5a) within 5% of the DNS.
All models under-predict the fluctuation variance〈
θ′θ′
〉+

away from the wall (Figure 5b) resulting in
relatively large error in that region. Note however that
the peak variance is very well predicted in all cases.
The discrepancy in the core of the flow is probably
due to grid resolution, and not to modelling issues,
as indicated by the fact that all models collapse on
the CDNS results. The flux, which is determined by
global conservation, is in very good agreement for
all models. The coarse DNS has the largest error in
nearly all cases, proving that the model has, indeed, a
beneficial effect.

Table 2 also reports the CPU time required by
each model, scaled by the cost of the CDNS. The
ILSA model has a modest overhead, increasing the
computational cost by 26%. This is higher than
the overhead of the Vreman model (which has no
adjustable coefficients to compute), but significantly

less than the dynamic model in either version.

6 Conclusions
The Integral Length-Scale Approximation (ILSA)

model has been extended to scalar transport. The
model was successfully tested in a fully-developed
turbulent channel; it compared favourably with other
models in all the statistics examined.

The main drawbacks of this model are (1) the
need to save six additional arrays, which requires
a moderate increase in storage requirement, and (2)
an increased in calculation cost (by 26%) compared
to a simulation with no model. Although the CPU
time increase is not negligible, it is much lower
compared with other commonly used techniques, such
as the dynamic eddy-diffusivity model. Only the
Vreman model Vreman (2004) had a lower cost, at
the price of a significantly less accurate prediction of
the scalar statistics. Combining its good performance
with its relative simplicity and usability (including its



Table 2: List of grids and corresponding symbols used.

Symbol Model LES model Relative error ε2 CPU time
Momentum Scalar

〈
θ′v′
〉+ 〈

θ′θ′
〉+ 〈

θ
〉+

ratio
CDNS None None 1.91 14.4 7.11 1.0
VRPR Vreman (2004) Prsfs = 0.5 1.14 16.9 3.91 1.04

LDEV-C Meneveau et al. (1996) Prsfs = 0.5 1.03 17.2 5.07 1.32
LDEV-D Meneveau et al. (1996) Keating et al. (2004) 1.24 18.9 5.39 1.59

ILSA sτ = 0.022 sθ = 0.022 1.31 13.2 2.45 1.26

Figure 5: Model comparison for (a) Mean scalar, (b) Scalar variance and (c) turbulent flux. Insets highlight the
differences in regions of key importance. Colours and symbols indicate the models used: CDNS; VRPR;
LDEV-C; LDEV-D; ILSA; × DNS (details in Table 2). All cases use shown for Pr = 0.71 where the “+”
superscript denotes normalization by wall units as indicated before.

implementation in existing codes), makes this model
an attractive alternative to more costly and complex
ones.
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